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Abstract— Budget delivery in programmatic advertising re-
quires controlling spend across advertising campaigns whose
plant gains vary significantly across campaigns and evolve
over time, rendering fixed-gain controllers inadequate. This
paper proposes an adaptive spend control architecture com-
prising four components: an input reparameterization that
transforms the nonlinear spend-to-control relationship into a
near-linear one, an online plant gain estimator employing
convex warm-start initialization and exponential smoothing,
an adaptive integral controller that maintains consistent loop
gain by adjusting inversely to the estimated plant gain, and
a seasonality compensator that decouples the feedback loop
from predictable periodic disturbances. Employing Lyapunov
theory, we establish exponential convergence guarantees for
the control loop acting on an idealized deterministic plant.
Closed-loop simulations demonstrate that robust performance is
maintained under realistic conditions including stochastic noise,
nonlinear response curves, imperfect seasonality models, and
mid-campaign plant dynamics changes, achieving full budget
delivery across campaigns with 5x to 6x plant gain variation.

Index Terms — Adaptive control, system identification, pro-
grammatic advertising, budget pacing, Lyapunov theory

I. INTRODUCTION

Programmatic advertising involves the use of automated
software and data-driven algorithms to buy and sell digital
advertisements in real-time auctions to serve an impression,
which is an ad creative shown to an internet user. The
global market for programmatic advertising was valued at
around $650 billion in 2025 [1], underscoring the scale
and economic significance of the underlying optimization
infrastructure.

Demand-Side Platforms (DSPs) are tools advertisers use
to manage and purchase ad space. Advertiser’s intention in
using a DSP is to spend an ad campaign budget optimally
in some sense — for example to maximize the total number
of clicks or sales. From a DSP’s perspective, this requires
solving a complex, dynamic constrained optimization prob-
lem in which it must estimate the value of each impression,
predict the competition, and determine an optimal bid —
all under strict latency constraints and in the face of incom-
plete information about user behavior and market dynamics.
The central challenge of programmatic advertising lies in
optimizing bidding decisions across an enormous volume of
auctions — often billions per day — each of which must be
evaluated and acted upon in a matter of milliseconds.

The extremely high-dimensional optimization problem can
be made tractable by modularizing the problem into three
sub-problems, one of which is a control problem. The core
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control problem involves dynamically adjusting bidding ag-
gressiveness to regulate spend rate. However, this seemingly
straightforward task is complicated by several factors: (1)
the relationship between the control signal and the result-
ing spend is nonlinear, (2) campaign-specific plant gains
vary by factors of 5x or more across different campaigns
and evolve dynamically within campaigns over time, (3)
external disturbances such as seasonal traffic patterns and
competitive dynamics continuously perturb the system, and
(4) the system operates under hard constraints with limited
observability of underlying dynamics.

Feedback control in programmatic advertising is criti-
cally important, and an active research area. Early work
includes [2] and [3], where the authors present a high level
introduction to the control problem in online advertising and
outline several critical challenges. Meanwhile [4] proposes
a solution to address specific problems, but does not suf-
ficiently consider both the dynamic and periodic nature of
the plant. [S] presents a statistical inference of the plant
gain based on an uncertain discontinuous plant response
curve combined with bid randomization while [6] proposes
an adaptive estimation and control framework that leverages
Recursive Least Squares (RLS) estimation alongside persis-
tent excitation to learn the true plant of the system in real-
time [7], [8]. The biggest challenge in the latter’s approach
is the two parameter plant model which requires persistent
excitation.

The contribution of this paper sidesteps the complexities
highlighted above by re-parameterizing the control signal [9],
yielding a plant with advantageous properties that enable a
simpler one-parameter plant model and eliminate the need
for persistent excitation [7], [8]. This re-parameterization per-
mits a streamlined online plant gain estimator that recursively
identifies the plant gain, coupled with an adaptive feedback
controller that adjusts its gain based on the plant gain
estimate, ensuring appropriate responsiveness across diverse
campaigns. We establish via Lyapunov theory exponential
convergence guarantees for the feedback control loop acting
on an idealized deterministic plant and we demonstrate
through closed-loop simulations that the adaptive controller
maintains robust performance when the ideal conditions are
relaxed, including stochastic noise, nonlinear dynamics, and
imperfect seasonality models.

