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The Eigenstate Thermalization Hypothesis (ETH) has played a major role in explaining thermo-
dynamic phenomena in quantum systems. However, so far, no connection has been known between
ETH and the timescale of thermalization. In this paper, we rigorously show that ETH indeed implies
fast thermalization to the global Gibbs state.

We show fast convergence for two models of thermalization. In the first, the system is weakly
coupled to a bath of (quasi)-free Fermions that we control. We derive a finitely-resolved version
of Davies’ generator, with explicit error bounds and resource estimates, that describes the joint
evolution at finite times. The second is Quantum Metropolis Sampling, a quantum algorithm for
preparing Gibbs states on a quantum computer. In both cases, no guarantee for fast convergence
was previously known for non-commuting Hamiltonians, partly due to technical issues with a finite
energy resolution.

The critical feature of ETH we exploit is that the Hamiltonian can be modeled by random matrix
theory below a sufficiently small energy scale. We show this gives quantum expander at nearby
eigenstates of the Hamiltonian. This then implies fast convergence to the global Gibbs state by
mapping the problem to a one-dimensional classical random walk on the spectrum of the Hamiltonian.
Our results explain finite-time thermalization in chaotic open quantum systems and suggest an
alternative formulation of ETH in terms of quantum expanders, which we confirm numerically for
small systems.
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I. INTRODUCTION

Thermodynamic phenomena are ubiquitous in nature but highly non-obvious to analyze from first principles.
Therefore, to make progress, we often make assumptions that have strong explanatory power. An influential one in
quantum thermodynamics is the Eigenstate Thermalization Hypothesis (ETH) [1, 2]. It states that thermalization
happens at the level of individual eigenstates of the Hamiltonian and that random matrix theory (RMT) can model
well the Hamiltonian at sufficiently small energy intervals. The folklore suggests ETH is generically fulfilled in chaotic
systems, although its justification has been primarily numerical in several systems (see, e.g., [2]).

In its various versions, ETH [1] transparently explains static properties (how a closed system appears thermal at
equilibrium) and infinite-time properties (fluctuations around time-averaged expectations). However, on the dynamical
side, ETH has not yet been connected to the timescale of thermalization. Consider a particular thermalization model



such as coupling the system weakly to a heat bath or implementing a Gibbs sampler [3] on a quantum computer. Does
ETH imply rapid convergence, or do we need another hypothesis for that? More generally, do we expect chaotic open
systems to always thermalize in a reasonable time?

This apparent lack of connection signifies the larger open challenge of understanding the approach to thermalization
(and equilibration more generally). While there are general arguments for equilibration [4] and thermalization (under
ETH) [1, 2] at infinite times for both closed and open system dynamics, little is known at finite times. Even classically
the problem is intricate, as demonstrated by the existence of glassy dynamics. Yet, interesting progress was accomplished
classically using Glauber dynamics, a family of stochastic processes that model the interaction of the system with a
heat bath. There, the rapid convergence to thermality was linked to finite correlation length in the Gibbs measure [5].
These results also featured in the development of classical algorithms in areas ranging from approximate counting [6] to
computer vision [7], where sampling of Gibbs measures (i.e. Markov random fields [8]) is an important primitive [9].

Addressing the timescale of thermalization for quantum systems is substantially more challenging. Some progress was
achieved for local commuting models where the quantum versions of Glauber dynamics are local themselves [10, 11]. In
contrast, very few general results [12, 13] are known in the non-commuting case since even defining a good thermalization
model for quantum systems is non-trivial. Davies derived a Lindbladian that models a system interacting weakly with
a heat bath [14, 15]. Unfortunately, the derivation requires an unphysical infinite-time and weak-coupling limit that
the Lindbladian distinguishes arbitrarily close energies. It is still an open question to find a Lindbladian that faithfully
models a system coupled weakly to a heat bath [16-18], under realistic assumptions, and that leads to thermalization.

Another class of processes modeling thermalization is known as quantum Gibbs samplers. These are quantum
algorithms for preparing Gibbs states on a future quantum computer; the best-known example is Quantum Metropolis
Sampling [3, 19]. Further, similarly to the classical setting, they have shown to be an interesting quantum algorithmic
primitive for more general problems (e.g., quantum algorithms for semi-definite programming [20] and machine learning
[21, 22]). While Quantum Metropolis should eventually converge to the (approximate) Gibbs state, the convergence at
finite times for any non-commuting model has remained an open question.

A. Main Results

This work addresses the timescale of thermalization for systems satisfying ETH, considering coupling a system to a
thermal bath and Quantum Metropolis Sampling. For the former, we first answer how finite run-time and resources
come into error estimates without taking the unphysical weak-coupling limit. Then we show how ETH implies efficient
convergence to a good approximation of the global Gibbs state. For Quantum Metropolis, we first introduce a notion of
approximate detailed balance that allows us to handle the finite resolution of quantum phase estimation (QPE), which
has been a hurdle in analyzing Quantum Metropolis and related quantum algorithms.! We then proceed to show how
ETH also implies fast convergence in this case.

1. Davies’ Generator at Finite Resources (Section III)

We formalize a version of Davies’ generator under physically realistic assumptions. We do not take any weak-coupling
limit and only allow finite resources, which is different from the Lindbladian literature [16-18]. This makes our
results applicable to digital or analog quantum computers and modeling thermalization in nature at finite times. The
Lindbladian we derive approximates the marginal of the joint-evolution with an explicit trade-off between resources and
accuracy. One crucial technical assumption we make is that the state of the bath is routinely refreshed.? Practically,
the refreshing can be engineered efficiently in a quantum computer. However, for thermalization that occurs in nature,
it remains open whether refreshing the bath is a good model for the rapid decay of bath memory.

Let us begin with an intuitive argument that will lead us to a finite-time version of Davies’ generator. Consider a
system with Hamiltonian Hg interacting weakly with a bath

H=Hgs+ Hgp+ Hsp, Hgp ::AZA“@B“, (1.1)

where A is the strength of the interaction and A® (B®) are operators acting on the system (bath). The Davies’ generator
for this Hamiltonian is given by

Dwor(X] =Y Yar(w) (A“T(w)XAb(w)—;{A“T(w)Ab(w),X}>, A'w):= Y P,A"P,, (1.2)

w ab V1 —Va=w

! Existing literature using coherent QPE either assumes perfect resolution or an additional “rounding promise” for the Hamiltonian [23, 24]
that the spectrum is expelled whenever QPE is ambiguous.

2 Qualitatively, routine refreshing avoids heating (or cooling) of the bath. Practically, this may not be necessary if the bath temperature
changes only slightly, but we leave it for future work.
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Figure 1. The operator A(w), dissected by projectors Py, , Py,. The conscious choice that 71, s are integer multiples of the
base frequencies 7y implies that their difference w are also integer multiples.

where the scalar function ~,;,(w) depends on the bath. Now, consider a rounded Hamiltonian with energies 7 = N - iy
being integer multiples of some resolution 77

Hgs~ Hg = ZBPD, (1.3)

which, at early times and for sufficiently small resolution 7y, should be effectively equivalent to the original one.
However, the Davies’ generator of the rounded Hamiltonian is now®

DIX] =" qu(®@) (A“T(@)XAb(w)—%{A“T(Q)Ab(az),X}>, A'@):= Y P,A°P,,  (14)
w ab V1 —Ua=w

which is a drastic change to the original Davies’ generator. The projector P; contains all the nearby energies and may
have exponential rank e?(™) (Figure 1). In other words, we see that the weak-coupling limit at infinite times (1.2)
does not consistently capture the massive coherence between energies, which should be omnipresent at any reasonable
run-time.

Our first main result formalizes the above intuition by showing that the above D is the relevant finite-time object
that approximates the marginal evolution

T(0)lp] = Tep [ HHp @ ol (15)

Theorem 1.1 (Weak-coupling at finite times, informal). For a system coupled to a quasi-free Fermionic bath as in Eq.
(1.1), the finitely-resolved Davies’ generator

L:=i[Hs+ ) NHpgs, | + \*D (1.6)
approximates the marginal evolution with £ refreshes, i.e.
[7(/0"1p) — =" [p] |, < (1.7)

whenever certain polynomial constraints are satisfied between t, T, \, the system size n, the energy resolution Uy, the
error €, the number of refreshes of the bath £, and the size of the bath.

Vp,

See Theorem III.1 for the explicit trade-off between parameters. For example, one may set a desired effective time
7 = A%t, and then estimate the required resources for implementation, which all scale polynomially with 7, \, the
system size n, and the desired accuracy e. See Section IIB for the non-dissipative term Hp g, whose explicitly form we
will never use.

Our finitely-resolved Davies’ generator was inspired by [16], which (after taking several limits) presents the dissipative
part D that serves our purposes. What allows us to put together a finite resource estimate is due to refreshing the bath
and controlling the secular approximation without taking limits.

3 In a slightly different context, [24] considers the Davies’ generator for the rounded Hamiltonian, which turns out giving the same D. We
find this interpretation of D an intuitive justification.



2. ETH Implies Fast Convergence of the Finitely-Resolved Davies’ Generator (Section V)

Our next main result proves the convergence of the finitely-resolved Davies’ generator (with any bath correlator such
that vap(0) = dapy(@)), with the crucial input from the following version of ETH.

Hypothesis 1.1 (Eigenstate Thermalization Hypothesis, informal). Consider a Hamitonian H and some operator A.
ETH asserts that for nearby energies |v; — v;| < Agry and the corresponding eigenstates |¢;) , [¢,;) of H,

1
Aij = (il Alpy) = O(n)dis + Gim(H) - D) fa(w)gij (1.8)

where p = (v; +1v5)/2, w = v; — vj, D(-) is the normalized density of states, and g;; are independent Gaussians
E[gi;] = 0,E[g%] = 1.
ij ’ gz]

Intuitively, if one applies the operator A to an energy eigenstate |¢), the function fa(w) governs the transition
rate for an energy difference w. Some formulations of ETH assume that the diagonal matrix elements O(u) give the
thermal expectation of A at the energy p, but it is irrelevant for our purposes. Instead, the crucial aspect of ETH we
utilize is that below a certain energy scale Agry, the off-diagonal matrix elements of the observable A in the energy
eigenbasis follow random matrix theory (RMT).* Note we have assumed the function fa(w) to depend only on the
energy difference w, while in practice it may depend on p and hence the temperature 8. This simplification does not
change the main argument of this work.

More carefully, there are many implicit assumptions behind ETH; let us briefly instantiate them. We assume that
the density of states D(v) is well-defined and that the density varies slowly such that for any |v — v'| < Agrg, the
ratio of densities is bounded uniformly:

D(v)
D)

<R. (1.9)

Indeed, this is consistent with the existing assertions [2, 26] that the energy window Agrp for which random matrix
theory kicks in should be small (which also means that we assume nothing for the many entries outside Agry). Lastly,
to be free of finite-sized effects, we truncate the Hamiltonian near the edge. See Section IV B for a review of ETH as
well as the details in the assumptions. Now, let us show the above assumptions circling ETH suffice for thermalization
at finite times.

Theorem 1.2 (Convergence of the finitely-resolved Davies’ generator, informal). Consider an n-qubit Hamiltonian
Hg satisfying the above with R = O(1). Assume that each term A® satisfies ETH for energy differences below Agry
and that BAgry = O(1). Then, with high probability, (w.r.t to the randomness of ETH) with |a| = Q(1) flips, running
the finitely-resolved Davies’ generator for effective time (T = \t)

_In(1/e) n?
~ A
)\RW |a|f0 e '7(_w)|f¢u|2dw

ensures Heﬁt[p] - 6'” <, (1.10)

where & o e PHs s the rounded Gibbs state with energy resolution vy < O(Aprn), and Agw is the gap of a 1d
classical random walk with the characteristic step size ~ ATy on the Gibbs distribution.

Note that 7 is the natural time scale since the dissipative part D is weighted by the weak-coupling strength squared
A2. We use ~ to drop parameters that are often small and see Theorem V.1 for completeness. Roughly, if the Gibbs

state is a Gaussian with variance Agpec, then the random walk on the spectrum has gap Apw = QAL /A2

The term fOAETH v(~w) | fu|? dw is the rate of hopping given by ETH (and the bath) that reflects the size of the

window Agry relative to the width of | f,,|%; |a| is the number of interaction terms reflecting the interaction strength
> o A% ® B*; the factors of n = log(dim(H)) come from (potentially inefficient) conversions between norms. To obtain
an altogether explicit resource estimate to sample Gibbs state via Davies’ generator, see Section V F.

Roughly speaking, the Gibbs state of a Hamiltonian can be efficiently prepared (by a quantum computer or in
Nature) for temperatures 5 where ETH holds; this justifies the Gibbs state as a meaningful thermodynamic notion.
Note that at low-temperatures that 5> Agry, we would restrict to a smaller window Az = (9(%), which only
polynomially impacts the run time (analogously A’z should ensure R = O(1)). Of course, our results do not apply
to systems in the glassy phase or many-body-localized phase (see, e.g., [27]); there, the thermal state is unphysical
anyway.

4 This is reminiscent of Wigner’s RMT model of heavy nuclei [25].



3. ETH Implies Fast Convergence of Quantum Metropolis Sampling (Section VII)

Let us quickly summarize the Metropolis CP map [3].% It consists of the acceptance and rejection steps N' = A + R,
and right now, we only sketch the former

1 a a : —[B(v2—v
Alp] ~ ZZHPDZ - A (P, pP,,) A% . P, -min(1,e #(7277)), (1.11)

volV1  a

In other words, one iteration of Metropolis first estimates the energy 7; (again to certain resolution 7p), applies some
random "flip" operator A% (with uniform probability ﬁ), and then estimates the energy v,. With probability being

the Metropolis weight min(l,e*ﬁ(l’zfﬁl)), this move is accepted, otherwise a complicated rejection procedure R is
initiated to return to the original energy. See Section VIB for more details.

QPE at a finite resolution poses a significant technical challenge. Indeed, energies nearby will be intelligible to QPE
and remain entangled (1.11). Moreover, the same eigenstate may be probabilistically rounded to different discrete
registers (which cannot be seen from (1.11); see Section VIB).

Our first step towards analyzing the Quantum Metropolis CP map is addressing how a finite resolution impacts the
convergence and Gibbs state. We quantify an appropriate notion of approzimate detailed balance (Section VIC)

L
Vo o

where epp can be suppressed by better QPE resolution 7y. At an infinite resolution, epp = 0 , the exact Gibbs state
would be a fixed point (if NV were also trace-preserving). At a finite resolution, this form of approximate detailed
balance controls the accuracy of the prepared Gibbs state and reflects the rounding resolution needed. To reiterate,
we do not need a rounding promise [23, 24| for the spectrum of the Hamiltonian. It is a follow-up question whether
this applies to other Metropolis algorithms based on quantum walks [19]. Now that we know the fixed point is an
approximate Gibbs state, we show ETH implies its convergence.

Vel <2epp, (1.12)

1-1

HN VN[

Theorem 1.3 (ETH implies convergence of Quantum Metropolis, informal). Consider a Hamiltonian Hg with the
same assumptions as in Theorem 1.2. Assume each of the "flips” A% for energy differences below Agry is an i.i.d
sample from the ETH Ansatz, and that BAgry = O(1). Then with high probability (w.r.t to the randomness of ETH),
applying £ iterations the Quantum Metropolis map N with

1 In(1/e) +n

~ ApTH
ARW [P (—w) | ful* dw

ensures HNZ[p] —o|, <€ (1.13)

using number of flips |a| and run time per phase estimation topg that depends polynomially with the random walk gap
Arw, number of rounds £, and accuracy €, and inverse temperature 3.

We see that £ is the analog of 7 for Davies’ generator (Theorem I.2). In addition, the total run time scales with both
the number of iterations ¢ and the runtime per phase estimation tgpr (which also needs to scale with £). The difference
from Davies’ generator (Theorem 1.2) is that we need quite a lot of flips |a| (roughly the square of the random walk
gap) that serve as i.i.d samples of the ETH Ansatz to choose from. This is due to the extra technicality involved with
CP maps without exact detailed balance. See Theorem VII.1 for the complete statement and Section VII E for detailed
resource estimates.

B. Discussion

We would like to discuss a few noteworthy points of our main results:

1. Conwvergence to the Global Gibbs State

One broader conceptual message is the strong notion of the convergence results: every initial state converges to a
good approximation of the global Gibbs state, at reasonable times, if the Hamiltonian satisfies ETH (at the desired
temperature). This justifies the notion of a Gibbs state (of "chaotic" systems) in quantum thermodynamics. Generally,
the convergence of Lindbladians or CP maps, parameterized by the Hamiltonian H and certain flips A%, seems to
be a technically formidable task. While there are well-established tools and examples in the classical Markov chain
literature (see, e.g., [29]), the quantum analogs are very much in their cradle.

5 Among the Quantum Metropolis proposals [19], we work with [3] since it worked out the low-level details.
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Figure 2. The interdependence of the concepts and the parameters in this work. The colored texts and arrows distinguish the
notions for Davies’ generator from that of Metropolis Sampling, and those in common are in black. This manifests the flexibility
of the arguments presented. We need from ETH the RMT prescription, which gives quantum expanders at local energies, and
from the density of Gibbs state that it has no bottlenecks. Interestingly, the decay of correlation in Gibbs state, which featured
in the classical [5] and commuting Hamiltonian literature [10, 11], is now a replaceable component. It serves the only purpose
that the density of states is Gaussian-like [28], which, through standard conductance calculation, implies the random walk on the
Gibbs distribution mixes rapidly.

In quantum thermodynamics, it is unclear whether thermalization should refer to convergence to the global Gibbs
state or just to another state that appears to be Gibbs (e.g., in terms of local marginals). People traditionally use ETH
to explain the thermal behavior at very long times [1] and/or of small subsystems [30]. For isolated systems, indeed,
thermalization of small subsystems is the best we could hope for. Our results extend the applicability of ETH to open
quantum systems.

2. ETH Gives Quantum Ezrpanders at Nearby Energies

Technically, the proof idea is the close link between the RMT prescription of ETH and the rapid, thorough decoherence
at local energies: ETH gives quantum expanders. Historically, a quantum expander refers to an ensemble of unitaries
that efficiently generate 1-designs with a gap between the largest (A1) and the second-largest (\2) eigenvalues; for
expanders composed of |a| Haar random unitaries and their adjoints, the gap is 1 — O(\/ﬁ) [31, 32]S.

