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Determining the quantum capacity of a noisy quantum channel is an important problem in the field
of quantum communication theory. In this work, we consider the Gaussian random displacement
channel NV, a type of bosonic Gaussian channels relevant in various bosonic quantum information
processing systems. In particular, we attempt to make progress on the problem of determining the
quantum capacity of a Gaussian random displacement channel by analyzing the error-correction
performance of several families of multi-mode Gottesman-Kitaev-Preskill (GKP) codes. In doing so
we analyze the surface-square GKP codes using an efficient and exact maximum likelihood decoder
(MLD) up to a large code distance of d = 39. We find that the error threshold of the surface-square
GKP code is remarkably close to o = 1/4/e ~ 0.6065 at which the best-known lower bound of the
quantum capacity of N, vanishes. We also analyze the performance of color-hexagonal GKP codes
up to a code distance of d = 13 using a tensor-network decoder serving as an approximate MLD. By
focusing on multi-mode GKP codes that encode just one logical qubit over multiple bosonic modes,
we show that GKP codes can achieve non-zero quantum state transmission rates for a Gaussian
random displacement channel N, at larger values of o than previously demonstrated. Thus our
work reduces the gap between the quantum communication theoretic bounds and the performance
of explicit bosonic quantum error-correcting codes in regards to the quantum capacity of a Gaussian

random displacement channel.

I. INTRODUCTION

Quantum communication [1, 2] and quantum comput-
ing [3-5] are two intricately related fields within quan-
tum information science, aiming to leverage the princi-
ples of quantum mechanics to revolutionize data trans-
mission and information processing. One common chal-
lenge in these areas is the need to protect the encoded
quantum information from noise in quantum systems.
Quantum error correction (QEC) thus plays a pivotal
role in both fields by providing a mean to systematically
suppress the effects of noise. Owing to this close rela-
tionship, the concepts and methodologies developed in
one area can often be applied to another. For example,
noisy processes in quantum computers can be modeled
as noisy quantum channels for transmitting quantum in-
formation. This analogy is particularly fruitful when it is
complemented by a general framework of quantum com-
munication theory. In particular, the latter allows one to
study maximum achievable data transmission rates of a
noisy quantum channel through various entropic quanti-
ties [6-10], providing fundamental bounds on the capa-
bility of a QEC code for correcting errors in the noisy
quantum channel.

Bosonic Gaussian channels [11] have been extensively
studied in the field of quantum communication theory
[12-26] due to their relevance to realistic optical and
microwave quantum communication channels. Moreover
dominant errors in bosonic modes in various quantum
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computing platforms (e.g., 2D resonators [27] and 3D
cavities [28-30] in superconducting systems, motional
modes in trapped-ion systems [31, 32], and light modes
in optical systems [33]) are well described by bosonic
Gaussian channels. Thus, numerous bosonic QEC codes
[13, 34-38] have been proposed to correct for errors in
these bosonic Gaussian channels.

In this work, we explore the interface between quan-
tum communication theory and quantum error correction
through bosonic Gaussian channels and bosonic QEC.
In particular, we consider the problem of determining
the quantum capacity [6-9] Q(N,) of a Gaussian ran-
dom displacement channel N, i.e., its maximum achiev-
able quantum state transmission rate per channel use
under an optimal QEC strategy. The quantum capac-
ities of some special cases of bosonic Gaussian channels,
such as the pure-loss and pure-amplification channels,
are well understood analytically [12, 17, 19, 20] thanks
to their degradability or anti-degradability property [16].
However generic bosonic Gaussian channels including the
Gaussian random displacement channel do not possess
this special property. Thus only lower [12, 23] and upper
[12, 19-22] bounds on their quantum capacity are known.

Here we attempt to make progress on this long-
standing open problem by investigating the performance
of multi-mode Gottesman-Kitaev-Preskill (GKP) codes
[14, 15, 39-48] against errors caused by a Gaussian ran-
dom displacement channel N,. Specifically, we aim to
find a tighter lower bound on the quantum capacity of
the Gaussian random displacement channel by search-
ing for explicit QEC schemes which achieve higher quan-
tum state transmission rates than the best-known lower
bound on Q(N,). Our search is based on multi-mode
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GKP codes and their maximum likelihood decoding.

II. GAUSSIAN RANDOM DISPLACEMENT
CHANNEL AND SCALED SELF-DUAL GKP
CODES

In the Heisenberg picture, a Gaussian random displace-
ment channel A, transforms the position and momen-
tum operators ¢ and p of a bosonic mode into § + &,
and p + &, respectively. Here, &, and &, are independent
classical noise variables following a Gaussian distribution
with vanishing mean and a variance of o2. Note that a
Gaussian random displacement channel is also referred to
as an additive Gaussian noise channel in the literature.

The seminar results in the field of quantum commu-
nication theory established that the quantum capacity
Q(N) of a quantum channel A equals its regularized co-
herent information, i.e.,

QW) = lim %max[ (NON p). (1)
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Here, I.(N,6) = S(N(6)) — S(N¢(5)) is the coherent
information of the channel N with respect to an input
state &, S(6) = —Tr[6 log, 6] is the quantum von Neu-
mann entropy, and N°¢ is the complementary channel of
N [6-9]. However in practice, evaluating this entropic
quantity is difficult due to the maximization over all pos-
sible input states p as well as the need to consider an
asymptotic limit of N — oo.

For the specific case of a Gaussian random displace-
ment channel, the quantum capacity is bounded to be

max[log, (é),()] < Q(N,) < max|log, (1 ;20 ),0],

where the lower bound is obtained by computing its one-
shot coherent information (i.e., a similar expression as in
Eq. (1) but with N = 1, see App. H for a derivation) [12]
and the upper bound is derived using a data-processing
inequality [22]. From the lower bound and the definition
of the quantum capacity, it follows that there must exist a
QEC scheme that achieves a quantum state transmission
rate of logy(-1z) for the Gaussian random displacement
channel A, with o < 1 /v/e =~ 0.6065. Earlier works
showed that scaled self-dual GKP codes can achieve the
rate of log, (|25 |) [14, 15]. Notably, the floor function
here is due to the fact that scaled self-dual GKP codes are
restricted to cases where every single one of the N nor-
mal modes encodes the same number (a positive integer

A) of logical states, thereby encoding AV logical states or
N log, A logical qubits overall Thus when 2 is given by
a positive integer (e.g., =z =2+ 0 = 1/\/> ~ (0.4289),
the scaled self-dual GKP codes achieve the lower bound
in Eq. (2) exactly. However in all other cases, the achiev-
able rate of the scaled self-dual GKP codes falls short of

the lower bound of Q(N,). Thus in what follows, we aim

to reduce the gap between the lower bound of Q(N;) and
the achievable rate of GKP codes. In particular we focus
on the large o regime (e.g., 0.5 < o < 1/4/e ~ 0.6065)
and also discuss the prospect of achieving a non-zero rate
in the range 1/\/e < ¢ < 1/v/2, thereby improving on
the best-known lower bound, since this possibility is not
ruled out by the upper bound in Eq. (2).

