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Abstract

Direct Preference Optimization (DPO) aligns language models using pairwise
preference comparisons, offering a simple and effective alternative to Reinforce-
ment Learning (RL) from human feedback. However, in many practical settings,
training data consists of multiple rollouts per prompt, inducing rich preference
structure that pairwise DPO fails to exploit. Collapsing such data into independent
pairs discards transitivity, introduces redundant or conflicting supervision, and can
lead to unstable optimization. We propose Graph Direct Preference Optimiza-
tion (GraphDPO), a structured generalization of DPO that operates over directed
acyclic preference graphs induced by rollout rankings. GraphDPO encodes domi-
nance relations as edges and optimizes a graph-structured Plackett–Luce-inspired
objective that aggregates supervision over dominated neighborhoods, propagating
the transitive structure of the input preferences while recovering standard DPO
as a special case. GraphDPO naturally handles tied and incomparable responses
through an equivalence-class construction: responses with identical preference
signals form graph layers, incomparable responses share a layer without an edge,
and absent edges contribute zero loss, preventing the spurious gradients that strict
total-order objectives incur. Under this layered construction, GraphDPO main-
tains linear per-prompt complexity via efficient log-sum-exp aggregation. We fur-
ther incorporate optional ground-truth anchoring by inserting verified solutions
as dominant nodes and applying an annealed schedule that stabilizes early train-
ing while gradually relaxing oracle supervision. Experiments on reasoning and
program synthesis tasks demonstrate superior performance, suggesting that graph-
structured preference modeling is a scalable and robust alternative to pairwise and
listwise alignment objectives.

1 Introduction

Aligning large language models (LLMs) with human preferences is essential for deploying safe, re-
liable, and useful AI systems [1–3]. The dominant paradigm, Reinforcement Learning from Human
Feedback (RLHF), trains a reward model from preference comparisons and optimizes the policy
using reinforcement learning algorithms such as Proximal Policy Optimization (PPO) [4–7]. While
effective, RLHF pipelines incur substantial costs: they require careful reward model training, sensi-
tive hyperparameter tuning, and repeated on-policy sampling, and remain prone to reward misspeci-
fication and optimization instability [8–10].

Direct Preference Optimization (DPO) [9] offers a major simplification of this pipeline. By repa-
rameterizing the RLHF objective, DPO eliminates explicit reward modeling and directly optimizes
policy log-probability ratios against pairwise preference data relative to a fixed reference model.
This reformulation reduces alignment to a stable classification-style objective while retaining strong
empirical performance. As a result, DPO has inspired a growing family of reference-based, reward-
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free alignment methods, including IPO [11], KTO [12], SimPO [13], ORPO [14], and iterative or
online variants such as SPIN [15].

The pairwise and listwise bottleneck. Despite these advances, most DPO-style methods funda-
mentally operate on isolated pairwise comparisons. This assumption is often mismatched with
practical data collection regimes. In many real-world and benchmark settings, preference data is
obtained by sampling multiple candidate responses per prompt and ranking them via human judg-
ments, execution-based verification [16], or structured heuristics [17, 18]. Such multi-sample rank-
ings arise naturally in reasoning and program synthesis tasks, where multiple solution attempts are
generated and jointly evaluated [19–22]. Standard DPO handles this by decomposing rankings over
K responses into independent pairwise comparisons, yielding O(K2) training instances treated as
separate constraints. This reduction introduces several limitations: it discards transitivity, introduces
redundant supervision, and fails to exploit global structure present in ranked rollouts [23, 24].

Recent work has begun to explore learning directly from multi-sample rankings. Listwise preference
optimization approaches such as PRO [25] and LiPO [26] formulate alignment as learning-to-rank
(LTR) over ordered response lists using Plackett–Luce (PL) or LambdaLoss-style objectives [27–29].
These methods demonstrate that exploiting ranking structure improves alignment performance [30].
However, they fundamentally assume total orderings: responses must be arranged into strict ranked
lists, and supervision is expressed through listwise permutation likelihoods or weighted pairwise
surrogates. In many LLM alignment settings, this assumption is restrictive. Rollout-based evalua-
tion often produces partial orders, equivalence classes under discrete verification signals, or sparse
comparability relations that cannot be faithfully represented as strict lists [31, 32].

Graph Direct Preference Optimization. We introduce Graph Direct Preference Optimization
(GraphDPO), a structured generalization of DPO that shifts preference modeling from ordered lists
to preference graphs. For each prompt, GraphDPO constructs a directed acyclic graph (DAG) over
sampled responses that encodes the dominance relations implied by rankings. This formulation
unifies existing representations as special cases of one objective: pairwise DPO corresponds to a
single-edge graph, chains recover total-order rankings, and tied or incomparable pairs are non-edges
within a shared equivalence class, contributing zero gradient and avoiding the spurious supervision
that strict listwise models incur [33]. GraphDPO optimizes a graph-structured PL-inspired objec-
tive over dominated response neighborhoods: each response is contrasted only against responses in
strictly worse preference groups, yielding a groupwise factorization that propagates the transitive
structure of the input preferences without requiring total-order supervision. Under the equivalence-
class (layered DAG) construction, which all our experiments use, GraphDPO maintains linear com-
plexity in the number of responses: each response contributes a single log

∑
exp aggregation over

dominated samples, avoiding explicit enumeration of O(K2) pairwise comparisons or normalization
over permutations. This yields a scalable objective suitable for rollout-heavy alignment settings.