For Davies’ generator, suppose our input has only two energy blocks P;, X Py, + Py, X Py, (in the Heisenberg picture)

Y1 — g 1 _ _
‘Cl71,l72 [X171171 + X172172] = Z |:(2) (A?’IDZXAIC_/LQI_/I - §{A1%1172A1%21717Xl71171 }) + (Vl AN V2):|’ (1'14)

a

we show that the Lindbladian rapidly mixes the nearby energies.” For all oy, 75, with high probability w.r.t to the
randomness in ETH,

A2 (Lo ,5y) = =02 ((1 - 0(\;@)) laf -~ (-@) |f(®)|250> : (1.15)

Roughly speaking, using |a| = Q(1) flips ensures the Lindbladian converges quickly. See Section IV D for a formal
definition that also considers the off-diagonal inputs.® Our proof for quantum expanders relies on the ETH ansatz that
the flips A7, , for close enough energies 1 — o < Agrpy, are Gaussian matrices. We then go through concentration
inequalities for a sum of tensor product of Gaussian matrices ), G, ® G, which follows [34].

In short, being a quantum expander in the sense above is how ETH (open) systems thermalize; at the same time,
quantum expanders may be an alternative definition of ETH that is more precise and checkable than invoking RMT at
nearby energies as a black box. Indeed, the RHS (1.15) does not refer to any randomness, and that is all we needed for
our proofs. In small-scale numerics (a chaotic spin chain on 12 qubits, Appendix C), we observe the expander behavior
as predicted by ETH.

6 There are also notions of quantum tensor product expanders [32, 33] that generates t-designs.

7 Note that the leading eigenvalue on the diagonal block Lindbladian is zero A\; = 0.

8 As a technical note, the above definition for quantum expander is intended for the cases when the density ratio between 7, 2 and the
Boltzmann factor e®AETH are O(1).



3. Global Convergence From a Random Walk on the Spectrum

Interestingly, once we obtain local convergence (namely, the expander property) using ETH, global convergence is
controlled by a classical random walk gap on the Gibbs distribution (Figure 2). This is consistent with the known
results [13] for infinite run-time where coherence is not an issue.

For Davies’ generator, the local-to-global lift is done via Modified-Log-Sobolev inequalities using a very recent
development called approzimate tensorization [35, 36]°. The fact that our finitely-resolved Davies’ generator satisfies
exact detailed balance (w.r.t. the rounded Gibbs state) has also saved us from potential issues with approximate
detailed balance.

For the Metropolis CP map, the proof of global convergence is more ad-hoc because of QPE rounding errors
(approximate detailed balance), chances of failure, and being less structured than a Lindbladian (each local Lindbladian
generates a trace-preserving map). We have to use a large number of flips |a| to ensure fluctuation of local terms
A(,,) concentrates and does not close the tiny gap of the random walk. Also, we have to decompose the CP map into
the self-adjoint component, which satisfies exact detailed balance, and the anti-self-adjoint component, which is small
due to approximate detailed balance.

See Section VG for comments on the optimality of the Lindbladian results (Theorem I.1, Theorem 1.2) and a
comparison with the case of commuting Hamiltonian.

4. Implications to Quantum Algorithms

Simulating the thermal properties of physical systems is expected to be one important application of quantum
computers. This paper shows that for the broad class of Hamiltonians satisfying ETH, we can prepare the associated
quantum Gibbs states efficiently on a quantum computer (which is unexpected for classical methods). Our work
suggests a class of physically relevant problems where we may expect a quantum advantage.

Quantum Gibbs sampling has been used as a primitive in many quantum algorithms (see, e.g., [20-22, 37]). As a
concrete example, consider the task of solving semi-definite programs (SDPs) on a quantum computer [20, 37]. There,
it was shown that one could solve SDPs in roughly the time required to prepare Gibbs states (of Hamiltonians given
by linear combinations of the input matrices of the instance). Our work suggests a large class of instances for which
this preparation, and hence the associated SDPs, can be solved in polylogarithmic time in the dimension of the input
matrices: namely, whenever those matrices, treated as Hamiltonians, satisfy ETH (with suitable choices of flips). Again,
we can expect large speed-ups in comparison with state-of-the-art classical methods.

In another connection to quantum algorithms, we hope our treatment of quantum phase estimation inspires further
careful analysis of algorithms using coherent QPE at a finite resolution. Especially, it would be an interesting follow-up
to understand how quantum walk methods are impacted by rounding errors, without a rounding promise for the
Hamiltonian.

5. Open Questions

Even though we have shown ETH implies fast thermalization, many conceptual questions remain that point towards
a better understanding of ETH itself. First, there is a big gap between the convergence rate we obtained and the
convergence rates obtained for the commuting case (assuming a finite correlation length). Resolving it would require
a re-examination of the ETH parameters as well as a more stringent analysis. Second, the proof methods for the
commuting case, which uses the locality of Lindbladian, seem completely distinct from the random walk picture on the
spectrum we employ in this work. It would be technically curious to make connections. Third, how can we describe
ETH, and more broadly chaotic systems, without introducing artificial randomness? A potential answer we gave is in
terms of quantum expanders. It would be interesting to ask which components of the traditional ETH it can replace
and to carry out larger scale numerics for the validity of the expander property.
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II. DAVIES’ GENERATOR

Consider our system of interest Hg coupled to a heat bath. We can ask several basic questions: (1) when does the
subsystem S permit an effective Markovian description (i.e., Lindbladians)? (2) Is its fixed point the Gibbs state? (3)
How fast does it converge?

A. The Weak-Coupling Limit with Infinite Time and Bath
The general question is, of course, hard; however, a Lindbladian can be derived by taking the weak-coupling limit by
inserting a small parameter A
H=Hgs+ Hgp+ Hsp, Hggp ::AZA“@B“, (2.1)
a
and setting A — 0, A\?t = 7 < oco. Technically, we also assume we start with a state tensored with the bath Gibbs state

ps ® op, and that the bath are quasi-free Fermions (Section II C). Then, Davies showed that the marginal of the
joint-evolution is effectively described by a Lindbladian acting only on system S

Trple H (pg ® o)) "2 L™t [pg]. (2.2)
And the Lindbladian, the Davies generators, [15, 38] in the Heisenberg picture has the following form
LIX]=i[H + Hps, X]+ X L,[X], (2.3)

where the summands labeled by energy w take the form
1
=t ) (AT @x A - AW A, X)) (2.4

Remarkably, all we need to remember for the bath is the function v,4(w). The A%(w), entirely independent of the bath,
are Fourier tranforms labeled by Bohr frequencies e? A% H! = 3~ " A%(w)e'!, or equivalently

> P,A"P,. (2.5)
V] —Vog=w

The remaining variables are

Hps=Y_ Z Sap(w) A (W) AL (w) (2.6)

o) = Taa) + T (2.7
Sua(e) = 5 (Taplee) + T3 () (2
Lo = /00 dse'Tr [eiHBsBaTe_iHBsta'] (2.9)

0
= /00 dse™* (B“T(S)Bb>aB (2.10)

0

While A depends on the particular choices, let us emphasize the unconditional facts for any Lindbladian of this
form: (a) The first is the KMS condition

Yoa(—w) = e P rg(w) (2.11)
(b) The second is that v4,(w) is a positive-semidefinite matrix.
Fact I1.1. The KMS condition (a) and yap(w) being a PSD matriz (b) implies that (A) L is indeed a generator of
CPTP map
LI1) = 0, Tx[e"""[p] = Tr[p]
and (B) for each frequency w, L, + L_,, satisfies the detailed balance condition
Vo(Ly+ L )XIVa = (Lo + L) [VTX Vo).

Note that (B) further implies the Gibbs state o o e "#H is stationary (L, + £_,)[o] = 0.

Given the above form(and setting v.p(w) = dapYw), [13] has shown the gap can be calculated given the description of
A. However, it is not clear whether Davies’ generator provides an accurate description of finite-time physics since the
weak-coupling limit requires (1) an (unphysical) infinite time limit and (2) the bath to have a continuous spectrum is
thus infinite-dimensional.
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B. The Advertised Form of Finitely-resolved Davies’ Generator

Our finite-time discussion highlights the following form of the finitely-resolved Davies’ generator L, parameterized by
some energy resolution 5. There are several recent related proposals [24], and the arguments in [16] is a prototype of
our finite-times results, although we focus on a strict finite-resource mindset.

L:=Ls+N(Lrs+D), (2.12)
Lrs:=i[Hps,"],Hys := Z ZSab A (@) AP (@) (2.13)

w:glw ab

= 3 LX) = T X @) (470X 4@ - A7) 4@, X) ). (214)

w:g |@ w

where the discrete frequencies {7}, {w} = {IN - Iy} are multiples of resolution

> PL,A"P, = ) AL, (2.15)

U1 —Ua=w V1 —Ua=w
and Sgp(@), veb(w) are defined as in the original Davies’ generator (2.8), (2.7). Among the many other candidates
for approximating the evolution at finite times[17, 18], this is the ultimate one that is nice both conceptually and

technically. Conceptually, as we mentioned earlier, it coincides with the original Davies’ generator for the Hamiltonian
rounded at the resolution

Hg=)Y 0P, (2.16)

which differs slightly from the original Hamiltonian | Hg — Hg|| < /2. Comparing with the original Davies’ generator,
at a finite resolution 7y, the energies are labeled by their rounded value @, 7 and form a massive superposition. The
different energy blocks A®f(w), A?T(@') are “incoherent” since we do not have the cross term A% (@)X A%(&').

Technically, it is a generator of CPTP map and satisfies exact detailed balance (see below); it is also free of potential
factors of €/“=®)t. the rounding into integer multiples gives the convenient labeling of input by discrete energies
P,, X P;, which simplifies the proof (postponed to Section IV C).

1. The fixed point

The immediate question before diving into the proof is about the fixed point. The finitely-resolved Lindbladian is
nice in the sense that it satisfies detailed balance for the finitely-resolved Gibbs state. This brings about many technical
conveniences (which Quantum Metropolis does not enjoy).

Fact I1.2 (Exact detailed balance for each @). For the finitely-resolved Gibbs state o ox e PH = >, e PP,
Vo (L + L_o)[X|Vo = (Lo + L_3) Vo X Vo).
Proof. Observe

Vo AN (@) = e PHI2 A% (@) = e F9/2 AT (@) PH /2
= e P92 A% (@) o

And similarly for A%(@)y/o = e 7%/2,/a A%(®). Hence, for the first term L1 =3, Yap(@) A% (0) X A®(@),
VoLly [ X]o = Z'Vab VoA (@) X A*(0)Ve
= Zm e AT (@)Vo X Vo A (@)
—Z%a ~&)Vo X o A" ()
= ﬁiw Vo X /o).
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In the second equality we commute /o through A and in the third we used the KMS condition (2.11) for v, (@). For
the second term Ly 2 := Y, Yap(@) 5 {AT (@) AP (@), X }

Vo Ly o[ X]Ve = Zm —{Aaw )A (@), X 1o

= Z%b AaT(UJ)Ab( ), Vo X}
= E@,z[\/EX\/E}-

In the last equality we used self-adjointness Lg o = L;Q. Finally, combine with the analogous calculation for
L_51,L_g2 to yield the advertised result. O

C. The Quasi-free Fermionic Bath

In the finite resource mindset, one must also choose a bath. Here, we collect the specifications, finite or infinite,
completing the missing details in Section II A. Again, consider the total Hamiltonian

H = H, + H; (2.17)
= (Hs+Hp)+A) A°®@B" (2.18)

where system B consists of a direct sum of quasi-free Fermions with Hamiltonian

np

Hgp = Zw(p)azap, (2.19)

where np is the dimension of single-particle Hilbert space and note that p may have energy degeneracy. Quasi-free
refers to the (Wick-like) factorization of multipoint correlation into two-point correlation and is a consequence of the
Hamiltonian H g being quadratic.

(al(gm)---al(g1)a(f1) - a(fu))o = dmndet({alfi)a’ (9))e) = mn D eij [ [ (firlgie) (2.20)

where €;; = 1 accounts for the signs (which thankfully we do not need to keep track of)

np

)= Zf*(p)am al(g) = Zg(p)al- (2.21)

eiHBta(f) —iHpt =ale lhtf Zeﬂw tf (2.22)

1. Choosing a bath

In this section, we will make a simple choice of bath(s). The finite-sized bath is what we can implement, while the
infinite limit will simplify the calculation. Label the single Fermion Hilbert space by

p={u} x {a} "5 p = {u} x {a}

which means the Hamiltonian takes the form
Zuau WOua S Hp = Z/ua 2 Qu,adu. (2.23)

In other words, for each discrete energy u we introduce degeneracies per interaction term A% ® B®. Correspondingly,
each slot a is allocated for modes B®

B, = Zf 0)as,q + Z fwal , "5 B, = / f(w)ay, qdu+ / [*(w)al, ,du. (2:24)



Proposition I1.2.2

We obtain correlation functions

(B(1)) g, =0
(B“(t)

12
(2.25)
=1
b PRUP —iut g 2 exp(—ﬂuaa aQu a)
B) gy = b 3T | (e e g+ e anal ) ol =
= Sub Z(eim—ﬂﬁ/Q + e—iut+6u/2) ‘fu'

2 exp(—5u/2)
1+ e P
nB =00 <Ba( )Bb>a-B, — 6ab /(eiutfﬁu/2_|_ 71ut+ﬁu/2) |fu|

(2.26)
2 exp(—fu/2)
u.
1+ e Pu
where the cross term vanishes because different B* B acts on factorized Hilbert spaces and each single term correlator
vanishes. We also recalled the free Fermionic Gibbs state

(2.27)
o — H exp(—ﬁﬂa;r—wau a)

1 1+efu
a,a
The remaining parameters of bath are the functions fy, f!

P exp(—5")

252
B“Ap

(2.28)
e s —u?
e amaz “Peay)
., 0
|f—|2 eXP(—%)

if |G| > Umag
= Ut ex —ﬁ—u
1+e Ba / |fu‘2 p( )
a
bath decay of correlation

(2.29)
d
1+e- B“ "

(2.30)
else.
The scale Ap is the variation of the energy of the bath, and through Fourier transform implies a timescale ~ 1/Apg of
Proposition I1.2.1 (Correlators)
Proof.

: 2
(B(1)BY),,, = esp(Po0e!

ALt?
)exp(—%) + (h.c.).
_ ﬂZA‘ZB oo 9 52A2
at (4! a _ € 8 —Uu _ B @ o
\BUEB oy = AT /,m p(5pz — o Flutdut e m _elgay + g —iut)du
BAY | A2
s2a? 5B 4 iALE

—=e 8 “ eXp(2TQBB) =+ (hC)

In the first line, the terms correspond to ag 05,6 and ag qay

(2.31)

u,q> Tespectively. The second equality is a Gaussian integral

by completing the square, and our choice of normalization precisely cancels out the e#*A%/8 term. This is the advertised
We will also need the integral of the (absolute) two-point correlator

= [ At

O

Yoy | <1010 (5

distracted by other terms.

| S ace s B“>C,B|dt'S|a|0(( M P e L

— BV/2)? 1
) SV/2R 1Y
2V Ap
The correlator with finite bath is actually dominated by < ‘a‘ for all our purposes, and the reader should not be
Proof. We first evaluate the Fourier transform at an infinite system size limit
o0 AZ t2
/ exp(——8")dt =
0 2

(2.32)
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O(Ap)

O(BAE)

Figure 3. The shape of v with a tunable parameter Ap. Later, for proving convergence with ETH, we can choose Ap such that
the Gaussian aligns with the ETH transitions +Agrpg.

Next, we compute the finite system size error in the integrand

(B“(t)B"),, — (B*(t)B"), | (2.33)
_ Bu
_ it — B2 —iat+pa/2y | £ (2 exp(—pu/2) . iut—Bi,/2 —iut+Bu/2 2 exp(—5)
f;(e +e ) | fal 1o B (e +e ) | ful Tro du (2.34)
_ / (eiﬁ(u)t—ﬂﬁ(u)/Q + e—iﬂ(u)t+ﬁﬂ(u)/2) _ (eiut—ﬂu/Q + e—iut+Bu/2>:| lfu|2 eXp(_BU/2) du
6| <tmas 14 efv
fut—Bu/2 | —iut+Bu/2 2 eXP(—/Bu/Q)d 935
+ ‘/|U>U7nam (e + ¢ ) ‘fu| 1 + eiﬁu ! ( - )
(t + ﬂ)ama'r |CL‘ (ﬂm,am - BA2 /2)2
Together they yield the RHS. O

Similarly, we can calculate explicitly the functions 74, (w), and indeed they satisfy the KMS condition
Proposition 11.2.3.

—(w— BAL/2)°

) = pa(—w)e™.
202 b

1
’Yab(w) = 5ab \/m eXp(

In other words, v4(w) has its weight at w ~ [8A% — Ap, A% + Ag](Fig 3). (Later, we will make it overlap with
AgprH. )

Proof. Recall the definition (2.7)

Yab(w) = /0 dse's <BaT(s)Bb>aB +/0 dse™ s <BaT(75)Bb>UB (2.37)
= / dse* (B“1(s)B"),,, (2.38)
_p2ag 9
e s —w Bw
=6, ==, 2.39
Complete the square to obtain the advertised result. O

III. MAIN RESULT I: IMPLEMENTING DAVIES WITH FINITE RESOURCES

Deriving the original Davies’ generator requires taking the weak-coupling limit A — 0, i.e., an infinite run time. In
this section, we show that the advertised finitely-resolved Davies’ generator approximates iterations of the marginal
joint-evolution

T(Wlp] = Trp [“HH D @ o] (3.1)
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Theorem III.1 (Weak-coupling at finite times.). Assume there are |a| interaction terms in Lindbladian ) ANA® ® B®.
With a quasi-free Fermionic bath, the finitely-resolved Davies’ generator at given effective time T = A2t can be

implemented with accuracy €:

(bath refreshes)

(total physical runtime)

7t
Ve, |[T(t/0)" 1) — = [p]| <.
for
_ —(w — BAL/2)?
Vab(w) - 6ab 271’A2B eXP( 2A2B )a
whenever
jaf? 2
£=0( )
EAQB
g lalr?
o EA%EO
5= é( |a|2 7-(/BAQB + AB))

1 _ la|T Ap
where i Q <6AB + T ) .

2
vy

(size of bath)

(3.2)

We have phrased the theorem as if we are implementing for a desired effective time 7, and we have chosen the suitable
weak-coupling strength A and resolution 7y. Nevertheless, the approximation holds whenever certain inequalities are
satisfied, and see the proof for the complete dependence (Section IITA). For example, if one fixes a time ¢ and coupling
strength A, one may infer the appropriate resolution 7y for which an e approximation holds. This flexibility is the merit
of not taking limits. See Section VF for an explicit resource estimate, and Section V G for comments on optimality.