III. ACHIEVABLE RATES OF
CONCATENATED MULTI-MODE GKP CODES

Here we investigate the performance of various con-
catenated multi-mode GKP codes such as the surface-
square GKP codes, the [[5,1, 3]]-hexagonal GKP code,
and the color-hexagonal GKP codes. Importantly, we
focus on codes that encode only one logical qubit over
the entire N modes for reasons to be made clear below.
Moreover we implement a maximum likelihood decoder
(MLD) [42, 46] either exactly [49] or approximately using
a tensor-network decoder [49, 50] such that we can probe
the ultimate limits on the error-correction capability of
these concatenated GKP codes against displacement er-
rors. We review MLD in the context of GKP codes in
App. B.

In Fig. 1, we show the achievable rates of the surface-
square, [[5,1, 3]]-hexagonal, color-hexagonal GKP codes
as a function of the noise standard deviation o. Since
all these instances of multi-mode GKP codes encode one
logical qubit over N modes, we compute the achievable
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FIG. 1. Achievable rates of the surface-square, [[5,1,3]]-

hexagonal, color-hexagonal GKP codes for the Gaussian ran-
dom displacement channel N, as a function of o. The value of
o is scanned from 0.50 to 0.59 in steps of 0.01, and from 0.590
to 0.600 in steps of 0.001. Each data point is obtained with
10°—10" Monte Carlo samples in the decoding operation. For
reference, the lower and upper bounds of the quantum capac-
ity of Gaussian random displacement channel are also shown.
The red vertical line indicates o = 1/4/e ~ 0.6065 at which
the best-known lower bound of Q(N,) vanishes.



rate of these codes using the hashing bound [10, 51}, i.e.,
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Here, [ /2 is the maximally-mixed qubit state and p =
(pr,px,py,pz) are parameters of the single-qubit Pauli
error channel Pz. The channel is obtained by applying an
N-mode GKP encoding, N independent copies of Gaus-
sian random displacement channels, and a decoding op-
eration. The parenthesis in Eq. (3) is the hashing bound
of Pauli channels (see App. G for the derivation), which
is divided by N to reflect the fact that N copies of N,
are consumed to produce each Pj.

For the surface-square GKP codes, we use an exact
MLD based on an idea similar to the one given in Ref. [49]
adapted to GKP codes. For the [[5, 1, 3]]-hexagonal GKP
code, given its small code size, we perform brute-force
calculations of the coset probabilities of all four logical
single-qubit Pauli operators to perform MLD exactly (see
App. E for more details). Lastly for the color-hexagonal
GKP codes, we perform MLD approximately by using
a variant of the tensor-network decoder in Ref. [50, 52]
adapted to GKP codes. The approximation is made when
truncating the bond dimensions to a maximum allowed
cutoff (64 in our work) during tensor-network contrac-
tions. See App. D for more details on the decoding pro-
cedures we use and Ref. [53] for the source code.

Note that for the families of surface-square and color-
hexagonal GKP codes, we sweep the distance of an outer
code, hence also sweeping the total number of modes N
used (N = d? for the surface code and N = (3d* + 1)/4
for the color code). Then in the main plot, we report
the highest achievable rate optimized over the code dis-
tance. The optimal code distance maximizing the achiev-
able rate is shown in the inset. For o < 0.53, the optimal
code distance is given by d = 1, indicating that the single-
mode square and hexagonal GKP codes achieve higher
quantum state transmission rates than larger instances
(i.e., d > 3) of the surface-square and color-hexagonal
GKP codes, respectively. This is because with o < 0.53,
the fidelities of these single-mode GKP codes are suffi-
ciently high and thus the protection offered by an outer
code is not worthwhile given the extra overhead in terms
of a large number of modes N.

In contrast as the noise standard deviation o increases,
multi-mode GKP codes begin to outperform single-mode
GKP codes thanks to the increased protection against
displacement errors provided by an outer error-correcting
code. For example around o ~ 0.55, the [[5,1,3]]-
hexagonal GKP code achieves the highest quantum state
transmission rate among all the instances of multi-mode
GKP codes we considered. With ¢ > 0.57, the surface-
square and color-hexagonal GKP codes achieve higher
rates. Notably as o increases, the optimal code distance
that maximizes the achievable rate increases for both the
surface-square and color-hexagonal GKP code families.

The results in Fig. 1 thus clearly show the particular
relevance of one-logical-qubit-into-many-oscillators codes
when searching for GKP codes that might achieve (or
even surpass) the best-known lower bound of Q(N;) in
the large o regime, i.e., o ~ 1/4/e ~ 0.6065. In particu-
lar, our results provide a non-trivial demonstration that
GKP codes can achieve non-zero quantum state trans-
mission rates for a Gaussian random displacement chan-
nel NV, at larger values of o than previously demonstrated
[13-15] if a large number of modes (e.g., N = 1521 for
the d = 39 surface-square GKP code) is used to encode
just one logical qubit.

The largest multi-mode GKP code we could analyze
numerically is the d = 39 surface-square GKP code which
achieves a non-zero quantum state transmission rate at
a value of o as large as ¢ = 0.598 (see App. A). How-
ever, higher performance may be achieved with an even
larger number of modes or with another code family out-
performing the surface-square GKP code family. In the
rest of the paper, we provide additional numerical data
to shed further light on the prospect of achieving (or
surpassing) the lower bound of Q(N,) with multi-mode
GKP codes.

IV. EXACT MLD FOR THE SURFACE-SQUARE
GKP CODES

We begin by illustrating the importance of using an
exact MLD as opposed to a suboptimal decoder when
exploring the quantum capacity of a Gaussian random
displacement channel with GKP codes. In Fig. 2(a),
we compare the performance of the surface-square GKP
code with two different decoders, i.e., the closest-point
decoder (CPD; dashed line) [48] and the exact MLD
(solid line) based on Ref. [49]. More details on the ex-
act MLD can be found in App. C. Since CPD converges
to MLD only in the ¢ — 0 limit, MLD outperforms
CPD in the large o regime where Q(N,) nearly van-
ishes. Interestingly when the exact MLD is used, the
error threshold of the surface-square GKP code is very
close to o = 1/4/e ~ 0.6065 at which the best-known
lower bound of Q(N,) vanishes.

To get further insights into the asymptotic behavior
of the surface-square GKP code in the d — oo limit, we
show in Fig. 2(b) the fidelity of the surface GKP code as
a function of the code distance up to d = 39 for three dif-
ferent values of o, i.e., o € [0.606, 1/+/e ~ 0.6065, 0.607].
Remarkably, at exactly o = 1/+/e = 0.6065, the fidelity
plateaus within the statistical variation (caused by a fi-
nite number of Monte Carlo samples) as the code dis-
tance increases. Moreover at a slightly smaller (or larger)
value of o, the fidelity increases (or decreases) as the code
distance d increases. These numerical observations sug-
gest that for any o < 1/4/e, the surface-square GKP
code may be below the error threshold of N, and may
consequently achieve a non-zero quantum state trans-
mission rate with a sufficiently large code distance d.