II. PROBLEM FORMULATION
A. Optimization Problem

Let €2 denote the set of all available impression opportuni-
ties sold individually and sequentially to the highest bidder
in an open impression exchange. Each impression i € €2 is



sold based on a first or second price cost model [10]. For a
first price impression (¢ € €2;) the winner pays an amount
equal to its own bid, whereas for a second price impression
(i € Q9) the winner pays an amount equal to the second
highest bid. Let Q; N Qs = and Q; U Qs = Q.

The objective is to maximize the cost-discounted profit
J = EV — aEC, where EV is the total expected daily
advertiser value, EC' is the total expected daily cost of
awarded impressions, and « € (0,1] is a configured cost-
discount parameter. The profit maximization is subject to a
spend constraint EC' < &, where £ € [0,00) is an advertiser
specified daily budget.

The decision variables of the optimization problem are
given by bid prices b; € [0,00), for all i € Q). The expected
value of impression ¢ (if awarded) is denoted v; € [0, c0). It
represents the expected performance and/or branding value,
and may encode the probability of a click or conversion (a
sale), and the branding value of reaching prospective future
customers with the advertisement message.

Given a win rate function F;(b), which is the cumulative
density of the highest competing bid price for impression ¢,
it is well-known (see e.g. [11], [12]) that the optimal bidding
strategy under mild assumptions satisfies

argmax (b —b)F;(b), 1€y,
b;’m — b>0
by, i€ Qy,
where the private value, b} is defined by
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by’ = Y 1
and EC < ¢ MEC — &) = 0, and A > 0. Optimal
bidding requires knowledge of v;, F;(b), and \. Typically,
v; is computed in real time based on an offline-trained per-
formance prediction model as a function of user/contextual
information. Similarly, F;(b) is normally trained offline
based on historical clearing price data, whereas (b¥ —b) F;(b)
is maximized online using non-convex optimization. There
exists a rich literature on the modeling of v; and F;(b) [13],
[14], and we shall assume they are both known (produced by
separate systems outside the scope of this paper). It remains
to find the value of A, which is a unitless shadow price
or Lagrange multiplier. A scalable and popular approach
towards identifying A is to use feedback control, which is
the topic of this paper.

B. Control Problem

It is easily shown that EV and EC are non-negative
monotonic decreasing functions of A, and that the optimal
A equals the smallest non-negative value, for which EC <
& [6]. The goal is to devise a feedback control algorithm that
computes a Lagrange multiplier A(¢) converging towards a
constant at which A(EC' —¢) = 0 and EC < £. The feedback
algorithm must ensure closed loop stability and sufficiently
fast convergence towards the optimal value.

Consider a time-sampled implementation of the control
system with equidistant time points indexed ¢t = 0,1,...,
where the sampling time A is, for example, 1/30 hours. The
number of sampling intervals per day equals Toy = 24/A.

Distribute the daily budget uniformly throughout the day as
Ue(t) = &/To4, and let this represent the command signal.
Furthermore, let the observed spend in time interval ¢ be
denoted y(t). It follows that £ = tTi“O_lﬂc(t) and ¢ =

2‘6_1 y(t), where ¢ is an observation of the daily spend
C' (note, c is a realization of C, which is random).

A challenge is that the relationship between A and the
incremental spend contributing to EC' is a priori unknown,
nonlinear, time-varying, and stochastic. The relationship
moreover differs a lot from one campaigns to the next.
A fixed-gain controller has to be designed conservatively
to ensure stability across campaigns with varying plant
gains and will exhibit substantially slower convergence for
campaigns with lower plant gains.

III. PLANT MODEL

The environment is modeled as a nonlinear, time-varying,
stochastic plant with a one-step delay. Specifically, the
control signal \(¢) applied at time ¢ exerts its full effect
on the output y(t + 1) at the subsequent time step. The
one-step delay assumption is consistent with the operational
latency inherent in programmatic advertising auctions, where
bid price adjustments propagate through the auction clearing
mechanism before influencing realized spend.