A. Proof of Finitely-resolved Davies’ Generator (Theorem III.1)

Proof of Theorem III.1. The proof composes of several simple estimates, and we outline the flow of equations.

t oty
1 T 1 T
7; = TrB [e(ﬁﬂ"'kﬁf)t[p & O'B]:| ~ TIB |:e£0t (1 + )\2 / £}(t1)£}(t2)dt2dt1[p ® O'B}>:|
0 Jo

The steps are, in order,

2 T bt
~ Trp |efot <1—|—)\2/ / L
0o Jo

¢

2.5 i t

~ Trp [eﬁot <1 + )\2/ ekot2
0

r t oo _

& Trp [508( 1+ A2 / eLotz /:}(t'),c}dtl) e—ﬁﬁthtQ) p® aB,]}
L 0 0

geﬁf t+)\2f(Tt[ ]

5 7t

~ e 'p.

e (1)The interaction picture(Lemma II1.3),

e (2)From a finite to an infinite bath (B — B’),

e (2.5)Rearrangement (3.15) ,
[ ]
[ ]

(
(
(
(
(
(

3)Rounding the spectrum of Hg (Proposition I11.3.2),
4)A finite-to-infinite time integral (Proposition I11.3.3),

4.5)Completing the interaction picture (3.18),

o (5)The secular approximation (Lemma III.4).

§
I

7 N N
—_

+

>

[V}

o\

2

@

[

o—+

~+

N

TN TN —

&

(t1) L (ta)dtadty [p @ 0'3/])]

t
ﬁ} (tl — t2)£}dt1> eﬁgtzdt2> [p 24 U'B/]:|

t _ .
£}(t1 — tg)ﬁ];dh) e_£5t2dt2> [p (024 O'B/}:|
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Let us briefly highlight the intuition for these steps. The idea of weak-coupling, without limit A — oo, is really a
leading-order approximation in the interaction picture (Step 1); the final form of Lindbladian is the (infinite time)
Davies’ generator for the rounded Hamiltonian H = 7 H, therefore at some point we approximate Hg — Hg (Step
3); the weak dissipative term in the presence of rapid rotation Hg can be approximated by its time-average. This is
the secular approximation (Step 5), with an error depending on the characteristic time scale 7, ! of Hamiltonian Hsg.

See below for the accounting for each. Note that (1) interaction picture and (5) secular approximation are only valid
for short times, so we have to do a telescoping sum additionally. The total error combines to

¢ Lt < e AL 4N2KTt icL4+a2KTe 2Tt
R e e e o
Jaf* 72 t(t | o Timaalal (Gmas — BAL/2)?
< —_ — SN .
< 0|0 +lalrg (G + oy eslel sy exp( - Lee 2520 2T
lalT_ lalTl | T
+ Ap ot Apt +(AB ) vol (35)

where £ is the number of refreshes, 7 is the energy resolution of the final Gibbs state, there are |a| interacting terms,
and A—lB is the characteristic time scale for bath

(BI()B") | = O(e257/), (3.6)

The terms in the second and third line, in order, are (1), (2), (3), (4), (5). We simplified the term for (1) since (2)
already demands

t t ﬂ"rnaw (amaw - BAQB/Q)2
- - —mazr - < . .
il (G 2 (- (s 2R ) < 0o (3.7
For a total accuracy e, it suffices to choose
jaf* 72
£=0( )
eAZ
_ o lal*r
b= 0(6A2B50
2
~ AL+ A
Bzo(‘a| T(/B B B))

2
vy

where

1 |a\7 AB
~—0 2B
iz <€AB * |al ) ’

limaz = 0(BAL + Ap) (3.8)

Note that in calculating np, we chose that

and 6 supresses a root-logarithmic dependence(due to the Gaussian decay) on all other parameters /log(---). O

Here are the error bounds for (1)-(5). The (1) interaction picture and the (5) secular approximation require more
work.

1. The interaction picture

We start with the interaction picture
f ot : t t oty
Trp [eFoHA D p @ aB]} = Trp [eﬁot (1 + A/ Li(t)dt: + )\2/ L) L (k) dtodty + - --
0

0 JO
+/\’"/0t-~-/OtMI £}(t1)-~-£§(tm)dtm-~-dt1+~-~>[p®aB]] (3.9)

where Lg := —i[Hg, | denotes the commutator, absorbing the (—i) prefactor. We keep only the second-order term, as
the first-order term vanishes and the higher-order terms are subleading in 7 := A%t.
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Fact I11.2. If Trg[B%o | = 0,Va, then the odd orders vanish, in particular the first order

t
TI‘B |:e£$t/ E;(tl)dtl [p® UB]:| =0.
0

Lemma III.3 (Davies [14]).

Trg [eﬁf)t/ot.../otm‘l/j}(h)...[:;(tm)dtm...dtl[p®03]} (c(tyr)™/?

Am‘ S /)

where
t
c(t) =4 / > llAA% (B (1)B")| d.
a,b

Proof. Using quasi-freeness, triangle, and Holder’s inequality, we obtain a sum over pairings

t tm—1
‘TrB {eﬁét / / a}(tl)---cﬁ(tm)dtm-..dtl[p®aB]} (3.10)
0 0 1
tm_1 M/2
<y [T 2 AT A" (B 1) B - .11
(€;,r3) i a;,b
1m/2
= 2m/2 m/2 l Z / / H Z 2m||Aa1|H|Ab ||| BalT 7'r(21 ( 71-(21'—1))>‘ dtmdtl (312)
tm/2
m a; b; a; b;
- s /HZ2 A% A% | (B (t2) B (t211)) | b - it (313
m/2
2m
<— A% |(B*1(t) B 3.14
= 2m/2(m/2)! / Z | ( (t)B™) (3.14)

a;,b;

The first equality over-counts the number of pairings by permutation, normalized by the multiplicity. Note that the
correlator in absolute value is even in time. The second equality combines the permuted time variables with the
time-ordered integral. In the last inequality the integral factorizes, and the factor of 2 comes from a crude estimate.
This is the advertised result. O

The above lemma is at the heart of Davies’ derivation of the weak-coupling limit. Crucially, it absorbs half of the
t-integral and enables the change of variable 7 = A\2t. However, the higher-order terms behave badly at larger values of
7, and Davies managed to absorb an extra t¢ into the correlator. To suppress the higher-order terms at late times,
Davies requires the coupling strength A\ — 0 to vanish very rapidly. Here, since we are interested in finite values of A,
we must avoid that by keeping 7 small. This is why we allow ourselves to refresh the bath. We have not attempted to
obtain better control over the higher-order terms, and see Section V G for further discussion on potential improvements.

We move on to massaging the (leading) second-order O()\?) term.

2. From a finite to an infinite bath

Next, we replace the finite bath with an infinite bath.
Proposition II1.3.1 (Errors from a finite bath).

)\2

t t1 t t1
Try [eﬂ?ﬁ / / LU0 L () dtadt - [p®0'3]] ~ Tep {eﬁ?yt / / /:}(tl)c}(tg)dtgdtl-p@mB,}
0 0 0 0

a tamam a ﬂmaz - BA2 2 2
<o<TtZ||A 2 (Pl xp( e 520 )))

Proof. Expand the commutator
Trg [eﬁét / / " L)L) dtadts - [p® aB@ -
) / / ( ), A%(1)p] - (B'(11)B (1)), — [A(11), pA™ (1) - <B“<t2>Bb<t1>>gB)dt2dt1,

And recall the finite system size error (Proposition I1.2.1) to obtain the advertised result. O
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A great convenience due to an infinite bath is replacing finite time integral to infinite. Rearranging the integration

order
t t1 t 5 t i
/\2/ / L (80) L1 (t2) dtodty :/\2/ Lot (/ Lt tg)zjdu) e Lotz (3.15)
0 0 0 to

we will soon extend the inner integral to infinite time.

8. Rounding the spectrum

We take a detour on rounding the energy of the system Hamiltonian Hg = Hg + §Hg, with a deviation at most
|6Hg|| < ©%/2. The rounded Hamiltonian is a sum over projectors Hg = Y P, that directly corresponds to the
form of Lindbladian.

Technically, we have to round the integrand as the following.

Proposition I11.3.2.

t t
22| Trp K/ ch)chat 7/ m,(t'),c}dt'> p® U—B]} < 8|[6H||- A*) \\A“H||Ab||/ (B*(t")B")| t'at’
0 0 ab
la| T
oA R
where E}(t’)[-] = [ei(HS“'HB)t/H[e_i(’qs‘“qB)’5,7 ]
Note we would do another integral over t.
Proof. Again, expanding the commutator
Trp / Lyt Lidt' - [p® op) Z / (Ab ,Ap|Trp[B*(t')Bop] - [Ab(t’»pA“mB[B“Bb(t’)aB])dtx
(3.16)
Rounding E} amounts to [|[[A’(t), A%p] — [A*(t), A Hl < 2||A%||||A%| - 2||6 Hs||t', which yields the RHS.
O

4. Infinite time limit

We now extend the inner integral till infinite time.

Proposition II1.3.3 (Integral till infinite time.).

t t—ty t o
Trp {eﬁgt/ Lot (/ [}(t’)ﬁ}dt’) e_ﬁthdtQ} — Trp [eﬁgt/ oLt </ ﬁ}(t’)ﬁ;dt’) e_Lgtzdtg} ‘
0 0 0 0
t [e'e)
<Y alacia’) [ ( | 1B dt’) dty
a,b 0 t2

Ia\f)
Agt’

)\2

<o(

Proof. Expand the commutator and change variable ¢ — t2 — t2 to simplify the integral. Note the above estimate does
not depend on Hg, which is rounded. O

Now, the above allows us to compress the dependence on bath into an operator £
Trp {e(ﬁg“‘ﬂ”t[p(@ O'B/]] ~ eF (1 + )\2/ KT(ty) dt1>[ ] (3.17)
~ eLTStJrA?KTt[p] (3.18)
where KT (t;) 1= e £5tKTefht, and

}T{T[p] = 7\/0 TI'B/ [ei(I:IS+HB/)t’HIefi(Hsﬁ*HB,)t" [H], P O'B/Hdt/~ (319)
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The second approximation is “completing” the interaction picture, using again that multipoint function factorizes for
the infinite system (Lemma II1.3).

||e‘”st<1+ / K*(tndm)[m — EENEN ] < O((exeT)?) (3.20)
where

&,y e =a [ S 1A IA BB <o (3.21)

5. The secular approzimation

Lemma III.4 (The secular approximation). For Hg = Hg + 6Hg, let K'T := KT + 552 and 0 := 74| K'T||,_1. Then
for 8/(pts) < %,

"eﬁgt5+)\2RTts oLLt AN KTt H <0(1)- (9+92 9)
1—1 Vot
where the secular approrimation is w.r.t the rounded /jg
1 T T T
K 1 - —Lt Kt Lg
see T B0 o7 /_ " dt

Note the exponential ¢? essentially set a time scale ¢, ~ (A2||K T||;_1)~" after which the bound becomes vacuous.

Therefore, we would use the bound for short time intervals ¢, = t//, for an £, such that § = 7/£, - [|K'T|j1_1 = O(1).
Note that /, is different from the number of refreshes ¢. The total error accumulates to

1 |KT)2_ 72 la| | o7
i 4 TIm ) = — 4+ — . .22
b Dot © ( vot © (AB %) Dot (822)

Proof. The proof uses a Fourier series (or linear combination of unitaries) argument. In the following we absorb
Kt 5£‘L =K T and KT+ (MT = K. (I)We first illustrate the proof strategy on the linear term in the interaction

sec sec*
picture in the elgenba51s of ET . Since the Bohr frequencies are integer multiples n;vg

t t —i(n;—n;)vot _
< K (1)t / K (t1)dt ) R (3.23)
. 1 1 o sec\l1 1 Y —i(ni — nj)DO niFEn;- .
Now, consider the Fourier series for the function
e—inDOt -1 1 X
_ S in9 49, 3.24
sy = = o [ e (3:24)
which allows us to rewrite (3.23) as a linear combination of time-evolved operators
_ e i(ni—n;)vet _ 4 1 . 27 .
e T Ty — 7KT/ 9)el(mi—ni)0 g 3.25
S S O = 5K | 0 (3.25)
1 27 _, -
= 7/ K (200):;f(0)d6. (3.26)
2 0

Therefore, the linear term (in 1-1 norm) can be bounded by

— 1 2 ~ — 4
<|K't ,7/ f(0)|do < ||KT||,- f))P <K' . (327
\ SR g [ |F@)d0 < 1 PP < IE ez e 320

using that Fourier series preserve inner-product, Cauchy-Schwartz, and the identity > " 1/ n? = m2/6.
(IT)For the higher-order terms, consider a telescoping sum

t tm—1 _, _ tm—1 7/ _
// KT(t1)~-K (tm codty — / / slcdtm"'dtl
0 0
t

tm—1

:Z/ R/T(tl)“'(K/T(tf)_Ksec)Kslc"' dip, - - - dty. (3.28)
=170 0

1 2

o ), K T(20)f(0)d6




Since K ;‘;C are independent of time, we can evaluate the inner integrals

to—1 tm—1 7/1‘ 7,1_ te—1 ,/1_ 7/1_ Smie
K '(t) — K. )dty, - -dt = / K '(s)— K., ds)
(/0 /0 (BT te) see) e)ij ( 0 (H) sec) (m =0t/

tp—1 't i Yoot tmff
— —1(n;—n, Vo
= On,#n, /0 K;je J 7(m — 7 dt
—e—i(ni—nj)vote—1 "V ¢ (ﬂotl—1>q
= o 41 ym—t=g+1 q!

q:O
_. 1 _/ / f 1(n1—n,)9d9

where the third equality is the elementary integration by parts formula.

Fact IIL5. [ e”%dm =e?(—1)k Z];:o (_;)q.

Again, by a Fourier series argument,

1/2

tm—1

_, 1 27
< 1Ko (5 [
1-1 T Jo

l—m [e'S)

f(e)‘2 d0>

0

_ 1 1 (Dote—1)?
T ole—1
<K Hl—lﬂénfeﬂ ’ Z Z n2(m—_L—q+1)

|
q=0 n 7
b—m ,_
1 m (Votgfl)q
<||KTH1 1717 m €+1\/6 7' .
q=0 ¢
Completing the remaining integrals, we now have the m-th order bound
tm—1 _/ t b1 _,
T(tm)dtm~--dt1 _/ / Kslc'--Kschtm-“dtl
0 0 1-1
1,
||K T||1 L T Em: <« (%)
—m |
Yo V6 =1 g=0—1 a

Finally, rearrange

tia2R tian2
HQLSHA KTt _ LLt+3’Dt

21 < (K[ S (t)"
SN SR Sy rt]

_ o fj ) $ 2R )"
q=

P et (Zot)™

20t q+1
< Z (M| K Tl1—at)
I/()t\[

q—l
< 47
~ DotV6

(VIR 1-at + Q2R T at)2eX 16 )

—/
. . . . . . XK Tt
where in the second inequality, we sum the geometric series using the assumption % <4
proof.

Lastly, in this finitely-resolved Lindbladian, it remains to calculate the explicit forms

Fact II1.6 ([16]).

1 /T
lim — Lt Ke st gy = L, o+ D
T— o0 2T -T

where L5, D are as in Theorem III.1.
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(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

< 5, which concludes the

O
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IV. PRELIMINARIES FOR PROOFS OF FAST CONVERGENCE

We collect the preliminaries for proofs of fast convergence.

A. DModified Log Sobolev Inequality

To keep our discussion self-contained, we instantiate the minimal facts as well as references; this is not intended to
be a complete introduction. Recall a (finite-dimensional, unital) von Neumann algebra M is an algebra with involution
and identity

VX, YeM, X+Y eM
VX, Y e M, XY e M
v XeM, X*eM
YAeC, M\ e M.

For an subalgebra N' C M, a conditional expectation Ex : B(H) — N is a completely positive unital map that

Va € N,Exla]l = a
Va,b e N, En[aXb] = aE[X]b,

and E/Tv as the adjoint (w.r.t Tr[-]) is a CPTP (channel), i.e.
VX,Y € B(H), Tr[Y E}, X] = Tr[E[Y] X]. (4.1)
Consider relative entropy for pair of states Supp(p) C Supp(o)

D(pllo) = Trlp(In(p) — In(a))]
For Lindbladian £ : M — M, it is said to satisfy Modified Log Sobolev inequality with constant « if

d

aD(pl|E"[p]) < —%D(em[p]IIET[p]) = Tr[L"[p](In(p) — In(E[p]))], (4.2)

where E is the projection onto the fixed point algebra of £
lim et =: E. (4.3)

t—o0

And note that one can choose an arbitrary stationary (or invariant) state w, Ef[w] = w so that [11, Lemma 2]
(£ (o] (1n(p) — (B [p]))] = Te(C![p](1n(p) — In(w))]. (1.4

In other words, an MLSI gives handy bounds on convergence to the stationary state o = Ef[o], measured by relative
entropy. It converts to trace distance

t —a =
o te] o], < e V2o w
through Pinsker’s inequality ||p — a'||? < 2D(pl|o) and initial relative entropy estimate D(p||lo) < In(|lo~1)).

Often the total Lindbladian has constituents which we understand individually. A recent development called

approzimation tensorization of relative entropy allows us to estimate the global MLSI constant from the local ones'C.

Fact IV.1 (Approximate Tensorization [35, 36]). Consider subalgebras Ny, -+ Ny C B(H) and the intersection
N :=NN;. For some conditional expectations Ex : B(H) = N, E; : B(H) — N, consider some common invariant
state o that EJJ{/[U] — o, El[o] = 0. Then

DUIIE6) < =T o 3 DlelIELe) (146)
i=1 s€S;
whenever k satisfies
(1 =€) Ex <ep (N < (14 €) B, (4.7)

10 We thank Cambyse Rouzé for related discussions about [35].
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where the inequality denotes completely positive order. ®t can be an average of products of conditional expectations
corresponding to any regrouping into disjoint subsets {1,--- £} =57 L--- L S,

moq — “—

T _—

P ._Z2m<HES+HE5>. (4.8)
i=1 sES; s€S;

The product H;Si can take arbitrary order as long as H;_ESL is reversed.

The above is well known to imply global MLSI constants. Note that while we require the completely positive order
for ®, we do not need a complete MLSI constant [35]. All the MLSI constants discussed in this paper do not consider
ancillae.

Corollary IV.1.1 (Global MLSI from local). In the setting of Fact 1V.1,

S 1—€2(2In(2) — 1)~ 1

a(L) > o mmin @ (£5).
Proof. Following the arguments in [35],
iD(MEf ) < f L] [pl(n(p) ~ In(o))]
< i e Ll ) n(p) (@)
< o {L[p)In(p)  In(o))

First, we use the freedom to choose an arbitrary invariant state (4.4). Lastly, we use that all conditional expectations
share some common invariant state. Rearrange to obtain the advertised result. O

B. Assumptions for the Eigenstate Thermalization Hypothesis and the Density of States

Let us be frank that the calculation will be pretty messy and would be impossible without O(-), Q(-) notations.
Meanwhile, this reflects the flexibility of our arguments coming from the parameters in ETH and the density of states.
This section collects the assumptions we make as an attempt to strike a balance between concreteness and flexibility.