Note that our method of determining the threshold of
the surface-square GKP code is more rigorous compared
to the ones used in related prior works [39, 40, 44, 54],
which studied several families of GKP codes against N,
near 0 = 1/y/e ~ 0.6065 (See App. F for further discus-
sions).

V. APPROXIMATE MLD FOR
COLOR-HEXAGONAL GKP CODES USING A
TENSOR-NETWORK DECODER

As shown in Fig. 1, the color-hexagonal GKP code
family sometimes outperforms the surface-square GKP
code family in terms of the achievable rate. We thus pro-
vide additional numerical data on the color-hexagonal

0,608 ——————————

0.606 —g = =wr=]

0.775 g 0,604 | o™ i

© 0602 oo eoo

0.600 - * 1

0.750 f & : .
>
3

ic 0.725¢} 1

0.700 } 1

0.598 0.600 0.602 0.604 0.606

(b)

0.716 1
0.714 1
0.712 1
0.710 1

0.708 1

Fidelity

0.706 [——5=0.606 1

—o—g=1/Ve=0.6065
0.704 {—e—0=0.607

3 11 19 27

FIG. 2. (a) The fidelity of the surface-square GKP code with
distances between d = 5 and d = 23. The dashed and solid
lines correspond to the fidelity obtained from the closest-point
decoder (CPD) and the exact maximum likelihood decoder
(MLD). The inset shows the value of o at which the fidelities
with code distances d and d+2 cross as a function of d for both
CPD and exact MLD. These crossing points are used to infer
the error threshold of the surface-square GKP code against
No. The red solid line corresponds to o = 1/4/e ~ 0.6065.
(b) The fidelity of the surface-square GKP code as a function
of the code distance d at o = 0.606,1/+/e,0.607. Each data
point is obtained with 107 Monte Carlo samples.
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FIG. 3. Comparison of the fidelities of the color-hexagonal
GKP code decoded with a tensor-network decoder (solid line)
and the surface-square GKP code decoded with the exact
MLD (dash line) for distances between d = 3 and d = 13.
The inset shows crossing points as a function of d simi-
larly as in Fig. 2(a). The red solid line corresponds to
o =1//e ~0.6065.

GKP codes. In Fig. 3, we show the fidelities of the color-
hexagonal GKP code using an approximate MLD and
the surface-square GKP code using the exact MLD. The
approximate MLD for the color-hexagonal GKP code is
implemented by using a tensor-network decoder [50, 52]
with a maximum bond dimension of 64 during tensor-
network contractions. We observe that despite the sub-
optimal, approximate MLD, the color-hexagonal GKP
code family outperforms the surface-square GKP code
family in the regime of 0.602 < ¢ < 0.607 at the same
respective code distance d. When combined with the
promising asymptotic trend of the surface-square GKP
code family shown in Fig. 2(b), the numerical results in
Fig. 3 suggest that the asymptotic performance (in the
d — oo limit) of the color-hexagonal GKP code may have
an important implication on the quantum capacity of the
Gaussian random displacement channel. It is thus an in-
teresting open question as to whether the error thresh-
old of the color-hexagonal GKP code family can exceed
o = 1/4/e or not (especially when an exact MLD is used)
and correspondingly whether a non-zero quantum state
transmission rate can be acheived for a Gaussian random
displacement channel N, with o > 1//e. A positive re-
sult in this direction will establish an improved lower
bound of Q(N;).

VI. CONCLUSION AND OUTLOOK

In this work, we have considered an open problem of
determining the quantum capacity of a Gaussian ran-
dom displacement channel (i.e., Q(N,)). In particular
we have aimed to make progress on this problem by an-
alyzing concrete instances of multi-mode GKP codes us-



ing either an exact or approximate maximum likelihood
decoder. Our results clearly illustrate the particular rel-
evance of GKP codes which encode just one logical qubit
over multiple bosonic modes when studying a Gaussian
random displacement channel A, in a high noise regime
(e.g., o ~ 1/\/e).

Our numerical results also show that the error thresh-
old of the surface-square GKP code is remarkably close to
o = 1/4/e = 0.6065 at which the lower bound of Q(N)
vanishes. Moreover we show that the color-hexagonal
GKP code generally outperforms the surface-square GKP
code in a similar regime of o. Thus our results moti-
vate further research into the asymptotic behaviors of
the surface-square and color-hexagonal GKP codes in the
d — oo limit, especially in relation to the quantum ca-
pacity of a Gaussian random displacement channel.

Note that the maximum likelihood decoding of a quan-
tum error-correcting code can often be mapped to a sta-
tistical mechanical model [55, 56] and this connection
has been explored in the context of toric-GKP codes [42]
as well. An interesting avenue for future research is to
extend this relationship further and attempt to connect
this mapping also to the problem of quantum communi-
cation theory since our work reveals a close connection
between the maximum likelihood decoding of the surface-
square and color-hexagonal GKP codes and the problem
of Gaussian quantum channel capacity.

Lastly, an earlier work [48] provided several instances
of numerically-optimized multi-mode GKP codes that
outperform the known concatenated GKP codes, even
including the surface-square GKP code and the color-
hexagonal GKP code, with the same number of modes.
The performances of these codes have only been ana-
lyzed through a suboptimal closest-point decoder. Thus,
continued search of new multi-mode GKP codes be-
yond concatenation and their performance analysis using
maximum-likelihood decoder can also be fruitful future
research directions, potentially having relevance to the
problem of Gaussian quantum channel capacity as well.

VII. ACKNOWLEDGEMENTS

We would like to acknowledge the AWS EC2 resources
which were used for part of the numerical simulations
performed in this work. ML would like to thank Péter
Kémaér and Eric Kessler for their supports of the project.
We also would like to thank the Day 1 Science Mentor-
ship (D1SM) program led by Connor Stewart at Amazon
through which this project was initiated.

Appendix A: More data for the coherent
information for the concatenated-GKP codes

In Fig. 4, we display more data for the coherent infor-
mation for the three concatenated-GKP codes discussed
in the main text, in addition to the color-square GKP
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FIG. 4. (a) An expanded version of Fig. 1 of the main text
with color-square GKP codes included. Moreover, additional
data points in the large o regime are included for comprehen-
siveness despite the fact that an optimal outer code distance
could not be found due to the saturation caused by a finite
maximum code distance analyzed in numerics. (b) An ex-
panded version of the inset in Fig. 1, showing the optimal
code distances that maximizes the achievable rates.

code. For surface-square GKP code, we have collected
data up to d = 39, and found that the code could have
positive achievable rate up to o = 0.598. The corre-
sponding optimal distances are shown in Fig. 4(b), and
we found that the code has optimal distance d = 39 at
0.595 < ¢ < 0.598. This is clearly an artifact of the
fact that we have only simulated the code up to d = 39.
As a result, we have omitted the last 5 data points for
surface-square GKP code in Fig. 4 and report the rest of
the data in Fig. 1 in the main text.

