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Abstract

Motivated by the many real-world applications of reinforcement learning (RL) that
require safe-policy iterations, we consider the problem of off-policy evaluation
(OPE) — the problem of evaluating a new policy using the historical data obtained
by different behavior policies — under the model of nonstationary episodic Markov
Decision Processes with a long horizon and large action space. Existing importance
sampling (IS) methods often suffer from large variance that depends exponentially
on the RL horizon H. To solve this problem, we consider a marginalized im-
portance sampling (MIS) estimator that recursively estimates the state marginal
distribution for the target policy at every step. MIS achieves a mean-squared
error of O(H2R2,,. 1L B [(wr (51, ar))?]/n) for large n, where ws (51, ar)
is the ratio of the marginal distribution of t¢th step under 7 and u, H is the hori-
zon, R, ,x is the maximal rewards, and n is the sample size. The result nearly
matches the Cramer-Rao lower bounds for DAG MDP in Jiang and Li [2016]
for most non-trivial regimes. To the best of our knowledge, this is the first OPE
estimator with provably optimal dependence in H and the second moments of the
importance weight. Besides theoretical optimality, we empirically demonstrate the
superiority of our method in time-varying, partially observable, and long-horizon
RL environments.

1 Introduction

The problem of off-policy evaluation (OPE), which predicts the performance of a policy with data only
sampled by a behavior policy [Sutton and Barto, 1998], is crucial for using reinforcement learning
(RL) algorithms responsibly in many real-world applications. In many settings where RL algorithms
have already been deployed, e.g., targeted advertising and marketing [Bottou et al., 2013; Tang et al.,
2013; Chapelle et al., 2015; Theocharous et al., 2015; Thomas et al., 2017] or medical treatments
[Murphy et al., 2001; Ernst et al., 2006; Raghu et al., 2017], online policy evaluation is usually
expensive, risky, or even unethical. Also, using a bad policy in these applications is dangerous and
could lead to severe consequences. Solving OPE is often the starting point in many RL applications.

To tackle the problem of OPE, the idea of importance sampling (IS) corrects the mismatch in the
distributions under the behavior policy and target policy. It also provides typically unbiased or
strongly consistent estimators [Precup et al., 2000]. IS-based off-policy evaluation methods have
also seen lots of interest recently especially for short-horizon problems, including contextual bandits
[Murphy et al., 2001; Hirano et al., 2003; Dudik et al., 2011; Wang et al., 2017]. However, the
variance of IS-based approaches tends to be too high to be useful [Precup et al., 2000; Thomas et al.,
2015; Jiang and Li, 2016; Thomas and Brunskill, 2016; Guo et al., 2017; Farajtabar et al., 2018],
especially for long-horizon problems [Mandel et al., 2014], since the variance of the product of
importance weights may grow exponentially as the horizon goes long. In contrast to the IS-based
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approaches, solving OPE problems can also use the model-based approaches Liu et al. [2018b];
Gottesman et al. [2019], where the value of target policy is estimated by building whole MDP model.

Given this high-variance issue, it is necessary to find an IS-based approach without relying heavily
on the cumulative product of importance weights from the whole trajectories. While the benefit of
cumulative products is to allow unbiased estimation even without any state observability assumptions,
reweighing the entire trajectories may not be necessary if some intermediate states are directly
observable. For the latter, based on Markov independence assumptions, we can aggregate all
trajectories that share the same state transition patterns to directly estimate the state distribution shifts
after the change of policies from the behavioral to the target. We call this approach marginalized
importance sampling (MIS), because it computes the marginal state distribution shifts at every single
step, in stead of the product of policy weights.

Related work [Liu et al., 2018a] tackles the high variance issue due to the cumulative product of
importance weights. They apply importance sampling on the average visitation distribution of state-
action pairs, instead of the distribution of the whole trajectories, which provides an approach to
breaking the curse of horizon time-invariant MDPs. [Hallak and Mannor, 2017] and [Gelada and
Bellemare, 2019] also leverage the same fact in time-invariant MDPs, where they use the stationary
ratio of state-action pairs to replace the trajectory weights.

In contrast to the prior works, the first goal of our paper is to study the optimality of the marginalized
approach. Jiang and Li [2016] studied the hardness of off-policy problems, and presented a Cramer-
Rao lower Bound for all the off-policy evaluation methods. In this paper, we provide a finite sample
bound on the mean-squared error of our method. We also show that our estimator achieves the
optimal rate in sample complexity with respect to the information-theoretical lower-bound proposed
by Jiang and Li [2016]. In addition to the theoretical optimality, we empirically evaluate our estimator
against a number of strong baselines from prior work in a number of time-invariant/time-varying,
fully observable/partially observable, and long-horizon environments. Our approach can also be
used in most of OPE estimators that leverage IS-based estimators, such as doubly robust [Jiang
and Li, 2016], MAGIC [Thomas and Brunskill, 2016], MRDR [Farajtabar et al., 2018] under mild
assumptions (Markov assumption).

Here is a road map for the rest of the paper. Section 2 provides the preliminaries of the problem of
off-policy evaluation. In Section 3, we offer the design of our marginalized estimator, and we study
its information-theoretical optimality in Section 4. We present the empirical results in a number of
RL tasks in Section 5. At last, Section 6 concludes the paper.

2 Problem formulation

Symbols and notations. We consider the problem of off-policy evaluation for a finite horizon,
nonstationary, episodic MDP, which is a tuple defined by M = (S, A, T, r, H), where S is the state
space, A is the action space, T} : S x Ax S — [0, 1] is the transition function with T;(s'|s, a) defined
by probability of achieving state s’ after taking action a in state s at time ¢, and 7, : S x A — R is
the expected reward function with r;(s, a) defined by the mean of immediate received reward after
taking action «a in state s, and H denotes the finite horizon. We use P[E] to denote the probability
of an event E and p(x) the p.m.f. (or pdf) of the random variable X taking value z. E[-] and E[-|E]
denotes the expectation and conditional expectation given F, respectively.

Let pu,m : S — P4 be policies which output a distribution of actions given an observed state. We
call p the behavioral policy and 7 the target policy. For notation convenience we denote p(a¢|s:)
and 7(a¢|s;) the p.m.f of actions given state at time ¢. The expectation operators in this paper will
either be indexed with 7 or p, which denotes that all random variables coming from roll-outs from
the specified policy. Moreover, we denote d}'(s;) and d7 (s;) the induced state distribution at time .
When ¢ = 1, the initial distributions are identical d}' = dT = d;. Fort > 1, d}'(s;) and dT (s;) are
functions of not just the policies themselves but also the unknown underlying transition dynamics,
i.e., for 7 (and similarly p), recursively define

d7 (se) = Y P7(silsi-1)di_i(s1-1),

St—1

where Ptﬂ(8t|8t71) = Z Tt(8t|8t717 at,1)7r(at,1|st,1). (21)

ar—1
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We denote P[; € RS%S 5 < i as the state-transition probability from step j to step i un-
der a sequence of actions taken by m. Note that P/, ,(s'[s) = >, Pir1,4(s']s,a)mi(als) =

Tt ('] s, me(s)).
Behavior policy 1 is used to collect data in the form of (s,(f) (z) ( ) €S x A x R for time index

t=1,...,H and episode index ¢ = 1, ..., n. Target policy 7 1s What we are interested to evaluate.
Also let D to denote the historical data, which contains n episode trajectories in total. We also define

= {(st rlt )) € [n],t < h} to be roll-in realization of n trajectories up to step h.
Throughout the paper, probability distributions are often used in their vector or matrix form. For
instance, df without an input is interpreted as a vector in a S-dimensional probability simplex and
P} is then a stochastic transition matrix. This allows us to write (2.1) concisely as d’, ; = P[4 ,df .
Also note that while sy, ay,r; are usually used to denote fixed elements in set S, A and R, in
some cases we also overload them to denote generic random variables s( ) E”, 7",51). For example,

n @
Ex[ri] = Ex[r ,E )] = Zshat d™ (s¢)m(at|st)r(se, ar) and Varg[r:(se, at)] = Var, [rt(s,(t ), ag ))]
The distinctions will be clear in each context.

