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Abstract

Optimizing the consolidation process in container-
based fulfillment centers requires trading off com-
peting objectives such as processing speed, re-
source usage, and space utilization while adhering
to a range of real-world operational constraints.
This process involves moving items between con-
tainers via a combination of human and robotic
workstations to free up space for inbound inven-
tory and increase container utilization. We formu-
late this problem as a large-scale Multi-Objective
Reinforcement Learning (MORL) task with high-
dimensional state spaces and dynamic system
behavior. Our method builds on recent theoreti-
cal advances in solving constrained RL problems
via best-response and no-regret dynamics in zero-
sum games, enabling principled minimax policy
learning. Policy evaluation on realistic warehouse
simulations shows that our approach effectively
trades off objectives, and we empirically observe
that it learns a single policy that simultaneously
satisfies all constraints, even if this is not theoret-
ically guaranteed. We further introduce a theo-
retical framework to handle the problem of error
cancellation, where time-averaged solutions dis-
play oscillatory behavior. This method returns
a single iterate whose Lagrangian value is close
to the minimax value of the game. These results
demonstrate the promise of MORL in solving
complex, high-impact decision-making problems
in large-scale industrial systems.
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1. Introduction and Background

Modern warehouses (Figure 1a) increasingly rely on human-
robot collaboration to manage large-scale inventory opera-
tions. For example, Amazon’s robotic fulfillment system,
“Sequoia,” leverages these collaborations to store inventory
75% faster and process customer orders 25% faster than its
prior generation fulfillment system through the integration
of multiple robotic products used to containerize inventory
and present it at an ergonomic height for processing at an
employee workstation. Key to unlocking these speed-ups
is efficient resource management within the storage system.
In this work, we focus on a particular space management
process called “consolidation,” wherein items are moved be-
tween containers to improve utilization (Figure 1b) and free
up space for new inbound items. Items are stored in contain-
ers, known as “totes”, which are cyclically inbounded into
storage shelves, consolidated to reclaim space, and picked
from to fulfill customer orders. Efficient tote selection for
consolidation is thus central to optimizing both storage uti-
lization and throughput in this environment, but requires
careful management of multiple operational objectives.

For illustration purposes, we assume the following stylized
consolidation process as totes can be processed by both
humans and robots, each with different manipulation ca-
pabilities. We assume that humans are capable of safely
manipulating any item, whereas robots are only capable of
safely manipulating some items. The task of both operators
is to transfer items from a “source” tote to one or more “des-
tination” totes. Source totes are ejected when emptied, and
destination totes are ejected when full. A range of factors
influence whether a tote is better suited for a human or robot
to consolidate including the particular items in the source
tote, the destination tote fullness, and the tote properties
(e.g., we assume two types of totes “smaller” and “larger’
of differing dimensions). Employee workstations typically
handle a broader range of item types, but use up processing
capacity from other workflow, whereas robotic stations ex-
cel at consistency but may be restricted by item properties.
As such, consolidation decisions must not only maximize
throughput and space utilization, but also intelligently allo-
cate workloads between humans and robots to leverage their
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respective strengths. Operational goals for consolidation are
similarly multi-faceted and often conflicting. Key perfor-
mance indicators (KPIs) include throughput efficiency, in-
ventory tote type balance, and space utilization. Optimizing
across these dimensions requires managing complex trade
offs under dynamic conditions and real-world constraints.

Due to the complexity of this decision, we expect that heuris-
tics and single-objective optimization strategies will fail to
generalize or scale beyond some small number of trade offs.
A common approach to handle such scenarios is scalariza-
tion, where the different objectives are combined into a sin-
gle objective function using predefined weights. However,
in one-shot settings, these weights must be fixed in advance,
making the approach sensitive to weight selection and ill-
suited for environments with shifting priorities. Moreover,
they typically optimize for one KPI at the expense of oth-
ers, resulting in suboptimal system-wide performance. In
contrast, our work avoids the need for manual weight speci-
fication by employing an adaptive procedure that iteratively
adjusts the objective weights during training. This enables
the learning process to naturally converge toward a mini-
max solution that balances objectives under dynamic and
uncertain conditions, as we elaborate later in the paper.

In this work, we address this problem by framing the tote
consolidation and allocation problem as a large-scale Multi-
Objective Reinforcement Learning (MORL) task. Our for-
mulation captures the dynamic and stochastic nature of ware-
house operations while explicitly modeling the trade offs
between conflicting KPIs and the heterogeneous capabilities
of human and robotic stations. Building on recent theoreti-
cal advances in constrained RL, particularly best-response
and no-regret learning in zero-sum games, we develop a
principled and scalable approach for minimax policy learn-
ing in complex multi-objective settings.

Our contributions are threefold: (i) we propose a novel
MORL formulation for real-world consolidation problems
in human-robot collaborative fulfillment centers, explic-
itly modeling heterogeneous station capabilities; (ii) we
develop a theoretical framework that reformulates the multi-
objective problem as a zero-sum Lagrangian game and prove
that we can select a single iterate from the time-averaged
approximate minimax mixture whose Lagrangian value is
close to the minimax value of the game; and (iii) we demon-
strate strong empirical performance on realistic warehouse
simulations, where our approach outperforms baselines
across KPIs. These results provide compelling evidence that
MORL is a viable and impactful approach to optimizing
high-dimensional, high-stakes industrial decision making
systems.

2. Related Work

We organize our related work mainly into two categories—
theoretical works related to multi-objective or constrained
RL, and empirical works related to this domain of large-
scale industrial applications like inventory management.