Similarly, we have collected data up to d = 21 and
d = 15 for the color-square and color-hexagonal GKP
codes respectively, and found that they could have pos-
itive achievable rate up to ¢ = 0.594, much larger than
0.58 shown in Fig. 1. We have omitted color-square code
in Fig. 1 for clarity because it does not exhibit better
achievable rate than other GKP codes for the range of



o considered. Further, we have consistently removed the
last 5 data points from the color-hexagonal code in Fig. 1,
because of the similar plataeu observed in the plot of op-
timal distances.

The “finite-size” effects are due to the limited compute
resource and we emphasize that it is important to omit
the data points affected by these effects when trying to
interpret our numerical data. Otherwise, one would may
make inaccurate conclusions about the achievable rate
of the GKP codes. For example from Fig. 4(a), it ap-
pears that the achievable rates of both color-square and
color-hexagonal codes drop much quickly than that of
the surface-square code for ¢ > 0.59. However, this is an
artifact of having only considered finite distances up to
d = 21 for the color-square GKP code and d = 15 for the
color-hexagonal GKP code.

In Fig. 5, we provide an expanded version of Fig. 2(a)
with all the data from d = 3 to d = 23 displayed.
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FIG. 5. An expanded version of Fig. 2(a) with all the raw
data presented.

Appendix B: Maximum likelihood decoding for
GKP codes

In this section, we review MLD for GKP codes fol-
lowing Ref. [46]. Let A denote the lattice correspond-
ing to the GKP code considered, where the lattice points
u € V27 correspond to the stabilizers of the GKP code.
The prefactor of v/27 ensures the stabilizers commute
with each other. For the purpose of decoding, we will
need to consider the symplectic dual lattice AL where
the quotient

Var(AL/A) = {H} (B1)

consists of the lattice points in /27At (and not
in v/27A) that correspond to the logical operators.

Throughout this work, we assume the quadrature vari-
ables are subject to independent and identically dis-

tributed (i.i.d.) additive errors

i =& +E, (B2)

where £ = (5((11), fél), ...,féN), féN)) ~iid. N(0,02) are
the random shifts that follow an i.i.d. Gaussian distribu-
tion. In other words, the probability density of &€ is given
by

Py (&) = (B3)

Lo (- )
V2mo? 202 )
By measuring the stabilizers, we obtain s € R?V| a set
of real-valued syndromes. Since the true error £ is not
known a priori, we assume 7, to be a candidate error
that is consistent with the syndrome s (for more details
on the definitions of syndrome and candidate errors, we
refer the readers to Sec. IV A of Ref. [48]). With these,
MLD aims to find the logical operator I that maximizes
the following coset probability [46]

Z(ns, 1) = Z Py(ns — 1 —u).
u€V2mA

(B4)

After the optimal solution l*l is found, the correspond-
ing displacement operator will be applied to attempt to
correct the random shift error £. Note that the MLD is
an optimal strategy to minimize the chance of getting a
logical error after the attempted shift correction [49].

Appendix C: More details on the exact MLD for the
surface-square GKP codes

In this section, we review the exact MLD for the “un-
rotated” surface code, proposed by Bravy, Suchara and
Vargo (BSV) in Ref. [49]. We will explain how to adapt
this method to perform an efficient and exact MLD on a
“rotated” surface-square GKP code.

In contrast to the rotated surface-square GKP code
considered in our work, Ref. [49] considered the surface
code in a different geometry, which is often referred to
as the “unrotated” surface code. In Fig. 6(a), we show
an example of d =5 “unrotated” surface code where the
black dots represent the data qubits in the code. In the
“unrotated” surface code, the X-type stabilizers (red)
are often referred to as the site stabilizers, which act on
four data qubits of the vertices, and the Z-type stabi-
lizers (green) are the plaquette stabilizers, which act on
four data qubits of the square plaquettes. Stabilizers of
either type that are on the boundaries act on only three
data qubits. In our work, to study “rotated” surface-
square GKP codes, we embed a “rotated” surface-square
GKP code into an “unrotated” surface code as shown in
Fig. 6(a). This is the starting point of applying the BSV
decoder to surface-square GKP codes.

One of the seminal contributions in Ref. [49] is a
method for calculating the coset probabilities exactly and



FIG. 6. Embedding a “rotated” surface-square GKP code
into an “unrotated” surface code. (a) An example embedding
for the d = 5 surface-square GKP code. (b) The X-type
stabilizers for the d = 3 surface-square GKP code. Each GKP
qubit has weight 7; = 75q(g: = 1)/7sq(g9: = 0) where 75q(g:) is
defined in Eq. (C5). (¢) The X-type stabilizers for the d = 3
“unrotated” surface code. For the data qubits shown in black,
they correspond to the GKP qubits in the surface-square GKP
code with weights 7/ = 7. For the data qubits shown in white
and grey, their weights are set to 0 and 1 respectively, such
that the coset probability for the “unrotated” surface code
correspond to that for the surface-square GKP code.

efficiently for the “unrotated” surface codes subject to a
pure Z-noise or X-noise model. More specifically, there
are N' = d? + (d — 1)? data qubits for the distance-
d “unrotated” surface code and we assign to each data
qubit a weight 7/ € R for 1 < i < N’. Then, let g’ de-
note a binary vector with N’ components describing an
X-type stabilizer of the “unrotated” surface code. The
coset probabilities for the “unrotated” surface code can
then be written in the following form for a given set of
weights 77/,

d?+(d—1)2
=>  II @, (C1)
geg' =1

where G% is the set of all the X—type stabilizers of the
“unrotated” surface code, and gZ denotes the i-th compo-
nent of g’. Note that (/)% = 7/ if g} = 1 and (7])% =1
if g; = 0. Notably, Z(7') can be calculated efﬁmently
in time O(d*) (see Sec. V of Ref. [49] for more details).
Upon adequate adaptations, this technique can be used
to efficiently decode a surface-square GKP code as we
describe below.

Because we are interested in a noise model where the
random shifts in the ¢ and p subspaces are independent
from each other, we exclusively consider the lattice in
the N-dimensional p subspace (N = d?), denoted as
Aéﬁ)rf sq’ Similar analysis can be carried out for the §

4) fac-

subspace as well. For this noise model, Eq. (B
torizes to a product of two summations Z(ns,ll) =

Z(ns(d)’ lJ"('i))Z(ns(ﬁ), li—,(ﬁ)) where

2@ Py = 3 py(n,
uG\/ﬁA(")

surf-sq

®) _ 1 0) _4y),

(C2)

Similar expression holds for Z(n,(?, lJ"('j)).