Problem setup. The problem of off-policy evaluation is about finding an estimator ™ : (S x A X
R)H*" — R that makes use of the data collected by running y to estimate

Z st,at —]E lZZdﬂ St Z (at|st)rt(st,at) s (22)

= t=1 s

where we assume knowledge about p(als) and 7(a|s) for all (s,a) € S x A, but do not observe
r(s¢, a;) for any actions other than the evaluated actions or the state distributions df (s;)Vt > 1
implied by the change of policies. Nonetheless, our goal is to find an estimator to minimize the
mean-square error (MSE):
MSE(TF, Hy M) - E#[(ﬁﬂ- - vﬂ)2]7

using the observed data and the known action probabilities. Different from previous studies, we focus
on the case where S is sufficiently small but S2 A is too large for a reasonable sample size. In other
words, this is a setting where we do not have enough data points to estimate the state-action-state
transition dynamics, but we do observe the states and can estimate the distribution of the states after
the change of policies, which is our main strategy.

Assumptions: We list the technical assumptions we need and provide necessary justification.

Al. 3Rpax, 0 < +oo such that 0 < Elre|ss, as] < Ruax(st, a), Var[re|se, ar] < o2(s¢,a4)
for all £, s¢, a;.
A2. Behavior policy p obeys that d,,, := min; 5, d}'(s¢) >0 V¢, s; such that df (s;) > 0.

A3. Bounded weights: 75 := maxy s, dugstg < 400 and 7, = max g, q, ZEZ:E:; < +o0.

Assumption Al is assumed without loss of generality. The o bound is required even for on-policy
evaluation and the assumption on the non-negativity and R,,x can always be obtained by shifting and
rescaling the problem. Assumption A2 is necessary for any consistent off-policy evaluation estimator.
Assumption A3 is also necessary for discrete state and actions, as otherwise the second moments of
the importance weight would be unbounded. For continuous actions, 7, < 400 is stronger than we
need and should be considered a simplifying assumption for the clarity of our presentation. Finally,
we comment that the dependence in the parameter d,,, 75, 7, do not occur in the leading O(1/n)
term of our MSE bound, but only in simplified results after relaxation.

3 Marginalized Importance Sampling Estimators for OPE

In this section, we present the design of marginalized IS estimators for OPE. For small action spaces,
we may directly build models by the estimated transition function T (s¢|s¢—1, a:—1) and the reward
function r;(s;, a;) from empirical data. However, the models may be inaccurate in large action
spaces, where not all actions are frequently visited. Function approximation in the models may cause
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additional biases from covariate shifts due to the change of policies. Standard importance sampling
estimators (including the doubly robust versions)[Dudik et al., 2011; Jiang and Li, 2016] avoid the
need to estimate the model’s dynamics but rather directly approximating the expected reward:

h
ZZ[H )|5 )] T(i)
(4)] (&)
T L=t mlag s )

To adjust for the differences in the policy, importance weights are used and it can be shown that this
is an unbiased estimator of v™ (See more detailed discussion of IS and the doubly robust version
in Appendix C). The main issue of this approach, when applying to the episodic MDP with large
action space is that the variance of the importance weights grows exponentially in I [Liu et al.,
2018a], which makes the sample complexity exponentially worse than the model-based approaches,
when they are applicable. We address this problem by proposing an alternative way of estimating
the importance weights which achieves the same sample complexity as the model-based approaches
while allowing us to achieve the same flexibility and interpretability as the IS estimator that does not
explicitly require estimating the state-action dynamics 7;. We propose the Marginalized Importance
Sampling estimator:

0T 1g = (st (3.1)

zltl

Clearly, if d™ — dF, d* — di*, 7T — B[Ry (st at)|st], then 07, ;¢ — v"™.

It turns out that if we take gf(st) = L1y 1(39 = s;) — the empirical mean — and define
(ﬁr(st)/c/l\f(st) = 0 whenever ns;, = 0, then (3.1) is equivalent to ZtHzl D, c/l?(st)?”(st) — the

direct plug-in estimator of (2.2). It remains to specify Jf(st) and 77 (s¢). cﬁr (s¢) is estimated
recursively using

" m(af) |se-1)

1

nstfl i=1 ,u(al(gz_)l |St*1)

d? = P”dt 1 whereP (st|si—1) = 1((s EZ)DSEZ),at ) = (St—1, St,at));

n

and 77 (s¢) Z at)lst
né i=1 |st)

where n,_ is the emplrlcal visitation frequency to state s, at time 7. Note that our estimator of 77 (s)
is the standard IS estimators we use in bandits [Li et al., 2015], which are shown to be optimal when
A is large [Wang et al., 2017].

rV1(sl) = sy), 3.2)

The advantage of marginalization over the naive IS estimator is that the variance of the importance
weight need not depend exponentially in H. A major theoretical contribution of this paper is to
formalize this argument by characterizing the dependence on 7, i as well as parameters of the MDP
M. Note that MIS estimator does not dominate the IS estimator. In the more general setting when the
state is given by the entire history of observations, Jiang and Li [2016] establishes that no estimators
can achieve polynomial dependence in H. We give a concrete example later (Example 1) about how
IS estimator suffers from the “curse of horizon” [Liu et al., 2018a]. Our MIS estimator can be thought
of as one that exploits the state-observability while retaining properties of the IS estimators to tackle
the problem of large action space. As we illustrate in the experiments, even in the partially observable
setting, the MIS estimator remains a competitive approximation in cases when H, A are large.

Finally, when available, model-based approaches can be combined into importance-weighted methods
[Jiang and Li, 2016; Thomas and Brunskill, 2016]. We defer discussions about these extensions in
Appendix C to stay focused on the scenarios where model-based approaches are not applicable.

4 Theoretical Analysis of the MIS Estimator

Motivated by the challenge of curse of horizon with naive IS estimators, similar to [Liu et al., 2018a],
we show that the sample complexity of our MIS estimator reduces to a polynomial of H. To the best
of our knowledge, this is first sample complexity guarantee under this setting, which also matches the
Cramer-Rao lower bound for DAG-MDP [Jiang and Li, 2016] as n — oo up to a constant.
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Example 1 (Curse of horizon). Assume a MDP with i.i.d. state transition models over time and
assume that : is bounded from both sides for all t. Suppose the reward is a constant 1 only

m(ag”]s;”)

shown at the last step, such that naive IS becomes Vg = =31 | [Ht 1 (a0 ))} . For every

trajectory, Ht 15 = exp [Zfllog ﬂ}; let Erog = Ellog ﬂ] and Viog = Var[log ﬂ]. By

Central Limit Theorem Zt 1 log asymptotlcally follows a normal distribution with parameters

( HE)g, HVlog) In other words, Ht 1 asymptotlcallyfollows LogNormal( HEg, HVlog) ,

whose variance is exponential in horizon: (exp (HViog) — 1). On the other hand, MIS estimates the
state distributions recursively, yielding variance that is polynomial in horizon and small OPE errors.

We now formalize the sample complexity bound in Theorem 4.1.

Theorem 4.1. Let the value function under 7 be defined as follows:

H
> orlsi ap?)

Vil (sp) :=Eg .9;11) = sh] € 10, Vinax|-
t=h
For the simplicity of the statement, define boundary conditions: 1¢(so) = o¢(sg,a9) =0, gﬁggi =
m(aolso) — . m(at]se) . dy (st)
(az‘sg) 1and Vi, = 0. Moreover, let T, := maxy s, a, (arls0) and Ts := maxy s, 0 If

the number of episodes n obeys that

4 4log, /9(nS
n> max{ ITaTs g /2( ) }

ming 5, max{df¥(s¢),d} (s¢)} ming s, di'(s¢)
forallt =2, ..., H, then the our estimator U with an additional clipping step obeys that

[(7’%13 - v”)Q]

d Sh (ah|sh)2 -
*ZZ ; Z Vil s Clsnan) + O7 Sy an) + ra(sn, an)?)

h=0 sn M(ah‘sh)
N 197’2T2SH2(0‘ + R?nax + Vnzlax)

n2

Corollary 1. In the familiar setting when Vinax = H Ri,ax, then the same conditions in the above
theorem implies that:

max)

E,[(PVh1s — v™)?] < %TaTs(HU + H3R?

The proof in the appendix involves a little more than direct application of the above theorem.

We make a few remarks about the results in Theorem 4.1. First, the leading term does not depend on
Ta, Ts and it has explicit dependence on the moments of the importance weights. Second, the leading
term nearly matches the Cramer-Rao lower bound of the Theorem 3 in [Jiang and Li, 2016] for every
instance up to a constant factor when the importance weights have a second moment substantially
greater than 1 !. Finally, although our results do not directly imply an off-line learning methods, a
high-probability extension of our results (which can be obtained via Bernstein-McDiarmid inequality)
will allow us to achieve an entirely off-policy learning bound in the Tabular MDPs setting with sample
complexity (number of episodes) O(H>S A/€?), or a regret lower bound of v/ H3S An. This matches
the corresponding lower bounds in Dann and Brunskill [2015]; Azar et al. [2017]; Jin et al. [2018].
Formalizing these optimality statements are left to a longer version of the work.