Hayes et al. (2022) provides a comprehensive overview of
general multi-objective RL approaches that have been ex-
plored. As noted in (Yang et al., 2019), MORL methods
can often be divided into two main categories: single-policy
and multiple-policy methods. Single policy methods often
require knowledge of preferences in advance, so in this pa-
per we take a multiple policy approach. Constrained RL
problems can be modeled as a multi-objective problem with
constraint violation terms written as additional objectives.
Constrained RL is of interest in many domains ranging from
safety to fairness, where one wants to learn a policy that opti-
mizes some global reward subject to various trustworthiness
constraints. (Calvo-Fullana et al., 2024) utilize primal-dual
methods (via optimizing single objective RL for the learner)
and utilizing dual descent for the regulator. Especially for
Zero-sum games, one can relate game-theoretic notions of
best-response and no-regret to primal-dual style algorithms.
(Miryoosefi et al., 2019) use best-response vs. no-regret
dynamics with convex constraints and provide safety guar-
antees on the time-averaged strategies of each player. (Eaton
et al., 2025) provide oracle-efficient algorithms similarly
utilizing best-response vs. no-regret dynamics to solve for
a minimax solution of the Lagrangian of this problem even
when the number of objectives (groups in the context of
fairness) is exponentially large for both tabular and large
state space MDPs. (Park et al., 2024) and (Byeon et al.,
2025) also adopt a minimax perspective on multi-objective
RL-they also formulate a repeated game between a learner
and regulator to solve a slightly different, but related regular-
ized objective. We draw on ideas from all of these papers to
study best-response vs. no-regret dynamics, and build upon
it to provide a method for extracting a single deployable
iterate rather than relying on a mixture policy, and target
scalability to large action spaces in industrial settings. We
choose to utilize this repeated game framework because it
does not require us to know preferences over objectives in
advance and because it does not make strong assumptions
on the structure/geometry of multi-objective problem.

On the application side, (EI Shar et al., 2023) consider a
Multi-Objective RL approach to sustainable supply-chain
optimization. They learn policies to try to approximate
the Pareto Frontier. They make use of an outer-inner loop
procedure where the outer loop makes use of evolutionary
strategy updates and the inner loop uses Envelope Multi-
Objective Q-Learning (Yang et al., 2019).
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Figure 1. Overview of the fulfillment center environment. (a) A large-scale facility with dense human-robot collaboration. (b) A robotic
consolidation station transferring items between totes. (c) Schematic workflow of the consolidation process.

3. Problem Setting and Model

We study the decision-making problem underlying tote con-
solidation in human-robot collaborative fulfillment centers,
illustrated in Figure 1c. Consolidation operates alongside
inbound and pick processes and involves transferring items
from partially filled source totes into destination totes to
reclaim storage capacity. Employee and robot stations dif-
fer in their manipulation capabilities: employee stations
can handle complex or irregular items, while robot stations
are limited in their reach, perception, and handling of de-
formable and reflective products. Effective consolidation
therefore requires allocating work across heterogeneous sta-
tions while respecting operational constraints.

At each decision point, the system selects a source tote and
a compatible destination tote based on tote-level attributes
such as fill level and item complexity, as well as floor-level
signals, such as the current distribution of tote types. The ob-
jective is to balance multiple, often competing, KPIs, includ-
ing maintaining high overall processing efficiency, making
effective use of available empty capacity during consolida-
tion, and preserving a healthy distribution of tote types due
to the warehouse configuration. We model this as a multi-
objective sequential decision-making problem and address
it using constrained multi-objective reinforcement learn-
ing (MORL), which enables the learning of station-aware
tote prioritization policies that adapt to dynamic warehouse
conditions.

3.1. Preliminaries

We consider an episodic RL setting modeled
as a Markov Decision Process (MDP) M =
(X AP (o} ). where X s
the state space, .A is the action space, Py, : X x A — A(X)
is the transition function at step h, 7, 5, : X x A — [0, R]
is the reward function for objective ¢ € {0,...,m} at
step h, w is the initial-state distribution, and H is the
episode horizon. Here, A(X) denotes the probability
simplex over X. A non-stationary policy is a sequence

7= {m,}}=, where each 7, : X — A(A) maps states to
distributions over actions. We use [H] := {0,...,H — 1}
to denote the set of time indices. Given a policy T,
the trajectory (xo,ao,...,Xg—_1,a5—1) is generated by
X ~ W, ap ~ Th(Xp), and Xp41 ~ Py(- | xp,ap) for all
h € [H — 1]. For objective i, the value function under

policy 7 is
Xp = £C‘| .

We cast our setting as a constrained RL problem (Paternain
et al., 2019; Eaton et al., 2025) of the form

Vi (z) = ET

1,

H-1
Z rie(Xe, me(X¢))
t=h

D?Aa&) ErnD [Exwp [VO,O(X)H n

S.t. E,TND [EXN,LL [‘/,:ro(x)}] g (e73)

foralli € {1,...,m}, where Il is the policy class and D €
A(IT) denotes a distribution over policies. Here, V;7(x)
is the value function at the initial time step for objective
1, with ¢ = 0 denoting the primary objective and ¢ > 1
corresponding to constraint objectives.

To solve the constrained optimization problem (1), we intro-
duce its Lagrangian:

L(D,A) = Exnp [Exmp [Vilo(x)]]

£ A (0~ B [Bx [V00]]) . 2

where A € RY, are the Lagrange multipliers. This formu-
lation can be interpreted as a zero-sum game between: (i)
a Learner selecting a distribution over policies D € A(II)
to maximize £, and (ii) a Regulator selecting nonnegative
multipliers to minimize £. The regulator’s strategy space
is the compact set A = {\ € RZ; : ||\l < C} . Under
these conditions, by (Sion, 1958)’s minimax theorem,

L* :=min max £L(D,\)= max minL(D,\).
XeA DEA(I) DEA(TT) AeA
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Note that because the learner’s objective is linear in D, a best-
response to any fixed ), is attained at an extreme point of
A(II), and thus each D; corresponds to a single policy. We
can define an approximate minimax equilibrium as follows.