As shown in Ref. [48] (see Sec. IX therein), \/ﬁAglf_s q
contains 2,/7TZy as a sublattce, which allows us to clas-
sify the lattice points in \/EA(p )

surf-sq 10 different equiva-

lent classes. In particular, for any w € /27 AP it can

surf-sq?
be written as u = y/m(g+wv) where g is the binary vector
for a X-type stabilizer, and v € 2Zy. Then defining

/

n (@ _ @)y,

%ws (C3)

then the summation in Eq. (C2) can be written as

Z Pa(ﬁnl_u)

ueV 27 AP

surf-sq

=2 2 Rlvm

gcgx vE2ZN

0% ¥ Tlew (-

geGx ve2Z N i=1

N
=C Z H TSQ(”];) i U)

geGx i=1

(' —g—v))

292 - z‘)2> (©4)

where C' = (276%)~"/? is an unimportant prefactor from
the Gaussian distribution which will be omitted here-
after, and

Zexp< —29;; 2n)” ) (C5)

nez

qu 771’ 9i, 0

Here Gx denotes the group of X-type stabilizers. Equa-
tions similar to Eqgs. (C4)-(C5) for general concatenated-
square GKP codes have been obtained in Ref. [46], but
the authors did not investigate further the performance
of the MLD for explicitly GKP codes. Below we will ex-
plain how to use the technique in Ref. [49] to calculate
the quantity in Egs. (C4)-(C5) for the specific case of
the surface-square code, given its similarity to Z(7') in
Eq. (C1).

Despite the similarities, there are two critical differ-
ences between Eq. (Cl) and Eq. (C4). First, each
summand in Z(7’) has the same number of factors of
7/ as the hamming weight of the corresponding stabi-
lizer, whereas the summands in Eq. (C4) always have
N factors of 74y(n}, gi,0). This is due to the fact that
Tsq(M,9: = 0,0) # 1, as defined in Eq. (C5). To resolve
this difference, we notice

() = ((g:”) el = 0),

qu(gi = 0) (06)



for both g; € {0,1}. Hereafter, we will use 744(g;)
Tsq (M}, gi; 0) for simplicity. With that, the quantity in
Eq. (C4) can be rewritten as
) 9i
e IC

N
I] (ratas =0 3 H(
gegx i=1

where the summand now has exactly the same form as
that in Z(7’). Since the first product in Eq. (C7) is
easy to calculate, we will focus on the summation in the
quantity. Second, we further note that Z(7’) has more
summands than that in Eq. (C7), due to the fact that
“unrotated” surface code has more data qubits than the
surface-square GKP code. To resolve this difference, we
have to set certain weights in the “unrotated” surface
code to be either 0 or 1. As an example, in Fig. 6(b) we
show the X-type stabilizers for the d = 3 surface-square
GKP code together with its weights

T = qu(gi = 1)/qu(gi = O)'

In order to calculate the quantity in Eq. (C7), we embed
the surface-square GKP code into the d = 3 “unrotated”
surface code as shown in Fig. 6(c), where 7/ = 7; for
1 < i < d? In such embedding, we notice that the
hamming weights of boundary stabilizers in the surface-
square GKP codes have increased from 2 to 3. For codes
with larger distances, the hamming weights of bound-
ary stabilizers may be increased to 4, see for example
Fig. 6(a). For that, we shall set 715 = 775 = 1 (colored
in grey) such that the presence of these two additional
data qubits do not affect the value of the corresponding
product. Similarly, we notice there are two additional
unwanted boundary stabilizers in the “unrotated” sur-
face code at the top-right and left-bottom corners. For
that, we shall set 71, = 71; = 0 (colored in white) to sup-
press their contribution to the quantity of interest. More
generally, in order to evaluate the quantity in Eq. (C7)
for the X-type stabilizers, for the (2d — 4) qubits in the
top-left and bottom-right corners that are adjacent to
the embedded surface-square GKP code, we will set their

weights to one, and for the other (d_21)2 —(2d—4) qubits in
the top—left and bottom-right corners, together with all

the (<-1° 1) qubits in the top-right and bottom-left cor-
ners, thelr weights will be set to zero. For evaluating
the quantity in Eq. (C7) for the Z-type stabilizers, the
easiest approach is to rotate the stabilizers and qubits in
the surface-square GKP code by 90 degrees, then we can
follow the same approach as outlined above.

Let us make a remark for the weights 754(g;) defined in
Eq. (C6). Since they are the inputs for the BSV decoder,
their accuracy is critical for the performance of the BSV
decoder. Because

nz;exp ( (”Z > Ji —n>2> . (C8)

it suggests that we can simply find the closest integers
for (n; — ¢;)/2 in order to estimate 7y4(g;). We notice

qu gz

that for o = 0.6,
2m _,
-— C9
exp ( il ) (C9)

is of the order 1073 and 107%° for # = 2 and 3 respec-
tively. Hence, for the i-th GKP qubit we only need to
find N, closest integers, where N, < 4, to accurately ap-
proximate its weight, which results in O(N,d?) runtime
complexity to prepare the inputs for the BSV decoder.

Appendix D: More details on the tensor-network
decoder for the color-GKP codes

In this section, we provide more details for the tensor-
network MLD for the color-GKP codes. Similar to
Eq. (C4) for the surface-square code, the MLD for the
color-square code aims to evaluate

N
Z Po('r]s_lj__ = Z Hqu(ngagzdo')

uev2rAl®) gegx 1=1
(D1)
where 74q(n}, gi, o) is defined in Eq. (C5), and Gx is the
X-type stabilizers for the color-square GKP code. Here
we consider the N-dimensional p subspace of the color-
square code because the random shifts in the ¢ and p sub-
spaces are independent from each other. This is, however,
not the case for the color-hexagonal code, and we need
to consider the full 2/N-dimensional lattice Acolor-hex. AS
one can show, \/ﬂAmlor_hex~ contains a sublattice gen-
erated by the transpose of S = /7 &Y, S, where S is
the symplectic matrix for the one-mode hexagonal code.
Hence for any u € V27 Acolor-hex, it can be written as
u = S(g + v) where g is the binary vector for certain
stabilizer, and v € 2Z5y. Similar to Eq. (C3), we define

ne — - = Sn, (D2)
then the summation in Eq. (B4) reduces to
Y Y PA(Sm—-g-v)
geGve2Zrn
N
=> > J[r7Sin-g-)) (D3)

geGve2Zyn i=1

7ZHT 17 'L’O-)ﬂ

gegi=1

where G is the full stabilizer group, and

= > P(VaS([nli — gl — 2v)).

vEZs

7(S, [nli, [g]i, 0

(D4)
Here we have used [b]; to denote the two-dimensional
projection of b onto the i-th qubit, and the summation
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FIG. 7. The tensor network MLD for the color-square and
color-hexagonal GKP codes. (a) An illustration of the tensor
network for d = 5 color code. (b) Definition of all the ten-
sors correspond to stabilizers, up to certain rotation. (¢) The
tensors correspond to the data qubits are defined in Eq. (C5)
and Eq. (D4) for the color-square and color-hexagonal codes
respectively. See the description in the text. For both types
of tensors, corresponding to either stabilizers or data qubits,
their bond dimension is 2 and 4 for the color-square and color-
hexagonal codes respectively. (d) Illustration of the lattice
A(2/7ST) where S is the symplectic matrix corresponds to
the one-mode hexagonal code. Each lattice point corresponds
to a logical error for the qubit. The probability of a logical
error, say Y, is a summation of the contributions from the
corresponding lattice points, which depends on their distance
to the syndrome (brown star) and the noise strength o. Note
that we have only illustrated the contributions from three
lattice points, and the contributions from other lattice points
can be neglected because the probability decays exponentially
with respect to the distance squared.

in Eq. (D4) is carried over the two dimensional integer
lattice.