4.1 Proof Sketch

We overview the insight of the proof of Theorem 4.1 in this section. Our key insight is to break the
curse of horizon via error propagation calculation, which can be thought of as the off-policy version

'We acknowledge that the bound is not tight for the case when 7 = 1 (naive averages give H>/n). This is
an artifact of the proof that is easily fixable, although the current statement is cleaner.
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of the celebrated Bellman equation for Variance. We show a linear decomposition of the total variance
via a peeling argument, using the filtration of events to recursively separate the expectation of the
variance in every step (Lemma 4.1). Additionally, the single-step variance is inversely proportional
to the empirical state visitation count ns,, which converges to nd}' (s;) =< O(n), Vt, s; exponentially
fast (Lemma B.1). Compared with naive IS which ignores the state distribution, our MIS estimates
the state distribution with variance that is linear in horizon H (Theorem B.1). This results in the final
MSE bound (Theorem 4.1), considering the maximal value function is of order O(H Rypax)-

One challenge we encounter is that ¥,,7g is not an unbiased estimator, due to non-zero probability
of observing n;, = 0 for some s;. We address this by defining a fictitious estimator v that behaves
perfectly when n,, < E,n, /2, which makes it unbiased. We establish that the fictitious estimator is
extremely similar to the 05,75 hence reduces the problem to a slightly simpler problem.

For variance decomposition we compare with Bellman equation V/"(s;) = 77(st) +
Dsens Pl (st4118¢) Vi1 (8¢41), where V[ (s¢) denotes the value function under , and use a peeling
argument

h
<dz+1a szr+1> + Z<d?7 Ff)

t=1

Var[v"] = Var

4.1y
=E {Var [(JZH, Vit + (JZ,?’}{)‘Datah” + Var

h—1
(dr, Vi) +Z<dm>] :
t=1

where the second part is the variance of the expectation, which reduces to the true value function due
to the unbiasedness of the fictitious estimator. Further calculation yields Lemma 4.1.
I 1% ||d1( )
Var[p"] < +2 Z Z E

ndj, (sn)
(nsh > 7’2
=1 sp

(\|vh11||%h+l<.\sh,ah> + 02 (s, an) + ralsn, an)?) |,

Lemma 4.1 (Variance decomposition).

7(an|sn)?
2 [ n(anlsn)

ap

where we used ||z||2, := >, w[i]z[i]? to denote squared weighted Euclidean norm.

T 2 K
Finally, we bound the error term in the state distribution estimation E [dhéi) 1 (ns W > M’LT(S}’))} <
Sh

m (d;{(sh)Q + Var [JZ(sh)]) . For the variance term, we again apply a peeling argument

COV[JZ] =E [Cov [15[[ ~Z_1 ‘Datah,lﬂ + P7Cov {Jg_l} [PF]T, where we overload P as the
state- transition matrix under policy 7 at step h. Recursion on the second term adds a multiplicative

Py, = HT . PT', which is still a proper transition matrix and therefore contracts the (co-)variance.
Additional calculatlon on the expectation of covariance completes the proof of Theorem 4.1.

Appendix B shows the complete details of the proofs. While the main story is that marginalized state
distribution estimation breaks curse of horizon, detailed variance decomposition recovers correct
rates with respect to information-theoretic lower-bounds. Besides avoiding dependency on the action
space (ergodicity only requires sufficient visitation to all states), our IS-based approach also has
additional benefits to handle, e.g., partially observable states, shown in our experiments.

5 Experiments

We use this section to empirically showcase the benefits of MIS on key properties including sample
complexity with respect to MDP horizons, adaptivity to partially observable states — an additional
empirical property inherited from IS-approaches, time-varying state transition models, and the
combination of them. We first borrow the synthetic ModelWin and ModelFail MDPs from [Thomas
and Brunskill, 2016] to verify the horizon-dependency and adaptivity to partially observable states.
We then modify the MDPs to time-varying domains, where our episodic approach is more appropriate
than other related infinite-horizon solutions. We lastly show Mountain Car experiments, which have
primarily long-horizon problems but also all of the issues combined.
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The methods we compare in this section are DM, IS, WIS, SSD-IS, and MIS. DM denotes the model-
based approach to estimate T3 (s¢|st—1, ar—1), 7t(S¢, a;) by enumerating all tuples of (s;—1, ar—1, S¢),
IS denotes the importance sampling method based on the whole trajectories, WIS denotes the
weighted (self-normalized) importance sampling method, SSD-IS denotes the method of importance
sampling with stationary state distribution proposed by [Liu et al., 2018a], and MIS is our proposed
marginalized approach. Note that our MIS also uses the trick of self-normalization to obtain better

performance, but the MIS normalization is different: we project the estimate c?? to the probability
simplex, whereas WIS normalizes the importance weights. We provide further results by comparing
doubly robust estimator, weighted doubly robust estimator, and our estimators in Appendix D.

We use logarithmic scales in all figures and the results include confidence intervals from 128 runs.
Our metric is the relative root of mean squared error (Relative-RMSE) with error bars, which is the
ratio of RMSE and true cumulative reward, typically on the order of O(H).

5.1 Time-invariant MDPs

We test our methods on the standard ModelWin and Mod-
elFail models with time-invariant MDPs, first introduced
by Thomas and Brunskill [2016]. The ModelWin domain
simulates a fully observable MDP, depicted in Figure 1(a).
The agent always begins in s;, where it must select be-
tween two actions. The first action a; causes the agent to
transition to sy with probability p and s3 with probability (a) ModelWin (b) ModelFail

1 — p. The second action ay does the opposite. We set

p = 0.4. The agent receives a reward of 1 every time the Figure 1: MDPs of OPE domains.
state transitions to so, —1 to s3, and 0 otherwise. On the

other hand, the ModelFail domain (Figure 1(b)) simulates a partially observable MDP, where the
agent can only tell the difference between s; and the “other” unobservable states. The dynamics of
ModelFail MDP is similar to ModelWin, but the reward is delayed after the unobservable states —
the agent receives a reward of 1 only when it arrives s; from the left state and —1 only when it arrives
s1 from the right state. We set p = 1 to make the problem easier. For both problems, the target policy
m is to always select a; and ag with probabilities 0.2 and 0.8, respectively, and the behavior policy p
is a uniform policy.

We provide two types of experiments to show the properties of our marginalized approach. The first
kind is with different numbers of episodes, where we use a fixed horizon H = 50. The second kind
is with different horizons, where we use a fixed number of episodes n = 1024. Note that the rewards
in ModelFail do not depend on the current states and actions, but those of the previous steps; we use
MIS only with observable states and the partial trajectories between them. While this approach is
general in more complex applications, for ModelFail, the agent always visits s; at every other step

lt(ail)‘sgn) l"(agr)‘s;q—)) nlagy_yls57 4

and we can simply replace

[0~ DM IS -o- WIS -¢- SSDIS —¥— MIS]

102 @ : ' 10"y 4 0 TP S
w 2 w . w TR PO S S s
[N D 4° ' ¥ - %] %] P
= 10 = &/_m««vf—m»w"é"*l = 0 & = I o
4 z—a 3 4 o Z 10°) o-pletg--goece oo 4™
TR [t S SR S 2. 2 s S ore 2
K] wme F10 B S g
© © & o 8
, v, B T

-2
] 2 3 10 1 2 3 1 2 3 1 2 3
10 10 10 10 10 10 10 10 10 10 10 10
Number of Episodes, n Horizon, H Number of Episodes, n Horizon, H

(a) ModelWin with differ- (b) ModelWin with differ- (c¢) ModelFail with differ- (d) ModelFail with differ-
ent number of episodes n. ent horizon H. ent number of episodes n. ent horizon H.

Figure 2: Results on Time-invariant MDPs. MIS matches DM on ModelWin and outperforms IS/WIS
on ModelFail, both of which are the best existing methods on their respective domains.

Figure 2 shows the results in the time-invariant ModelWin MDP and ModelFail MDP. The results
clearly demonstrate that MIS maintains a polynomial dependence on H and matches the best
alternatives such as DM in Figure 2(b) and IS at the beginning of Figure 2(d). Notably, the IS
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in Figure 2(d) reflects a bias-variance trade-off, that its RMSE is smaller at short horizons due to
unbiasedness yet larger at long horizons due to high variance.