GraphDPO further supports ground-truth anchoring when verified solutions are available: oracle
responses are inserted as dominant graph nodes, with an annealed schedule that emphasizes ora-
cle supervision early in training to stabilize optimization and gradually relaxes its influence as the
policy improves. We evaluate GraphDPO on GSM8K [17], MATH [18], and APPS [16], where
it consistently outperforms pairwise DPO, listwise baselines, and rollout-based alignment methods,
demonstrating that modeling preference structure as graphs provides a scalable and robust alterna-
tive to pairwise and listwise optimization. Our core contributions are:

• Graph-structured preference optimization. We reformulate preference learning from
a graph perspective and propose Graph Direct Preference Optimization (GraphDPO), a
structured generalization of DPO that constructs a preference DAG over multiple rollouts
per prompt. GraphDPO leverages the full structure of ranked rollouts rather than treating
comparisons as isolated pairs, with pairwise DPO, chains, ties, and incomparability as
special cases.

• Groupwise ranking with tied- and incomparable-preference handling. GraphDPO nat-
urally supports equivalence classes of responses with identical preference signals, and han-
dles incomparable responses through the same mechanism: both share a class with no edge
between them and contribute zero gradient. Comparisons are performed only across prefer-
ence groups, avoiding spurious gradients from near-identical samples and enabling robust
optimization under discrete or sparse supervision.
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• Linear-time graph learning under the layered construction. Under the equivalence-
class (layered DAG) construction, GraphDPO maintains linear complexity in the number
of responses. Each response contributes a single log

∑
exp aggregation over dominated

samples, capturing global ranking information without enumerating O(K2) pairwise com-
parisons; for general partial orders the cost scales as O(|E|). We provide an explicit algo-
rithm and complexity analysis in Appendix B.

• Stabilizing ground-truth anchoring. When verified solutions are available, we integrate
offline ground-truth anchoring into the preference graph by treating ground-truth responses
as dominant nodes. An annealed anchoring schedule emphasizes oracle supervision in early
training to stabilize optimization, and gradually relaxes its influence to allow greater policy
flexibility, improving both convergence and final performance.

2 Related Work

Direct Preference Optimization and variants. DPO [9] removes explicit reward modeling by opti-
mizing log-probability ratios relative to a reference policy. Extensions such as IPO [11], KTO [12],
SimPO [13], ORPO [14], and RRHF [34] modify the surrogate objective or feedback assumptions,
but continue to treat each comparison independently. Related approaches also include offline pref-
erence optimization and margin-based variants [35–38]. These approaches do not exploit global
structure when multiple responses are available per prompt.

Multi-sample preference learning. Sampling multiple responses per prompt has been widely used
to improve alignment. Best-of-K selection and rejection sampling [39, 40] filter outputs without
learning from relative structure. SPIN [15] iteratively generates and ranks rollouts but ultimately
reduces supervision to pairwise updates, while GRPO [19] relies on reward-based group normaliza-
tion. Recent methods extend DPO to multi-sample settings: MPO [41] performs set-level contrasts
over preferred and dispreferred groups, SWEPO [42] introduces weighted groupwise objectives,
and RPO [43] leverages relative comparisons across prompts. However, these approaches either
reduce supervision to pairwise signals, depend on reward estimation or heuristic weighting, or rely
on coarse set-level partitions. GraphDPO instead models the structured relations induced by ranked
rollouts, capturing fine-grained dependencies without reward modeling or pairwise reduction.

Listwise preference optimization. Recent work formulates alignment as a listwise ranking prob-
lem. PRO [25] applies Plackett–Luce list-MLE objectives to ordered response lists, while LiPO [26]
studies a broader LTR framework and introduces LambdaLoss-weighted objectives [44] that lever-
age listwise signals. These methods demonstrate the benefit of optimizing over rankings rather than
independent pairs, consistent with findings in the LTR literature [30]. However, they assume strict to-
tal orderings and represent supervision as permutations or listwise normalization terms. GraphDPO
differs fundamentally by modeling preferences as directed acyclic graphs, enabling partial orders,
equivalence classes, and sparse comparability relations that arise in rollout-based evaluation. Fur-
thermore, GraphDPO preserves DPO’s reference-ratio formulation and introduces a linear-time
dominated-set likelihood factorization rather than permutation-based normalization.

Graph and structured preference modeling. Graph-based modeling has been explored in ranking
and choice theory [45, 46], as well as in neural and structured prediction settings [47, 48]. Prefer-
ence learning with structured or contextual comparisons has also been studied in bandit and ranking
settings [49]. Recent work such as PGED [50] highlights the value of preference graphs for enforc-
ing consistency and mitigating contradictory or noisy supervision through graph-based aggregation.
However, these ideas have not been integrated into reference-based preference optimization for LLM
alignment. GraphDPO bridges this gap by combining graph-structured representations with DPO-
style objectives, enabling scalable optimization over structured preference relations while recovering
pairwise and listwise formulations as special cases.

3 Preliminaries

We consider the problem of aligning a pretrained language model with human or task-specific pref-
erences using relative comparisons. Let X denote the space of prompts and Y the space of candidate
responses. For a prompt x ∈ X , a policy πθ(y | x) induces a distribution over responses, where θ

3



Prompt
--------------------------------------------
A regular hexagon can be divided into 
six equilateral triangles. If the 
perimeter of one of the triangles is 21 
inches, what is the perimeter of the 
regular hexagon? 