The nominal plant model is given by

y(t+1) = (1+ (1)) g(A®) (1 + w(t)), (2)

where h(t) is a Thy-periodic seasonality function satisfying
h(t + Tas) = h(t), S5 h(r) = 0, and h(t) > —1
for all ¢, and w(t) is zero-mean white noise representing
stochastic fluctuations in Internet traffic and the competitive
landscape. Steady-state spend-to-control relationship g(-) is
non-negative and monotonically decreasing, and continu-
ously differentiable; but is otherwise unknown, motivating
the online estimation approach developed in Section IV.
The seasonality component h(t) may be estimated offline
from historical traffic data and refined online via system
identification techniques [15].

This model captures the essential dynamics relevant to
budget pacing control while remaining tractable for analysis.

IV. DESIGN

We propose a controller architecture that comprises four
components: a seasonality compensator, a feedback lin-
earizer, an online plant gain estimator, and an adaptive
feedback controller. Each component addresses distinct chal-
lenges in achieving robust budget delivery across heteroge-
neous campaign dynamics. Figure 1 illustrates the proposed
control system architecture as a block diagram.

The seasonality compensator is T54-periodic and computes
an adjusted command signal u.(t) based on u.(t) and h(t).
The daily budget & is constant or changes only rarely. As
a result, the command signal @.(t) is a mostly constant
setpoint. Furthermore, the seasonality profile h(¢) can be
estimated at high accuracy offline and is here assumed
known [15]. The feedback linearizer is a static nonlinear
map from a new control signal u to the bid modifier A
designed to achieve a linear-like relationship between v and
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Fig. 1. Block diagram of the proposed closed-loop adaptive control system.

y. The plant gain estimator computes a plant gain estimate
kp(t) recursively based on w and y. This estimate is used
to adjust the aggressiveness of the feedback controller that
dynamically updates a control signal u(t) based on an error
signal e(t) = u.(t) — y(t).

Finally, the private value b} and bid b; for each individual
impression opportunity is computed based on u (via \)
and used for bidding. The interconnected control system is
designed so that y(t) converges to the Tos-periodic adjusted
command signal u.(t) and u(t) converges to a constant,
which are necessary conditions for optimality [11], [12].

A. Seasonality Compensation

Periodic variations in Internet traffic, competitive land-
scape, and impression quality introduce predictable distur-
bances that, if unaddressed, degrade delivery accuracy and
performance. We employ a feedforward compensator to
cancel this effect by scaling the reference signal according
to the estimated seasonality:

UC(t) = (1 + h(t - 1))ac(t)v 3)

where @.(t) denotes the nominal setpoint reference and
the index shift by —1 accounts for the plant delay. This
feedforward action decouples the feedback loop from pe-
riodic disturbances, enabling convergence to the delivery
target. Previous work [6] demonstrated that this seasonality
compensation enables closed-loop stability.

B. Input Reparameterization (“Feedback Linearizer”)

The nonlinear relationship between Lagrange multiplier A
and realized spend y presents fundamental challenges for
linear control design. To address this, we introduce a change
of variables via the transformation

u=(a+ N1, 4)

which maps A € [0,00) to u € (0,1/a], with inverse A =
u~! —a, u > 0. Under this parameterization, the private bid

value for impression ¢ becomes b} = uv;.

Definition 1 (Plant Gain). Under the parameterization (4),
the steady-state plant gain at v = u* is defined as k,(u*) :=
Oy /Ou|y—y~+ representing the local sensitivity of spend rate
to control signal changes.

The transformation yields a spend-to-control relationship
that can be locally approximated by a linear (propor-
tional) function.

C. Plant Gain Estimator

Campaign-specific plant gains k,(u*) vary by orders of
magnitude across and within campaigns. Consequently, a
fixed-gain controller cannot simultaneously achieve adequate
responsiveness for low plant gain scenarios and stability for
high gain scenarios. We therefore employ an online recursive
estimator to identify £, in real time.

Initialization. At launch, the plant gain estimate is set as

> S
kp(o) = T247.L0’

®)

where £ is the daily budget and w is the initial control signal.

First 24 hours. During the initial operating period, the
estimate is formed as a convex combination of the prior and
a cumulative ratio estimator:

Fp(t) = wo(t)ky (0) + (1 — wo(t))m’
o W(T

where wy(t) = (24 — tA)/24 is a linearly decaying weight
that transitions reliance from the prior to observed data as
evidence accumulates, and where 3 > 0 is a regularization
parameter to ensure numerical stability when control action
is small (i.e., Zi:o u(T) = 0).