We remark that Egs. (D3)-(D4) is applicable for
generic concatenated-GKP code. Because S = Iy for
the concatenated-square GKP code, Eq. (D4) reduces to
a product of two summations for the ¢ and p subspaces,
where each summation has the same form as Eq. (D1).
In other word, Egs. (D3)-(D4) represent a straightfor-
ward generalization for the result obtained in Ref. [46],
for approximating MLD for generic concatenated-GKP
codes.

The tensor-network method to calculate the quantities
in Eq. (D1) and Eq. (D3) was first described in Ref. [49]
for decoding surface code, and later generalized to gen-
eral 2D stabilizer codes in Ref. [50]. The tensor network
for the color-square code is depicted in Fig. 7(a) which
typically involves two types of tensors. The first type
of tensors, shown in Fig. 7(b), correspond to stabilizers
and take value one iff all the indices of the tensor have
the same value, and zero otherwise. The second type of

tensors, shown in Fig. 7(c), correspond to qubits which,
as defined in Eq. (C5), depend on the values of the can-
didate error 7., the logical error I and the stabilizer g
at the qubit. Taking the rank-3 tensor in Fig. 7(c) as
an example, we have g; = r @ s &t where r,s,t are the
indices of the tensor and g;,r,s,t € Fo = {0,1}. For the
rest of this section, we use @ to denote the addition in Fo
or F,, see below. We note that g; is essentially the local
logical error for the i-th qubit, if we view n’, defined in
Eq. (C3), as an effective candidate error.

For color-hexagonal code, the tensor network has the
same topology as the one for the color-square code, but
the tensors are defined differently. In particular, because
both X and Z type stabilizers are needed to decode the
color-hexagonal code, and the two types of stabilizers can
be viewed lying on top of each other geometrically, the
tensors in Fig. 7(b) correspond to the composition of both
types of stabilizers. Taking the rank-4 tensor in Fig. 7(b)
as an example, its indices take values in Fy = {0, 1,2, 3}
which corresponds to I, X, Z and Y for the composite
stabilizer. Similarly, the tensors for the qubits have bond
dimension 4 with values given in Eq. (D4). In particular,
because [g]; = {0, 1}27 it can be mapped to an g; € Iy
which is essentially the local logical error for the i-th
qubit, if we view 1, defined in Eq. (D2), as the effective
candidate error. Take the rank-3 tensor in Fig. 7(c) as
an example, we have g; = r® s®t where r, s,t are the in-
dices of the tensor and g;,r, s,t € F4. The tensors shown
in Fig. 7(c) are defined in Eq. (D4) with square brack-
ets and subscripts omitted for simplicity. The method of
calculating Eq. (D4) will be described below in the con-
text of brute force MLD for the [[5, 1, 3]]-hexagonal GKP
code.

Appendix E: More details on the brute force MLD
for the [[5,1, 3]]-hexagonal GKP code

I1XZ7ZX
XIXZZ
ZXI1XZ
ZZX1X

TABLE I. The stabilizer generators for the [[5,1,3]] code.

In this section, we provide more details on the brute-
force MLD for the [[5,1, 3]]-hexagonal GKP code. The
brute-force MLD aims to evaluate exactly the same ex-
pressions in Eq. (D3)-(D4), except that G = G513 is
for the full stabilizer group of the [[5,1,3]] code. We
have listed the generators for G513 in Tab. I. In total
there are 16 elements in G513 which makes the brute-
force MLD feasible. As an example, let us consider the
summand for the stabilizer 1Y X XY which is a product
of five terms, each has the same form as that in Eq. (D4).
Taking second qubit as an example, because the second
Pauli operator of the stabilizer is Y, the corresponding



[g)i=2 = [1,1] using our convention. With that, we can
plug each [g]; into Eq. (D4) to estimate the weight in the
i-th qubit. Specifically, let

y = VrS([nli — [gh), (E1)

then the summation in Eq. (D4) can be written as

Z P,(y — 2/7Sv). (E2)

vEZs

Because 24/7Sv can be viewed as a point in a two di-
mensional lattice generated by 2,/7S7, in order to ap-
proximate the summation, we can simply find N, < 4
lattice points that are closest to y, and sum up their
contributions to the summation. The truncation can be
similarly justified as we did above for the exact MLD for
surface-square GKP code. This procedure of calculating
7(S, )i, [g]i, o) is illustrated in Fig. 7(d).

Appendix F: More discussions on prior works

In this section, we compare our results to several prior
works [39, 40, 44, 54], which also study the thresholds of
multi-mode GKP codes near o = 1/4/e ~ 0.6065.

In Ref. [39], the authors considered the C4/Cs code
concatenated with square-GKP codes. They showed that
the code has threshold between 0.60 and 0.61 when the
analog information from the inner square GKP codes is
incorporated into the decoder. The numerical evidence
is shown in Fig. 3 therein, where the noise strength o
is scanned with the resolution of 0.01. Because of the
limited resolution, it is difficult to conclude that the code
has a threshold above o = 1/4/e ~ 0.6065.

In Ref. [40], the authors applied the decoding strategy
in Ref. [39] to surface-square GKP code, and the results
are presented in Fig. 2 therein. Close inspection of Fig.
2(b) reveals that surface-square GKP code at d = 25 has
higher failure probability than d = 23 at ¢ = 0.605 using
the suboptimal decoding method therein. In order to
resolve the ambiguities in Ref. [39, 40], we have chosen to
scan the noise strength with higher resolution of 0.001 in
our simulations. Moreover, we have carefully studied the
fidelity of the surface-square GKP code near o = 1//e =
0.6065 as shown in Fig. 2(b) in the main text. The result
in Ref. [40] is consistent with our conclusion that surface-
square code can have threshold near o = 1//e ~ 0.6065
but only by using the optimal decoding method.

In Ref. [44], the authors studied the QEC ca-
pacity of several multi-mode GKP codes, including
surface-rectangular and surface-asymmetric-hexagonal
GKP codes. With a tensor-network decoder, they also
showed that the analog information from the inner GKP
codes can significantly improve the QEC capacity of these
codes, and the main numerical results are shown in Fig.
8 therein. But, similar to Ref. [39], the noise strength o is
scanned only with the resolution of 0.01, and one can only
conclude that these codes have threshold between 0.60
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and 0.61. We also note that the decoders in Ref. [44] are
approximate MLD since a tensor-network decoder with a
finite maximum bond dimension cutoff was used. How-
ever as we showed above, MLD of a surface-rectangular
GKP code can in fact be performed exactly and effi-
ciently with our adaptation of the BSV method because
the shift errors in the position and momentum subspaces
are decoupled from each other. Hence, the threshold of
the surface-rectangular GKP code shown in Fig. 8(b) in
Ref. [44] is not necessarily optimal. It would be inter-
esting to use our adaptation of the exact BSV method
to explore the thresholds of the the surface-rectangular
GKP codes with various aspect ratios, or surface-GKP
codes on rectangular geometries (instead of square ge-
ometry shown in Fig. 6).