Multi-rollout sampling
--------------------------------------------
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. . 
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Figure 1: GraphDPO pipeline for LLM alignment. For each prompt, the policy samples K rollouts,
which are grouped into equivalence classes according to preference signals. These classes induce a
DAG structure whose edges encode dominance relations between groups, with an optional ground-
truth node as a global anchor. Equivalence-class masking removes intra-group comparisons so that
each response is contrasted only with strictly worse groups via a local Plackett–Luce loss. The
resulting losses are aggregated over the graph to update the policy while propagating the transitive
structure of the input preferences.

denotes model parameters. Following Direct Preference Optimization (DPO) [9], we assume access
to a fixed reference policy πref , typically the pretrained model prior to alignment.

Preference data. For each prompt x, we observe a finite set of candidate responses {y1, . . . , yK}
together with an ordinal preference relation ≻x. The relation may be incomplete and allows ties,
and therefore defines a partial order rather than a strict ranking. We write yi ∼x yj when neither
response is preferred to the other.

This partial order can be represented as equivalence classes
C1 ≻x · · · ≻x CG,

where responses within a class are tied and only inter-class comparisons are defined. This represen-
tation naturally arises when supervision signals are discrete (e.g., correctness indicators).

Direct Preference Optimization. DPO derives a tractable objective by reparameterizing KL-
regularized reinforcement learning and eliminating the need for an explicit reward model. Under
a Bradley–Terry preference model, the probability that yi is preferred over yj is

P (yi ≻ yj | x) = σ
(
sθ(x, yi)− sθ(x, yj)

)
, (1)

where σ(·) denotes the logistic function and the log-ratio score is

sθ(x, y) = β
(
log πθ(y | x)− log πref(y | x)

)
, (2)

with inverse temperature β > 0.

Sequence likelihoods are computed using summed token log-probabilities,

log πθ(y | x) =
T∑

t=1

log πθ(yt | x, y<t), (3)

which implicitly discourages pathological verbosity without requiring explicit length penalties.

Given a preferred-dispreferred pair (y+, y−), standard DPO minimizes

LDPO(x) = − log σ
(
sθ(x, y

+)− sθ(x, y
−)

)
. (4)

Although effective, this pairwise formulation ignores transitivity constraints when multiple rollouts
are available, discarding global structure present in ranked samples. GraphDPO addresses this limi-
tation by optimizing directly over preference graphs induced by partial orders.
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4 Graph Direct Preference Optimization

We propose Graph Direct Preference Optimization (GraphDPO), a generalization of DPO that lever-
ages structured preference relations over multiple rollouts per prompt. Instead of treating preference
comparisons as isolated pairs or strict lists, GraphDPO models them as a directed acyclic prefer-
ence graph and optimizes an objective defined over graph neighborhoods. In particular, GraphDPO
constructs a preference graph over sampled responses for each prompt and aggregates supervision
along directed edges. The resulting objective propagates the transitive structure of the input prefer-
ences and maintains linear computational complexity under the layered construction used in all our
experiments.

4.1 Preference Graph Representation

Given a prompt x and K candidate responses {y1, . . . , yK} with preference relation ≻x, we con-
struct a directed acyclic graph (DAG)

Gx = (V,E),

where V = {1, . . . ,K} indexes responses and edges encode dominance relations. For responses yi
and yj ,

(i → j) ∈ E iff yi ≻x yj .

Thus, each directed edge represents a preference constraint that yi should receive higher policy score
than yj . The resulting graph captures the full transitive structure implied by the preference relation.

It is convenient to represent the graph using an adjacency matrix

Aij =

{
1 if yi ≻x yj ,

0 otherwise.

Because ≻x is transitive and irreflexive, A corresponds to a DAG.

Equivalence-class masking. In many alignment settings, preference signals are discrete (e.g., cor-
rectness indicators). Multiple responses may therefore share the same preference level. Using the
equivalence-class representation introduced in Section 3, we apply a masking rule that permits edges
only across classes. Graph construction then follows a simple masking rule: edges are permitted only
across classes. For yi ∈ Cg and yj ∈ Ch,

Aij =

{
1 g < h

0 g = h.

This masking interpretation prevents edges between tied samples and ensures that intra-class com-
parisons contribute zero loss. As a result, GraphDPO avoids spurious gradients that arise from
arbitrarily ordering nearly identical responses. Incomparable responses are handled by the same
mechanism: two responses that cannot be compared (e.g., programs passing different subsets of unit
tests at the same pass rate) are placed in the same class with no edge between them, and therefore
exchange no gradient. All experiments in this paper use this construction, i.e., ranked equivalence
classes with ties and incomparabilities.

General preference DAGs. The objective introduced below is defined over each node’s dominated
set and is therefore well-defined for any DAG, not only layered ones; the layered construction is
what enables the linear-time implementation. More general preference structures are naturally ex-
pressible through edge weights wij ∈ [0, 1] that modulate each dominated response’s contribution
to the aggregation: noisy or uncertain comparisons receive fractional weights, missing comparisons
correspond to wij = 0 (absent edges), and confident comparisons to wij = 1. This recovers the
binary edge/no-edge construction used in our experiments as a special case. We do not evaluate
weighted or non-layered graphs empirically and discuss them as future work in Section 6.