1. ETH

ETH is a massive subject with various adaptations and loose ends (see, e.g., [2] for a review). Let us give a brief
review of the original ETH prescription of Srednicki.

Hypothesis IV.1 (Srednicki’s ETH [1]). Consider a Hamitonian H and some suitable observable A. For energies
v;,v; and their eigenstates |1;) , |v;) of H,

1
Aij = (il A ;) = Oa(p)dij + Jim ) D) fa(p,w)rs;

where p = (v; +1v5)/2, w =v; —v;, D(-) is the normalized density of states, dim(H) = Tr[I] is the dimension of the
Hilbert space, and r;; are random variables satisfying E[r;;] = O,E[T?j] =1. O(u) and fa(p,w) are smooth functions of
the energies.

The diagonal prescriptions, as vague as it is, give a transparent explanation that time-averaging is equal to thermal
averaging

B T 1 T .
A== A _ 1 RIS 4
T/o (o] A(t) |¢) dt T/o Eij cicje ijdt (4.9)

= > 0)|” A = (), (4.10)

B

The last approximation holds if the energies of the test wave function |¢) and the Gibbs state og are both sufficiently
narrow. This usually goes by the saying that “even a (generic) eigenstate behaves like a Gibbs state” and has been
observed in numerics (see, e.g., [2]) and proven in suitable models [11, 39].
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The off-diagonal prescriptions explain that the typical fluctuations over time are suppressed by the dimension of the
Hilbert space'!

1 T A 1 r (v, —vs; * i(ve—v,
TZ;«@A@n¢yfAfﬁzﬁfA D e TN " el Ay Aydt (4.11)
%7 k.l
T2 3 e s | Ay P = O(e= ™). (4.12)
%]

The second equality holds under the non-degenerate condition that v; —v; 4+ vy, — v = 0 is only satisfied with ¢ = j, k = ¢
ori=/{k=3j.

However, there remain many unspecified parameters in the original ETH. Much of the subsequent works attempted
to justify and specify. We incorporated some of them into our version of ETH.

Hypothesis IV.2 (ETH for this work). Consider a Hamiltonian H and a set of k-local Hermitian operators A®. We
say they satisfy ETH if:

e It satisfies the original ETH for nearby energies |v; — v;| < Agprm.

o The random variables for entries i,j and operators A* are drawn from independent complex Gaussians r;j(a) —
gij(a) (up to the Hermitian constraint).

e The function depends only on the energy difference w

. 1
fA(,uaw) = fwawSHAun ‘fw| = H(WSII&E};;H |fw‘) = H(W)

ETH

Let us elaborate on the parameters we just filled in. We take the “suitable” observables to be k-local for constant
k comparing with the system size k < n (i.e., few-body), but not necessarily spatially localized. This is observed
numerically (see, e.g., [2]).

As advertised, we explicitly introduce a random matrix theory prescription, which will feature in our proof. Of course,
strictly speaking, there is no obvious source of randomness in any given Hamiltonian. Nevertheless, as commonly done
in ETH literature [2, 26| (which goes back to Wigner [25]), we model the near diagonal band of different operators A®
as if drawn independently from the complex Gaussian distribution and then fized for the rest of the calculation. We
are satisfied if the desired quantities take a universal value for typical samples, i.e., if it concentrates.

However, this is a strong requirement!? that can only be self-consistently imposed in a (small) energy window Apry,
and constrained by the time-scale of equilibrium of observable (see, e.g., [26] for further discussions and numerical
evidences [40, 41]). Its value remains unsettled (Figure 6), and plausible suggestions are such as [2, 26]

? 1 1
Apryg = Q(E),G(ﬁ) (4.13)
for 1d nearest-neighbor spin systems. Regardless, it does not change the qualitative message of this work and will
be kept as the parameter Agry in our calculations. Lastly, we assume the function is only dependent on the energy
difference w, and f,, is pretty flat for w < Apry, which will greatly simplify the calculations.'® Our choice of its
numerical value adapts from an ansatz[2, Sec. 4.3]

hfz{wmﬂ) if w=0(4s)

(“small”) else .

(4.14)

The above is all that we will use to prove thermalization at finite times. For our calculations, we do not need the
prescription for the diagonal entries (which has traditionally attracted more discussion); we do not care if the other
entries outside the window Agrg violate ETH or RMT.

2.  The density of states

The density of states is a somewhat flexible parameter that goes into ETH and the random walk on the spectrum.

11 This does not seem to be the best use of RMT.

12 Technically, our proof only uses RMT within each pair of energies o1, 72, and do not need independence across blocks as we only use a
crude union bound.

13 When f depends on the energy pu, the convergence rate may depend on temperature. Otherwise, we do not expect qualitative change to
the convergence result.
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Hypothesis IV.3 (relative ratios of density at the scale Agrg). (A)The spectrum can be treated as continuous that
the density D(w) is well-defined. (B)For any |v —V'| < AgrH,

< R(AprH, ) =: R.

The continuum assumptions (A) simplify the notation, and it is reasonable whenever the system size is large. The
density ratio R should be thought of as a global constant in the thermodynamics limit. These two assumptions are,
in fact, implicit in ETH: when the spectrum exhibits finite-size effects or when the density ratio becomes large, then
the ETH ansatz already needs corrections. In addition, the relative ratio of densities plays a role in concentration
arguments for quantum expanders. There, if two frequencies vy, v5 have too disparate density of states, then will we
need more flips |a| to ensure a gap. What this practically mean is that we would choose a small enough Agrpy so that
R remain O(1).

However, the above assumption breaks down near the extreme eigenvalues of any finite-size system. To avoid
mundane technical issues, we quickly patch another assumption to focus on the bulk of the spectrum by truncation
(Figure 4).

Assumption IV.1 (A truncated spectrum). The spectrum has a sharp cut-off.

To justify the sharp artificial cut-off, imagine starting with the original Hamiltonian H’ whose bulk of spectrum,
containing all but exponentially rare states, satisfies ETH. Then, we truncate the Hamiltonian H' — H so that H lies
in the validity of ETH. So long as dim(H)/dim(H') — 1 in the thermodynamic limit (saying a tiny portion ~ e~%(")
was truncated), the Gibb states (away from the ground state) should be very close. Further, during the run time of
Lindbladian (or Metropolis Sampling), a state initialized in the bulk should have very low chances to leave the bulk of
the spectrum. In other words, H can represent H’ for most purposes, but we do not further formalize this part.

Otherwise, if we do not truncate the Hamiltonian, there could be regimes that ETH does not hold, and/or the
density of states becomes very low. A state initialized at such energies may be stuck forever. This is not an ETH
phenomenon, nor the scope of this work.

We lastly assume a rather generic characterization of the density of the Gibbs state (i.e. Dy (v) oc eV D(v)) to give
conductance estimates. This should not be confused with the density of states D(v).

Assumption IV.2 (The Gibbs distribution with a characteristic scale Agpec). We assume the Gibbs state o satisfies
the following: (A) There exists an interval Iy, = [Fr, ER] that contains more than half of the weight such that for
allv € Ibulk:

(B) The tail Ir = [ER, 0] is decaying that for all v € Ig,

Dy (V)dv' = O( ),
/y Aspec

and similarly for Iy,

These conditions guarantee a gap of Poly(R, e#2E71) . Q(AL,. ./ AZ,..) for the classical random walk on the spectrum

with step size ~ Apry (Appendix B1). Intuitively, the assumption makes sure the Gibb distribution has “no
bottlenecks”(Figure 4).

3. Ezample: Gaussian density of state

An example that satisfies the above assumptions is a Gaussian density of states, centered at zero, truncated at :I:@.

2
—v
N, - 7y ifp e [ 1HLIH]
D)o ° eXp(QAgpec) ifvel=5" 5 (4.15)
0 else.
where Nj is a normalization factor. Let us choose concretely that Ag,e. = /n, |[H|| = 2n. Then we can check the
relative ratios (Assumption IV.3)
D(v V2 — " nAprH + ALy A
= exp(———) < <efEra/2(1 4 o(1)) =t R 4.16
D) = Pz ) S exp("SELLEETI) < e (1 4 o(1) =: B (1.16)
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D, (v)

C)(-A&;/)m') ‘

Figure 4. The density of states is truncated such that the continuum limit holds and the relative ratios of density are small, but
at the same time not throwing away too many states. The Gibbs state, limited by the same truncation, may be centered at
different energies. If we want the gap Arw of random walk to be large enough, the Gibbs distribution better has no bottlenecks,
such as a Gaussian.

which is a constant for any reasonble values of Agry < O(1). Also, the spectrum remains continuous near the edge

1

D(n) = Q(—=e %) > —. 4.17
(n) = Q=) > o (417)
For Assumption IV.2, we can calculate its Gibbs state, which is a shifted Gaussian
—(v + BAL..)? —(v + Bn)?
N/ . spec f .
Dy () o 4 o expl 2AZ Jocexp(——o=) ifve[mnn] (4.18)
0 else.

where Ny is a normalization factor. As long as § < 1, the tail rapidly decays as required.

The justification for presenting the Gaussian density example is due to central limit theorems for the spectrum of
spatially local Hamiltonians [28, Lemma 8]. It was shown that if the Gibbs state has decay of correlation, then the
bulk of the Gibb state is Gaussian (similarly, set 8 = 0 for the unbiased spectrum). At a finite system size n, however,
the tail (outside of 1 — O(ﬁ) portion of the weight) may deviate from a Gaussian density. This is partly why we make

a somewhat general assumption on the Gibbs distribution (Assumption IV.2).

C. Properties of finite-resolved Davies’ generator

This preliminary section simplifies the Lindbladian at hand and prepares ourselves for the proof.
Observation I: the transition between far-apart energies cannot decrease the gap.

ETH only tells us about the matrix element between nearby energies. First, we emphasize that the transitions
between far apart energies cannot close the gap as long as each of them satisfies detailed balance.

Fact IV.2 (The gap of sum of Lindbladian [42]). For a set of o-detailed balance Lindbladians Ls, s € S with a common
kernel, the gap is monotone

Gap(ZES) > Gap( Z Ls).

ses seS’'CS

Proof. Since eigenvalues are independent of the basis, do a similarity transformation w.r.t. o-weighted norm to make
it Hermitian. We reduce to the case where each (super-)operator is non-negative and Hermitian, which was proven
in [42]. O

In our settings, the Gibbs state is in the common kernel of each L5 due to being detailed balance w.r.t. the rounded
Gibbs state (Fact I1.2). Therefore, we have reduced the problem to showing a gap for the subset of Lindbladians for
which ETH holds.
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r \ Lo=25,
w=0g

—_—

14 o

Figure 5. The inputs X (or p) can be dissected into blocks per resolution 7g. The Lindbladians term L hops within sectors
(i-e., along the 45-degree slope.) The Gibbs state lies in the diagonal sector where most arguments are devoted, including the
classical random walk. The off-diagonal block is simpler to analyze.

Desirs= Y Loul) (470X A @) - (A @)4°@), X)) (1.19)

|o|<AprH @

=0§w§m;[va<w> (4@ x4%@) - J{a" @) 4%@), X} ) + @~ -a)]| -3

(4.20)

Observation II: the Lindbladian splits into the block diagonal and the off-block-diagonal Sectors.
Let us open up the operators

= Y P,A"P,. (4.21)

The Lindbladian splits into sectors that can be discussed individually [13] (Figure 5). Labeled by @', any input can be

decomposed into
X=> > PXPy=Y > PXPro =) QulX] (4.22)

where the Gibbs state lies in the block diagonal sector QQz/—g. Observe that the Lindbladian nicely preserves each
sector that DQz = QzD. The action on the diagonal blocks (&' =0, Xpp := )., P; X Py), takes the form

’Ya a Ya _(D) — —
EQ[Z Xl;l’ - Z Z |: ( V1V2XAV2V1 - {AV1V2 V21117X171171 }) + (T(Vl e VQ) (423)

Uy —Ua=

Z L1 5, Qa0 X]]. (4.24)

D1 —Up=®

Note that we fix @ > 0, i.e. 71 > s. Also, the action on the off-block-diagonal inputs, for any &', is
Ly [Z XD,D+LD’]
v

’}/a((;’) a a 1 a a
§ E [ 9 ulszAu2+w’ 4o T AV1V2AD2V1 vy, 010" T §Xl711171+‘DlA91+L:)/752+(IJIA172+L:}/,51+(I)l

Ui—U2=Ww a

+ (0 — —w,01 <> D) (4.25)

= > Lo (4.26)

U] —Uo=w
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D. Quantum expanders

Let us briefly review the idea of quantum expanders. Consider a (self-adjoint) channel as an average over set of
unitaries

| T
= T |ZU LU} +2| |ZU (4.27)

then we say it gives Quantum expander [31, 34], if'*
1
Vlal

The spectral gap then implies rapid convergence to the maximally mixed state

A2 (M) < O( ). (4.28)

log(1/€) + 2log(dim)
log(A2) '

IN[o] — li<e (= (4.29)

I
Tr[I]

For example, i.i.d. unitaries drawn from the Haar measure [31] give quantum expanders, where the RHS is 7V2‘|Z‘|_1,
with high probability. In general, unitaries giving expanders need not be randomized constructions.

Back to our problem, our convergence results rely on identifying and proving (Section V A) a notion of a quantum
expander for Davies’ generator, for both the diagonal block (4.24) and the off-diagonal blocks (4.26). In the case of
unitary quantum expanders, the constants in O(-) are absolute. Here, there are extra parameters like the Boltzmann

factors (once the common factor v(—@) is divided) as well as the dimensions of subspaces Py, , P,

Definition IV.3 (Quantum expanders for Lindbladian, with randomness). We say a set of flips A® gives quantum
expanders at certain energy scale Agr if for energies Agrg + Ve > 1y > Do, &' and with high probability(w.r.t to
randomness of A®)

))> X2 (EL5, 5,) (4.30)

Poly(R, efAerH)

Vlal

Note that the leading eigenvalue on the diagonal block Lindbladian is zero A; = 0. Since our problem has randomness,
the natural object on the RHS is the expectation. If the flips A® are not random, as in any given Hamiltonian, one
may substitute for an appropriate analog of the RHS. Unfortunately, we do not formalize quantum expanders for the
Metropolis setting; this is due to the annoying issues with rounding in QPE and trace-non-preserving.

A (Lo er) = <1 - O( )> M (ELp, i ,00) - (4.31)

V. MAIN RESULT II: FINITELY-RESOLVED DAVIES CONVERGENCES TO APPROXIMATE GIBBS
STATE

In this section, we show convergence for the finitely-resolved Davies’s generator, whose dissipative part takes the form
1
P=3 %) ) (4 @xa0@) - Jat@)a%@), X)), (5.1)

for any () (satisfying detailed balance).
In our particular finite time calculation, y,(@) = 04p7(@) is indeed diagonal. A favorable choice of bath would be
(Theorem III.1) such that Ag = Agry so that y(@) roughly aligns with the transitions of ETH

1 —(w— ﬂAQETH/Q)Q
(W) = dq X . 5.2
it b( ) b AT € p( A2 ) ( )

Theorem V.1 (Convergence of the finitely-resolved Davies’ generator). For a truncated Hamiltonian Hg with a
well-defined density of states (up to the truncation point), assume its relative ratio of the density of states is R for the

™ For the purposes of this work, we focus on the 1/4/]a| behavior.



27

0

AETH m
n

1/d

Figure 6. The function f,, in ETH ansatz is expected to have most weight below scale 1/n"/¢. The scale that random matrix

behavior kicks in remains debatable.

enerqgy difference Agrp. Assume each A% for energy differences below Agry is i.i.d sample from the ETH ansatz,
then using flips |a| = Q(R*e*#2e1H) and running the finitely-resolved Davies’ generator for effective time

Ly
Qdiag )\off

=6 (e (Bl ) ensures o' o] o] < (53)

1

where Q absorbs logarithmic dependence on n, B, | Hg| and

Arw |al Aprg ming<a ., V(=) [ fo]®
Qdiag = Q ' — 5.4
e ( R (n+ Bl Hsl)(n+ BBpra) (54)
A . _
sy =0 (S5 i, (-9 151 )
_ e FHs (5.6)
7= Tr[e—AHs]’ ’

with energy resolution vy < O(Agry). Also, Arw is the gap of a 1d classical random walk with the characteristic step
size ~ Agrg on the Gibbs distribution.

Lemma V.2. The RMT prescription of ETH can be replaced by that the flips A® give Lindbladian Quantum expanders
(Definition 1V.3).

Proposition V.2.1. If the density of Gibbs state satisfies assumptions in Section IVB2 (e.g., a Gaussian with
. 2BA A2
variance Agpec), then Apw = Q(ER#A%::’)

We see factors of Poly(R,eP2#T#) that are potentially worrying. Fortunately, we can choose a small enough
Aoryg < Aprg so that SALy = O(1), R = O(1) (which is polynomial in 1/8 and not exponential!). In the detailed
derivations, we have kept the e?2#7# factors for completeness.

See Section IV B for ETH, the assumptions on density of states, and the Gibbs state density for gap calculation. For

the v(w) given by (5.2), ming y(—@) = y(—Apry) = 9(%).

The proof is sketched as follows. In the preliminary section (Section IV C), we have observed that (I) transition
between far-apart energies can be removed and (II) the Lindbladian splits into the block diagonal and the off-block-
diagonal sectors. Most of the proof is devoted to analyzing the diagonal blocks (&' = 0, , Xpp := Y., Po X Py).
There, we first show that the flips A® satisfying ETH gives quantum expanders, which convert to local MLSI estimates
(Section V A). Second, we use approximate tensorization (Fact IV.1) to lift local MLSI constant to global MLSI
constant. This reduces the problem to a 1d classical random walk (Section V B), whose gap estimate from conductance
calculations is left in Appendix B 1. Lastly, we show the quantum expander condition holds for the off-block-diagonal
inputs (Section V C). All the above estimates combine in Section V D.