Definition 1 (v-approximate Minimax Equilibrium). (D, )
is a v-approximate minimax equilibrium if:

max L(D,\) —v < L(D,\) <min£L(D,\) + v.
DeA(II) AEA

To compute an approximate solution (as is
shown in Definition 1) to the minimax problem
minyep maxpea(m £(D, A) in practice, we adopt a
repeated game perspective. In this view, the learner
and the regulator iteratively update their strategies over
T rounds, and the average strategies converge to an
approximate equilibrium. Our approach builds on the
seminal best-response vs. no-regret result of (Freund &
Schapire, 1996):

Theorem 3.1 ((Informal) Best-Response vs. No-Regret
(Freund & Schapire, 1996)). Let (D, ..., D) be the se-
quence of best-response (distributions over) policies and let
(A1, ..., A7) be the corresponding sequence of Lagrangian
weights maintained by the learner and regulator respec-
tively. Then (D, \) form an approximate minimax equilib-
rium of the game defined by L, where D = % Zle Dy and

N T
A= % D1 At

We next quantify the learner’s ability to produce an approxi-
mate best-response policy, following (Eaton et al., 2025):

Definition 2 (e-approximate best-response ). A distribution
over policies D* is an e-best-response if for a given A € A,

L(D*,)\) > max L(D,\) —e.
DEA(ID)

Given a fixed A € A from the regulator, the learner’s best-
response problem can be expressed as optimizing a scalar-
ized reward function (Eaton et al., 2025):

ra(z,a) = ro(z,a) + zm:/\i (% — m—(x,a)) .
i=1

Thus, in practice, the best-response reduces to solving a
single-objective RL problem parameterized by . In this pa-
per, we implement this step using Deep Q-Learning (DQN)
(Mnih et al., 2015), although many other deep RL algo-
rithms (Mnih et al., 2013; Schulman et al., 2017; Haarnoja
et al., 2018) could be used in its place.

For the regulator, we define its regret with respect to A as
follows:

T T
Reg(A1:r) = > L(Dy, i) — &neiXZaDt, A. (3
t=1

t=1

If the regret of an algorithm is sublinear in 7', equivalently,
if the average regret tends to 0 as T — oo, we refer to it as
a no-regret algorithm throughout this paper. One concrete
example is Online Gradient Descent (OGD):

Theorem 3.2 (Online Gradient Descent No-Regret (Zinke-
vich, 2003)). For a sequence of differentiable functions
oo fT 2 S = R such that |V fi(z)| < G for any
1<t<T,xz €S8, ie,Gisanupper bound on the gradient
magnitudes. Then, for the following sequence x", ..., zT

built according to

o =g (2! — nV fiah)),

where 1 = GL&T and D is an upper bound on the diameter

of the closed convex set S, the regret is bounded as:
T T
> f(@") < min (> #'@) + DGVT.
t=1 * t=1

It is important to note that the guarantee in Theorem 3.1
applies to the time-averaged solution D in expectation. In-
dividual policies drawn from the support of D may violate
constraints, as long as such violations are offset on average
across the mixture, closeness of the mixture to the minimax
value does not imply that any single policy satisfies all con-
straints. To illustrate, consider a simple MDP with state
space X' = Xgre U Xiefe U Xiigne, Where deviations to either
side correspond to entering a danger region. A mixture
policy could alternate between left and right, consistently vi-
olating constraints yet appearing feasible in expectation due
to cancellation. In Appendix D, we build on the framework
of Eaton et al. (2025) to reformulate the problem and show
that, when the mixture is near-minimax, it is nevertheless
possible to probabilistically extract a single iterate whose
Lagrangian value is close to the minimax value.

3.2. MDP Model of Warehouse Floor

We begin by defining the state space, followed by the action
space, transition dynamics, and reward structure.

The warehouse floor F' has capacity for f1oor_max totes,
which we assume to be large. Each state x € X corre-
sponds to a specific tote slot, which may be occupied or
empty, together with aggregate information describing the
global state of the floor. We represent x as a feature vector
comprising the following task relevant quantities:

Ty = (Nlargea ETPH7 L,IS‘Jv Lga L?a Lgv
4)
Ok? LTE, Nitem, Npick, GCU, t)

We describe each component below:

* Niarge € Z: Total number of larger totes on the floor.
*ETPH € R, : Empty Totes Per Hour, which measures the
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number of source totes emptied via consolidation per hour.
o LE LE LB LE € Z.: Queue lengths of source (S)
and destination (D) totes at human (H) and robotic (R)
stations.

¢ Og: Occupancy of the tote slot; 0 if empty, 1 if occupied
by a larger tote, 2 if occupied by a smaller tote.

* Niten € Zy: Number of items in the tote.

* LTE € (0, 1]: Likelihood to be successfully emptied by
robot stations, approximated by 1/n;¢cp.

* Npicx € Z4: Number of items in the tote scheduled to be
picked that day.

* GCU € R, : Gross Cubic Utilization, approximated as the
estimated rectangular volume of all items in the tote.

¢ € [0, H]: Current time step in the episode.

The action space is given by

ignore source

human
A= . X : : X ,
{ not_ignore } { destination } { robot }

which encodes the decision for a given tote slot, to either
skip it or assign the tote it contains to a human or robotic
station, and to designate it as either a source or destination
tote.

State transitions are determined by the environment’s update
rules for floor and station states. Specifically: (i) the number
of larger totes decreases when one is sent as a source tote
to a station and increases when new larger totes are stored
on the floor; (ii) ETPH evolves according to the aggregate
outcomes of consolidation operations across all stations,
depending on the assigned station type, tote composition,
and other operational factors; (iii) station queue lengths are
updated based on the action’s station and role assignment.
After each action, the next floor slot is selected via linear
traversal of the remaining slots. At the end of each day, the
stow and pick processes (by which new totes are added to
the floor and items from totes are removed to fulfill order
demands) are simulated and we shuffle the tote orderings.