4.2 Graph-Structured Preference Objective

Let sθ(x, y) denote the DPO log-ratio score defined in Section 3. For numerical stability, we apply
per-prompt centering
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s̃i = sθ(x, yi)−
1

K

K∑
j=1

sθ(x, yj).

This transformation preserves all pairwise score differences and leaves the objective invariant to
per-prompt additive shifts, as s̃ appears only through differences and log-sum-exp terms.

Given the preference graph, we define the dominated neighborhood of node i as

N−(i) = {j ∈ V : Aij = 1}.

This set contains all responses that yi dominates according to the preference graph.

GraphDPO assigns likelihood to each node relative to its neighborhood using a Plackett–Luce choice
model. Intuitively, response yi should be selected as the best element among the set consisting of
itself and all dominated responses. The corresponding local loss is

ℓi = −s̃i + log
∑

k∈{i}∪N−(i)

exp(s̃k). (5)

The full graph loss aggregates contributions from all nodes with non-empty dominated neighbor-
hoods:

Lgraph(x) =
1

|{i : N−(i) ̸= ∅}|
∑

i:N−(i) ̸=∅

ℓi. (6)

This formulation encourages preference consistency across the entire graph: if yi dominates yj , the
objective encourages si > sj , while the transitive relations present in the input propagate naturally
through shared neighborhoods. We provide a formal discussion of the connection to Plackett–Luce
models and the surrogate interpretation of our objective in Appendix D, and analyze its optimization
properties, including implicit constraint weighting and robustness, in Appendix E.

Edge interpretation. Although the loss is expressed through node neighborhoods, it can equiva-
lently be viewed as aggregating supervision over graph edges. Each directed edge (i → j) con-
tributes a preference constraint encouraging

sθ(x, yi) > sθ(x, yj),

while the log
∑

exp aggregation couples these constraints across dominated responses. This high-
lights that GraphDPO optimizes preference structure encoded directly in the graph topology.

Computational Complexity. Each node contributes a single log
∑

exp over its dominated set.
Under the equivalence-class (layered DAG) construction, dominated neighborhoods correspond to
unions of lower-ranked groups, enabling efficient suffix aggregation and yielding O(K) per-prompt
complexity. For general partial orders without layered structure, the cost scales with the number
of edges as O(|E|), up to O(K2). In practice, many alignment settings with discrete preference
signals naturally induce layered graphs, where the linear-time implementation applies. Appendix B
gives the explicit three-pass algorithm and a complexity lemma, and Appendix C gives its PyTorch
implementation.

4.3 Ground-Truth Anchoring

When a verified solution ygt is available (e.g., the correct answer in reasoning benchmarks), we
incorporate it as a dominant node in the preference graph. Let

Vworse = {j ∈ V : ygt ≻x yj}.

The anchoring loss mirrors the graph objective:

Lanchor(x) = −s̃gt + log
∑

k∈{gt}∪Vworse

exp(s̃k). (7)

Ground-truth nodes participate only in this anchoring term and are excluded from Lgraph, preventing
conflicting gradients when generated responses match or exhibit equivalent preference signals.
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Stabilization-to-relaxation schedule. We apply a time-dependent weight λgt(t) to the anchoring
term. Early in training, the policy is weak and few rollouts are correct, so the graph provides limited
positive signal; a relatively large λgt(t) stabilizes optimization by anchoring the policy to verified
solutions. As training progresses, more rollouts achieve correctness and the graph itself supplies
sufficient positive signal, so the weight is gradually reduced to unity, allowing greater flexibility
among generated rollouts. Empirically, we find that initializing λgt to approximately K/4 to K/3,
where K is the number of rollouts per prompt, works well across tasks; this range arises from
matching the gradient magnitude of the single anchor node to that of the graph term (Appendix F.4),
and performance is stable across a broad range of initialization values.

4.4 Training Objective

To stabilize optimization and prevent excessive deviation from the reference policy, we include a
token-level KL regularization term, commonly used in RLHF and DPO-style training. Specifically,
for a response yi = (yi,1, . . . , yi,Ti

), we compute

LKL(x) =
1

K

K∑
i=1

1

Ti

Ti∑
t=1

(
log πθ(yi,t | x, yi,<t)− log πref(yi,t | x, yi,<t)

)
, (8)

corresponding to a sequence-mean-token-mean KL divergence between the policy and reference
model. Because training is online, with rollouts yi sampled from the current policy πθ, this expec-
tation is a Monte Carlo estimate of KL(πθ ∥πref) ≥ 0, so minimizing it with a positive coefficient
penalizes divergence from the reference policy. The KL coefficient λKL(t) follows a warmup–decay
schedule that decays to zero over training, so the term stabilizes early optimization and vanishes by
convergence. We treat this term purely as a regularizer; it does not affect the relative preference
structure encoded by the graph objective.

Overall objective. The complete training objective for a prompt x combines graph preference learn-
ing with optional ground-truth anchoring and KL regularization:

L(x) = Lgraph(x) + λgt(t)Lanchor(x) + λKL(t)LKL(x), (9)

where λgt(t) follows the stabilization-to-relaxation schedule described above. When ground-truth
solutions are unavailable, the anchoring term is omitted.

Reduction to DPO. GraphDPO recovers standard pairwise DPO as a special case. When K = 2
with a strict preference y1 ≻ y2, the preference graph contains a single edge (1 → 2). The graph
loss reduces to

−s̃1 + log(exp(s̃1) + exp(s̃2)) = − log σ(s̃1 − s̃2),

which is exactly the binary cross-entropy objective of DPO (up to centering).