A. Local Gap and MLSI Estimates: ETH Gives Quantum Expanders (block-diagonal Inputs)

Let us estimate the spectral gap for the “local” Lindbladian at nearby energies 1, 5.
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Lemma V.3. In the block diagonal sector Qgr—qg for vy # Ua, each term L} has stationary states of form

U1,02

Hm ¢“717%2' [Qzi=o[pl] = 05, 5, Tt[Pr,pPs, + Py, pPy ]+ Y PypPy,
UF£D Do

where 05, 5, denotes the local Gibbs state

Pl71675171 + P172676D2
Oy, iy -— p- —.
vz Tr[ Py, |e= 871 + Tr[ Py, |e A2

Equivalently in the Heisenberg picture, the conditional expectation gives

A Fn 2 Qim0 X = Epy 5, [Qur=0X] = Tr[os, 5, X|(Py, + Py,) + Z P X P;. (5.7)
UH#DY D2

Furthermore, with high probability, the gap is at least
1
Mol Qo) = 0 3 1fol 7ol 20(-2)) 6.9

which converts to the MLSI constant

2 _ _
ortzs(LormaQurg) > (1 ol % awa(w)) | 59)

R n + B

The proof relies on analyzing the expectation and the deviation

‘CA91792 = (‘é91,92 - E[‘éﬁlﬁz]) + ]E[‘Cﬁhﬂz] (510)

where the expectation is evaluated over the ETH ansatz (Hypothesis IV.2). Remarkably, this decomposition fits neatly
with the RMT prescription: the expectation gives an generator of a classical Markov chain in the energy basis, and at
large |al, the deviation concentrates with a relative size O(ﬁ)

a

1. The Expected Lindbladian

It is more intuitive to further decompose into two Lindbladians

E[£917l72] = E[‘CAGﬁl,f/z] + E[‘CADJH,DQ]' (5'11)

For the pair of frequency 71, U3, we decompose A into independent Gaussian matrices Ag,5, = G5, + Dp,p,: the

coarse-grained part Gy, has the same variance V"7 for all Gaussian entries G;; and the deviation part Dy,;, takes

care of the dependence of the refined scales ¢ € 7. In the following analysis we only need to consider Gy,5, since Dy, p,
does not shrink the gap.

Proposition V.3.1. The eigenvectors and eigenvalues of IE[[AZG,I;I),;Q]Q@/ZO are
Pl71 + PIjQ, Al - 0

ef®
— ____p _ #Pﬁ Ay = —VTY[Py,] Z’Ya(@) — VI[P, ] Z%(_a’)

P, " TP, "
05, Tt[05,] =0, Ao = -VTr[P;,] > 7a(-®)

05, Tr[05,] =0, A3 =-VTr[Ps,] > 7a(®@)

where V := Vi
We see that the second largest eigenvalue is Ay = —VTr[Py,] Y 7a(—®). The proof is based on a simple Gaussian
calculation.

Fact V.4. For complex Gaussian rectangular matriz do X dy

EG[AdZdl (Xdl)Ajildz} = Z |7’2> <12| . Xi1i1 . E[AHMA:Q“]

11,12

In particular, if all entries share the same variance V, then Eq|Gaya, (Xdl)G:rildQ] =V Ty, [ Xa] Lo,
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Proof of Proposition V.3.1. Consider the coarse-grained G component

1 a a a a
Z2E|: ( )<Gu1u2( )Gygulf {Gu1u2 2% %) V1V1})+ ( )(Gugul( )Gyluzf {Guzul y1y27Xl/2V2}>

a

|

_Z { (P,,ITY[PWXPW]—TY[P,;2]P,;1XP,;1)—|—'y( )(Pszr[PlePul] Tr[Ppl]PazXP@)] (5.13)

where V = E[G};G};] = Vmin s the variance of a Gaussian entry. O

Adding back the deviation D does not shrink the gap (Fact IV.2). Writing out D, the bilinear term AX D vanishes
under the expectation

1 a a a ~ a
Z 2E|: ( ) (DVlyz(X)DUQIjl - {DV1V2DV2V17XV1V1}) +’)/(—OJ) (DU2V1 (X)DV1V2 - 7{DV2V1 1111/27XV2V2}>:|

(5.14)

It is indeed another Lindbladian that generates CPTP maps. Formally, we also see it does have the same stationary
state due to the coefficient (@), i.e., it satisfies detailed balance.

2. Concentration around the expectation

Finished with the expectation, we move on to obtain concentration around the expectation. We want to control
fluctuations of the second eigenvalue Ao through the perturbation theory of eigenvalues. It will be crucial to work with
the inner product

(01,0,), = Tr[0V50,V5], (5.15)

under which E[Lz, 5,], L5, 5, are all self-adjoint.
Formally, to be more careful with norms, we should rewrite superoperator as a linear map on a doubled Hilbert
space. For each term Ly, 5,,

cm,w—Z[”( )<A“ ® AL, — A“ A® Pplf%PL—q@A*“ A*“) 7(;"_’)(919172). (5.16)

2 U2 V1V (A2 e 21 ) ViV T T2l
a

Note that we use the entry-wise conjugate (not to confuse with transpose A* # AT).

Proposition V.4.1. The deviation Lz, 5, := L5, 5, — E[Ls, 5,], with high probability, is at most

||5£1717’72||oo,5- =0 (0171,172 'eﬁ(f/l_h)) ,

where
Crr s 1= Max(E| Ay %) - max (Te[Pyy], TPy, ) v/]aly(—)
and ||| & = H||(2 5)—(2,5) i the operator norm w.r.t. the inner product () g-

The concentration for Gaussian matrices will be useful and see Appendix A for their proofs.

Fact V.5. For G;, G} rectangular matrices with independent complex Gaussian entries,

E(IG)* Za P2,

p

p

Fact V.6. For G;, G} rectangular matrices with independent complex Gaussian entries,

GG,

<E|GGi[, (Y ai)y?
Fact V.7. For rectangular matrices G g,a, with i.i.d compler Gaussian entries, with variance E[G;;G};] = 2
E |G|} < min(dy, d2)E|G|l” < min(dy, do) - (V/max(dr, da)' ¢} + (e2v)")

or Pr (||GH > (e + c3)y/max(dy, dg)) < exp (—6264 min(dl,dg)z), for absolute constants c1,ca,c3,cy4.
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In other words, p can be taken as large as dimension, and they concentrate very sharply. In the end, we should have
a union bound in mind over Poly(n) choices of 7y, 75, which is handled by the much stronger concentration. We will
simplify the notation by dropping the tails and only saying “with high probability”.

Proof. We will take a standard Gaussian decoupling approach [34]. Control the operator norm by the Schatten p-norm,

(E16Ls 5llo0 6)7 < (BN0Ls 5, I 5) 7 (5.17)
= (E ||6‘C‘71=”2 5‘61/1 2 H % (5'18)

where we used convexity conditioned on 6Lz, 5, to introduce an identical copy. Recall for any complex Gaussian matrix
(entries with possibly different variances) can be decoupled with small constant overhead (from triangle inequality)

M+M) (M+M)HY (M+M) (M+M)*

MM —M @ M™ = ® - ® 5.19
V2 V2 V2 V2 (519
=MeM"*+M @ M*. (5.20)
This implies Ly, 5, gives quantum expanders
(]E H(S‘CDLW 6£/V1 V2 p H Z |:eﬁw/2 V1V2 Alv*lavz + Azzlﬁ Aij;avl) (521)
( ) a a *a *Q
9 (AVIVQAZ/2V1 Q@ Py + Py, ® AVIVQALWI) (5.22)
+ ’Y( ) (Aa Ala ® P- + P ® A*a A/*tl ):l p)% (5 23)
2 1214} 1292 ] vz 121%1 148%) .
p
R2e28AETH

—0 (V”W max(Tr[Py, ], Tr[Py,]) /]l 7(@)2) (=0 <

vi,V2

2(E[Ls, 5,
N A2(E[ ]))

where a factor 2 cancels out. The inequality uses concentration for sum (Fact V.5, Fact V. 6) For each term, we
introduce an independent auxiliary matrix that A + D = G with entries E[Re(D)3;] = E[Re(A);] — max;; E[Re(A)7}]
and analogously for the imaginary part. Then the expression with A is now controlled by

E|A1 ® As|) =E|[Ep,G1 ® Ep,Gal) <E[|G: ® G2} (5.24)

and analogously for E || A1 A HZ' Then we reduce to Gaussian spectral norm estimates
E|G® G| <E|G|"-E[|G"|". (5.25)
E|GG'|; < NE|G|” - E|G'|]". (5.26)

Note that p will be large enough (p = 6(min(dy,dz))) to let us drop the dimension N coming from trace. In the last
equality, we compare with the second eigenvalue with the expectation to manifest the form of quantum expander,
up to a polynomial of Boltzmann factors e’227# (due to v(@)/v(—®)) and density ratios R (due to Viuae/Vinin and

Tr[Py,]/Tr[Py;,] ). In other words, the ETH assumption can be replaced by the flips A® giving quantum expanders
(with a Suitable choice of expectation E[Ls, 5,]- ) O

3. Proof of Lemma V.3

We will need simple facts.

Fact V.8 (gap to MLSI (see, e.g., [35, Remark 3.5])). For primitive Lindbladian L,

Agap(£)  _ amrsi(£)
In(le=t)+2 — 2

where o is the unique kernel of L.
This conversion costs a factor of n.

Fact V.9. For Lindbladian L, define
(L®0) [p1 @ pa] := L[p1] @ 0.

Then aprsi(L®0) = anpsi(L).
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Proof.
D(p1 ® p2||ET[p1 @ po]) = Tr [p1 @ p2 (In(p1 ® p2) — In(E'[p1 @ pa]))] (5.27)
= Tr[p1 (In(p1) — n(ET[p1]))]. (5.28)
The first equality simplifies the logarithm by In(p; @ p2) = In(p1) @ In(p2). Similarly,
Tr[(£ & 0)*[p1 & pa] (In(p1 & p2) — E'[p1 & pal)] = Tr[L¥[p1] (In(p1) — E'[p1])] (5.29)
which concludes the proof. O

Proof of Lemma V.3. Recall we decomposed into expectation and deviation

‘2:517172 = IE[LAD,Elﬁz] + (‘CA917172 - E[‘éﬂhﬁz}) (530)
= E[‘écﬂﬁ,ﬁz] + (["1717172 - E[ﬁf/lﬁz]) + E[["D7171,l72] (531)
We may drop E[Lp 5,.5,] as it only increase the gap. By gap stability (Fact VIL.3),

Agap(Lin 5, Qur=0) = Agap(ElL e 1,5, Qar=0]) = |1£01,50 — E[Lo, 0, Qur=olll o » (5.32)

—Q(l | Vi min (Tr[ Py, |, Tr[Py,]) y(—@)(1 O(RQQMETH))> (5.33)

= al| Vi, 5, min (1r| 5, |, 1T, |) y(—w \/m .
lalzg  , o R2eBAeTH

=0 —=|fs —w)- (1 - O0(———— 5.34
( i | fal™ v (=@) - ( ( Tal ) (5.34)

In the last line we get a factor of density ratio R due to V™ min (Tr[Py, ], Tr[Py,]). This means that it suffices to
choose the number of interaction terms

la| = Q(R*e*PAETH) (5.35)

to guarantee the deviation (Proposition V.4.1) does not close the gap from the expectation E[Lq 5, 5,]. We convert to
MLSI constant (Fact V.8) by a factor of 1/1In(|je=!||) = O(n + BAgrH), which concludes the proof by Fact V.9. [

B. Local to Global

Now, we have just obtained convergence for L, 5, to a “local” Gibbs state

tli}l’glo eﬁﬂl’gzt[Q@/ZOX] = El71,l72 [Q@/:OX] = Tr[apl’sz}(Pp2 + Ppl) + Z P,;XPD, (536)
UH#DL, U2
Pty Pyt
Ovy,ip *= Tr[PDl]eiﬁpl + TI’[P;A@*B% .

(5.37)

To show global convergence, recall approximate tensorization (Fact IV.1) and let

o* .= % Z H E1717172 + H El71,172 Q@’:Oa (538)

0<w<AgrH \(1,72)ES(®) (D1,02)€S" (@)

where m := 2L%j is the appropriate normalization, and for each @, we regroup the terms Ej, 5, (with the same
difference @) into two sets S(w) and S'(@). Within S(@), we demand terms Ej, 5, to act on disjoint sets

V(iy,10) # (v, 75) € S(), {1, 2} N{Dy, U5} =0, (5.39)

and similarly for S’(@). This can be assigned greedily (Figure 7); the specific choice does not change the subsequent
proofs (up to absolute constants).

Lemma V.10. In the block-diagonal sector &' = 0,

b= (max (T - 1+ 1)

guarantees completely positive order (1 — €)Egiopar < (@) < (1+ €)Egiobal, where

Eglobal[X} = TI”[&X]I
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Figure 7. Partition (For each @) of local conditional expectations Egp, 5, into two groups S(@), S’(®) such that within each
group, none of them overlaps.

is the conditional expectation w.r.t the rounded global Gibbs state, and Arw is the gap of the classical Markov chain
associated with ®*. This implies

m
QMLST E E Lo,.5,Qar=0 | > Q min _ amrsr (L£o,.5,Qar=0) | ,
k 0<or-pa<a

0<w<Agryg V1—V2=W®

with m := 2[AETHJ.

Vo
We will see the map ®* is very much a classical random walk (with a minor technical difference), whose mixing rate
(in terms of the second eigenvalue) determines k.

Proof. Decompose the input operator into Qg —o[X] = >, C5P; + Op. The action on ) C;P; is equivalent to a
classical Markov chain.

@*[PD]:% S BeaslPl+ Y EesolP ). (5.40)

0<w<AgrH 0<w<AgprH

where when Py exceeds the boundary of the spectrum, we conveniently use the same notation Ep, g 5 for the identity
map. Taking iterations, the input contracts towards the leading eigenvector

Py, I)
(I,I),
global 17 + Z CD’PD’7 (542)

O Py = S22 T+ R [P (5.41)

with a guaranteed rate due to gap (w.r.t to \/(-,-),
/Tr[o Z Tr[op]c2, (5.43)

(1= Apw)* (5.44)

On the other hand, the action on the traceless parts Zﬁ ¢z Oy is simply

®*[0y] = {0 if both U 4 @, 7 — @ are valid (5.45)

else.

To establish completely positive order, it suffices to show for inputs being a positive operator Kpg ; acting on the
subspace P; tensored with arbitrary ancilla B.

**[Kp,] = 9*[Kp © P, + Op ;] (5.46)
=Kp® ) (Tr[op] + o) Py + ©*[0p,5), (5.47)
where we evaluate Ex[P;] = Y, Tr[o:/]P;. To establish completely positive order'?, it suffices to show for every
/7é 7
1
leor| < €Tr[os], ok + |es| < €Tr[os], (5.48)

15 For the second equation, we use that @*k[OB,p] x Op,; and the generalized depolarizing channel is completely positive.
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which is possible by demanding
1
k=0 (m@x In(Tr[op])] - (1 + )> . (5.49)
v ARW

We have dropped the log(e) dependence since € only needs to be a constant (¢2 < 2In(2) — 1); the decay due to 3¢ is
absorbed into (+).

1. Calculations for the random walk gap Arw

Given any Gibbs distribution, the gap Arw of the classical random walk can be obtained via classical conductance
estimates. We will calculate for Gibbs distribution satisfying Assumption IV.2, which includes Gaussians with variance
Aspec-

Proposition V.10.1. For Gibbs distribution satisfying Assumption IV.2 with the characteristic scale A?

spec

Asz‘TH e 2BAETH
N = Q ( - ) .
spec

Intuitively, the Markov chain is a 1d random walk with a characteristic scale being the ratio between the width of
distribution 8(Agpec) and the hop (Agry). See Appendix B1 for the conductance calculation.

C. Off-block-diagonal Inputs

We now show the off-block-diagonal block gives quantum expanders. The off-block-diagonal inputs > Pyi5 X Py =:
Q5[ X] has a very much similar story, with the distinction that its local leading eigenvalues are negative. We do not
need a sophisticated local-to-global estimate. We will see that the off-block-diagonal sectors contract (decohere) faster
than the random walk in the diagonal block.

»Cw[ZXD,Der’]: Z »6171172,@’

U] —Uo=®
’7(‘1}) a a 1 a a 1 a a
= E E [ 2 A171172XA172+(D’,171+<D’ - §A171172A172171X171,z71+®’ - §X171,171+<D’A171+a/7172+<:ﬂA172+w',171+@'
V1 —Ue=w a

+(w— -, < u2)] (5.50)

Lemma V.11. For each @', 0 < & < Agrg, with high probability,

1 ApTH 9
U D SED SRy T ) A ETCR I

0<w<AprH V1—V2=®
We obtain bounds for the expectation and deviation, with analogous proofs as in Proposition V.3.1, Proposition V.4.1.

Proposition V.11.1. The expected Lindbladian E[Ly 5, o], acting on X, 150 + X, 0140 has two clusters of
etgenvalue

alv(—w .
) (i (B Vi s TP o)) < A(PE[Lsy5,]P2) < (min 6 maa)
_‘a|'7(w) (VmaxTr[P_ ]+ max TI“[P— _ ]) < )\(P E[,C— _ ]P ) < ( in <> )
4 1,02 V2 v+’ Ua+w’ Uotw’ = 2 g d2) > min max),
where superoperator P;[-] = Py, [-| Py, +o are the corresponding projectors.
Note that the cross term A7 ; X A7 ., .. vanishes in expectation, which is why the leading eigenvalue is

negative.

Proposition V.11.2. The deviation 6L := (Lp,5,.5° — E[Ls,5,.a']) 15, with high probability, at most

R2ePAETH
Vel

Where ¢z, 5, is defined in (5.17). The inequality is arithmetic-geometric as well as estimates due to density variations
and Boltzmann factors. We now prove Lemma V.11.

16£]| o6 = O (Ve .02 Cn 157 it - €7°) <O < )\max(]Eﬁ)>

Proof. For each Lz, 5, &, repeat the proof of Lemma V.3. For each w, summing over 7; yields an operator with global

maximal eigenvalue at most as large as (5.51). Note that V"9 Tr[ Py, | S R fa|? 7 is only dependent on the Bohr
frequency 73 — s = @. Sum over @ and pass to an integral to obtain the advertised result. O
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D. Proof of Theorem V.1

Proof. We obtain the global MLST constant via local gap estimates (Lemma V.3) and approximate tensorization (
Lemma V.10 )

Qdiag = (L0 Qzr—0) = (D 0 Qgr—0) > A(D<apry © Qur—o) =

min aY (651,52)) (5.53)

>« ( Ls, s, © Qar=0 (5.52)

A . |a| Aprh min0<@§AETH 7(7(:)) |f:21|2
(n+BlIHs|)(n+ BApTH) ’

where we plug in the parameters

m=2 A’fTHJ, (5.54)

20
k=Q (mfxﬂn(’ﬁ[a DI (1+ )\;W)> , (5.55)
(L, 5, © Qur=0) > ('25{; HEAL(T_H&;)> . (5.56)

We also need enough flips to ensure the deviation is smaller than the expectation
la| = Q(R*e2PAETH), (5.57)

For the off-block-diagonal, the rate is much faster (Lemma V.11)

la| AprH 2
= - hie,w | 2 —_— z . :
dri= s | 55 tamer | 20 (G i (a1 (559
0<w<AgpTH V1 —V2=W@
Putting everything together,
al _ Ft _ al
e st ol o
1
< exp(—QdiagT) - vV 2In(||[e71]]) + exp(—XopsT) - HUH . (5.60)

oo

The second inequality uses standard conversions between norms (4.5), (7.61) for the first and second term. This means
for e precision, it suffices to evolve for time 7.