Day 2 onwards. Following the warm-up period, the
estimate is updated daily using exponential smoothing over
the preceding day’s observations:

(6)

Zday y(7)
B4 D day u(r)’

where wy € [0,1) is a fixed plant gain memory coefficient
parameter. The summation is computed over the full day of
active hours.

The plant gain estimate is updated daily to reduce the im-
pact on the closed-loop system from an imperfect seasonality
model, and to avoid significant fluctuations in the integral
gain computed by the feedback controller (Section IV-D),
which may cause biased delivery of the campaign budget.

Note, the proposed estimate l%p is biased since it assumes
y = k,u whereas the true relationship satisfies y = m+k,u.
However, producing an unbiased estimate of k, := Jy/du
requires persistent excitation and is an ill-conditioned prob-
lem for small variations of the control signal.

Computing a plant gain estimate using the linear approxi-
mation with a properly chosen gain margin dramatically en-
hances the robustness of the interconnected adaptive control
system. Figure 2 illustrates this comparison.

ky(day) = wik,(day — 1) + (1 — w) (7)
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Fig. 2. Top: Illustration of a plausible spend-to-control relationship y =
y(u) with perfect and approximate linearization around v = 85 super-
imposed. Bottom: The ratio of perfect vs approximate plant gain kp/kp.

The top panel shows the spend-to-control relationship
y = y(u) for a plausible campaign with the perfect and
approximate linearized plant at an operating point © = 85
super-imposed. At this operating point, the simplified linear
model yields a plant gain of l%p = 0.52, while the true plant
gain k, = 0.87, which is 67% larger. The bottom panel
depicts the ratio k,/ l;:p at different operating points of the
control signal.

D. Feedback Controller

The feedback controller implements pure integral error
feedback updates of v with a gain inversely proportional to
the estimated plant gain:

u(t) = SAT(0,1/q] [u(t = 1) + ke(t)e(t)], (®)

where e(t) = wu.(t) — y(t) is the tracking error and
SAT(, () is the projection of z onto the interval [a,b].
The adaptive gain is defined as k.(t) = kg /k, (), where the
loop gain ki, is selected based on the desired closed-loop
time constant 7¢), which is a design parameter:

klg =1- exp (—A/Tcl) . (9)

This adaptive structure ensures that the effective loop
gain k,k.(t) remains approximately constant regardless
of campaign-specific plant dynamics, achieving consistent
closed-loop bandwidth across the advertiser population. Con-
figuring the controller in terms of a time constant rather than
the loop gain directly ensures that the control design provides
sampling-time invariance.

V. STABILITY ANALYSIS

In this stability analysis of the feedback controller we
consider an idealized plant with successful (biased) plant
gain estimation subject to the following assumptions. A
stability analysis of the interconnected adaptive system under
stochastic noise is left as future work.

A. Assumptions

Assumption 1 (Noise-Free Operation). Deterministic sys-
tem: no measurement noise or stochastic disturbances except
known seasonality h(t).

Assumption 2 (Known Seasonality). The seasonality func-
tion satisfies |h(t)] < hmax < 1, and the reference signal
ue(t) = (L + h(t — 1))u.(t), where u. is constant.

Assumption 3 (Bounded Relative Plant Gain Estimation

kp(t) .
’kp(u(t)) 1‘ < e < 1 where ¢ is constant.

Error).
Assumption 4 (Feedback Linearization). y(t) ~ k,(u(t —
1))u(t — 1) where plant gain k, > 0.

Assumption 5 (No Saturation). Control u(t) € (0,1/a).

B. Error Dynamics

The plant and controller dynamics obey

y(t) = [L+ At = Dlkp(u(t = 1))u(t 1)
u(t) = u(t — 1) + ke(t)e(t).
where the controller gain k.(t) = ki /k,(t) and the error
signal e(t) = wu.(t) —y(t). Define e(t) := e(t)/[1+h(t—1)].
It follows that €(t) = 4. — kp(u(t — 1))u(t — 1).
By incorporating the plant and controller dynamics in the
error signal we obtain

[1 -+ h()]e — ky (u(t))u()]
1+ h(t)
= &(O)1 — ky(ult) ke(t)[1 + At — 1)]