5 Experiments

We assess GraphDPO across mathematical reasoning and program synthesis, spanning diverse task
structures, difficulty levels, and base model configurations. For mathematical reasoning, we use
GSM8K [17] and MATH [18], which range from elementary word problems to competition-level
multi-step proofs, with Qwen3-4B-Thinking-2507, a reasoning-specialized model with explicit
chain-of-thought capability. For program synthesis on the APPS benchmark [16], we use Qwen3-
4B-Instruct-2507, an instruction-tuned variant optimized for general task following. The use of two
distinct base policies verifies that improvements are not policy-specific and that GraphDPO general-
izes across alignment regimes. Additional experimental details are provided in Appendix A, and a
reference implementation of the loss in Appendix C.

Baselines. We compare GraphDPO against representative alignment paradigms spanning super-
vised, pairwise, group-based, and listwise objectives. OTS denotes the off-the-shelf base model
without additional alignment. SFT performs supervised fine-tuning on ground-truth trajectories.
GRPO applies group-relative policy optimization via within-group reward normalization. SPIN is
an iterative self-play method based on pairwise comparisons. MPO and SWEPO extend DPO to
multi-sample settings via set-level and weighted groupwise objectives, respectively. PRO and LiPO
are strict listwise objectives: PRO follows a Plackett–Luce formulation over total orders, while LiPO
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Table 1: GraphDPO performance across GSM8K, MATH-500, and APPS, with K=8 rollouts per
prompt for all preference-based methods on all three benchmarks. PRO corresponds to GraphDPO
without graph edge encoding and ground-truth anchoring; DPO uses the top-1/bottom-1 pair from
the same K=8 rollouts. All preference-based methods are reported as mean ± standard deviation
over multiple seeds; OTS and SFT are single-run.

Acc. (%)
Method GSM8K MATH-500 APPS
OTS 80.89 32.80 44.22
SFT 84.15 54.80 59.08
GRPO 85.59 ± 0.30 84.00 ± 0.28 68.67 ± 1.18

DPO 87.05 ± 0.78 82.70 ± 0.42 68.35 ± 1.06

SPIN 88.10 ± 0.86 79.80 ± 0.57 65.20 ± 1.13

PRO 88.82 ± 0.16 82.30 ± 1.84 68.84 ± 0.37

LiPO 89.65 ± 0.59 85.40 ± 0.28 68.96 ± 0.51

MPO 89.98 ± 0.35 84.50 ± 0.42 67.72 ± 0.73

SWEPO 91.29 ± 0.11 85.00 ± 0.85 67.38 ± 1.44

GraphDPO (w/o GT) 92.42 ± 0.33 87.40 ± 0.20 72.93 ± 0.72

GraphDPO (w/ GT) 92.75 ± 0.09 88.87 ± 0.61 73.76 ± 0.19

adopts a LambdaLoss-style ranking objective. Importantly, PRO serves as a structural ablation of
GraphDPO that removes graph edge encoding and ground-truth anchoring, isolating the effect of
graph-based factorization beyond standard listwise or multi-sample formulations.

5.1 GSM8K: Mathematical Reasoning

We evaluate on GSM8K using exact-match accuracy on the standard test split. All methods use
Qwen3-4B-Thinking-2507 with identical rollout budgets and decoding configurations to ensure a
controlled comparison.

Comparison to baselines. Results are shown in Table 1. We observe a steady improvement as
stronger structural assumptions over rollouts are introduced. Moving from OTS to SFT yields +3.26
points, reflecting the benefit of supervised filtering. Pairwise methods (DPO, SPIN) provide fur-
ther gains, while strict listwise objectives (PRO, LiPO) reach 88.82% and 89.65%, respectively.
GraphDPO substantially outperforms all baselines, achieving 92.42% without anchoring and 92.75%
with anchoring; the gap over the strongest baseline (SWEPO) is roughly 14× the pooled standard
deviation. Because GSM8K correctness is binary, the realized preference graph is two-layer (correct
vs. incorrect), and GraphDPO reduces to per-response dominated-set normalization with tie mask-
ing (Appendix E); the gains here therefore come from this normalization rather than from graph
depth. The improvement over listwise methods (PRO, LiPO) isolates the effect of equivalence-class
edge encoding: while listwise methods impose strict total orders and propagate gradient through ar-
bitrary orderings of tied samples, GraphDPO introduces no artificial comparisons among them. The
comparison against DPO with the identical rollout budget separates two contributions: multi-sample
structure (PRO over DPO, +1.77) and per-response graph factorization with tie masking (GraphDPO
over PRO, +3.60).

Table 2: Ablation study of GraphDPO on GSM8K
with varying group size K and with/without
ground-truth anchoring.