5.2 Time-varying MDPs

We also test our approach in the time-varying MDPs. The time-varying MDPs we use in this section
are also modified on the standard domains introduced by Thomas and Brunskill [2016]. We use the
similar dynamic of ModelWin MDP and ModelFail MDP, but we set the transition probability p; to
be varying over time ¢ for both MDPs, where p; is sampled from a uniform distribution 2/(0.2, 0.5)
for each ¢.
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(a) ModelWin with differ- (b) ModelWin with differ- (c¢) ModelFail with differ- (d) ModelFail with differ-
ent number of episodes, n  ent horizon, H ent number of episodes, n ent horizon, H

Figure 3: Results on time-varying MDPs. Besides amplifying the time-invariant results, MIS
outperforms SSD-ID, which is the best existing method with infinite-horizon MDPs.

Figure 3 shows the relative RMSE in the time-varying ModelWin MDP and ModelFail MDP. We
observe the results of Figure 3 are similar to the time-invariant case, which demonstrate the effec-
tiveness of our approach in the time-varying domains. Particularly, we show that MIS outperforms
SSD-ID, which is the best existing method with infinite-horizon MDPs. SSD-ID is inferior because
the stationary state distribution it finds does not agree with the true time-varying state distributions
and SSD-ID cannot aggregate only on the partially observed states as MIS.

5.3 Mountain Car

To demonstrate the scalability of the proposed marginalized
approaches, we also test all estimators in the Mountain Car = ou 5 o W
domain [Singh and Sutton, 1996], where an under-powered

S SSD-IS —— MIS

car drives up a steep valley by “swinging” on both sides to w 10°4 ; _____ ; & Py g osaa
gradually build up potential energy. We use a horizonof H = = B g %
100, a uniform initial state distribution, and the same state = RO
aggregations as Jiang and Li [2016]. To construct the stochastic =103

behavior policy ¢ and stochastic evaluated policy m, we first 3

compute the optimal Q-function using Q-learning and use its e 10

softmax policy of the optimal Q-function as evaluated policy
7 (with the temperature of 1). For the behavior policy u, we
also use the softmax policy of the optimal Q-function but set
the temperature to 1.33. Figure 4: Mountain Car with differ-
ent number of episodes.

107 10°
Number of Episodes, n

The results on the Mountain Car domain is in Figure 4, which
demonstrate the effectiveness of our approach in the common
benchmark control task, where the ability to evaluate under long horizons is required for success.

6 Conclusions

In this paper, we propose a marginalized approach to solve the problem of off-policy evaluation
in reinforcement learning. Our approach gets rid of the burden of horizon by using the the target
state distribution at every step instead of the cumulative product of importance weights. Further
more, we provide the theoretical analysis of our estimator and it shows that our approach matches
the information-theoretical optimal rate of the OPE problem. Our experiments demonstrate the
effectiveness of our approach. It achieves substantially better performance than existing approaches.
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Appendix

A Concentration inequalities and other technical lemmas

Lemma A.1 ([Chao and Strawderman, 1972]). Let X be a Binomial random variable with parameter
p,n, we have that E[1/(X 4+ 1)] = m(l — (1 —p)nth,

Lemma A.2 (Negative moment of Binomial R.V.). Let X be a Binomial r.v. with parameter p, n.
1
E[fl (x>0] <

pin.

Proof. By Lemma A.1 due to we have that E[1/(X + 1)] = ﬁ(l — (1 —p)™*1), which implies
that

1 2 1 .,
E[yl{xw}] < E[ml{xw}] = QE[m] —2(1-p)
2 2
=——(1-(1-p“™H—-20-p < =.
e 1)( (1-p)"")=2(1-p" < on

O

Lemma A.3 (Multiplicative Chernoff bound [Chernoff et al., 1952] ). Let X be a Binomial random
variable with parameter p, n. For any § > 0, we have that

o np

and

P[X < (1 - 8)pn] < <(1_e;)1_6>w

B Theoretical analysis of the marginalized IS estimator

Recall that the marginalized IS estimators are of the following form:

5= dr (s (se),

t=1 s¢

where we recursively estimate the state-marginal under the target policy 7 using

di (s¢) = Z Py y(selse—1)di—1(st-1)-

St—1

We focus on the setting where the number of actions is large and possibly unbounded, in which case,

we use importance sampling based estimators of 13,5”71,15 and 77 (s;) instead to get bounds that are
independent to A. Specifically, we use:

n (2)
o 1 malse-1) o G D sl
P (st]st-1) = fi)l 1(st”) = si—1,al” 1, st = ).
Mosia 327 plagZq|se—1)

and
n

(@)

1 Tia S i i
Aﬂ—rt (51») ( El)‘ t)rt( )1( (2) St)-
Mse 51 plag st

The main challenge in analyzing these involves finding a way to decompose the error in the face of
the complex recursive structure, as well as to deal with the bias of the estimator.

11



396 Constructing a fictitious estimator. Our proof makes novel use of a fictitious estimator v which
a7 uses df = P/, ,dj | and 77 instead of dff = P/, ,(-|st)d]_; and 77 in the original estimator v”.

To write it down more formally,

where c?f (s¢) is constructed recursively using
d? = P;tfldll
as in our regular estimator for t = 2, 3,4, ..., H, and Elv’lf = 31. In particular,
ooy [TE(se) ifng, > ndi(se)/2
ri(se) =14 ‘o
rT(s;) otherwise;

and -
P P ifng,_, >nd}(si_1)/2
PT s 1) = t,t—1 St—1 = t \(St—1

fe-allee) {Pzt_l otherwise.

308 This estimator 9™ is fictitious because it is not implementable using the data®, but it is somewhat
se9 easier to work with and behaves essentially the same as our actual estimator 0™. As a result, we can
400 analyze our estimator through analyzing v™. The following lemma formalizes the idea.

Lemma B.1. Let 0™ be our IS estimator and ‘P be the projection operator to [0, H Ryax] and 0™ be
the unbiased fictitious estimator that we described above. The MSE of

: Iz
nming 5, df (s¢)

BI(PS" — 0" S B - v+ 305 R (2)

a0t Proof of Lemma B.1. Let E denotes the event of {3, s;, s.t. ns, < nd}'(s;)/2}. Let Pg be the
a2 conditional projection operator that clips the value to [0, H Ry,ax] Whenever F is true. Note that for
a3 any z € R, we have P(Pgx) = Px. By the non-expansiveness of P,

E[(P?™ —v™)?] < E[(Ppd™ —v™)?] = E[(PEd™ — Ppi™ + Ppo" —v™)?]
=E[(PEt™ — Ppv™)?] + 2E[(PEi™ — Ppo"™)(Ppv™ —v™)] + E[(Ppo™ — v™)?]
=P[E|E[(PE0" — Ppv")? + 2(PEd” — Ppv")(Ppv” —v™)|E] + P[E®] - 0+ E[(Pgv™ — Pgv™)?]
<3P[E|H?R2,, +E[(0"™ —v™)?].

max
The third line is by the law of total expectation and the fact that whenever FE is not true, 0™ = 0™.
The last line uses the fact that Pgv™, Pro™, v™ are all within [0, H Ry,.«] when conditioning on F
as well as the non-expansiveness of the projection operator which implies that

E[(Pp(v™ —v™))’] <E[@" — 7).

It remains to prove that P[] < SHe "™ di(s)) By the multiplicative Chernoff bound
(Lemma A.3 in the Appendix) with § = 0.5, we get that

nd} (s nming g, df (s¢)

e o < 2E00] < (2777 (2)

404 By a union bound over each t and s;, we have

nming g, df’ (s¢)
d'u 2\~ 2
BlE] < 303 Bineo < M) < s (2)
t St

405  as stated. O

1t depends on unknown information such as dj’, P} ,_, exact conditional expectation of the reward r; and
SO on.

12



406

407
408
409

410

411

412

413

polylog(S,H,n)

Lemma B.1 establishes that when n > =— = s
ming s, df (st)

we can bound the MSE of a projected version

of our estimator using the MSE of the fictitious estimator. The projection to [0, H Ryax] is a post-
processing that we needed in our proof for technical reasons, and we know that E[(Po™ — v™)?] <
E[(p™ — v™)?] so it ionly improves the performance.

Properties of the Fictitious Estimator. Now let us prove that v™ is unbiased and also analyze its
variance. Recall that the estimator is the following:

H _ H
T =YY di ()i (se) = Y _(dfL7T)

t=1 s t=1

SE

where we denote quantities d7, 77 in vector forms in R”.

Lemma B.2 (Unbiasedness of v™). E[o"] = v™.