The reward functions {r; }/, correspond to the key perfor-
mance indicators (KPIs) of interest, such as ETPH, N} ,rge,
Source to Destination tote (S/ D) ratio, and consolidation
station capacity compliance. Some rewards directly cap-
ture operational constraints specified in our optimization
problem. The primary objective reward is

ro(xt,at,le) = I’t+1[ETPH], (5)

which captures the throughput efficiency achieved by the
current consolidation decision. Since in our setting, the
state includes some floor-wide summary statistics , we use
ETPH as both part of the state space and the reward signal
ro we are optimizing over. We use the shorthand z;[ETPH]
to corresponding to the value of that floor-wide statistic at

time ¢ in state x;. The first constraint-based reward is

_ -rt-i-l[Nlarge}) (6)

floormax

1
Tl(l‘t,at,xtﬂ) = E a1

which penalizes deviations from a desired fraction of larger
totes on the floor, reflecting structural constraints imposed
by the fulfillment center layout. The second constraint-
based reward is

_1(_ @1 [L]+wiq [LE]
raanan o) = g (~az + e,
@)

which encourages a balanced S/ D assignment across sta-
tions. By limiting excessive usage of destination totes, this
constraint reduces downstream swapping and improves over-
all consolidation efficiency. The third and fourth constraint-
based rewards are:

1
ra (@ ar wr1) = 27 (05 — (241 [LY] + zesa1 [LD])) 5
. (8)
ra(T, ap, Tp1) = I (as — (w1 [LE] + 2 [LT)]))
9

which enforce capacity constraints at human and robotic
stations by penalizing excessive queue lengths, thereby pre-
venting overload and ensuring stable operation.

We aim to maintain the Markov property in our MDP for-
mulation. However, in practice, certain modeling simplifi-
cations, which introduced to reduce the dimensionality of
the state and action spaces, may introduce mild deviations.
We formulate the following constrained RL problem based
upon the MDP and problem described above.

H

-1
E.- { ETPH ]
Py Brp | 2 BTE(T)

T o
= o

s.t. Ex~p [

(]

Nlarge,t (77):| S aq,

mo

-1

(]

Erep| = Y (§/Dh(m)| < =0z, (10)

-+

(e}

H—

—_

Exwn | > (EEu(m) + L5 ()] < as,

~+

=(

T

Erwn| > (EEu(m) + L5 (m)] < au.

t=

(=)

We can label the bounds in (10), for example, as oy = L,
ay = SD, a3 = By, and ooy = Bpg, where L stands for
an upper bound on the number of large totes on the floor,
SD stands for a lower bound on the source to destination
ratio, and By, B stand for the human and robotic budget
capacities. Let f(7) € R™ denote the vector of constraint
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values corresponding to policy 7, and let & € R™ be the cor-
responding bound vector, adjusted for the constraint signs.
The Lagrangian can then be expressed as

m

L(D,)\) = E;up [ETPH(TI’)-l—Z/\i(Oé,; — fi(m))].

i=1

Remark 3.3 (Constrained RL vs. Multi-Objective RL). The
tote-allocation problem is inherently both multi-objective
and constrained: ETPH and S/D are system-level objectives,
while N1.-4e balance and station capacities are operational
constraints. We formulate it as a constrained RL problem for
clarity, but the two perspectives are closely related via La-
grangian relaxation. In both cases the primal player solves
the same scalarized RL problem; the distinction lies in the
regulator’s role—whether A drives KPIs toward specified
targets (constrained view) or finds robustness to worst-case
weightings (multi-objective view). Since we solve a min-
imax problem in either case, our framework handles both
formulations without modification.

3.3. MORL via Best-Response vs. No-Regret Dynamics

To solve the constrained optimization problem in (10), we
adopt a repeated game perspective between two players:
a learner and a regulator. This framework follows the
best-response versus no-regret paradigm used in prior work
on constrained and multi-objective reinforcement learning
(Eaton et al., 2025; Calvo-Fullana et al., 2024; Miryoosefi
et al., 2019). At each round, the regulator specifies a vec-
tor of Lagrange multipliers A;, which defines a scalarized
reward function. The learner then computes an approxi-
mate best-response policy to this reward. The resulting
policy is evaluated to estimate constraint satisfaction, and
this feedback is used to update the regulator’s multipliers
via a no-regret procedure (here we use Online Gradient
Descent).

This interaction is repeated over multiple rounds, and the
time-averaged strategies of the learner and regulator are re-
turned. Under standard no-regret guarantees, this procedure
converges to an approximate minimax equilibrium of the
underlying Lagrangian game, yielding policies that balance
throughput maximization with constraint enforcement. The
full pseudocode is given in Algorithm 1 (Appendix A).

4. Experiments

We evaluate our approach using an event-driven simula-
tor developed for this work to capture the key operational
dynamics of a large-scale human-robot collaborative fulfill-
ment center. The simulator is calibrated with real opera-
tional data so that simulated dynamics reflect realistic oper-
ating conditions. The simulator models tote consolidation,
station-level capacity constraints, heterogeneous human and

robotic capabilities, and evolving floor-level state variables,
while abstracting away low-level physical details. This de-
sign allows us to isolate the decision-making problem of
tote selection and assignment, stress test constraint satisfac-
tion under realistic load conditions, and conduct controlled
comparisons across algorithms at scale.

4.1. Single-Objective Optimization

To validate the learning capability of the base RL algorithm,
we first evaluate DQN in a single-objective setting using the
heuristic ETPH reward. More details on the architecture can
be found in Appendix B. Each simulated day consists of
60 x 24 = 1440 decision steps, and a single episode spans
Naays = 10. The agent is trained for 30 episodes per run,
corresponding to one learner update round in the repeated
game procedure. As shown in Figure 4 (Appendix C), the
learned policy exhibits steady performance improvement,
with episodic returns increasing substantially over the course
of training.