K = 2 K = 4 K = 6 K = 8

w/o GT 88.78 92.04 92.13 92.42
w/ GT 91.81 92.12 92.65 92.75

Ablation study. Besides the comparison to
PRO (Table 1) that isolates the effect of graph-
structured supervision from standard multi-
sample (listwise) aggregation, Table 2 studies
the effect of ground-truth anchoring and rollout
count K, which controls the density of the in-
duced preference graph. Firstly, anchoring is
most valuable at small rollout budgets: the gain
is largest at K = 2 (+3.03 points), where the graph reduces to a single pairwise comparison and the
anchor supplies a reliable positive node, and shrinks to +0.33 at K = 8, comparable to seed-level
noise. We therefore characterize anchoring as a low-K stabilizer whose benefit a richer graph largely
subsumes. Secondly, increasing K strengthens performance by enabling richer relational structure,
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with gains saturating between K = 4 and K = 8 (+0.38 without anchoring); we use this saturation
on GSM8K to fix K = 8 for all benchmarks, isolating the effect of the objective from the rollout
budget. The benefit of the graph objective is not an artifact of rollout count: a baseline K-scaling
comparison (Appendix F.2) shows that PRO with the same K cannot close the gap at K = 2, 4, or 8,
and adding the same gold trajectory to PRO yields no gain, confirming that GraphDPO’s advantage
comes from the graph-structured objective rather than the anchor.

Overall, the GSM8K results support three claims: (i) respecting ties through equivalence-class mask-
ing improves over strict listwise objectives; (ii) aggregating supervision over dominated neighbor-
hoods yields stronger alignment than pairwise reductions at the same rollout budget; and (iii) ground-
truth anchoring provides additional stability under limited rollout budgets.

5.2 MATH-500: Advanced Reasoning

We evaluate on MATH-500 [20] using exact-match accuracy, focusing on generalization from
GSM8K-style supervision to substantially harder multi-step problems. While the supervision sig-
nal remains binary, the distribution of rollouts becomes significantly more diverse due to longer
reasoning chains and more complex failure modes.

Comparison to baselines. As shown in Table 1, GraphDPO achieves 87.40% without anchoring
and 88.87% with anchoring, outperforming all baselines by a clear margin (+3.47 over the strongest
baseline, LiPO at 85.40%). Notably, the gap between GraphDPO and strong listwise methods (LiPO:
85.40%, PRO: 82.30%) is larger than on GSM8K, suggesting that the benefits of graph-structured
preference modeling become more pronounced as task complexity increases. A key observation is
that several baselines exhibit inconsistent scaling behavior when moving from GSM8K to MATH-
500. For example, SPIN underperforms relative to both GRPO and listwise methods, indicating
that iterative pairwise updates may struggle to propagate consistent signals over long reasoning
trajectories. In contrast, GRPO and LiPO remain competitive, but still fall short of GraphDPO,
suggesting that while group-level normalization and total-order modeling help, they do not fully
capture the structure of complex reasoning outcomes.

Effect of structured supervision under harder tasks. The stronger gains on MATH-500 highlight
an important distinction: as reasoning depth increases, errors become more heterogeneous, and
rollouts often differ substantially in reasoning trajectories and intermediate steps, even when final
correctness is binary. This makes strict total-order assumptions more brittle: forcing diverse correct
(or diverse incorrect) trajectories into an arbitrary ranking injects gradient noise precisely where
trajectories differ most. GraphDPO avoids this by placing tied responses in one equivalence class
with no edges between them, so multiple distinct correct trajectories coexist without forced ordering
decisions. This leads to more effective credit assignment: instead of pushing the model toward a sin-
gle “best” trajectory, GraphDPO aggregates supervision over neighborhoods of dominated rollouts,
reinforcing consistent improvements across multiple reasoning paths. The result is a more stable
optimization signal that better aligns with the underlying structure of difficult problems.

Role of anchoring. Ground-truth anchoring provides a +1.47 point gain on MATH-500, which is
larger than on GSM8K and comfortably exceeds the multi-seed standard deviation of both config-
urations. This suggests that as task difficulty increases, having a reliable global reference becomes
more important for stabilizing preference propagation. In complex reasoning settings where most
sampled rollouts are imperfect, anchoring helps prevent drift by ensuring that the preference graph
remains calibrated to correct solutions. Overall, the MATH-500 results demonstrate that GraphDPO
is particularly effective in regimes where reasoning is deep, errors are diverse, and simple ordering
assumptions break down. The advantage over both pairwise and listwise baselines indicates that ex-
plicitly modeling structured relationships among rollouts is critical for scaling alignment to harder
problem domains.

5.3 APPS: Program Synthesis

We further evaluate on the APPS benchmark, which measures program synthesis via pass rate on
hidden unit tests. In contrast to GSM8K’s exact answer matching, APPS provides execution-based
supervision over full programs, introducing longer structured outputs and partial correctness signals.
We adopt an instruction-tuned base policy to test whether the benefits of GraphDPO extend beyond
reasoning-specialized initialization.
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The results are reported in Table 1, where GraphDPO achieves 72.93% without anchoring and
73.76% with anchoring, outperforming all baselines. Notably, it improves over both group-based
(GRPO) and strict listwise methods (PRO, LiPO), indicating that modeling preference structure as
a graph provides a stronger inductive bias than normalization-based or total-order objectives. The
improvement over GRPO is particularly notable given that it already leverages group-level normal-
ization; the additional gains indicate that explicitly modeling the dominance relations between pref-
erence levels provides stronger constraints than averaging-based comparisons.