= (100170 (o + 5 B ) ) ensres o)~ o < (5:61)

Adiag )\off 1

where Q absorbs logarithmic dependence on n, 3, || H. s||- This is the advertised result. O

E. Comments on Non-diagonal 4, (@).

We have focused on Lindbladian with diagonal v44(@) = dapYaa(@). For other Lindbladians where 7,5 # dabYab, OUr
proof strategy can be adapted with a quick tranformation. For each @, perform a basis tranformation to diagonalize
Yab = Uaa/D 100t Uprp. (Note 7y,p is positive-semi-definite.) Then

Z%bGl ® Gy = Z Doy Sy Upy G @ Gy

ab a’b’ab

= ZD 1 0q ’b’ Z aa’ ® (Z Ubb’Gb) dist ZDG’G'GL’ R Gy (562)
b a’

a’b’
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in the last line recall that unitary preserves i.i.d Gaussian vectors Uy g, ~ gp. This means we only need to replace

Zva = [lv(@)ll (5.63)

1> @) = Iy (@)l (5.64)

since 2-norm and 1-norm are preserved by the transformation. For the concentration argument (Section V A), all we
require for the bath is that for any constant (more precisely any fixed but potential large constant)

I @)lly
G > Const (5.65)

is possible for large enough number of interaction terms |al.

F. Resource estimates

If we plug in explicit parameters and set

1
AprH = 9(@)
Asper' = 0(\/5)
[Hsl|| = 0(n)
Jmin |fol” = 0(n)
1 _ 3
5 (=00

Then by Theorem V.1, to be e-close to the fixed point, it suffices to run for effective time

=Q (In(1/e)n*(1 + B3)). (5.66)
and also the resources (Theorem III.1)
2 2 22 2
1
T B o € ) (bath refreshes)
ALy €
2 2 22 2
1
t=16( |C;| T )=10 <n (1+5) <B + a1+ B))) (physical runtime)
AT 1o € €
~ al? 8 2
ng :0(@) =0 <n(1+ﬂ) (5+n11(1+5)> > (size of bath)
v € €
i =40 (ﬂ laf 7 + AETH) (resolution of Davies’ generator).
o AprH |al

Importantly, we see all resource requirements are polynomial.

G. Comments on Optimality

Our convergence results, although depend polynomially in all relevant parameters, honestly speaking, seems awkwardly
slow. To find the causes, it is instructive to compare our Lindbladian results (Theorem 1.2) with the 1d commuting
cases [11]. For a fair comparision, we fix the environment so that 7,,(@) is independent of the subsystem size,
Yab(@) = O(1) for w < O(1). For our Lindbladians at finite resolution, set the same v4,(w), the characteristic scale of
Gibbs state to be A2 . = 0(n), and the flips to be all single site operators |a| = 0(n)),

spec

Al (n+B|Hs|)n
Abra af fy " y(~w) | ful* dw

Tcomm = O(IOg(n)) V.S. TETH = log(l/ﬁ) (567)

The classical random walk gap and transition rates are arguably the best we can hope for, and it is the presumed
parameters of ETH (Agry, fs) that slow us down; the part of the proof that may be improved is the conversion
between norms (n + S| Hg||)n.
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In other words, if we hope our Lindbladian to be as nearly good as the commuting cases, we need (I) a version'®

of ETH that A%,y = O(1) and the transition rate f, has most weight supported in w = +O(1), and (II) better
conversions between norms and notions of mixing.

1. Resource costs

In addition to thermalization at the effective time 7, the implementation of Davies’s generator (Theorem III.1)
uses physical resources (5.67) that scales quadratically with effective time 72. This is rooted in the weak-coupling
approximation (Lemma II1.3) and the secular approximation (Lemma I11.4) that are only provably accurate to the
leading order. It is possible that the finitely-resolved Davies’ generator can be implemented at a lower resource cost via
weak-coupling or other methods(e.g., [24]), but it is not apparent from the current proof strategy. The bath size ~ 73
is a potentially loose bound.

VI. QUANTUM METROPOLIS SAMPLING
A. Warmup: Perfect Energy Resolution

If we (unrealistically) assume phase estimation with infinite resolution and the energy spectrum has no degeneracy,
Quantum Metropolis iterates the following [3].

e (Step 1) measure the energy via phase estimation
%) [0} 10) [0) = [tv, ) [v1) |0} [0) - (6.1)

e (Step 2) (randomly) apply an operator A (a “flip”)
[ua) [12) 10)10) = D Avawy [0s) [11)10) 0) - (6.2)

2
e (Step 3) estimate the energy, but keep it coherent

> Avyon [W0,) 1) 10)10) =Y~ Avy, [0,) [v1) [12) [0 (6.3)

v2 V2

To implement the Metropolis weight, apply the following rotation at the 1-bit register
Vv 1- \ : —B(va—v
[ \/fT{QI —\/%] . f21 := min(1,e P27y, (6.4)

Then, the state entangles with the 1-bit register

S Vot A W) 112) 192 1) + 37 /T= Jor Aasn [} 1) [12) [0) (6.5)

Now, measure the 1-bit register:
(3-A) If we obtain outcome “1”; this is the acceptance instance. This happens with probability weighted by the
desired Metropolis factor

vavy

Pr(vy — 1n) = Zp(a) |A |2 -min(1, e A1), (6.6)

(3-R) If we obtain outcome “0”, this triggers a rejection procedure that attempts to return a state with energy ;.
(This may fail to happen, see below (6.25).) Lastly, after either (3-A) or (3-R), initialize the energy registers and go to

(StP?(I))rrln)z.xlly, the CPTP map with perfect QPE can be written as the sum of acceptance and rejection moves
N:=A+R, (6.7)
Alpl =)y p(a)P,, - A" (P, pP,,) A*! - P,, - min(1,e”7027) (6.8)
vov1 a
Rlp]:=> P,pP, (1 - Tr[A[P]]), (6.9)

16 Note that when A gy becomes o(1), ePAETH grows with inverse temperature 8, but remains a constant in the thermodynamic limit.
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) 1
a(E,0)4 (] Yamp(E, V) ¢
Yo . ~7TF U ramp)
9 v — 5 ~ e eme) e pam,
=SVA\ /\]/\ 2 T
1% 1%
\ E(\¢>>U E(1Y))

Figure 8. Phase estimation profile at finite times. Fundamentally, the resolution must be inverse runtime. On the left is the
original QPE profile. On the right, we improve the 1/(7) tail by rounds rem, of amplification so that the outcome lies at either
of two registers, with high probability 1 — e~ Mramp),

and it essentially becomes a classical Markov chain with transition rates (6.6). Markov chains have standard gap
estimates (e.g., conductance), and the Metropolis weight min(1,e~#(*2=1)) guarantees detailed balance and hence the
fixed point being the Gibbs state. A natural choice for p(a) is the uniform distribution

p(a) = T (6.10)

B. Explicit CPTN Map with Realistic Phase Estimation

However, phase estimation has a finite resolution inversely proportional to the run time 1/¢tgpg. The acceptance
instance then compiles to

Alp] :

Z Zp(a) ZS,’;;’ -A° (Sf;?psglq) Aot Sgg .min(l,e—ﬁ(172—l71))

Ual1 a upq

= ZA172171 [p] (6'11)

o1
Roughly speaking, 55? Hng corresponds to obtaining energy measurement outcome ;. More carefully,
Sy? = MyTME, (6.12)
ML= a(Ei, 7 — i) 1) (3l (6.13)
i
where «(F, D) is some phase estimation profile (Figure 8). The scripts le,_‘ label the measurement value in ancillary

register which was traced out in (6.11) by summing over u,p,q. In other words, the full control unitary of a phase
estimation subroutine, acting on the input state p and the ancillae, would be

® ::ZZM#@@ (il . (6.14)

In the baby version of QPE, a(E, 7) spreads all across the register with a (7 — E)~! decay. An amplified version [43]
can restrict the outcome to be supported on only 2 energy registers (but cannot be fewer!), with a small chance of
failure pamp

Pamp = eig(rl”"p). (615)

To be self-contained, we include the full circuit description of the total Complete Positive Trace Non-increasing
(CPTN) map N := A+ R

Alp] = 3 p(@)Trane [L9Q Elp @ [0) (0], (6.16)

> B (Z QF;”I%) Q6 Elp @ 0) (0],,] (6.17)
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where the hatted operators denote acting by conjugation, e.g., f/[] := L[-]L".
QW =" AMETME A @ |5y) (1] ® |p1) (pa] ® RE (91, 7), (6.18)
U2,
Py= Y METME @ |0) (51| ® pr) (pa] @ T, (6.19)
Do #£U1
Pi= > MLTME @ o) (1| ® [pr) (pa] @ T, (6.20)
Vo=U1
where
RS(Dl, 172) L= ‘/VV]L(Z717 172) |$> <S‘ W(l71, I72), (621)
W)= VB B e ming e, (622
21 —Vv1l—Ja

And the edge cases

E=Y % MM onon) o) plel (6.23)

U2,V1 p2,P1

L= Y METMPEA®|0) (1] ® [p1) (pa] © W (o1, ). (6.24)

Uz,U1 P2,P1

For our purposes, we will only need the form (6.11) for the acceptance instance. For the rejection step, we keep the
abstract form of the rejection instances (6.17) as we will never need it explicitly. Intuitively, if we expand by its first
measurement, value oy

R=> Ry, (6.25)

the rejection map Ry, succeeds when the same measurement value 5 = 7y is obtained (via iterating certain complicated
circuit ) an)ﬁo). If this do not happen within some number of rounds 7,.;, we abort (which makes the Metropolis

map A' CPTN instead of CPTP). The probability p,.; of such a failure event depends on the circuit ) an)f% (which
depends on the Hamiltonian Hg). A crude unconditional bound [3, Sec. 3.1] is

1
DPrej = O(

) (6.26)

Trej

whereas we may expect pre; ~ e~(rres) in practice, but this is hard to show.

The main technical challenge lies in realistic phase estimation: (1) the Metropolis weights (and hence detailed balance)
is only approximate and (2) the diagonal blocks (i.e., with similar energies) remain coherent since measurements only
distinguish energies far apart.

C. Approximate Detailed Balance.

Our first step towards proving convergence is to make sense of approrimate detailed balance. The exact detailed
balance takes a few equivalent forms.

Definition VI.1 (Detailed balance). For a normalized state o > 0, we say a self-map E satisfies o-detailed balance
whenever the equivalent conditions hold

e £ly7 - V3] = VeIV,
o oAl g/ a7/ is self-adjoint w.r.t to trace (i.e. H.S. norm),

o £ is self-adjoint w.r.t the o~ ' -weighted inner product
Trlp} = pr—] = {1, p2) s » (6.27)
Vo Tio 7

e £ is self-adjoint w.r.t the o-weighted inner product

Tr[01 /o 0sv/a] =: (01,0,)., . (6.28)
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The interpretation of self-adjointness w.r.t to the weighted norms will be vital in our proofs. Also:
Fact VI.2. If £ preserves trace and satisfies o-detailed balance, E[o] = o.

However, we must allow perturbations from the exact cases above and quantify how they impact the performance:
(1) Imperfect QPE means that the Metropolis weights will not be exact, and the channel will have a non-trivial

anti-self-adjoint component, w.r.t the inner product (-,-)_ .

1 1 1 1 1 1

= T— . — z — f— . — 6.29

% 2(N+\/EN[\/E \/E]\/E>+2(N VNl ﬁ]ﬁ> (6.29)
= Nuo+Nago. (6.30)

(2) NV is only approximately trace-preserving. The rejection instances must stop at some r,; and come with a failure

probability prqii; the phase estimation step, amplified 74, times, has a small failure probability e Urere),

In the following, we quantify an appropriate notion of “approximate” detailed balance and obtain a bound for the
Metropolis CP map N .17

Proposition VI.2.1 (Approximate detailed balance). The Metropolis CP map N satisfies approzimate o-detailed
balance:

[NVa,o

|1 < O(Brrejin) == €pB
where r,.c; is the number of rejection iteration.

Right now, it controls how well the fixed point approximates the Gibbs state. (Later, we will need it again for the
convergence (7.11).) Observe

[N[e]—alli <ol [Naolli-1 < epp. (6.31)
We first show the fixed point approximates the Gibbs state assuming CPTP.
Fact VI.3 ([3, Sec 4.3]). Consider a CPTP map & such that ||E[o] — o||; < epp, then

Ha'fm(g) — O'Hl S 20 - €EDB

whenever
I — poll, 1
m(g) = sup 121722 1
' P1,P2 le - p2||1 2
Proof.
lofia(€) =l = [IE%]0] — ol (6.32)
< ||€°°[0'] — EZ[U]HI + ||<5'e[o'] - a’Hl (6.33)
<m-llofia(&) —oll, + - [Ele] = o], (6.34)
and rearrange to conclude the proof. O

When the map is not trace-preserving, we have to tweak the argument.

Proposition VI.3.1. Consider a CP trace-non-increasing map N : N1[I] < I with leading eigenstate
Nlofiz] = Nofiz, 1>X>0, o >0.
Suppose |No] —ol|, < epp, then
2m
lofic — o, < W'(EDB+17)\), (6.35)

whenever

m Ny
771(<N> ) := sup H(/\) e P2]H1 < (6.36)

1
A p1.p2 lp1 — p2ll; 2

17 The related discussion in [3, eq.48, Sec 4.3] has an incomplete proof. Their derivation of |E[o] — a1 < € seems to assume an error
independent of the matrix entries. The content of our Proposition VI.2.1 is to quantify a notion of approximate detailed balance such
that (1) the Gibbs state will be approximately fixed and (2) it does not threaten the convergence.
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The bound is only helpful when A™ is close to 1.

Proof. We first note that the leading eigenstate of a CP map is always positive, with a non-negative eigenvalue. We

calculate
fosis =l = () tol -0 (637
) (el ) o) 03
<ol ol + (i (A)M/) N -l =Nl (639
and rearrange to conclude the proof. 0

For the above proof, approximate detailed balance in superoperator norm (Proposition VI.2.1) is stronger than we
need, but it will be crucial to obtain convergence (i.e., obtaining the value of m). To show Proposition VI.2.1, we need
the following symmetry of the Metropolis (which resembles the detailed balance condition).

Fact VI.4 (|3, Sec. 4.3]). Ry, = R;, A,];z,;le_ﬂﬂl = Ap,ppe P72,

Fact VI.5 (Polarization identity).

s=+1,+i

Proof. Summing over s selects out the ss* component, and other powers of s vanish. Or, explicitly, expand

(A+B"[](A"+ B) — (A - B")[|(A" — B) = 2(Bf[|AT + A[]|B) (6.40)
(A+iBN)[(AT —iB) — (A —iB")[](A" +iB) = 2i(Bf[]AT — A[|B) (6.41)
and rearrange to conclude the proof. O

We now prove approximate detailed balance (Proposition VI.2.1).

Proof of Proposition VI.2.1. Observe that near energy v, o is proportional to identity

e P

Pyyr,oPpy, = m

P, ,(1+0H)P;1,, |0H| =0O(Sw) (6.42)

up to the multiplicative error |0 H|| being roughly the width w of energy. We begin with decomposing into the
acceptance and rejection CP maps N' =37, Ay, + >, Ro.

(I)For each R; (6.25), we insert local energy projectors
RD['] =Por ,Ro [PE:I:DO : PD:tDO]PD:tuM w = O(Trejﬂo)- (6-43)

Roughly speaking, R, makes r,..; attempts to reject, each of which introduces an 7y error that may accumulate [3,
Sec. 4.3|. Technically, we have to collect nearby R; (per energy w) into bins Ry := Z(k—l)w<9§kw Ry. Then by
inserting projectors and noting that o is diagonal in the energy basis

Rel] — \FRT[ ]\F Ril] — (14 0Hy) Ry |(1+0Hy) - (14 0H,) | (1 + 6Hy), (6.44)

Vo Vo

where ||0H||, |0 Hz|| = O(Bw). This is looking great because the leading order (with no § H;) cancels; for each term
ARy[B - C|D with at least one 0 H;, expand into a sum over CP maps (Fact VI.5)

ARy[B-C]D ZSS MADkS/ORk:OMBCkSH (6.45)

s’ sS
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Then (after triangle inequalities), we use that for CP maps [|€]|,_; = [|€T[7]

I

S Rald - VaR] | o] Al SX 3 I Mo RIMA o (6.46)
k s',s A,B,C,D k )
Z > max [ M g RIME b (6.47)
s’,s A,B,C,D
< O(Bryejtn)- (6.48)

The second inequality is that the range of Ry overlap with at most O(1) other Ry, therefore the spectral norm of the
sum can be estimated by the maximum. The last line uses that MA s Il <O(IA[? + | D|?) - I (and similarly for

MB,CJ“S), and that RL[ | < I since Ry, is a CP, trace-non-increasing map.
(IT)Similarly, for each Az, 5, , we insert local energy projectors and expand o near 7, and 7,

LN
Vo o
for fluctuation of order ||[6H{ ||, ||0.HS|| = O(Bvp) (which is smaller than that of the rejection). The Boltzmann factors

from o approximately cancel due to Fact VI.4. Therefore,
pairing up Ap,5, with Ail,,z,

> Av, — [;E : \/15] Vo

VoAl [ ] V& = (14 GH}) Ay, [(1+ 6HS) - (14 SHL)] (14 5H) (6.49)

DODEDY

1—1 S/,S A,B,C,D

ZMBCul GZAVQVl ADVQQ[I]

vy

U1,U2

Z Z max MBCV1, Z‘Aﬂzlll ADVQ, [I]
s’,s A,B,C,D 0o
<> > Oo(AP+|D|? ) max M 0., QZAVM
s’,s A,B,C,D o
< O(Bw). (6.50)

The second inequality is that for spectral norm it suffices to bound the max over disjoint blocks ;. The last inequality
uses that A is trace-non-increasing. We conclude the proof by combining the anti-self-adjoint calculations from R
and A, which are dominated by the former. Note that we did not need the failure probability in the proof but only
CPTN. O

VII. MAIN RESULT III: ETH IMPLIES FAST CONVERGENCE OF QUANTUM METROPOLIS

We now state the main result for Metropolis Sampling.