4.2. Multi-Objective Optimization with MORL

As shown in Figure 2a and Figure 5, the regulator steers the
learner through the Lagrange multipliers \; over repeated
rounds, with C' = 20,000. In all constraint plots, values
> 0 indicate satisfaction and negative values indicate viola-
tion. The N1 ,,4e and robot capacity constraints are largely
inactive (multipliers near zero), while enforcing the manual
capacity and S/D constraints reduces ETPH, reflecting the
inherent throughput—constraint trade-off. The oscillations in
A; track transitions between satisfaction and violation. Al-
though feasibility is only guaranteed for the time-averaged
policy distribution, we empirically observe rounds in which
a single policy satisfies all constraints.

While individual policies may oscillate, the time-averaged
(mixture) policies converge toward satisfying all constraints,
as shown in Figure 2b and Figure 6. This is consistent with
the minimax guarantees in Section 3: the averaged distri-
bution trades some ETPH for improved S/D and manual
capacity satisfaction, and Figure 3a confirms that perfor-
mance under \ improves as constraint satisfaction stabilizes.
If exact feasibility is required, conservative slack in the
constraint thresholds can further increase the probability of
satisfying the true desired constraints.

4.3. Feasible Stationary Policy via MORL

As noted above, feasibility is theoretically guaranteed only
for the time-averaged mixture. However, Figure 3b shows
that feasible single policies arise consistently across 20 ran-
dom seeds, with the cumulative count growing steadily over
training rounds even in the worst case. This suggests that the
repeated game dynamics naturally guide the learner through
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feasible regions of the policy space, making deployable sin-
gle policies readily available in practice without requiring
mixture execution. Section D provides theoretical support
for this observation by showing that a single iterate with
near-minimax Lagrangian value can be extracted from the
sequence.

To assess the quality of such policies, Table 1 compares a
representative feasible policy learned via MORL against
several baselines: a rule-based heuristic that routes totes
with few items as sources and totes with sufficient empty
space as destinations, assigning stations based on tote-level
physical features; a fixed-penalty CMDP using pre-selected

static penalty vectors; a fixed-weight MORL baseline us-
ing static scalarization weights; a primal-dual CMDP in-
spired by RCPO (Tessler et al., 2019) that updates policy
and dual variables online; as well as random actions and
an unconstrained policy. Among methods that satisfy all
constraints (heuristic, primal-dual CMDP, and ours), our ap-
proach achieves substantially higher ETPH (20.52 vs. 9.05
and 3.20), a 2.3 x improvement over the best feasible base-
line. The fixed-penalty CMDP and fixed-weight MORL
baselines both violate the manual capacity constraint, il-
lustrating the difficulty of choosing static weights a priori,
while the unconstrained policy attains the highest ETPH at
the cost of severe capacity violations. Appendix D provides
theoretical support by showing that a single iterate with
near-minimax Lagrangian value can be extracted from the
learned sequence. In practice, policy feasibility can be as-
sessed prior to full-scale use through controlled pilot testing
against the operational KPI and constraint metrics.
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Table 1. Comparison of ETPH and constraint satisfaction across methods. Negative slack values (in red) indicate constraint violations.

MORL Heuristi Fixed-Penalty Fixed-Weight Primal-Dual Random U trained

(Ours) ~oHmste CMDP MORL CMDP  Actions =~ constramne
Satisfies all constraints? X X X X
ETPH 20.52 9.05 7.53 0.00 3.20 9.19 61.81
Niarge Slack 362.62  362.27 354.76 413.89 340.11 359.15 370.62
S/D Slack 10.81 0.028 14.99 63.46 1.00 0.49 -0.37
Manual Cap. Slack 83.21 73.88 -216.51 -495.20 45.87 -32.99 -563.23
Robot Cap. Slack 258.23  692.32 732.93 703.94 722.79 571.01 743.68

5. Conclusion

We have explored a Multi-Objective RL framework for
large-scale tote allocation and consolidation under realistic
operational constraints. Our approach leverages theoreti-
cal results on best-response versus no-regret dynamics in
zero-sum games, adapting them to the RL setting and in-
troducing efficient implementation strategies to bridge the
gap between theory and practice. Using a simulator that
captures the core dynamics of fulfillment center operations,
we demonstrate that our method is able to learn policies that
effectively balance trade offs of KPIs.

This work opens several promising directions for future re-
search based upon improving upon the limitations of this
current approach. From a modeling perspective, exploring
alternative MDP formulations and state/action space abstrac-
tions could yield further gains in scalability and realism.
Algorithmically, initializing the learner with policies trained
individually on each of the m + 1 objectives, rather than
retraining from scratch, may improve convergence speed
and stability. Additionally, ensembling-based techniques
like in (Hussing et al., 2024) or other papers can be used
to improve the performance of best-response in each round
of the game. Finally, incorporating strategic interactions
and incentive structures between human and robotic agents
presents an intriguing avenue for understanding and enhanc-
ing complementarity in hybrid fulfillment systems.
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A. Algorithm Pseudocode

Algorithm 1 summarizes the repeated game procedure between the learner and the regulator. At each round, the learner
computes an approximate best-response policy via DQN given the current Lagrange multipliers, and the regulator updates
the multipliers via online gradient descent based on the observed constraint slacks. The time-averaged strategies are returned
as the final output.

Algorithm 1 Repeated Game: Learner vs Regulator

Initialize: \y € A, total rounds 7T, step size 7
D < 0, X\ < 0 {Time averaged strategies}
fort =1to T do
Learner: D, < DQN_Best_Response(\;_1)
g+ < EvaluatePolicy(D;) {Constraint slacks}
Regulator: \; < Proj,(A:—1 — ng:) {Online gradient descent}
é\) :11((( it:ll)))\D++Al;t) {Update time average}
P t
end for

Return: (D, \) {Time averaged strategies}

R A A T dR by

,_
=4

B. Implementation Details

Environment. We use an episodic Gymnasium environment with horizon H = 1440 x 10 = 14,400 steps (10 simulated
days at minute-level granularity). The state is a 12-dimensional feature vector as defined in (4), flattened with zero-
padding/truncation. The action space consists of 8 discrete actions (ignore/not-ignore x source/destination x human/robot).