Proof of Lemma B.2. The idea of the proof is to recursively apply the Law of Total Expectation
backwards from the last round by taking conditional expectations. For simplicity of the proof we will
denote

. . - n
Data, := {s{,afl {1}

Also, in the base case, let’s denote Data; := {sgli} and that r7 (s;) := E, [r,gl) \sgl) = 3]
i=1

We first making a few observations that will be useful in the arguments that follow. Firstly, Jf and
r7_, are deterministic given Data;. Secondly,

E[P[,_;|Data; ;] = P, ;, and E[r}|Data;] =rf.
These observations are true forall ¢ = 1, ..., H. To see the unbiasedness of the conditional expectation,
note that when ns, > 0, the estimators are just empirical mean, which are unbiased and when ns, = 0,

we also have an unbiased estimator by the construction of the fictitious estimator. Thirdly, we write
down the standard Bellman equation for policy m

Vi(sn) = i (sn) + D Py n(snaalsn) Vg (snin).

Sh+41
where V},(sp,) := E, [Ztth rt(l) ‘sgl) = sh} or in a matrix form

Vi =17+ [P n) Vi

These observations together allow us to write the following recursion:

h—1
E |(df, Vi) + > _(d},7T) Datahll
t=1
~ ~ - h—2 B
=(E[P[ _1[Datay,1Jdf_y, Vi) + (df_1. E [ [Datas 1)) + S (dF,77)
t=1
_ h—2
=(df 1. [P Vi +770) + D7 77)
t=1
" h—2 _
T< h-1>Vie1) + Z<d?a??>
Bellman equation t=1

13



414 Finally, by taking (full) expectation and chaining the above recursions together, we get

E [Z@m

t=1

—E | (@ V) + Z_@mﬂ

t=1

H-2
=E |(df_,,Vi_1) + Z<dm>]

t=1

<d7177 V1W>:| =",
415 which concludes the proof. O
416 Now let’s tackle the variance of the fictitious estimator.

Lemma 4.1 (Variance decomposition).

Var[57] <7”Vfr“§1<'>+2f:21ﬁ: aE(sn)*y ; 27”(““5’1)2(”1/” 12
a n h=1 s sy, {nSh Z‘ndhz(s}L>} N(ah|3h) ALl Pisa,nClsn.an)

Qap,

+0%(sn,an) + ru(sn, an)?).
where V™ (s;) denotes the value function under  which satisfies the Bellman equation
Vi (se) =17 (s¢) + Y Pl (seg1ls0) Vi (se41),
St+4+1

s7  and we used ||z||2, := Y, wlilz[i]* to denote squared weighted Euclidean norm.

418 Remark 1. The decomposition is very interpretable. The first part of the variance is coming from
#19  estimating the initial state. The second part (||Vi41 ||%,h+l w Clsn.an)) IS coming from the conditional
420 variance of estimating P{:t_l using importance sampling over a; given all observations up tot — 1.

a21 The third part ( 0*(sp, an) + ri(sh, an)?) is coming from the conditional variance of estimating 7
422 using importance sampling over a; given all observations up to time t.

423 Proof of Lemma 4.1. The proof uses a peeling argument that recursively applies the law of total
424 variance from the last time point backwards.

425 The key of the argument relies upon the following identity that holds forallh =1, ..., H — 1.

Var

h
(s Virer) + Z@m] —E [Var [(d7 1, Vi) + (5, 77) Datay |

t=1

+ Var

( LWHZM?@] :

t=1

426 Note that in (4.1), when we condition on Datay,, JZ is fixed, but JZ 11 and r} are not independent
27 given Datay,. By the inequality that Var[X + Y] < 2Var[X] + 2Var[Y], we have that

E [Var {@Zﬂ» Vi) + <JZ,E{>‘Datah”

<K [Var [(J;;H, Vh”+1>‘Datah} + Var [<~;{,?};>

Data,, } ]

=2 [V, |"E [Cov [Jgﬂ ‘DatahH V., +2E [[J’,{]Tcov (7 [Datay,] dF (B.1)

() (%)

428 We now work out upper bounds of (x) and (xx).
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420 Bounding (x). (x) can be written as a different form:

(x) =E [Vﬁrﬂ]T]E {JZH[JZH]T‘Dmah} Vigr —E [(V;ZTH,JZH)‘DatahT]

—E [Var[(Vify1, df1) IDatan]| = E [Varl(Virey, Py d7) IData]|

1) _
Sp 0 = Sh‘| 1{n5h>ndg2(sh,)}]

T 2
=K Z dhish) Var

Sh

m(ay!|sn)

p(as|s,

- 1
Vh+1(5§1421)

L Sh

dT(sp)? w(ap|sp)?
<k | 3 U 5 IO S s Vi ()1

nd‘}tQ(sh)g .2)

L Sh Sh ap Sht1 {ns, 2
dy (sn)? 7(an|sn)?
= E |2 1 ndk (s —_— Ph+1 h(5h+1|5h ah)v7r (5h+1)2
%: Moy, Ane, 2205700 ; plan|sn) shZH ’ ’ h+1
Jﬂ(sh)Q 7(an|sn)?
=) E|-® 1 (s — Vi |3 , (B.3)
; Ny, {”%Z#} ; M(ah|5h) || h+1HPh+1"h( lsnsan)

The third line is true because the columns of ]3h+17 n are independent given Datay, and that when
ns, < ndy(sy), the condition variance is 0. The inequality in the fourth row uses that Var[X] <

E[X 2], and we used the shorthand:

||V;Zr+1||?3,L+1,h(.\sh,ah) = Z Ph+1,h(3h+1|5h,ah)VhW+1(5h+1)2-

Sh41

430 Bounding (*x). Using the same argument of the independence of different roll-outs, we observe
31 that Cov [r] |Datay,] is diagonal (since they are constructed from disjoint sequences of data). It
432 follows that:

(+%) =E | Y dif(sn)*Var [, |Datay]
Sh
dr (sn)? <~ m(an|sn)?
=E h Var[rylan, sn] + Elralan, sn]?)1 ndl (s
Z M, Z plaglsny (o sl Blnlan Ot e,
dr(sp)? m(an|sn)?
< E | 2221 ndb (s — 2 (g2 Sh,Qn) + Th(Sh, QR 2. (B.4)
_gh: N, {nShZM} %; ’u(ah|sh) ( ( ) ( ) )
433 The last line is true because when n,, < %, 77 (ns,) = 77 (ns,) is a constant, therefore,

-~ dFL 0
ws Var[f (n, )|ns, < "] =0,

15



Apply (4.1) recursively
Var[v"] =EVar[v" |Datay] + Var[E[0" |Datay]]

=E | Var{{df;, 77} [Datas] | + Var[E[(d;. 77) Datag] + > {d7 . 77)]

=E |Var((df;, 7%, [Datan]| + Var[(dfy, i) + D {7 77)]

_E [Var[(glv’;[7f7,}>|DataH]} + Var[(dy, Vi)Y + > (dr 7T

=& [Var{(dF;, 7 ) [Datay] | +E [Var [(d5, V) + (@1, 7 _,) [Datagr |

+ Var

~ H-2 ~
(1, V1) + (df,??)]
—E [Var[(d5;, 75 ) Data] | + i E | Var [(df, Vi) + (dj_y, 7 ,) |Datan ] |

+ Var

<d7I}—2a VIZIr—2> + <d775.ra ﬁ>]

_E [Var[< H,rH>|DataH]} n 3 E [Var [(;;,V,;T) +<Jg,l,m1>‘natah,lﬂ + Var [<Jf,vlﬂ>}
h=2

Finally, apply (B.1) with the two bounds (B.3) and (B.4), we get

S V7 Hd V1 lldy () (an|sn)? T2
Var[v"] < - QZZE ns}zndé(sh)} ZW(HVhH||Ph+1,h(.|sh,ah,)

h=1 shn ap

+02(sh7ah) + Th(Sh, ah)2).

where [[VIT[|3, ) = 32, di(s1)V{"(s1)?. This completes the proof. O

Bounding the importance weights It remains to show that for all A, sy,

i (sn)? | G (sn)

E - ~
nd? (sp,) .
sy, {ns), >—15 ) nd/;LL(sh)

By the non-negativity of d7 (s;)?

dr (sn)? 1 1

1 -
. | < ok [ = ok
Ng,  {ne,> n h)}] = 2nd) (sh) n(sn) 2ndy (sp)

(df (sn)? + Var[df (sn)))-

(B.5)
where the last identity is true because dJ; is an unbiased estimator of d} (s5,) as the following lemma
establishes.