Theorem VII.1 (ETH implies convergence of Metropolis). For a truncated Hamiltonian Hg with a well-defined
density of states (up to the truncation point), assume its relative ratio of the density of states is R for the energy
difference Agry. Assume each flip A® for energy differences below Agryg is an i.i.d sample from the ETH ansatz.
Then with high probability (w.r.t to the randomness of ETH), running Metropolis sampling for { rounds ensures the
output is close to the Gibb state.

|16~ o], <. (1)
with
(=0 | ReTH R (/e +n+ S|Hs| (Rounds) (7.2)
ARW Apry ming<a ey |fol
R4
la| = Q ()\ZewAETH) (choices of filps) (7.3)
RW
Tamp = Q(ln(g)) (iterations of amplification) (7.4)
€
1 Urpe 1 .
tope =0(—) = (ﬁ [rej +(B+ f (run time per QPE). (7.5)
7 € AgrH  ARW
14

Trej = Q(E) (iterations of rejection), (7.6)
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and Arw 1is the gap of a 1d classical random walk with charaterisitic step size ~ Agry on the spectrum weighted by
the Gibbs state. The total time elapsed is the product

(7.7)

Blryej 1 R ?
prrey — e In(=)) .
. +(ﬂ+AETH)ARWT j n(e)

telapse = tQPErrejram,pé =0 ((

We keep the variable 7,.; as in practice 7,..; = Q(In(£)) may suffice, but we include the unconditional bound as well.
Contrasting with Davies’ generator, the CP maps are less structured, and hence we use a large number of flips |a| to
ensure local fluctuation does not close the global random walk gap. For the random walk gap, we have analog results
(with a slightly different transition rate)

Proposition VIIL.1.1. If the density of Gibbs state satisfies assumptions in Section IVB2 (e.g., a Gaussian with

- —2B8A 132
variance Agpec), then Agw = Q(GR# prin),

spec

See Section IV B for ETH, the assumptions on the density of states, and the Gibbs state density for gap calculation.
See Section VIIE for a resource estimate.

A. Proof Outline

It is instructive to highlight the technical obstacles; our proof is structured to cure them and may hence appear
ad-hoc.

1. Convergence with approximate detailed balance

Unlike Davies’ generator, the Metropolis CP map does not satisfy exact detailed balance. Formally, if we decompose
the Metropolis CPTN map into the self-adjoint and anti-self-adjoint parts, w.r.t to the inner product (-, -)

o1

1 1

_1 1 Vol PR =) BERE N VO~ Vo R S S
N = (W4 VaNT o 2IVG )+ 5 (W= Vol —21va) (78)
= ./V'H,a- + ./\/',47,,7 (7.9)

then the anti-self-adjoint component N4 := N4, will be non-trivial. Our remedy, as advertised, is the notion of
approximate detailed balance that quantifies it in an appropriate norm ||[Na|1-1 < epp. It allows us to study the
convergence (in trace distance) via that of the self-adjoint component Ny := Ny »

Ntp: —
mN*) = sup —H o1 pz]“l (7.10)
P1,P2 ||P1 _p2H1
[N pL — P2l
< sup ———————— + £+ [Wall,_, - (7.11)
P1,P2 o1 — P2||1 .

In other words, to show convergence we would need /- epp < 1. Now, since Ny is self-adjoint w.r.t o, we further
reduce to a gap calculation.

Proposition VII.1.2. For any CP-trace-non-increasing map N, suppose |[Nall,_; < epp,

[Vile1 = p2]ll,

1
<\, NH)-HH L0t ep).
P1,P2 ||P1 - p2H1 2( o ( )

oo

See Section VIID1 for the proof. The second term is roughly due to Nz being not trace-preserving, and it may
enlarge the trace by (1 + [[Nall;_;)-

2. The gap of the trace-non-increasing CP map

Now, the problem is: how to bound the gap of (the self-adjoint component of) a CP, trace-non-increasing map
N :=R + A? Even worse, the RMT prescription of ETH only helps for nearby energy transitions in A; we have no
control over most of the terms in A and the rejection step R. In general, the analysis of CP maps has little literature
to draw from, but we manage to bound the gap given partial knowledge of the summands.



43

Proposition VII.1.3. For any CP trace-non-increasing map N = N1 + Na, the gap of the o-self-adjoint component
can be controlled by the CP summands

Ao (Ni) < Ao(Ni i) + (1— min Tr[A; [g] ) HN;A H

Tr[p]=1
where subscripts o are omitted (e.g., Nu = Nu o).

In other words, to obtain the second eigenvalue of the total map, it suffices if we can find some N7 with estimates on
(1) the second eigenvalue of the self-adjoint component N g and (2) the trace Tr[N;[p]] for any input p. Also, we
should make sure (3) the anti-self-adjoint component N5 4 does not shrink the gap.

For our purposes, we take N7 to be the transitions where RMT is valid, but weighted by some factor 0 < p(7;) < 1

Ny = > (1) Ay, (7.12)
|01 —=D2| <ApTH—200

Ny = > (1= p(in)) Avyp, + > p(1) Ay, + R. (7.13)
|71 —D2| <A pTH—200 |01 —=D2|>ApTH—200

Indeed, decompose into the expectation and the deviation (and similarly for the self-adjoint component N7 g)
N1:(N1—EN1)+EN1, (7.14)

then we can estimate (1) the second eigenvalue via that of the expected map (which is classical) and a bound on the
deviation. For (2), we can directly calculate the trace of the expected map as a function of input energy 7;, and we
choose p(71) accordingly so that each input 77 has roughly the same trace.

B. Local Properties

It is instructive to first calculate the individual terms in acceptance moves A. For measured energies before and after
the flips,

sz/1) Z |a| Z[ SUP . A@ (SPO SOq) Aet. Squ min(1, e —B(v2— u1)) + (,72 o 171)} (7.15)
_ Z |a| Z |: Pl/zAa 1 (SPOpSOq) P, AaTP Sq min(l,e’ﬂ(fmfﬂl)) + (172 PN l_/l)] (716)

where subscript (7271) denotes the symmetry. We inserted projectors Py, = Pjy,15,, which tolerate +1y rounding
errors, to focus on the relevant submatrix Py, A*P;,. Under ETH, for nearby energies |7s — 1| < Agrp, the entries
are model by Gaussian but with slightly different variances. For i € 05, j € 0y,

Vinin, (0201) = min(E|A;;[*) < E|Ay|* < max(E|A;;[*) = V5%, (7.17)

V2V1)

and we treat (V("”" — Wl))/V’m” = O(1).

Dal) (D201) ™

1. The expectation

The expectation evaluates to (Fact V.4)

Edwalel = Y. D0 |2 Iva) (val SE' - (1] SE PSP 1) - E[| A, ) - min(1, e =72~ + (7 5 71) |
V1 €01,v2E€D2 UPq
(7.18)
In other words, expectation over ETH ensemble EA(-) AT yields a classical map for transitions between diagonal entries.

Note the Kraus operators from phase-estimation preserves energy eigenstates S;7 [v) o |v).

2. Concentration

Proposition VII.1.4. With high probability,

Bl 172 0AX(T [Py, ], Tr [Py, ) Vinag, (5251)
H-A(172171) - EA(D?DI)HOQU*I =0 (e Bloa—w1]/2 2 ) e

lal
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Proof. Again, by decoupling as in Proposition V.4.1,

(EHA(172171) _EA(172171)HZ<>70"1)1/I) < (EHA(szl) - /(’72’71) po’—l)l/p
p

1 o

<2E|3 o> (SLP - Po APy, (SELISY) Py, A TPy, - S5 min(1,e P2 7) 4 (o o) ||| )
a upq p,o-fl
1 p
<o)-E|> — [PﬁzAaPﬁl[.]Pﬁl APy, min(1,e 7 7)) 4 (7y <5 pl)} )L/p (7.19)
— |al o

_ —B|a—p |maX(Tr[P,;2],Tr[Pf, DVinax (D201) R?

< (1 + O(ﬁy())) ‘O le v ’ ~ 7>\maI(EA(l72f/1)) . (720)
Vlal Vlal

The second inequality decouples with a price of a factor of 2. The third inequality is that the post selected measure-
ments (6.13) has operator norm < 1, we are summing over O(1) indices u, p,q. In last inequality we used convexity to
throw in D such that Gyp,5, = Ap,s, + Dp,p, has uniform variance max(E|Ay|?) =: Vinaa, (950,), and then Gaussian
calculations (Fact V.5 and Fact V.7). Note that the Metropolis factors become roughly equal in the norm ||-|| -1, with
a subleading O(B1y) error (which we drop in the Proposition) due to imperfect phase estimation. Lastly, to emphasize
the quantum expander nature, we heuristically compare with the eigenvalue of the expected map, which we do not give
a concrete estimate due to the annoying rounding issue from S. This is the advertised result. O

C. The Global Gap of the Self-adjoint Component Np.

We first prove Proposition VII.1.3.

Proposition (recap). For a CP trace-non-increasing map N = Ni + Na, the gap of the self-adjoint component can be
controlled by the summands

Xe(Ner) < ANy ) + (1 - min Tr| 1[p]]) + HNJ,A[I]HOO

Tr[p]=1
where subscripts o are omitted (e.g., Nu = Nu o).

Note that HN;,A[I] H < epp can be obtained from the identical proof of Proposition VI.2.1. The proof uses the

following.

Fact VIL.2 (Russo,Dye). For CP self-map N, the spectral radius is bounded by
VA, AW < VT -
Fact VIL.3 (Bauer-Fike). For Hermitian matriz H perturbed by arbitary (non-Hermitian) operator O,
o\ (H) < O]

Proof. We start by removing the o-anti-self-adjoint component by Bauer—Fike theorem. Note eigenvalues are independent
of basis, or one may also perform a similarity transformation Nz — o'/4(Ny[o='/* . e~ 1/4))a!/.

AeWNa) < XAo(Nm) + Ai(Nor). (7.21)

We can massage the second term, which is self-adjoint, by
A (Nem) < N2 1 o (7.22)
< in]+ ] aan

The second is Fact VIL.2, and note the dagger (-)! is w.r.t to trace. The last is the triangle inequality. We conclude the
proof by Ny = N — N7 and N is trace-non-increasing. O

1. The choice of p(i)

First, let us gain some intuition by calculating the total transition rate for each 1, |v1)
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Proposition VII.3.1 (Probability of acceptance into the ETH window).

R
3 Tr [EAsy, [[1) (1]]] = (14 OB R + ——— + pamyp) | - Pr(vs = 1) - r(in),
o _ AprH
U2:|U1 =02 |<ApTH—200
where
rm) = > E[|Ayy[*] min(1,e P27,
vo€ApTH (V1)
18 transitions from vy to nearby energies.
The estimates will be handy
1 AgTH ) AETH 9
o5 [P ) < s <ow [T nP ) (7.2
0 0
In other words, the probability of moving depends on .
Proof.
>, Tr [EAz,p, [[v1) (v1]]] (7.25)
U2:|1 =02 |<ApTH—200
=Pr(vy = 7g,11 = 1) Y > E[|Au,0,|?] - min(1, e~ A72=71)) (7.26)
V2 Dp:|0y —a|<AgTH—200
=Pr(vy = g1 = 71) Yy > E[|Ay,y, ] - min(1, e ?2=")) (1 £ O(Bi)) (7.27)
V2 Uyl —a|<ApTH—200
=Pr(vy — in) > E[|Ayys, |?] - min(1, e #@2=70Y (1 £ O(Bo + Pamyp)) (7.28)
V22|V17V2‘SAETHﬂ:O(I_/0)
= <1 + OB + 20 +pamp)> -Pr(vy — 1) - r(1). (7.29)
AprH
In the first line, we denote
Pr(vy — Uy, v — 1) = 3 (va] ST va) (va| SE [va) - (1] S [v1) (11| Sp [111) (7.30)
upq

and Pr(vy — 1) = > (| S22 |11) (v1] S9 |11) is the probability of obtaining 7; from measuring v;. The third
line changes 7o — v9, conveniently accounted by the +£O(-) notation. In the fourth line we sum over 5. For any va,
summing over nearby 7, would simplify ), Pr(ve — v2,v1 — 1) = Pr(v1 — 1), up to the failure probability of
amplification pgymp,. However, that does not apply when v; is near the edge of spectrum, which can be conveniently
accounted by O(#) error in the summation. Lastly, we shift E[|A,.,,,|*] = E[|A,.5 |°], and when #; is near the edge of
the spectrum, this introduces error bounded by

7o max,, in(Le %) |f, | Ry
L P ml;l( e ) ol 04 " . Réwn) (7.31)
fo ‘fw‘ e*ﬁ‘*’dw ETH

since we assume the f to be roughly the same across scale [0, Aprg]. If 8> Apry, the denominator is roughly f2/3;
if 8 < Agrm, the denomiator is roughly Agrg f2. This is the advertised result.
O

Right now, the map has quite an uneven probability of moving: near the edge, r(#7;) has only one direction to move,
which is roughly half of that in the bulk of spectrum. This will be cured by the choice
~ ming 7(7}) _
p(n) := #)1, Ny = Z p(71) Apy, - (7.32)
! |[D1—D2|<ApTH—200
This serves to make the expected map has the roughly the same trace for different inputs. Lastly, what we need is
EN:, g instead of EN;. Therefore, we repeat Proposition VII.3.1 for the o-adjoint \EJ\/}T[% . %]\/E This incurs an
additional O(B7) multiplicative error comes from the Metropolis factor, and thankfully can absorbed into the same
+0(-) notation. The above discussion summarizes to the following.

Corollary VII.3.1. For any state p,
R
ApTH

Tr[EN: m[p]] = rr;i/nr(l?i) (1 + OB R + -H?amp)) ~

0(1) has uniform sizes across the spectrum. See

Importantly, ming, 7(#7) is independent of p. Note that p(i)
Proposition VII.4.3 for concentration of trace.
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2. The second eigenvalue A2 (N1 m)

Now, we calculate the second eigenvalue of the map.

Lemma VII.4. With high probability,

e~208erH N2, R R [BerH
< mi 7ZAR — U i . .
XNy ) < min r(7) (1 Q A2 )+ OB R + AL +pa’rnp)> + 0O Tl /0 | fwl” dw

2
LS R spec TH

As usual, we will decompose into the expectation and the deviation

Nl = Z p(ﬂl) ((A172171 - EA132171) + EA172171) : (733)

|71 =02 | <ApTH—200

The expectation is a classical positive map between unrounded energies v, but only approximately preserves the trace.
Once we adjust the probability of not moving Pr(v — v) by T

ENyLu]+ T =E[M gl (7.34)

we obtain a map E[A/] that is a scalar multiple of the stochastic map. Importantly, this map satisfies ezact detailed
balance since we consider the o-self-adjoint component. The size of the fluctuation of the trace is already calculated in
VIL.3.1.

Corollary VIIL.4.1. ||T|| = ming r(#}) - O (BDOR + 2B +pamp)

AgTH

Now, E|N7]’ is analogous to the one for Davies (Section V B), with the difference that it has small dependence within
each rounded energy v. This does not change much for the bottleneck calculation.

Proposition VII.4.1 (Conductance).

! : —/ eizﬁAETH AzETH
DBV ) < minr(s]) - (1 05— S5 ) O(| 7).
vy R spec
See Section B 1b for the proof.
For the deviations, we will use crude bound because the fluctuation in trace (which is rooted from finite QPE
resolution) already induces vast error in the gap and require a large |a|. This marks a difference from Davies’ calculation
where trace constraints are imposed. Partition the operator and for each partition we bound the spectral norm

Proposition VII.4.2. With high probability,

R ApTH
Z p(Dl)('Aﬁle - ]EA172171) <0 (\/m/o fwzdw> :

|o1 =2 | <ApTH—200 oo,

Proof. Let 0.A(3,5,) = A(w,0,) — EA(,5,)- For each @, we regroup into disjoint operators

> 0A(m7,) = > Yo Ayt DY, SAwm | (7.35)

|D1—D2 | <ApTH—2D0 0<w<AEpTH—200 \(V,U2)ES1(D) (01,02)ESK(@)

where we dropped the factor p(#1) < 1 since we are using triangle inequality through out. The reason we did not
choose k = 2 like in the Lindbladian (5.38), is due to the O(y) fluctuation from imperfect QPE that smears ;.
Now, since the operator are disjoint, we can take the maximum and recall the concentration we obtained for each
1, o (Proposition VIIL.1.4)

—B&/2
> 5Awm) =0 (max S max(Ty[Py,), Tr[Pﬁl])va,(ﬁzﬁlJ . (7.36)
o _ o 4/l|al
(71,72)€S (@) 00,01
Plug into the ETH ansatz and drop the Boltzmann factor e #*/2 to obtain the advertised result. O

Putting the above together gives Lemma VII.4. Note that Proposition applies to the o-adjoints of A, since the
(o-)spectral norm is the same taking (o-)adjoint.
Lastly, we complete the discussion by obtaining concentration of trace (We have already calculated the expectation).
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Proposition VII.4.3. With high probability,

W BNl =0 (2 [ 1
sl -], o (L [ 1)
p 1,H 1,H L al Jo
Proof. For the deviation, it suffices to control the dual
| BN ot (7.37)

The proof follows a similar argument as in Proposition VII.4.2, but in the last step, we call concentration for ). a;G;G;
(Fact V.6) as in Proposition V.4.1. O

D. Proof of Theorem VII.1

Proof. Denote the leading eigenstate and eigenvalue N[0 fiz] = Ao iz Then we want a error at most e
IVlol = Xo ||, = [INlp — i, + N llosia — ol (< ) (7.38)
(1) For the contraction of trace distance, recall (7.11) and Proposition VII.1.2
Np, — N [p1 —
Vo1 P2]||1 < su I H.olP1 P2]||1

m = pro: lPL—p2lli T pipe llPr— P2l 0 Naally - (7.39)
<A WNie) - H;’ +O(l-epp). (7.40)

Recall Proposition VII.1.3,
Ao(Nir) € Aa(Nogr) + (1 — i TN [p ) HN; N H (7.41)

< mlnr(l/l) <1 — Q(Arw) + (B0 R + A1/0

Z

R
+ pamp)) +
H

R R AETH
1 — min (7, (H:O R+ -2 4 pn >+O —/ Pdw | +0 .
o (1) (B Aprn p p) \/m A | ful” dw (epB)

1 AETH ) R R AETH )
<1-Q */ | ful? e P¥dw <O(ﬂl703 + + Pamp) + )\RW> +0O | epn+ 7/ |ful” dw
R Jo AprH Vlal Jo
Arw [AETH
=1-Q 7/ |ful® e P¥dw] . (7.42)
R o

The three terms on the RHS are ETH calculations: the gap from Lemma VII.4, the trace from Corollary VII.3.1 and
Proposition VII.4.3, and the anti-self-adjoint component from the same calculation for approximate detailed balance
(Proposition VI.2.1). The last line is obtained by setting constraints

((6+ AElTH) Afw) : (7.43)
lal = ( 2“”*’) , (7.44)
e=o(® lézgijfv,f)")m) = a5
(epB J) Breejto = < ) (7.46)
The above ensures
mV) < 2. (7.47)

(2) To control the distance from the fixed point to Gibbs state, we need the failure probability to be small. Set m
(which is similar to the calculation for ¢, but with € = 1/2) such that the contraction ratio is at most 1/2

) n+ Bl Hs| . (7.48)
Ny [SFT o= |7, do




Then we would need to control
2m
loriz —oll, < Gl (epp+1-A)=0(e),

For the last line to hold, it suffices to choose

1
(pfail S Trej * Pamp +prej ,S ) Trej exp(_Q(ramp)) + = 0(7)7
Trej m

_ €
(epB S) Bryrejin =0 (%>
which guarantees A\! =1 — O(e) since A > 1 —p tail- Rearrange the terms to obtain

amp = QIn(7)
(=)

pm?