Reward. At each step, the scalarized reward is 7, = 100 x (AETPH; + )\Tct), where ¢; is the 4-dimensional constraint
slack vector: N},,qc balance ((a1 - Nlarge)/H) , S/D ratio, human capacity (Lg + L1, and robot capacity (L? + LE),
with thresholds oo = (950, 0.5, 150, 750).

DQN architecture and hyperparameters. The DQN network and training hyperparameters are summarized in Tables 2
and 3. Our implementation builds on CleanRL (Huang et al., 2022).

Table 2. DQN learner architecture.

Layer Input dim Output dim  Activation
Linear 1 12 120 ReLU
Linear 2 120 84 ReLU
Linear 3 84 | Al None

Table 3. DQN training hyperparameters.

Parameter Value
Optimizer Adam

Learning rate 104

Replay buffer size 10,000

Batch size 128

Discount factor ~y 0.99

Target network update Hard copy every 500 steps
e-greedy schedule 1.0 — 0.05, linear over 50% of steps
Learning starts After 500 steps
Learning frequency Every 10 steps
Episodes per round 50

11
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Regulator.

The Lagrange multipliers A > 0 are updated via projected online gradient descent (Theorem 3.2) with step

size n = C'/(GV/T), where C' = 20,000, G = max; |a;| + 1, and T = 20 rounds. After each gradient step, \ is projected
onto R N {||All < C}.

Evaluation.

{Q1, ...

Policies are evaluated in two modes: (a) mixture: at each episode, a policy Q; is sampled uniformly from
, Qr} and evaluated under \ = % Zle At; (b) single-policy: each Q; is evaluated over 20 episodes, and the best

iterate is selected by average return. Reported metrics include episodic return, ETPH, and all four constraint slacks.

C. Additional Experimental Results

This section presents supplementary experimental results that complement the main evaluation in Section 4.3.

Single-objective learning curves. Figure 4 shows the episodic returns for DQN trained in a single-objective setting,
optimizing only the ETPH reward. The steady increase in returns over training episodes confirms that the base RL algorithm
is capable of learning effective policies in this environment, validating its use as the best-response oracle within the repeated

game framework.

led4

=
o

o
w

Episodic Return

0 5 10 15 20 25

Epoch
Figure 4. Episodic returns for DQN in the single-objective ETPH setting, showing unnormalized performance of a best-response policy

optimizing ETPH.

Lagrange multiplier dynamics. Figure 5 tracks the evolution of the time-averaged Lagrange multipliers \ across training
rounds. The N, .4 and robot capacity multipliers remain near zero throughout, indicating that these constraints are largely
inactive. In contrast, the S/D ratio and manual capacity multipliers exhibit significant oscillations, reflecting the regulator’s
effort to enforce the tighter constraints and the inherent tension between throughput and constraint satisfaction.

Lambda Weights vs Round

101 =
In‘ e N\arge r2500 %
Flid s =~ S/D o
~ 8 1 :“\ -~
a] FlA 1A -4 Human Cap. [2000Y
a F A I 4~ Robotic Cap 2
N ¢ : o
s 67 poifA ﬁ A rﬁ * M BN 1500 2
5 NY R IViE AApL T T .
= o V] [ S ‘. A Y A N \‘ LTINS c
- 4"‘ A \ T oary AR DATA ‘A 4 *IA'A Ty My &la ©
b | AL Uiy ! Y (LA ¥ ’A\ 't v Vodala Ty £
8 41 5*:; ' LAy wy ke 3 WY X lio005
g | iy R o I O
8 2] ‘l‘: / . b e : N f l500 o
1! © | . o
i | - E
A 5
01 boosedoncbiossedosed booebbesseddel deeetd 0
0 20 40 60 80 100
Round

Figure 5. Average Lagrange multipliers X over training rounds. The N..4. and robot capacity multipliers remain at zero, while the
remaining constraints exhibit significant oscillations.
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Objective—constraint trade-off trajectories. Figure 6 visualizes the trade-off between ETPH and constraint satisfaction
as training progresses. Each point corresponds to a time-averaged policy at a given round, with color indicating the training
stage. The trajectories show that the repeated game dynamics gradually steer the policy toward regions of improved
constraint satisfaction, at the cost of moderate reductions in ETPH, consistent with the minimax convergence guarantees.

60 - hd 60 ¥ 60 - 60 - hd
50 50 50 50
L] [ ] L] L] 80
T 40 T 40 T 40 T 40 a
o o o o 60 O
m oo m ¢ m oo m e o &
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l? % . Q.'O - o, o ° ‘Q ..l ® 40 E
20 'ﬂ.g"@ 20{ & .%;q"ﬁ . 20 b7 20] telbetaree ® a
7 e T 7 ) b (3 - a'® B .
ws o :J-,?- oo R u& e® ‘ﬁ}-gﬂ?" 20
i ; ‘ o ; : ; ¢ 4 ; P ‘
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Niarge S/D Manual Cap. Robotic Cap.

Figure 6. Phase diagram of ETPH versus constraint satisfaction across rounds. Color indicates training rounds, red dashed lines denote
constraint thresholds. As training progresses, time averaged policies trade ETPH for improved S/D and manual capacity satisfaction.

D. Error Cancellations

Here, we will argue that if we have convergence of the randomized mixture of policies from the repeated game of no-regret
vs. best-response dynamics from the learner and regulator, then there must be at least one policy in that set which we can
select that approximately achieves the value of the game for this reformulated optimization problem. The broad intuition of
this reformulation is that best-response vs. no-regret guarantees we satisfy the constraints on average for arbitrary convex
constraints when feasible. The max of the constraint violations and 0 is still convex if the constraints are individually convex.
Now, the constraint value is never negative under this reformulation, so satisfying the constraint on average is only possible
if we satisfy on most iterates and hence on some iterate.