Lemma B.3 (Unbiasedness of J,’{) Forall h =1, ..., H, the fictitious state marginal estimators are
unbiased, that is, B

E[d}) = dj.
Proof of Lemma B.3. Recall the recursive relationship by construction

T o o
h="Phnr_1dh_q

16



441
442

443
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446
447

448

449

451

452

We will prove by induction on h. First, take the base case h = 1: E[dT] = E[dT] = dT. Now if
E[d_,] = d}_,, then by the law of total expectation:

E[JZ] =E {E[T,hqgﬁfllDataH]}
=Pp K [dﬁ_l} =P}, _1di_, =dJ.
This completes the proof for all h. 0

So the problem reduces to bounding Var [JZ (sn)]- We will prove something more useful by bounding
the covariance matrix of dJ, (sp) in semidefinite ordering.

Lemma B.4 (Covariance of dr 7

dr _ 2 V. Jﬂ _ _ _ 2
Cov( d’r Z]P’ (diag Z i1(se-1)” + Var( h(sh 1) Z m(ai-asi-1) ]P)t,tfl('|5tflaat71) [ Z,t]T

dyf (st-1) plan—1lsi—1)

St—1 at—1

+ Hﬂj’ﬁldiag [d7] [Pg,ﬂT-

where IP’;t = Pz’hil . ngl,h72 R Pf_H’t — the transition matrices under policy  from time t to
h (define P} , = 1I).

Before proving the result, let us connect it to what we need in (B.5).
Corollary 2. For h = 1, we have:

Varld (51)] = (4] (51) — dF (s1)”).

Forh = 2,3, ..., H, we have:

1
Var[dh sh)] Zzpht Sh‘st )+ EZPZ,I(Sh‘Sl)le(Sl)
s1

t25t

ap—1 plag—1|si—1)

t— 1 Vl‘dt St—1 (At —1|St— 2
where o(st) := 3, | ( — ;tt(:t(l) e 5 (lll)Pt,t—l(Sdst—l»at—l)) :

Note that we have Var[gle(sh_l)] on the RHS of the equation, which suggests that we in fact need to
recursively apply our bounds from A = 1 to obtain the overall bound.

a ZEZEB and 75 := maxy s, Z“E?%g' If

At T, Ts _ _
n > Wﬁ)r allt =2,...,H, thenforall h = 1,2, ..., H and sy, we have that:

Theorem B.1 (Error propagation). Let 7, := max,,

4hT,Ts

Var[dfy (sn)] < dp(sn)-

Proof of Theorem B.1. We prove by induction. The base case for h = 1 is trivially true because

AT, T

Varldf (51)] = (] (51) — df(1)%) < 22

since 7, > 1 and 75 > 1 by construction.

Assume Var[[ivf (st)] < ‘“:Li““df(st) istrue forall ¢ =1, ..., h — 1, then by our assumption on n and
that h < H, we obtain that

Var[df (s,)] < df (s;) max{dj (s;), df (s¢)}

3These are really not in more precise calculations but are assumed to simplify the statement of our results.
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454

455

457

458

460

461

forall t =1, ..., h. Plug this into Corollary 2, we get that

o(se <Z 2max{dt 1(8t-1), dt 1(5t-1) )} Z (a—1|s¢— 1)

(si-1) Py i—1(selsi—1,at-1)
= i di”y(s1-1) = plaralsi-1) 7
<27,7, Z dy_1(s¢—1) z T(ar—1]5e—1)Pre—1(5¢]S¢—1,a0-1)
St—1 ap—1
=27,Tody (St),

and that

. 4TSTa 1 -
Var[d (sn)] Z Z]Ph (snls0)2dr (s¢) + - th’1(3h|51)2d1(51)
S1

t=2 st

h
4741, - -
= n Zzph,t(sﬂst)gdt (st)

t=1 s

h
41T, - .
< " Z th7t(5h|st)dt (st)

t=1 s¢

_AhTsT,

dp, (sn)

The second inequality uses that 7, 7, > 1, the third inequality uses that 0 < P} (sp[s;) <1. O

Note that the bound is tight and it implies that the error propagation is moderate. Instead of increasing
exponentially, the error increases only linearly in time horizon, as long as n is at least linear in h.

Proof of Lemma B.4. We start by applying the law of total variance to obtain the following recursive
equation

Cov[d]] = E [cov [ﬁgh_ljg_l]])atah_lﬂ + Cov [E [@th_lcflvz_llDatah_lﬂ

—E [Cov | 3" B,y (lsn-1)df_ (sn_1)|Datay_1 | | + Cov [E [fbg,h,ﬁg,l‘Datah,lﬂ

Sh—1

—E | > Cov [Ff i (lsn-1)|Patan-1| di_ (sn-1)2| +PF 11 Covldi_y][PF ]

Sh—1

(k%)

(B.6)

The decomposition of the covariance in the third line uses that Cov(X 4+ Y) = Cov(X) + Cov(Y)
when X and Y are statistically independent. Note that ng, ,, df_; (sp—1) are fixed and the columns
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462 of ]IN”h’ n—1 are independent when conditioning on Datay, ;.

n

1 w(aﬁ? 15 ol

Mo =5 a5y )

(% %) =E Z Cov

Sh—1

77 2
Datahl] 1 nd;l‘il(.eh,1>}d7};71(5h71)
2hoa thot)

ENO)
oo {ns, 2

(i) _
Sp=1=5h—1

1 7r(a [sh—1)
=K Z 1COV[ h—1 eSS)

e LatafD )

(1 _ o 2
S 1 =8n-1|1 na_(op_y) dp—1(8h—1)
{ngh 1>f}

=2 { di_y(sn )2} ( 7T(ah_l|Sh_1)2di€tgﬂp’hh (|sh-1,an-1)]
= nat o) dp—1(8h—1 | h=1([sh—1,an-1
Sh—1 LT {”%712%} hot ap—1 'u(ah*ﬂsh*l)

- Pz,h_1<-|sh_1>[Pz,h_1<-|sh_1>1T)}

) Z{ A7 (sp-1)2 4 2Var[d7_, (sh_1)] T W(ahfl|Sh71)2diag[]}»hyhil(wshihahil)]}

ndy_(sn-1) plan—1|sh—1)

Sh—1 ah—1

(B.7)

463 The second line uses the fact that (sﬁf), a,(f)) are i.i.d over ¢ given 51(31 = 5p,—1. The third line uses

(1)

64 law of total variance over a;, ’, as follows

(1)
m(a s
Cov 7( n—13h-1)

1 _
(ah 1‘3}1 1)esgll) Sh71 Shll

2
(a3, 2q|5n—1)
=K <(1) Cov [es(hm

p(ay,”y|sn—1)

agbl—)l’sgll)l = Sh—l} Sgll—)l = Sh-1

(1)
T\a Sh—
+ Cov l(?l)lME [es<1> ‘a2121782121 — Sh_l} s = Sh_l]
play "y lsn—1) =7

(an—1ls .
= Z man-alon-1)® [diag(Pyn1(-|sh—1,an-1)) = Pnn1(|sh—1,an—1)P(|sn—1,an—1)"]
p(an— 1|5h 1)

ah Sh,
DO Tairrer Bt (st e, an)” — B Gl B )
1 1

a S
=y O 1f3h-1)° U diag (Pho—1 (sh—1, an—1)) — PJ 1 Clsn—1) [PE p_1 (lsn—1)]”
= plan—fsn—)

465 The last line (B.7) follows from the fact that P}, (-|sn—1)[PF ,,_; (-|sn—1)]" is positive semidefinite

a6 and that E[X?] = Var[X] + (E[X])2. Combining (B.6) and (B.7) and by recursively apply them, we
467  get the stated results. O

468 Combine Lemma B.1, (B.5), Theorem B.1, we get our final result:
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469 Theorem 4.1 (Main Theorem, restated). Let the immediate expected reward, its variance and the
470 value function be defined as follows:

rh(Sh,an) : [ ’ = sh,ah = ah} € [0, Riax]

on(sn,ap) = Vary [ ’ }1/2

H
> rulsiai)|sy

Vf;n-(sh) = Eﬂ‘ (1) ‘| 0 Vmax .
t=h
For the simplicity of the statement, define boundary conditions: ro(sg) = 0, 0o(so, ao) =0, Zlﬁgzzg =
, Zg;gt% = land Vi, = 0. Moreover, let T, := maxy s, q, Z(ZZI‘EZ) and Ts := maxy s, dLE:g If
the number of episodes n obeys that
> A7, Ts 4 10ge/2 (TLS)
n > max
- ming 5, max{d¥(s¢),d} (s¢)} ming s, di'(s¢)
ar1 forallt =2, ..., H, then the our estimator U with an additional clipping step obeys that
m(an|sn)? T2 2 2
E[(Pv™ — ZZ Z IVisallp s nclsnaan) T (ks an) + ralsh, an)”)
n =L (an|sn)
N 1973rESH2< + Riax + Vina)

)

2
n
Corollary 3. In the familiar setting when Vinax = H Riax, then the same conditions in the above
theorem implies that:

8
E[(P3™ —v™)?] < —7u7y(Ho? + HR2,,).
n
472 Proof of Theorem 4.1. Lemma B.2, Lemma 4.1 and Theorem B.1 provide an MSE bound of the

473 fictitious estimator and then by substituting the resulting bound to Lemma B.1, we obtain the stated
474 results.