It follows that the error dynamics satisfy e(t+1) = o(t)e(t),
where ¢(t) is the characteristic function defined by

p(t) =1 =14 h(t = D)]kp(u(t))ke(t)

e(t+1) =

(10)

Y
C. Main Convergence Theorem

Theorem 6 (Exponential Convergence). Under Assumptions

1=5, if iy < 12-8;2(’ then |e(t)| < X|e(0)|, where X =
max{|@minl, [Pmax|} with
1 hIIl X k
$Pmin = 1— M (12)
1—c¢
(1 B hmax)klg
max — l1-— 2 13
v 1+e (13)

Proof: Consider the Lyapunov function V(&) = &2 > 0

for € # 0. This function satisfies V(0) = 0 and V(e) — o0
as |e| — oo. The first difference is AV = é(t+1)2—e&(t)? =
[p(t)? — 1]e(t)?. For AV < 0, require |¢(t)| < 1 for all ¢.

Define gain ratio p(t) = k,(u(t))/k,(t). From Assump-
tion 3, it follows that (1 + €)™ < p(t) < (1 — €)™ 1. Then
kp(u(t))ke(t) = kigp(t), which implies p(t) = 1 — [1 +
h(t — 1)]kigp(t). The extreme values of h(t — 1) and p(t)
yield ¢min = 1 — (1 + Amax)kig(1 — €)1l and ppax =
1 — (1 = hmax)kig(L+ €)%

It follows that the stability condition for |pmin| < 1:

(1 + hmax)klg 2(1 — 6)

-1<1-
1—c¢ 1+hmax

<1:>klg<



whereas for |pmax| < 1 it is automatically satisfied when
kig < 2(1 — €)(1 + hmax) " since (1 — hmax)/(1 4+ €) <
(14 hmax)/(1 —€) for €, hmax < 1.

Under stability condition, |o(t)] < A where A =
max{|@min|; |Pmax|}- Then V(&(t)) < AV (€(0)), which
implies |e(¢)| < Af|€(0)]. This completes the proof. O

VI. SIMULATION RESULTS

To evaluate the proposed adaptive control design under
a changing environment and noise, we conduct a closed
loop simulation study based on the plant model described
in Section III. The following sections discuss two examples
covering representative scenarios in advertising.

A. Setup

Consider a 30-day ad campaign with daily delivery targets
of $10 for days 1-10, $5 for days 11-20, and $15 for days
21-30. The spend controller updates once every A = 2/60
hours (2 minutes). At each time step, assume the observed
incremental spend y(t) and the control signal wu(t) satisfy

y(t) =v(O)A(1+ h(t)) f(t,u(t) (1 + w(t)) /24

where ~(t) represents the daily spend potential, f(¢,u) is
the (normalized) spend versus control signal relationship,
which is monotonic non-decreasing in v and at most slowly
varying or subject to significant rare changes as a func-
tion of ¢. Seasonality function h(f) = 0.6sin(27t/24 —
2.8) + 0.3sin(4nt/24 + 2.5) is a two-term Fourier series
that simulates time-of-day traffic patterns, assuming 24-
hour periodicity. Disturbance signal w(t) is independent and
identically distributed white noise with standard deviation o.

In addition to stochastic noise, we assume the campaign
is subject to the following deterministic, yet unpredictable,
disturbances:

(14)

o Persistent regime shift. At the start of day 15 there
is an abrupt change in the competitive landscape: the
daily spend potential undergoes a step change from v =
100 to v = 170, and the response function f(t,u(t))
undergoes a sudden transition. Each regime persists for
half the flight, the plant gain differs by approximately
6x across the two regimes, and the controller must
adapt to this change.

o Large non-Gaussian disturbance episodes. Specifically,
in the time interval 150 < tA < 155, delivery is boosted
by a factor of 10x to simulate a brief traffic surge;
and in the interval 250 < tA < 255, delivery drops
to 0 to simulate a feedback data outage. Each episode
spans 150 consecutive samples with a non-zero mean,
and therefore departs from the zero-mean white-noise
assumption.

In the following examples, the control signal is initialized
at u(0) = 5, the estimator regularization parameter 8 =
10~°, and the plant gain memory coefficient w; = 0.01. The
controller uses a launch closed-loop time constant 7,; = 0.3
hours during the first 24 hours and 7T; = 3 hours thereafter.
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Fig. 3. Closed-loop simulation result for Example 1.