In Ref. [54], the authors studied the XZZX-rectangular
GKP codes decoded by using a minimum-weight-perfect-
matching decoder. In Fig. 4 therein, the authors claimed
that the code has threshold of 0.67 when the square root
of the aspect ratio of the inner rectangular GKP codes is
equal to 2.1. We note, however, that the simulation was
only carried out for codes up to distance d = 9. Further,
close inspection of Fig. 4(b) reveals that the crossings
of the logical error rates for distances d and d + 2 de-
creases as the distance is increased from d =3 to d = 7.
It is reasonable to suspect that the crossings could fur-
ther decrease as the distance is increased further, and
the threshold, a quantity defined only in the asymptotic
limit of d — oo, could be much smaller than 0.67 if the
threshold ever exists for these codes. Hence, based only
on the data presented, it is difficult to confidently con-
clude that the threshold of the XZZX-rectangular GKP
code is larger than o = 1/4/e ~ 0.6065.

In our work, we have carefully determined the crossings
of the fidelity between d and d + 2 for surface-square
and color-hexagonal GKP codes, as shown in the insets
of Fig. 2(a) and Fig. 3 respectively. In particular, the
crossings of the surface-square code gradually increase as
the code distance is increased, showing that the optimal
threshold of surface-square code is indeed close to o =
1/y/e ~ 0.6065. This is further confirmed by a more
in-depth study of the performance at ¢ = 1/,/e as a
function of code distance d as shown in Fig. 2(b).

Appendix G: More details on the hashing bound of
Pauli channels

In this section, we provide more details on how to
use the hashing bound of Pauli channels to compute the
achievable rate of the GKP codes considered. In this
work, we consider encoding a single qubit using N-mode
GKP codes, which simulates the single-qubit Pauli er-
ror channel Py with N independent copies of Gaussian
random displacement channel. As a result, the achiev-
able rate of the GKP code is that of the Pauli channel



divided by N, i.e.,
(G1)

where

1(Py, p) = S(Pa(p)) — S(Py(p)) (G2)

is the coherent information of the Pauli channel Py with
respect to an input state p. By definition, we have

Pa(p)

where X, }A/', Z are Pauli operators and P
(pr,px,py,pz) are parameters of the Pauli chan-
nel. To define the complementary channel for the Pauli

J

= prp+pxXpX +pyYpY +pz2pZ  (G3)

Pr VPrpxTr(pX)

ey _ | VPIPXTr(pX) Px

Pﬁ(ﬂ) R
\/PIPYTY(PY)
VPivzTr(pZ

With the forms of P5(p) and Pg(p) obtained, we can ex-

plicitly calculate Pz #(p) for an input p. Since the achiev-
able rate in Eq. (Gl) is maximizing over all the input
states, we can obtain its lower bound by picking a par-
ticular state, say the maximally mixed state. By plugging
p=1/2 into Eq. (G2), and (G3)-(G5), we arrive that

1
R= |1+ >

n=I1,X,Y,Z

pulogy pu (G6)

The quantity in the parenthesis of Eq. (G6) has been
shown to be achievable, say using random stabilizer code
[7, 9, 10], based on which we calculate the achievable rate
for the GKP code.

Appendix H: Derivation of the lower bound of the
quantum capacity for a Gaussian random
displacement channel

In this section, we derive the lower bound of Q(N,) as
shown in Eq. (2). Recall that (see Eq. (1))

Qo) = lim - maxLVEY.5), (1)
where
LNy p) = SN () - SINED) (12)

is the coherent information of the Gaussian random dis-
placement channel A, with respect to an input state p.

i/PxpY Tr(pZ,
) —iypxpzTr(pY) iy/pypzTr(pX) Pz
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channel, we consider the following isometric extension

Bp)= S ampt) @ () (v),

pw=1,XY,Z

(G4)

where we identify |u) and |v) with the following basis
states

|I> = (1’07070>T’ |X> =
V) = (0,0,1,00", |Z)=

(0,1,0,0)7,
(0,0,0,1)T.

We should treat |u)(v| in Eq. (G4) as an environmental
degree of freedom, and upon tracing it out, we recover the
Pauli channel. The complementary channel is obtained
by tracing out the first degree of freedom of Py(), which
reads [57]

Py Tr(pY) VPipzTr(pZ)

—i/PxpyIx(pZ) i/pxpzTr(p AA) (G5)
by iz TH(pX)
[
Here S(p) = —Tr[plog, p] is the quantum von Neumann

entropy and N¢ is the complementary channel of \V,. Be-
cause coherent information might be superadditive, i.e.,
QW1 @ N2) > QM) + Q(N2), we can lower bound
Q(N,) using the one-shot coherent information as
,0) < QNG). (H3)

max I (N,
p

Further, since the left hand side of Eq. (H3) is a max-
imization over all input states, by picking a particular
input state, say the single-mode thermal state ps, we
naturally obtain a lower bound for Q(N,). In particular,
we will show that I.(N5, pr) is monotonically increasing

with 7 such that
1
1 — .
062 (60’2 )

This is the lower bound shown in Eq. (2) in the main
text, since Q(N,) is always positive. We now describe
how to prove Eq. (H4).

lim I.(Ny, pr) =

n—00

(H4)

1. Preliminary

In this subsection, we provide some background infor-
mation which will be needed for later discussions. More
details can be found in [11] (with a different convention
compared to the one used below).

A N-mode bosonic mode is associated w1th the 2N an-
nihilation and creation operators a; and a a (1<i<N)



satisfying [a;,a;] = [dj,a;] = 0 and [di,&ﬂ = 0.
Another useful representation is the position and mo-

mentum quadrature operators X; = (G1,p1,- - 4n, Dn) L
where §; = %(dl + dj) and p; = %(&I — a;). The com-
munication relation translates to [Z;, ;] = i€;; where

0 1
-1 0|°
Here Iy is the N x N identity matrix. We will also need
the displacement operator defined as

D(&) = exp (ix"Q¢)

where £ = (5151),51()1), . (N),E(N)) . For a quantum
state p, its Wigner characteristic function is defined as

X(€) = (D(€)) = Tr[pD(€)).

Using the fact that Tr(D(& —¢')) = (2n)No(€ — &), con-
versely, we have

Q=Iy® (H5)

(H6)

(H7)

p= v [ PVe@bCe. )

The Wigner function W (x) is the Fourier transform of

x(§), ie.,

W(x) =

e [ @ ent-ixtng. o

We say a state p is Gaussian iff its Wigner character-
istic function and Wigner function are Gaussian, i.e.,

K& V) = exp |- 3" (@OVAT)E - i(0R)7e]
(H10)
exp[-31(x—x)TV(x— %)
(2m)Nvdet V

Hence a Gaussian state is fully characterized by the first
two moments defined as

W(x;V,x) = (H11)

X = (%), =S ({2 - T, Tj — ij}>’ (H12)

N |

A, B} = AB + BA. A Gaussian unitary opera-

tion is defined to be operators that transform a Gaussian
state as

where {

x—>Sx+d, V —SVSsT,

where d = (dy,--- ,dan)T and S is a 2N x 2N symplectic
matrix satisfying SQST = Q.