Trej = Q

)7

o= O(

which is the advertised result.

1. Proof of Proposition VII.1.2

Proposition (Recap). Suppose |[Nao|, , < €pB,

N olon —
qup Ninlor = el <A§‘H1H

+ O(f . EDB).
P1,P2 llp1 —P2H1

o0
Proof. Decompose the input into the leading eigenvector and the orthogonal component
O fix

P1— P2 = (P1 - pz)l + <P1 - p270'fix>a.—172 .
||o-fim||o'_l72

Then by triangle inequality,

Te[ N [ofial]

S+ ||V ey — p2) ],
o fizlly-1 o

Hngl[pl - P2]Hl < ‘<P1 - 1027Ufm>c,_172 :

where the second inequality is Cauchy-Schwartz. We want to compare with the following

T[NV [0 pia]]

3 +Tr [Nil(p1 — p2)t]] -
lofizlly-1 o

T W1 — pal] = (b1 — posi) s

Hence,
||N1€I[p1 - Pz]Hl < |Tr [Nfi[[f’l - sz +2 HNﬁl[(Pl - P2)L]||1 .
For the first term, use a telescoping sum
[Tr [Nirler = pal]| < [TelV*[pr = pall] + £ [INally g - [Nm 37 - llor = ol
where N is trace-preserving. For the second term, convert to 2-norm by Cauchy-Schwartz
|NE(p1 = p2) ]|, < Txlo] - [NEl(pr — P2)L]||,,71,2 <A1 — p2llyi s

1
< Nps = pa 1) < los =l | £

The third inequality is TrfABA'B'] < Tr[AATB'B], and the fourth uses ||p; — p2| < 1.

A
o0
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(7.49)

(7.50)

(7.51)

(7.52)

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)
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E. Resource Estimates

For Quantum Metropolis sampling, if we plug in explicit parameters and set

1
Aprn = 9(@)
Aspec = 9(\/’5)
[H| = 0(n)
. 2
Sin |fol” = 6(n)
< 1 (—om)
= Agprn
Then by Theorem VII.1,
In(1 H
(=6 | BrrrH R n( /€)+n+ﬁH S||2 _ (n9 [n(l—i—,@)—l—ln(l/e)}) (Rounds)
ARW Apra Ming<apry, |fal
R4
la] = <)\ze2BAETH> = f(n'?) (choices of filps)
RW
Tamp = Q(ln(g)) ~ 0(In(n/e)) (iterations of amplification)
€
. 18 2
tope = e(i) = Q(ﬁgr“’] +(B+ 1 )7R )= A’ [n(1 + 52) +1n(1/e)] (run time per QPE).
Z0 € Apra’ Arw €

Trej = Q(E) =0 - (iterations of rejection),

¢ <n9 [n(1+B) + ln(1/6)]>

Therefore, the total elapsed time gives (using the unconditional estimate for ,.;)

36 [y n(1/e14 n40 4
Ar® [n(1+ B) + In(1/€)] ln(n/€)> %9(5(1*5)> (7.62)

telapse = tQPErrejrampé =0 ( 3 3

and one should multiply by the cost of simulating e~ "%, Also, we need to find |a| = 6(n'*) many different “fips” as
if drawn independently from the ETH ansatz. One may choose from the 14-local operators ((/}) of them), but it is
unclear whether they can be truly treated as i.i.d samples.
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Appendix A: Gaussian Calculations

Fact A.1 (recap.). For rectangular matrices Ga,q, with i.i.d complex Gaussian entries, with variance E[G;G7};] = 2

E |G| < min(d;,d>)E[|G|]P < min(dy, do) - (\/max(dl,dg)pcﬁ’ n (CQ\/@p)
for absolute constants cy1,cs.

Proof. Let us begin with the case N = d; = dy for demonstration. We reproduce a proof in [44, Section 2.3.1] via a
simple epsilon net and union bound argument. This strategy worked well here because the concentration is exponential
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in dimension e~ (V) that compensates the cardinality of the epsilon net. Consider a 1 /2 maximal net X/, on unit
sphere ||z|[,, = 1, i.e. points in ¥/, are at least 1/2 apart, but adding any point z must be 1/2 close to some element
in 3 5. First, take the union bound

Pr(|G]| = A) < Pr(3z € Sy, [|G2l,, = A/2). (A1)

In other words, there exists an optimizing y that |Gy, = ||G||. We can find a nearby point in the net x € S}/, such
that ||z —yll,, < 1/2, then by the triangle inequality

1GYlle, = IG2ll,, — |Gz = w)l,, > |G]]/2. (A2)

Namely, some point in the epsilon net must be at least half as large as the optimum. Second, we bound the probability
of each event by Bernstein’s inequality

Fact A.2 (Bernstein’s inequality). For a sum of centered, zero-mean random variables,

Pr(z x; >€) < exp(vjreL/j/?))

= 2 k) < El2ll gy k-2
Jorv =73 Exi and any L such that for all k > 2, Elx;] < =5=k!IL 2.

Hence,
2N
AN24 /2
P > 1)V2N) =P 22N > 1)2—1)2N | < - A
r(IGall,, > (t+ 1)V2N) r<zgl > (t+1)7 - 1) >_exp< 2N]E[(g2_1)2]+m%/3) (A3)
Nt*
< _ _ Ad
—eXp< 2+64t2/3> (44)
exp(— Nt if 2 < 3/32
=2 S A (A5)
exp(—q5g Nt?) if t° > 3/32

We used elementary estimates ¢2 := (t + 1) — 1 > ¢?, E[(g?> — 1)?] = 2, and L = 64 for Bernsteins’ inequality
1 k!
E(g* = 1) <E(g* — ™) < 2% (2k = DI < JE(g” — 1)°k14" < TE(g? - 1)%64"7%, (A6)
Lastly, plugging in the union bound,

Pr (HGH > (t+ 1)2\/2N) <oV exp(f%SNtz) < exp(fN(%Sﬁ —1n36)) (A7)

where the cardinality of X /5 is at most (i’T/i)gN by volumetric argument. Integrating the tail,

EG[” < VN (e} + (e21/ 3)7): (A8)

At small values of ¢, the integral gives ¢;. At large enough values of t, the tail is exponential ~ e= N tz, which gives

dependence on p that is suppressed by 1/v/N. When the matrix is rectangular Gg,q, (WLG let d; > do so t> > 3/32)

we get
(1 + \/;T;y A+ (cg\/dT;)P] . (A9)

This is the advertised result. O

Pr (|GI| > (1 +1)2/20; ) < 9% eXp(—%gdth), — EIGIP < Vdo

Fact A.3 (Recap.). For independent Gaussian matrices G;, G} with i.i.d complex Gaussian entries,

E

Z CLZGlG;

p
p

< E||GiGil, (3 ad)”
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Proof. Following [34, Theorem 4.4], expand the expected trace

.G,G!

= Z @, 05,0, BTG Gl - GGl G, G} ] (A10)
= Z o5, <00 3G ~ iy o) (AL1)
<Z¢ Z ai, - aj,a, L(w ~ip, -+ 1) (A12)
<> d(w) Zaa K& (A13)

<E[lG: '1H§ (D a))P/? (A14)

In the second inequality we sum over all wick contraction, each contributing with some positive function ¢(w). For
each sequence iy, - - - , 41, we use indicator 1(w ~ ip,--- ,1) to enforce G;(G}) only contract with its adjoint GI(GQT).
Switching the summation in the third, the observation in the fourth is that each pairing w can at most come from
(3, a2)P/? different combinations. Note that a;, -~ aj,a;, 1(w ~ iy, -+ ;) are non-negative as enforced by pairing.
Lastly, we recombine the contractions back as the moment of one copy G1G. This is the advertised result. O

Fact A.4. For G;, G} i.i.d rectangular matrices with i.i.d complex Gaussian entries,

p
E(Y aGioGr| < (E|G|h)? Za )P/,
: P
Proof. Again,
GGl = 3 e, a,uENG] - GLGETG] - GlG T (A15)
and the rest arguments is analogous, with a different function ¢(w). O

Appendix B: Conductance Calculation

Our quantum problems reduce to classical Markov chains. Here, we quickly review how to estimate the gap of
Markov chains via conductance estimates and later present the calculation needed for the main text. Consider the
function of two sets

QA= B):== >  x(x)Pr(z > y), (B1)
r€A,yeB
then the bottleneck ratio is defined by
é:= min M’ (B2)

r(A)<12  7w(A)

where the RHS can be understood as the chance of leaving set S after a step, divided by its stationary weight. This
gives a two-sided estimate of the spectral gap (we will only need the RHS).

Fact B.1 (Cheeger’s inequality).

¢2
1-20<dp <1- (B3)

See, e.g., [29] for a textbook introduction.
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Figure 9. Partition of the spectrum into disjoint sets S;, each with size Agrn. To estimate the bottleneck ratio, for any possible
set A, we assign for each S; a boolean varible b; whether S; has more than 3/4 energies occupied (darker), or not (brighter).

1. The 1d Random Walk with Gaussian Density of state
a. The Markov chain from the Lindbladian

Proposition B.1.1. Suppose the Gibbs state satisfies Assumption IV.2 (e.g., Gaussian distribution with variance
A%,..). Consider the Markov chain associated with

O*[P;] = o Z E17+@,17[Pz7] + Z ED,D—@[PD}

0<w<AETH 0<w<AEgTH

where Epyq 5 (or Ep p_g) is the identity map if v+ @ (or v — @) is outside of the spectrum.
Then, the second eigenvalue is at most

AQETH e~ 28AETH
Dol =1-0 ( i > . (B4)

Note that the scale Agry is the length scale of hops, and this markov chain is characterized entirely by the Gibbs
distribution at inverse temperature § and the local density of state (which boils down to the ratio R).

Proof. Let us present the proof'® by having a Gaussian distribution in mind, but it directly works for distribution
satisfying Assumption IV.2. First, let us partition the spectrum by disjoint adjacent sets S;, with sizes (Figure 9)

|Silvo = 0(AprH), (B5)

AprH
ma; v —p) < . B6
171€Si7172>ési+1( ! 2) - 2 ( )

To contain the “ remainder” sites near the edge, enlarge the last two sets S to trice the size.
We will have to go through the bottleneck ratio estimate. For arbitrary set A, assign a variable b; for each site S;
(Figure 9) such that

(B7)

b =1 if ANS; occupies more than 3/4 sites of S;
b; =0 else.

Let us consider a S; adjacent to S;;1. Recall that the conditional expectation Fy, 5, sends any local state to the
local Gibbs state
131716_6171 + sze_ﬁ’jz

1,0 T — — . B
Trre T [Py, o P 4 Tr|PyyJe P72 (B8)

18 Some of the estimates may be adapted from an unpublished note by Charles Xu.
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For example, suppose b; = 1,b;41 = 0, then due to the conditional expectations Ej, 5.,

Q(A ns; — Si+1) . <6HAETH)

(AN S R (B9)

where e #2E7# /R comes from a crude estimate on the ratio Tr[Ps,,, 07, 5,]/Tr[Ps,05, 5,]. Similarly, suppose b; =
1, bi,1 = 0, then

Q(Aﬂ Si — Si—l) . 1
Ansy o (R) ! (B10)

and note the difference from (B9) is whether the energy is increasing (S; — S;41) or decreasing (S; — S;—1). Now,
decompose A into disjoint sets A = A + A,

A1 = AN {Sz|bl = 1, or biil = 1, }, (Bll)

A2 = A — A]_. (B12)
In other words, A; collects those sites S; with b; = 1, and also the nearest neighbors This choice ensures that complement
As is very “conducting” since its neighbors and itself has 1/4 empty spots (i.e., b; = 0)

Q(A2 — A(.)

A =20, (B13)

The bottleneck comes from A;, and we have to get our hands dirty. We will need the density of states (weighted by
Boltzmann factor)

1 —(w—BAZ_./2)?
D(w) = exp( ( 2i2 pec/?) ), (B14)
\/2mAZ,.. spec
which is a shifted Gaussian w’ = w — BAgpec/Q. It suffices to consider a contiguous chain by, = 0,b;41 =1,--- ;bp =0
on this density of states, with end points w) < wp.
Case 1: If
’ A{s As
wp c [_ i)ec7 Zj;loec}7 (B15)
then
i e BAETH
QA = A9 =Q (RTr[PsRa'} + Tr[PSLUD (B16)
_q (2 Apra (B17)
R Aspec ’
where we used that Tr[Ps o] = 0(Ag7H - Aslpec) and (B9). The computation is identical for w} € [—#, %], but
without the Boltzmann factor.
Case 2: If
/ A{s‘ ec As ecic
W, wp € [pr,Tp} : (B18)
WLG let us consider w;% < — A%f“, then
e~ BAETH
QA — A9 =Q (Tr[PSRO'] . R) (B19)
AETH ,w;% e*BAETH
=Q . B2
( Aot ) S ) (B20)
but A; is weighted on a Gaussian tail
A w;% 1 —w'? ’

As ec _w/2
=0 < w? exp(2A2R ) . (B22)
R

spec
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which means

L T 2
G (B21)
Combining the estimates for Ay, and disjoint subsets Agj) of A; (from case 1 or 2),
Q(Az + Y2, AY) — A°) QU — A 1Y, Q(AY) — 49 _ Q(AETH ef/m,m) (B25)
m(Az + 32, A7) m(A2) + 3, w(AT) Apee R

which converts to eigenvalue estimate by Fact B.1. More generally, the above derivation is analogous for the “Gaussian-
like” Gibbs distribution satisfying Assumption IV.2, which feeds into the arguments in Case 1 and Case 2. O

b. The Markov chain from Metropolis sampling

Proposition B.1.2. For the Markov chain from taking expectation of Metropolis (T added so that MT[I] oc I)

1
M= > p(71)EAy,», + (o-adjoint) | + T,
|D1 =02 | <ApTH—200

, and the Gibbs state satisfying Assumption IV.2 (e.g., Gaussian distribution with variance A2, .. ),

spec
then the second eigenvalue is at most

6*25AETH A2
Ay = nr;i/nr(l?{) (1 -Q ( 7 A’g”)) +o(|T|). (B26)
1 spec

Proof. The proof is analogous to the case from Lindbladians (Proposition B.1.1), but with an extra Boltzmann factor
and density ratio (This was accounted by v(—w), with is not present after using approximate tensorization). First, we
rescale M

! . 1
M = ] M. (B27)

Let us calculate the key expressions for M’, presented in the same notations. The transition rates from S; to S;i1
reads

Q(S; = Sit1) _ 1 0| min Z exp (_S(w)) |f (v _V1)|2 min(l,e—ﬁ(ﬂz—fn)) (B28)

ﬂ'(Si) TI‘[M] M ES; cs 2
V2 i+1
1 e BAprH AprH 9 e BAprH
- 0 Pdw | =), B29
Tr[M]( T [ ) = e (329)

where () suppresses the density ratios 1/R. In the last line, we plugged in

Te[M] = min#(#) + O(|T]) (B30)

and evaluate (B29) by

fOAETH |fw|2 duw

A —
f() ETH e*ﬁ“’ |fw|2 dw

(B31)

Now, this becomes very much the Lindbladian case up to factor e #2275 and the rest of the proof follows. O
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Appendix C: Numerical tests of expander properties

We exactly diagonalize '° a chaotic spin chain

L L L
H=g) o} +hY oi+J> oio}, (C1)
=1 =1 =1

up to L = 12 qubits with periodic boundary condition L + 1 ~ 1. This is intended for a quick sanity check, and we
expect to carry out a larger scale numerics in a follow-up work. At parameter g = 0.9045,h = 0.8090, J = 1, this model
is presumably robustly chaotic [45] and numerically tested to satisfy the traditional ETH, i.e., most eigenstates give
thermal expectations [45].

We wish to check the expander properties from the prediction of ETH in the sense that

1
Vlal
1

M (Lo ) = (1 - 0<ﬁ|>) M (ELoy ) = =52 (Jal - [f @) ) , (C3)

where we set v(w) = const. The two equalities are the two checkable quantities we focus on: the scaling of the gap and
the deviation from expectation.

X2 (£r,.5,) = (1 - o >) Az (BLoy ) = € (Jal - |@) ) (€2)

1. The gap of the Lindbladian
At large |a|, we want to check whether the eigenvalues scale linearly with the number of flips |a|

X (o) £ =92 (Jal - @) 1) (C4)
£ =0 (lal- 1£@) 7). (C5)

>
e
—~
Y
S\
N
¥
€l
=
Il

This is, after all, what we need for the proof (to feed into approximate tensorization). Indeed, we observe a roughly
linear trend for the diagonal inputs (Figure 10) and for the off-block-diagonal inputs (Figure 11).

2. The deviation

Next, we check something stronger than we need for the proof as a more refined probe to RMT: whether the
Lindbladian is close to the “expectation”.

N 1 N
H‘Cﬁlaﬁz - ELDthH ; (@ </\2 (Eﬁvhuz)) (06)

Vldl
o (x/ll?lAl (Ecww)> . (C7)

Note that numerically, we do not have access to the idealized expectation, and we just manually drop all the cross-terms
that supposedly have zero-mean, denoted by E

[~

1£51,52,00 — EL3, 5y ||

ELo, 5 (X] =) P(a’) (A“ XA — %{A“ Al X,m}) + @(ul o 1) (C8)

2 1282 Vol viverrguy
a

where A, ,, := |v1) (V1| Ap 5, [12) (12]?°. Indeed, we observe that the deviation scales slower than the eigenvalues
(Figure 12).

19 The jupyter notebook code is available at https://github.com/Shawnger/ETH_expander.
20 In other words, the energies are disentangled by taking [E; this also resembles the original Davies’ generator at infinite time (1.2)
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