B. Example 1: Linear Plant

The first scenario is idealized to establish a baseline and
to facilitate interpretation of the closed-loop behavior. We
assume no stochastic noise (o = 0), perfect seasonality
compensation (h(t) = h(t)), and a response curve that is
piecewise-linear but abruptly changing at the start of day
15. The plant gain increases by 5x and the saturation point
moves from « = 1000 to v = 340. This allows us to examine
the closed loop effect of a persistent sudden shift in the
competitive landscape.

SAT 0.1u) if 0 < tA < 360
f(t,u) = { 04)(0-1w) N (15)

SAT(o1(0.5u) if 360 < tA < 720

The result is shown in Figure 3. The top-left panel shows
the daily delivery (blue bars) versus daily delivery target (red
curve). The campaign delivers in full most days. Only days
subject to major changes of disturbances deviate slightly
from full delivery. The top-right panel shows observed
marginal spend (blue) versus intraday delivery (red) target
produced by seasonality compensator. The curves overlap
for most of the flight, with deviation only in brief transient
periods during major campaign changes or disturbances.

The middle-left panel displays the spend control signal u
which is updated based on error feedback to deliver the
budget in full. It responds quickly to any external campaign
change or disturbance to ensure full delivery.

The middle-right panel depicts the true plant gain (blue)
and estimated plant gain (red). The true plant gain is a
priori unknown to the control system. The estimated plant
gain is computed based on the proposed recursive plant
gain estimator. The estimate shows zero steady-state error
in this scenario because the simulated plant is linear, which
matches the estimator’s assumed model y = k,u, and free
of stochastic noise; i.e., it converges to the true plant gain
after any campaign change or disturbance.

The bottom-left panel shows daily spend versus spend
control signal curve «f(u) for the first 15 days (blue) and
last 15 days (red). The abrupt change in the competitive
landscape at the start of day 15 is apparent in the two curves.



ot —— Spend 1
0.08 —— Spend Target | |

Daily Spend
o o
2

Marginal Spend
8

0 5 10 15 20 25 30 o 100 200 300 400 500 600 700
Day Time (h)

8 —— Plant Gain 1
| | Plant Gain Est

\\\\ “‘“"\3“\‘“3"'""\ AR H

Spend Control

Spend Plant Gain

100 200 300 400 500 600 700
Time (h)

0 100 200 300 400 500 600 700
Time (h)
Daily Spend F

o

Curve

-
|
/

°
o

Plant Seasonality |-
—— Seasonality Model

10 15 20
Time of Day (h)

Steady State Spend
8
Spend Seasonality

o
o

50 g Initial Response Curve
|7 —— Final Response Curve

1000 1200

0 200 400 600 800 5
Spend Control

o

Fig. 4. Closed-loop simulation result for Example 2.

The bottom-right panel displays the true seasonality of the
plant (blue) and the seasonality model (red) used by the sea-
sonality compensator to allocate the daily budget throughout
the day via feedforward control. The two curves are identical
(overlapping) in this scenario because we assume perfect
knowledge of the time-of-day pattern of the plant.

C. Example 2: Nonlinear Plant

This example uses a more realistic set of conditions.
First, the response curve is no longer linear but is defined
by f(t,u) = T(u|p,orer), where T'(u|p, ore) denotes the
cumulative distribution function of a gamma random variable
with mean p and relative standard deviation o,..;. Assume p
and o,; vary over time as follows:

(50, 0.5) if 0 < tA < 360
(/147 Urel) =

16
if 360 < tA <720 (16)

(500, 0.7)

Let 0 = 0.2 and assume the controller has an imperfect
knowledge h(t) of plant seasonality h(t). Specifically, h(t)
overstates each harmonic amplitude by 10% and advances
each harmonic phase by 0.1 radians relative to the plant, so
the seasonality compensator overestimates the daily swing
and places its peak slightly too early.