E[(Po™ — ’T)Q]
||V1 ||d1( 7(anlsn)?
R?
4htats d 5;,) Tr(ah|sh)
— R
hz:l%: n du ) %: M(ah‘sh) (” h+1HP;L+1 n(:|sh,an) + U + mmx)
nming g, df (s¢)
2 2
+3H3SR?, | <e>

475 The first set of assumption on n ensures that we can apply Theorem B. 1, our second assumption on n,
476 the logarithm term is smaller than 3n =2 H3SR2 __, which is combined with a simple upper bound of
477 the O(1/n?) term.

To obtain the “Or simply” part, we use the assumption on n to ensure that
4htoTs T (1) < d7 (sp) max{df (sp),d) (sn)} < dr (sp)?
no dy(sn) ~ djy (sn) = dy(sn)

a78 which gives us an upper bound of proportional to n = H (7,75 + 7,) (0 + H?R2,,

+ dp(sn),

). O

479 Remark 2. The result implies a sample complexity (in terms of the number of episodes) of H>*S A /2,
480 which matches the information-theoretic lower bound in the PAC RL setting [Dann and Brunskill,
a1 2015]% and the regret lower bound in an online learning setting[see, e.g., Jin et al., 2018, Theorem

*Careful readers may notice that the sample complexity lower bound of [Dann and Brunskill, 2015] is
H?SA/é* for a stationary transition kernel, in our setting a factor of H is there to account for the unknown
time-varying transition probabilities.
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4P. In fact, asymptotically, our bound also matches the Cramer-Rao lower bound for the discrete
DAG-MDP model Jiang and Li [2016, Theorem 3] up to a universal constant of 4. To the best of our
knowledge, there has not been an analysis that achieves the optimal sample complexity for off-policy
evaluation in the model-free setting. The only two known instances where correct dependence on H
(or (1 — )~ L in infinite horizon settings) for tabular MDPs are the model-based approach [Azar
et al., 2017] and under the additional assumption of a generative model [Sidford et al., 2018)].

Remark 3. Note that the bound is not tight when ™ = 1. The simple averages will achieve a variance
bound of (H*R2 . + Ho?)/n, while Corollary 2 says H®. This should not be alarming, as we
commented earlier the bound in Corollary 2 cannot be improved in general. There is a more refined
version of Theorem 4.1 that smoothly mterpolates between the regime above to the regime of m =
when the tight bound is on the order of (H?R2,,, + Ho?)/n. The idea is to use the exact variance
calculation in place of the inequality here (B.2), which will lead to slightly more complicated (but
straightforward) calculations that knocks out a factor of H when m and 1 are almost identical to
each other.

C Application to Other IS-Based Estimators

In this section, we unify some popular IS-based estimators using generic framework IS-based
estimators. Then we show that our marginalized approach can be applied directly to these IS-based
estimators.

C.1 Generic IS-Based Estimators Setup

The IS-based estimators usually provide an unbiased or consistent estimate of the value of target
policy 7 [Thomas, 2015]. We first provide a generic framework of IS-based estimators, and analyze
the similarity and difference between different IS-based estimators. This framework could give us
insight into the design of IS-based estimators, and is useful to understand the limitation of them.

t/ ‘3 ¢! )

/ EH + )
be the cumulative importance ratio for the i-th trajectory. We also use pi(s¢,at) to denote
m(at|st)/(at]se) over this paper. The generic framework of IS-based estimators can be expressed
as follows

Tr(u’tlst)

Let pi = i lsh be the importance ratio at time step ¢ of i-th trajectory, and pf., := Ht, 0 (a

R 1 n n H
= ZQ(SO +ZZ ¢tp0t Tt"‘ft(stvatvswrl)) (C.D

=1 i=1 t=1
where ¢, : R, — R, are the “self-normalization” functions for pfy.,, g : S — Rand f;, : Sx AxS —
R are the “value-related” functions. Note E f; = 0. For the unbiased IS-based estimators, it usually
has ¢;(pg?') = n, and we first observe that the importance sampling (IS) estimator [Precup et al.,
2000] falls in this framework using:

: g9(sh) = 0; de(ppiy) =
(IS) : TR
fi(s, aq, 5t+1) =0.
For the doubly tobust (DR) estimator [Jiang and Li, 2016], the normalization function and value-
related functions are:

DR) : 9(86):‘7”(80) ¢t(p0t>_n
PR (sh b siay) = Q7 (st al) + 47 (si ).

Self-normalized estimators such as weighted importance sampling (WIS) and weighted doubly robust
(WDR) estimators [Thomas and Brunskill, 2016] are popular consistent estimators to achieve better
bias-variance trade-off. The critical difference of consistent self-normalized estimators is to use
2?21 p?., as normalization function ¢ rather than n. Thus, the WIS estimator is using the following
normalization and value-related functions:

. g(sh) = 0; de(pir) = S04 pha
WIS) : j
( ) ft(5t7at78t+1) =0,

3Their cumulative regret bound is v H2SAT but T is the total number of steps we can take 7' = n.H and
recover that one additional factor of v H.
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and the WDR estimator:

Wy 9(58) = V(o) u(al?) = S5 s
fe(sy, ag, St+1) = —Q"(s},a;) +9V (5t+1)~

Note that, the DR estimator reduced the variance from the stochasticity of action by using the
technique of control variate f(si,ai,s;, ) in value-related function, and the WDR estimators
reducing variance by the bias-variance trade-off using self-normalization, especially in the presence
of weight clipping [Bottou et al., 2013]. However, both could still suffer large variance, because the
cumulative importance ratio p{., always appear directly in this framework, which makes the variance
to increase exponentially as the horizon goes long.

C.2 Marginalized IS-Based Estimators
Recall the marginalized IS estimators (2.2), we obtain a generic framework of marginalized 1S-based
estimators as:

n H

~ IR i 1 ~ i i i g
O () :ﬁ E 9(50) + n E E wt(st)ptvt(rt + ft(stvatv 5t+1))' (C2)
i=1

i=1 t=1

Note that the “self-normalization” function ¢ has not appeared in the framework above is because we
can implement the self-normalization within the estimate of w;(s). We will discuss this property in
detail in the next section.

We first show the equivalence between framework (C.1) and framework (C.2) in expectation if
¢e(piiy) = nand Wi (s) = w(s).
Lemma C.1. If ¢;(p}%) = n in framework (C.1) and Wy (s) = wy(s) in framework (C.2), then these
two frameworks are equal in expectation, i.e.,
E [we(st)p(ry + fe(st, ai, st11))]
=K [p(z)t(nE + ft(sia a;a S7t4+1))]
holds for all 1 and t.

Proof of Lemma C.1. Given the conditional independence in the Markov property, we have
E [po.1(ri + fi(sy, i, s141))] =E [E [p6, (1} + felsi, ap. 5114) s3]
=E [E [ph.i—1lst] E [0} (r} + fe(st, b, si01)]s1]]
=E [wi(s;)E [p(ry + fe(sy, ap, s141)) 151 ]
=E [w,(s{)pi(ri + fe(sisafs siya))]

where the first equation follows from the law of total expectation, the second equation follows from
the conditional independence from the Markov property. This completes the proof. [

Next, we show that if we have an unbiased or consistent estimate w; of w;, the IS-based OPE

estimators that simply replace Hi,_:lo %}z”g with @;(s;) will remain unbiased or consistent.
t/15¢/

Theorem C.1. Let ¢;(p}ilt) = n in framework (C.1), then framework (C.2) could keep the unbiased-
ness and consistency same as in framework (C.1) if W (s) is an unbiased or consistent estimator for
marginalized ratio wy(s) for all t:

1. If an unbiased estimator falls in framework (C.1), then its marginalized estimator in frame-
work (C.2) is also an unbiased estimator of v™ given unbiased estimator W(s) for all
t.