D.0.1. REFORMULATED OPTIMIZATION PROBLEM

In the original formulation both negative and positive values of the constraint violation were included, which enabled a
phenomenon known as error cancellation to occur where on average, the constraints are close to satisfied, but individual
policies violate different constraints. Here, we reformulate the constraints using the positive part so that feasibility in
expectation cannot be achieved via cancellations across different constraints, and violations of any single constraint are
penalized uniformly.

D~A(ID) por
[H-—1
s.t max {ETK‘ND Nlarge,t(”) — Qq, O} < 07

L t=0
B H-1

max {E,TND - Z(S/D)t(ﬂ') +a2,0} <0,
L t=0
FH—1

max {E,TND (L2, (x) + L2 (7)) | — as, 0} <o,
L t=0
FH—1

max {Exwp | Y (LE,(7) + L5 (m) | - 1,0} <0,
L t=0
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This can be even further reduced to

E,- ETPH
o B | 3 e

H-1
Z Nlarge,t(w)] - 041, w~D [ Z S/D
t=0

max {EﬂND

H-1 H—1
Exvp Z(Lé{t(w)ﬂﬁt(w))]—as,EM (LE(m)+ L ())]—a4,0}<0,
t=0 t=0

D.0.2. FINDING THE ESTIMATED BEST ITERATE

We select the best D; from the algorithm based upon an estimated Lagrangian with respect to A. Let L(D,\) =
Ernn[VFE(1)] — Ag(D)]+, where g(D) := max;epm](Ernp[V;" (1)) — o) and A > 0. In this presentation, it is
worth noting that we are assuming that without loss of generality (WLOG) we can formulate our constrained optimization
problem to be of this form and that all signs are taken into account in the assignment of «;. Note that we could modify
our reward/value function bounds to take into account possible negative values, but this would not change the analysis our
bounds much so we use the following WLOG formulation for clarity. We are interested in finding arg max;er) L(Dx, A).
However, we do not have an exact estimate of the Lagrangian. Instead, we compute L as follows: suppose we form
Monte Carlo estimates from n i.i.d. episodes per iterate: Vo(D;) = 1 > Vi (1i4), Gi(Dy) = 1 > V2 (7e.5),

G(Dy) := max;(Gi(Dy) — ), and L(Dy, A) := Vo(Dy) — X [G(Dy)] 4.
D.0.3. LEARNER’S BEST-RESPONSE CONVEX RL

Earlier we discussed approximate best-response for the learner in terms of the ability to approximately solve single-objective
RL problems. In this section, we discuss this notion when the objective functions are concave in the variable D corresponding
to the distribution over policies.

Definition 3 (Episodic Occupancy Measure).

qr (s,a) = Pr™"(sp, = s,ap, = a)

Define d = Zth_Ol gy . In practice, we may have a policy 7 specified by a D € A(II), so we may use the shorthand notation
1 p to denote this summed over time occupancy measure over the given policy. In an episodic RL setting especially with
fixed rewards over time, we can denote E,..p[V™ ()] = (r, up) (or (r,d) using our notation above) as will be shown
below.
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H-1
V() = B Y rlsnian)|
h=0
H-1
Emu[ Zr(s,a)](sh =s,ap = a)}
h=0 s,a
H-1
= Zr(s, a)E.[I(sp, = s,an, = a)]
h=0 s,a
H-1
= Zr(s, a)Pr™" (s = s,ap = a)
h=0 s,a
H-1
= Zr(s, a)qr (s, a)
h=0 s,a
H-1
= Zr(s, a) qr, (s, a)
s,a h=0
= (r,d)
Let r(s, a) denote the per-step reward. For each constrainti = 1, ..., m, let r;(s, a) denote the per-step constraint signal.

For a distribution over policies D with occupancy measure yp, define

H-1

ri(D) == (up,r;) = ]EWND[ > T’i(sh;ah)}

h=0

Given thresholds «;, the constraint violation for constraint i is g;(D) := r;(D) — «;, and the aggregate violation is

g(D) := m[ax] 9i(D), [x]+ := max{0,x}.
i€[lm

The Lagrangian at multiplier A > 0 is thus
L(D,A) =r(D) = Alg(D)]+.
For fixed \; > 0 and current iterate D;, write

L(D, M) = {up,yr) = A [max{(pp, 7i) — @it

Because D — L(D, \;) is concave, any supergradient at D, yields an affine upper bound.

More directly, for a given \; € A, we can write

fd) = L(d; \r) = (d,r) = Ay [max{(d, 7s) — ai}]+-

Let

ro if[g(d)]+ <0

04L(d,\) =
al(d, A) {ro — N ijj'rjif [9(d)]+ > 0 where j € arg max g;(d) and p; > OVj,Zj pj =1

In practice, to evaluate this we would take the given policy specified by D, evaluate the performance of the policy over all
the constraints, then compute the gradient based upon the above.

Then with s; :=r — A\ > , Pt,i i where p; is set according to the supergradient, we have, for all D,
L(Da )‘t) S L(Dta )‘t) + <MD — KDy, St>~
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(Maximizing the linear form (up, s;) is the standard linear minimization oracle / RL call used in Frank—Wolfe and convex
RL (Jaggi, 2013; Zahavy et al., 2021; Geist et al., 2021). ) Thus the learner’s e-best-response can be implemented by solving
the single linear problem

max (up, $t) <= max ETWD[X}]: (T(Sh,ah) - )\tht,iTi(Smah))}

7, (Sh, an)
up to additive error e. Therefore, we have that if (1up-, s¢) — (up,.,,5:) < €, then

mng(D,)\t) — L(Dyy1, M) < e

D.0.4. FRANK WOLFE PROCEDURE

For every A selected by the regulator, the learner will have to solve a sequence of RL problems over linearized reward
functions in order to approximately best respond to the regulator’s strategy. This will be done by computing super-gradients
of the Lagrangian. In this setting, though the objective is concave in D and no longer linear, each D, corresponds to a
representative policy based upon the single policies returned from the FW linear oracles.