Figure 4 displays the closed-loop simulation result. The
daily delivery (top left) is similar to Example 1, while the
marginal spend (as expected) is noticeably impacted by the
stochastic noise (top right). The spend control signal now
exhibits a distinct time-of-day pattern driven by the imperfect
seasonality model. The plant gain (middle right) is noticeably
different. First, the true plant gain (blue curve) oscillates due
to oscillation in the spend control signal (triggered by the
imperfect seasonality profile). Furthermore, the plant gain
estimate is biased because the response curve model used
by the plant gain estimator (y ~ k,u) is now an imperfect
approximation of the more accurate representation defined by
y = m+ kpu. The biased plant gain estimate is not an issue
under feedback control. If the loop gain k;, is selected wisely
to ensure stability under the uncertain plant gain estimate,
convergence and zero steady-state delivery error are ensured.

D. Robustness Analysis and Fixed-Gain Baseline

The gain margin of the closed-loop system in Example 2
provides insight into how the example’s conclusions hold for
plants deviating from the assumed model. An approximation
of the effective gain margin g = 2/(k,k.) is displayed in the
bottom-left panel of Figure 5, while a formal computation
of exact gain margins for the time-varying periodic system
being future work (based on Theorem 6).

The gain margin remains approximately constant within
each regime, with medians of 67 and 107, corresponding to a
closed-loop realized time constant between 1.1 and 1.8 hours
(for a specified desired time constant of 3 hours). Adaptation
absorbs the 6x change in plant gain into a 1.6x change in
stability margin. The residual variation is due to the bias
in plant gain estimation. Margins fall below this band only
during the launch transient and the two disturbance episodes,
reaching a worst case of 47.

In contrast, a fixed-gain controller cannot hold this in-
variance. Because g o< 1/k, for constant k., the margin
ratio across the two regimes is the plant gain ratio, and
no choice of fixed gain compress it. To demonstrate this
we repeat the Example 2 simulation with the adaptive gain
replaced by a constant. Two fixed values are considered:
k. = 15, corresponding to a conservative controller tuned
for the highest plant gain of the flight, and k. = 110 tuned
for the lowest. Figure 5 shows the result.

The conservative controller maintains a large stability
margin of 82 in high-plant-gain regime, but its realized time
constant degrades to 7.9 hours in low-plant-gain regime,
4.5x slower than adaptation and 2.6x slower than the 3-
hour specification, so campaign under-delivers on the days
following each plant dynamics change. The aggressive con-
troller recovers delivery speed, with a realized time constant
of at most 1.1 hours throughout, but its median margin in the
high-plant-gain regime falls to 11, with a worse case of 7.3,
substantially lower than the 60+ achieved by adaptation. The
margin of both fixed designs varies by nearly 6x across the
flight as predicted, and neither achieves the balance between
delivery speed and stability margin that adaptation can.

VII. CONCLUSIONS AND FUTURE WORK

This paper proposes an adaptive spend control architecture
for budget delivery in programmatic advertising, combining
input re-parameterization, an online plant gain estimator
that recursively identifies the campaign-specific plant gain
from observed data, and an adaptive feedback controller that
computes its gain from the plant gain estimate.

We establish via Lyapunov theory exponential conver-
gence guarantees for the control loop acting on an idealized
deterministic plant, assuming the estimator maintains its
designed conservative bias. Closed-loop simulations under
realistic conditions demonstrate full budget delivery with
steady-state tracking errors below 1% across campaigns
exhibiting 5x to 6x plant gain variation. The adaptive
controller achieves convergence times of 1.1 to 1.8 hours, up
to 4.5x faster than conservatively-tuned fixed-gain control,
while maintaining gain margins between 67 and 107 (a 3.5
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Fig. 5.
Daily spend, control signal, and gain margin on logarithmic scale.

to 6x improvement over fixed-gain baselines of comparable
convergence speed).

Future work includes: (i) a stability analysis of the
interconnected estimator-controller system under imperfect
feedback linearization, seasonality compensation errors, and
stochastic noise; (ii) large-scale A/B validation on production
traffic to quantify real-world delivery improvement; and
(iii) development of a joint estimator that simultaneously
identifies plant gain and seasonality parameters within a
single recursive framework (e.g., via an extended Kalman
filter), improving robustness when the nominal seasonality
model is poor.

Finally, empirical observations reveal that the plant can
operate under qualitatively different dynamics for extended
periods rather than experiencing isolated point disturbances.
A natural research direction is to model the plant gain as
a discrete-mode process, for example, via a jump-diffusion
model or a multiple-model adaptive estimator, which would
provide more principled handling of regime shifts.
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