As an example, the single-mode thermal state is a
Gaussian state given by

(H13)

—TL

=3 gl (H14)
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Using Eq. (H6)-(H7), and the fact that

~ 2 i —1)k n
(nlP(@)ln) = eI ”;(}ﬂ(,ﬁ)m%, (115)

we can show that the thermal state is characterized by
X =0and V = (7+1/2)I. We can calculate its quantum
entropy as follows

. e I am
pﬁ - Z n_|_ 1 n+1 ((ﬁ+ 1)n+1> (Hlﬁ)

where

g(n) = (n+ 1)logy(n + 1) — nlogy(n). (H17)
More generally, for an arbitrary N-mode Gaussian state
p with covariance matrix V, its von Neumann entropy is
given by

N
. 1
SH =9 (Vk - 2) (H18)
k=1
where +uv;, are the eigenvalues of the matrix iQ2V. See
more details in Sec. IIC1 in [11].

We will also need the following two-mode Gaussian
unitary, define for the j-th and k-th mode as

SUMij = exp [—Z'ijﬁk} . (H].g)
Its action on the quadrature coordinates read
d; d; 100 O q; d;
Pil o P17 Pk 010 Pi| = sgum |2/
dk qx + 4, 101 0 qx Qr
Dk Dk 000 1] [pw Dk

As one can show Sgyy is indeed a symplectic matrix.
We note that SUM,_, ; corresponds to SSUM for the same

quadrature basis vector, and SUMj _,;; corresponds to

[

SSUMT = (HQO)

O |

—_
SO O = O
o = O O
= o = O

2. Calculation of S(N,(px))

The Gaussian random displacement channel N is de-
fined as

No(p) = / PPNEP,(€)D(E)pDT (€), (H21)



13

where d€ = d&; - - - &y and channel, which will be done via unitary dilation. We
consider a three mode Gaussian state defined by
1 £'¢
Py (&) = (@ro?)N exp (20) (H22)

is the 2N-dimensional Gaussian distribution. For a
Gaussian state p corresponds to x(&;V,X), we can cal-
culate N, (p) explicitly. Upon plugging Eq. (H8)-(H10)
into Eq. (H21), and carrying out the £ integral, we have  (pere p is the state to be transmitted via the Gaussian
random displacement channel, and

p®|Q)QI® |P)(P], (H24)

1 .
N, (p) = /d2Nux(u;V—|—azIN,)_()D(—u),
(2m)N
which suggests that the covariance matrix is shifted by o0 A
0%Iy. Hence for a single-mode thermal state, we have Q) :/ d€q\/ Po(§q)lG2 = &q)s (H25)

N, (pn) = proz, such that

S(Ng([)ﬁ)) — g(ﬁ—|—cr2). (HQS) |P> = ~/—oo dgp PU(&;D)kﬁS = gp) (H26)

3. Unitary dilation of the Gaussian random

displacement channel are two pure states. Here P, (&) =
(2m0?) "2 exp(—£2/(20)) is  the  single-variable
In order to calculate S(N(p)) for a single-mode Gaus- ~ Gaussian  function. We claim that Ny(p) =

sian state p, we will need to introduce a complementary — Traz |N(p ® |Q)(Q| ® |P><P\)} where
J

N(p@ |Q)Q| ® |P)(P|) = SUMI_,;SUMa,1 (p ® |Q)(Q| ® | P)(P|)SUM}_, , SUM, 5. (H27)

As a result, the complementary channel of N, (p) is N<(p) = Try [N(ﬁ @ Q(Q® |P><P|)} We prove the claim by
noticing that

firg

SUMa,1(p ® |d2 = E){G2 = & )SUML_,; = e "7 (5 ® |G2 = &) (G2 = &}|)e'®P

= (750 pe i ) © | = )2 = €. o)
o o H28
SUM5(p @ [ps = &) (Ps = §))SUM1L5 = €17 (p ® 3 = &) (s = &) P
= (cmpen) @ lis = &) 0s = €.
where we used the fact that §|§ = ¢) = q|¢ = ¢) and p|p = p) = p|p = p). With that, we have
Troa V(50 1QU@I @ IPUPD] = [ dey [ dePalPalerine e peitame i
- (H29)
— [ aer.©D@n'e)
— 00
where we used the fact that exp(i€,G1) exp(—i€,p1) = expli(§pg1 — &4P1)] exp(i€p€,/2). This proves the claim.
[
4. Calculation of S(N{(pr)) For that, we start with the covariance matrix of the three-

mode Gaussian state pz ® |Q)(Q| ® |P)(P|, which reads

We now calculate S(NE(pr)) = S (Trq [p}]) where

- V = (ﬂ + 1) L®
ph = N(pn @ Q)(Q| ® |P)(P)). (H30) 2



Here ag = ap = a = 1/4 due to the fact that |Q) and
|P) are pure states. Under the channel N, which is a
composition of two SUM gates, the covariance matrix is
transformed as

V =V =8;VSL, (H32)
where
1 00000] 1 0 100 0]
0 100010 1 00O0O0
S]\7:001000 00 1000 (H33)
0 00O10O0[|0O—-10100
-1 000100 O OO0O1O0
L0 00001]]0 0 000 1

In other words, the three-mode Gaussian state gy, corre-
sponds to the Wigner function

exp [f%(x %)V (x — i)}
(2m)Ny/det V ’

where x = (1,22, 3,24, 25,26). The first moment x
is not important because we are only interested in the
covariance matrix of Trq[p}], denoted as Vg 3, which is
obtained by integrating out (1, zs) from W (x; V,%). As
one can show, \723 corresponds to the block of V re-
stricted to (x3, x4, x5, x6), which reads

W(x; V,x) =

(H34)

o? 0 —0? 0

Vase | O n+i+% 0 0
S 0 Aiti+ol+ % 0

0 0 0 o?

(H35)

14

Upon diagonalizing iV 3, and with Eq. (H18), we ar-
rive at

sin) =9 (TG ) 0 (225,

where

& = \/4a + 02(2 + 47 + 02). (H37)

5. Calculation of lims_oo I(No, i)

Upon combining Eq. (H2), (H23) and (H36), we arrive
at

~ _ 2 _
W) = g+ 0%) g (T 5 )

F+o2—-1
g —

Since limy; 00 g(71) = logy(en) and limy oo 6 = 207,
per Eq. (H17) and (H37), we have that I.(N,,pr) is
monotonically increasing with 7. As a result,

lim I.(Ny, pn) = logy(enn) — 2log,(eav/n) = log, ( 1 ) ,

Ai—r00 ec?

as claimed in Eq. (H3).
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