Algorithm 2 Learner Concave Best-Response

1: Receive: \ € A, step size «, tolerance €

2: Initialize occupancy measure: 2(!) € O {Current iterate (occupancy measure)}
3: forw=1to W do

40 oy Hiw

50 d™) «+ argmaxgeo (0L (z(")) , d) {DQN with scalarized reward induced by A}
6 g — (9L(aW), dw) — o)

7. if g*) < e then

8: break

9: endif
1. 2D« (1 - ay) 2™ + a,, d™) {Convex update}
11: end for

12: Compute policy: (s, a) < z)(s, a) {w, is final iterate}

| ) e (s )

13: Assign D € A(II) accordingly
14: Return: D {Learner best-response}

D.0.5. THEORETICAL RESULTS
We now present our theoretical results on the single round’s D, selected out of this procedure.

Let V™ (1) denote the (episodic) return for objective/constraint ¢ under policy 7 from initial distribution p. Define the
per-policy worst-constraint violation

g(D) := max (EWND[V;T(M)] - ai), []+ := max{0,x}.

i€[m]
For a distribution D € A(II) over policies and scalar multiplier A € [0, C], define the reformulated Lagrangian

L(Da/\) = EWND[%W(N)] - /\[g(D)]-‘r (11)

Let L* := miny¢[p,c) maxpear) L(D, A) be the minimax value of the reformulated game. Assume the repeated game
dynamics produce a time-average pair (D, \) that is a v-approximate minimax equilibrium in the sense of Definition 1
(applied to (11)). Papers like (Eaton et al., 2025) and (Kearns et al., 2018) have already proven that the time-averaged
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solution satisfies this property, so we are building on the basis of those results and this is not truly a separate assumption.
We simply abstract away that analysis since it has been done elsewhere. In particular, we will use the learner-side condition

L(D,\) > max L(D,\) —v > L*—v. (12)
DeA(I)

We assume constraint thresholds satisfy a; € [—H, H]. Since per-step rewards lie in [0, 1] and the horizon is H, this implies
V™ (u) € [0, H] and hence

0i(D) = Erop[V7 ()] — v € [-H, 2H],  [5:(D)]; € [0, 2H).

Lemma D.1 (Uniform Concentration for E). Assume per-step rewards and per-step constraint signals are bounded in [0, 1],
so that for every policy T,

0<Vi(w) <H, 0V (u)<H (i€[m]),

and assume o; € [—H, H] for all i, so that
0<[g(D)]+ <2H.

Fix X € [0,C) and iterates { Dy} _,. For each t, form L(Dy, X) from n i.i.d. rollouts of a policy & ~ Dy (sampling  once
per rollout, then generating one episode), using the unbiased Monte Carlo estimates of Vi (1) and V™ (u) to compute
estimates of [g(D)]+ and VT (u). Then for any €,6 € (0, 1),

Pr(max (D0 3) LDV < <) 2 15
te(T]
whenever -

- (14 2X)2H? 2T

Proof. For a single rollout of (7, 7) with m ~ Dy, define the bounded random variable
Z =V (u) — Mg(m)l+ € [-2XH, H],

so the range is at most (1 + 2\)H. The estimator Z(Dt, ) is the empirical mean of 7 i.i.d. copies of Z, hence Hoeffding’s
inequality gives

~ s < 2ne?
Pr (|L(Dt7>\) — L(Dt,A)| > E) S QGXP(_MW> .

A union bound over t € [T'] yields the claim under (13). O

Define the iterate—average Jensen gap at \:
_ _ 1 & _
Jasg() = L(D,A) — = > LDy, A) >0, (14)
t=1

which is nonnegative because D ~ L(D, \) is concave.

Theorem D.1 (Single Iterate Extraction). Assume (D, \) satisfies (12) for the reformulated Lagrangian (11). Let t* €
arg max,(r) L(Dy, N), using L as in Lemma D.1. Then with probability at least 1 — 6,

L(Dy,N) > L* — (v+ 26+ Jayy(N). (15)

Moreover, there exists a policy m* in the support of Dy« such that

L(Dge, N) > L* — (v + 28+ Jaug(N). (16)
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Proof. On the uniform concentration event of Lemma D.1, for all £ we have

L(Dtaj‘) S E(Dtaﬂ)_'_8 S E(Dt*aj‘)—i_e S L(Dt*75‘)+267

so maxy L(Dg, A) < L(Dy+, A) + 2¢ and hence

L(Dt*7)\) Z HlaXL(Dt,)\) — 2e. (17)
te[T]

Because L(-, \) is concave in D and by definition of the Jensen gap,

T
_ 1 _ _ _
L(D < — D v < L(Dy, v .
(D,)) < T; ¢+ Ja g(A)_?el% (Dy, N) + Jaug(N)
Combining with (17) and (12) yields
L(Di,A) > L(D,A) — 26 — Jayg(A) > L* — (v + 2¢ + Joug(N)),

which is (15).

Note that the FW oracle is already returning a representative single policy, but another way to see the single policy statement
is as follows. For the single-policy statement, expand (11) at (Dy«, \):

L(Dy,\) = Enop,. L(m,A).

Therefore there exists 7* in the support of Dy with L(Dy+, \) > L(D;+, \), giving (16). O

While the Jensen gap can be nonzero due to concavity, in our setting the Lagrangian is piecewise linear in D, making the gap
empirically smaller than the worst-case. To analyze constraint violations, we can use a bound on the average constraint
violation level coupled with non-negativity to reason about the constraint violation level of a single iterate.
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