Unlike GSM8K and MATH, APPS evaluates programs through hidden unit tests, where feedback
reflects partial correctness across test cases. Equivalence classes are defined by the fraction of hidden
tests passed (Appendix A), so APPS is the benchmark where the preference graph is genuinely multi-
layer: all prompts admit at least 3 achievable preference levels (median 11), and 17.8% of prompts
realize 3 or more layers from base-model rollouts at K=8 (Appendix F.1). In this setting, scalar
reward normalization or strict total-order assumptions (as in PRO and LiPO) can blur fine-grained
relational signals between rollouts that pass different subsets of tests. By constructing a preference
graph over equivalence classes, GraphDPO preserves these distinctions and aggregates supervision
over dominated neighborhoods. Consistent with this, APPS is where GraphDPO’s margin over the
strongest baseline is largest (+4.80 over LiPO), and a depth-stratified analysis (Appendix F.1) shows
the improvement over the base policy growing monotonically with realized layer count (+16.8 at 2
layers, +25.9 at 3, +36.2 at ≥4). The persistence of gains under an instruction-tuned base model
indicates that the improvement is not tied to reasoning-specialized initialization, but arises from the
structural inductive bias of graph-based preference modeling.

6 Conclusion

We present GraphDPO, a graph-structured generalization of DPO for aligning language models from
preference relations over multiple rollouts. GraphDPO represents comparisons as a directed acyclic
preference graph, capturing ties and incomparability, propagating the transitive structure of the in-
put preferences, and avoiding spurious supervision through equivalence-class edge masking. The
resulting objective aggregates supervision over dominated neighborhoods while maintaining linear
computational complexity. Experiments show that GraphDPO outperforms supervised, pairwise,
and listwise baselines across reasoning and program synthesis tasks. Ablations further highlight
the impact of richer preference graphs and optional ground-truth anchoring on stabilizing early op-
timization and improving final performance, suggesting that modeling rollout preferences as graphs
provides a simple and effective inductive bias for LLM alignment. Extending graph-structured pref-
erence optimization to long-horizon agentic trajectories, such as multi-step procedures executed by
LLM agents [51], is a natural next step.

Broader Impacts. Improving preference optimization can lead to more reliable and controllable lan-
guage models. However, if preference signals are biased or manipulated, the method may reinforce
undesirable behaviors, highlighting the need for careful data curation.

Limitations. GraphDPO relies on the quality of sampled rollouts, and may amplify biases present
in the underlying preference signals. Our experiments cover layered constructions (ranked equiva-
lence classes with ties and incomparabilities) induced by discrete verification signals; non-layered
partial orders and noisy human preferences, which the framework expresses through edge weights
(Section 4.1), are not evaluated empirically and remain future work. Our oracle trajectories wrap ref-
erence solutions in the model’s <think> format, which is distributionally close to the policy prior
and may inflate the apparent anchoring benefit relative to settings where the oracle is genuinely
out-of-distribution. All experiments use Qwen3 (4B Thinking and Instruct) base models, and the
connection to Plackett–Luce is a surrogate objective in the general case, with exact equivalence
holding only for strict total orders or layered graphs with layer-wise independence (Appendix D).
Finally, while the method is computationally efficient in the number of edges, scaling to very large
candidate sets can still introduce overhead.
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A Experimental Settings

Optimization. Across all experiments, we use AdamW with (β1, β2) = (0.9, 0.999) and weight
decay 10−2. The learning rate follows a cosine schedule with warmup, decaying to 10% of the peak
value. Training proceeds until convergence. All methods share the same optimizer and schedule for
controlled comparison.

Infrastructure. All experiments are conducted on a single node with 8 NVIDIA H100 GPUs, each
with 80GB memory. Our implementation is built on the verl framework [52] (Appendix C). We use
FSDP2 for model sharding and vLLM for rollout generation with tensor parallelism of 1.

A.1 GSM8K

Dataset and setup. We use the GSM8K [17] training split (7,473 examples) for training and eval-
uate on the standard test split (1,319 examples) using exact-match accuracy. The base model is
Qwen3-4B-Thinking-2507, a reasoning-specialized model with explicit chain-of-thought capabil-
ity.

Ground-truth trajectory generation. For ground-truth anchoring, we construct oracle trajectories
by wrapping the reasoning portion of each GSM8K reference answer with the model’s thinking to-
kens (<think>...</think>), producing trajectories compatible with the model’s chain-of-thought
format.

Training configuration. We sample K rollouts per prompt with temperature 0.8. The maximum
prompt and response lengths are both set to 1,024 tokens. We use a training batch size of 32 prompts
per step. The inverse temperature is set to β=0.05. For ground-truth anchoring, the weight λgt(t)
is linearly decayed from 2.5 to 1.0 over the course of training. The reference policy is held fixed
throughout training (i.e., no periodic reference updates as in SPIN).

A.2 MATH

Dataset and filtering. We evaluate on the MATH benchmark [18] using exact-match accuracy.
From the full training set (7,500 problems across five difficulty levels), we construct a training
subset of 1,000 problems by subsampling each difficulty level at twice the proportion present in
the test split, yielding a level distribution that mirrors the evaluation setting (Level 1: 86, Level 2:
180, Level 3: 210, Level 4: 256, Level 5: 268). We evaluate on MATH-500 [20], a representative
500-problem subset of the standard test split. This subsampling ensures that training supervision is
balanced across difficulty levels rather than dominated by easier problems.

Ground-truth trajectory generation. For ground-truth anchoring, we construct oracle trajecto-
ries by wrapping the reference solution of each MATH problem with the model’s thinking tokens
(<think>...</think>), producing trajectories compatible with the model’s chain-of-thought for-
mat.