2. If a consistent estimator falls in framework (C.1), then its marginalized estimator in frame-
work (C.2) is also a consistent estimator of v™ given consistent estimator w(s) for all
t.
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552 Proof of Theorem C.1. We first provide the proof of the first part of unbiasedness. Given

553 E[w](s)|s] = we(s) for all ¢, then

E [@ (s1)piy' (ri + fulst, a, 5140))] =B [B [@7 (st)pby' (ri + fulsi ai, st0))si] ]
=E [E [AZL 5; |st ] [Pf’)’ 7’t + ft(5f7af75t+1))|si]]
=E [wi(s)E [piy (r} + fe(si, ags si1))]st] ]
[wt(S;)P (7’; + ft(5f7af7 St+1))]
[P Z(ri+ fi Stva’tvst+1))] (C3)

ss4 where the the first equation follows from the law of total expectation, the second equation follows
555 from the conditional independence of the Markov property, the last equation follows from Lemma
ss6 C.1. Since the original estimator falls in framework (C.1) is unbiased, summing (C.3) over ¢ and ¢
557 completes the proof of the first part.

558 We now prove the second part of consistency. Since we have

n H

plim — ZZ (sHpiy' (r} +ft(8ivaivsi+1

n—oo i t=1

ny plim — Zwt st pt(Tt-i-ft(StaataStH))

n—oo T
i=1

s59 then, to prove the consistency, it is sufficient to show

plim — Zw s)pi(rt + felst, ap, siyq)) = plim — ZpOt vy + filsts ags si41))s (C4)

n—oo 1 n—oo 1 i=1

seo  given plim,,_, w'(s) = wy(s) forall s € S. Note that d}(s) is the state distribution under behavior
s61  policy p at time step ¢, then for the left hand side of (C.4), we have

plim — Zw sp)p(ry +ft(5taata3t+1))

=3 dt(s)pim [1 Z@()Zﬁ}iu = )i+ ft<s,ai,si+1>>]

=3 dt(o)pim [wns)jl gj T (s = 9t + Sl s:;m]

-3t [gggl @7 () plim (i Zgjajil(si:s><rz+ft<sva;si+l>>>]

=3 dtepun(e)plm [jl g L (st = )0+ il sz;l))]

= St [T s s = ©

seS
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where the first equation follows from the weak law of large number. Similarly, for the right hand side
of (C.4), we have

plim — ZpOt rt + ft(st7at78t+1))

n—>oo

— " d(s)plim [:LZ I Wus; = S)ZEZ:?; (i + fuls, at,st+1))]

ses nroo im1 =0 M\ 15y
17 mlavlse) w(as)
=Y d'(s)E e B2y + fo(s, ag, s ‘s:s
;9 t( ) t:/l;[O ,LL(at/|St/) ﬂ(at|5)( t ft( t t+1)) t
t7
T(Q¢r |Str m(ag|s
_Zdu (t|t) = 8 ]E|: (t‘ )(Tt—I—ft(s,at,sHl)) St:S:|
ses =0 plag|sy) plals)
at|s
_Zdu wt { ( t| )(rt +ft<5>at>5t+1)) St = 8} , (C.6)
2 i(as)

where the first equation follows from the weak law of large number and the third equation follows
from the conditional independence of the Markov property. Thus, we have (C.5) equal to (C.6). This
completes the proof of the second half. O

In partially observable MDPs (POMDPs), we may not be able to obverse all states. However, if
there exist any observable states, our marginalized approach could leverage these observable states to
reduce variance. That is, we use the partial trajectory from the closest observable states to the current
time step to represent the current state. Assume the current time step is t and the closest observable

states is s;_, at time step ¢ — L, then we can use i,b(: 3 Hl e ZE?I: g as we(s¢), while other

IS-based methods are equivalent to using Ht ! ZEZ}? g as wy(s¢). The observable states in POMDPs
can be considered as the states that can be reunioned at in the DAG MDPs. If there is no observable
state in POMDPs, then it is equivalent that DAG MDPs is reduced to tree MDPs. Definition of DAG

and Tree MDPs can be found in the extended version of [Jiang and Li, 2016].

Finally, we propose a new marginalized IS estimator to further improve the data efficiency and reduce
variance. Since DR only reduces the variance from the stochasticity of action [Jiang and Li, 2016]
and our marginalized estimator (C.2) reduce the variance from the cumulative importance weights, it
is also possible to reduce the variance the stochasticity of reward function.

Based on the definition of MDPs, we know that r; is the random variable that only determined by
s¢, at. Thus, if R(s, a) is an unbiased and consistent estimator for R(s, a), ri in framework (C.2) can
be replaced by that R(s%, ai), and keep unbiasedness or consistency same as using 7.

Note that we can use an unbiased and consistent Monte-Carlo based estimator

noiq (sl — i_
?(St,at) — %ﬁl T (St Sty Gy at)

i 1(s} = st,af = ay)

)

and then we obtain a better marginalized framework

vpm(m Zg 50) Zzwr‘ s)piy' (7(sy, a}) + ff(staata5t+1)) (C.7)

zltl

Remark 4. Note that, the only difference between (C.2) and (C.7) is ri and fi(si, a%). Thus, the
unbiasedness or consistency of (C.7) can be obtained similarly by following Theorem C.I and its

proof.

One interesting observation is that when each (s, a;)-pair is observed only once in n iterations, then
framework (C.7) reduces to (C.2). Note that when this happens, we could still potentially estimate
wy'(s¢) well if |.A] is large but |S] is relative small, in which case we can still afford to observe each
potential values of s; many times.
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D Extended Experimental Studies

In this section, we present further empirical results. To test the use of our approach in other IS-based
estimators, we compared DR, WDR, MDR, and MIS in the same environments, where DR denotes
the doubly robust estimator [Jiang and Li, 2016], WDR denotes the weighted doubly robust estimator
[Thomas and Brunskill, 2016], MIS denotes the estimator using proposed marginalized approach
used with doubly robust, and MIS is our marginalized importance sampling estimator. The estimates
of dT and d} are projected to the probability simplex in our MDR and MIS estimators. The results
are obtained in the same environments as Section 5.

<% DR WDR -<- MDR —v— MIS

om
x
®

<.
H
u

Relative RMSE
80

)
.

Relative RMSE
Relative RMSE
>

10’ 10° 10° 2

10’ 10° 10°
Number of Episodes, n 10

3 7 3 Number of Episodes, n T 2 3
10 10 10 10 10 10
(a) ModelWin MDP Horizon. H (¢©) ModelFail MDP Horizon, H

with different number of (b) ModelWin MDP with with different number of (d) ModelFail MDP with

episodes, n different horizon, H episodes, n different horizon, H

Figure 5: Results on Time-invariant MDPs.
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Figure 6: Results on time-varying MDPs.
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Figure 7: Mountain Car with different number of episodes.

The results are in Figure 5, Figure 6, and Figure 7. These demonstrate that other IS based methods
can also leverage our marginalized approach to benefit performance dramatically.

E Algorithm Details

Algorithm 1 summarizes our method of marginalized off-policy evaluation. Note that the MIS

estimator in Section 5 is using the estimate of d7 (-) by projecting (D.1) into the probability simplex
for better performance.
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Algorithm 1 Marginalized Off-Policy Evaluation
Input: Transition data D = {{s},a},r{, s}, }1 " }7_, from the behavior policy 1. A target policy

7 which we want to evaluate its cumulative reward
Calculate the on-policy estimation of dy(-) by

n
75 1(sh == s),
i=1

3 —

and set d*(-) and dZf (-) as do(s).
2: fort=0,1,...,H —1do o
Choose all transition data as time step ¢, {5, aj, 7}, 5; 1}y

3:
Calculate the on-policy estimation of d}’, , (-) by

4:
. 1 < ;
dyy1(s) = n Z 1(sj1q == ).

i=1
Calculate the off-policy estimation of df, , (-) by
1§ d(s) mlails) | o
dr  (s) ==y = B (st, | = ) (D.1)
Ty Z; 1 (si) pag]sh)
5 Estimate the reward function
?(Sta at) — Z?;l rzl(‘ft = St; Ci”t - a’t) )
Dot (st = s, ap = ay)
di (s
6:  Specify Wiy1(s) as ,\H( )
dt+1(3)
7: end for
8: Substitute the all estimated values above into (C.7) to obtain v(), the estimated cumulative
reward of 7.
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