Training configuration. The base model is Qwen3-4B-Thinking-2507, the same reasoning-
specialized model used for GSM8K. We sample K=8 rollouts per prompt with temperature 0.8.
The maximum prompt length is set to 3,000 tokens and the maximum response length to 2,000 to-
kens to accommodate multi-step reasoning chains. We use a training batch size of 32 prompts per
step with a peak learning rate of 2× 10−6. The inverse temperature is set to β=0.002.

A.3 APPS

Dataset and filtering. We use the APPS benchmark [16] for program synthesis evaluation. From
the original training split (5,000 problems), we apply the following filtering criteria: (i) problems re-
quiring starter code are removed, (ii) problems with function-based input/output specifications (i.e.,
containing a fn_name key) are excluded, retaining only stdin/stdout-style problems, (iii) problems
with no test case inputs are discarded, and (iv) example input/output pairs embedded in problem
descriptions are removed, as we find these are identical to the hidden unit tests used for evaluation,
which would otherwise enable reward hacking. After filtering, 1,644 training problems remain. For
evaluation, we apply the same filtering to the test split and randomly subsample 1,000 problems.
Performance is measured by execution-based pass rate against hidden unit tests.
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Evaluation protocol. Our APPS evaluation uses a filtered subset designed to remove data leakage
and ensure reliable execution-based evaluation. While this departs from standard splits, we apply
identical preprocessing across all methods. We acknowledge that absolute performance numbers are
not directly comparable to prior work and focus on relative improvements under controlled settings.

Equivalence-class construction. On APPS, equivalence classes are defined by the fraction of hid-
den tests passed (up to 10 test groups per problem, yielding up to 11 distinct pass-rate levels). Re-
sponses that achieve the same pass rate are placed in the same class: this includes both exact ties
and responses that pass different subsets of tests at the same pass rate, which are incomparable and
receive no edge (zero gradient). Classes are ordered by pass rate, so the construction is layered and
the O(K) implementation of Appendix B applies directly.

Ground-truth trajectory generation. For the anchored variant, we use the human-written refer-
ence solutions provided in the APPS dataset as oracle trajectories.

Training configuration. The base model is Qwen3-4B-Instruct-2507, an instruction-tuned variant.
We sample K=8 rollouts per prompt with temperature 0.8. The maximum prompt length is set
to 2,048 tokens and the maximum response length to 7,000 tokens to accommodate full program
outputs. We use a training batch size of 32 prompts per step with a peak learning rate of 2 × 10−6.
The inverse temperature is set to β=0.5. The reference policy is held fixed throughout training.

B Linear-Time Algorithm and Complexity Analysis

We give the explicit algorithm underlying the O(K) complexity claim and state the conditions under
which it holds.

Setting. Let K responses be bucketed into ordered equivalence classes C1 ≻ · · · ≻ CG (the layered
construction of Section 4.1), with centered scores s̃1, . . . , s̃K . Under this construction, the domi-
nated neighborhood of any node i ∈ Cg is the union of all lower-ranked classes, N−(i) =

∪
g′>g Cg′ ,

so all nodes in the same class share the same dominated set.

Algorithm. The full graph loss is computed in three passes:

1. Bucketing (O(K)): assign each response to its class and compute class sums Sg =∑
k∈Cg

exp(s̃k) for g = 1, . . . , G.

2. Backward scan (O(G)): compute suffix sums Zg = Sg + Zg+1 for g = G,G−1, . . . , 1,
with ZG+1 = 0. The quantity Zg+1 equals

∑
k∈N−(i) exp(s̃k) for every i ∈ Cg .

3. Per-node loss (O(1) each, O(K) total): for each i ∈ Cg with g < G, compute ℓi =
−s̃i + log

(
exp(s̃i) + Zg+1

)
.

Complexity lemma. Under the layered construction, the total cost of computing Lgraph is O(K),
for any number of classes G ≤ K.

Proof. Pass 1 touches each of the K responses once. Pass 2 performs G ≤ K additions. Pass 3 com-
putes one O(1) expression per node using the precomputed suffix sum, totaling O(K). Summing,
the cost is O(K) +O(G) +O(K) = O(K). □
Scope of the bound. The O(K) bound relies on all nodes within a class sharing the same dominated
set, which is exactly the layered structure. For a general partial order, dominated sets need not be
nested or shared, and the cost of the objective scales with the number of edges as O(|E|), which
is O(K2) in the worst case. All experiments in this paper use the layered construction, where the
linear bound applies.

C Reference Implementation

Our implementation is built on the open-source verl framework [52], starting from its SPIN recipe
and replacing the pairwise chosen/rejected DPO update with the GraphDPO objective. Rollout
generation (vLLM), FSDP2 sharding, and token-level log-probability computation use verl’s stan-
dard components unchanged. Our modifications are: (i) for each prompt, all K rollouts are kept as a
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group rather than reduced to a chosen/rejected pair; (ii) each response is assigned a scalar preference
score by the task verifier (exact-match correctness on GSM8K and MATH, fraction of hidden tests
passed on APPS), and responses with equal preference scores form an equivalence class; (iii) when
ground-truth anchoring is enabled, the oracle trajectory is appended to the group as an additional
node, scored by the same verifier, and assigned the per-sample weight λgt(t), while all generated
responses receive weight 1; (iv) the reference policy is held fixed; and (v) the GraphDPO loss of
Listing 1 is combined with the KL term of Section 4.4. Listing 1 gives the loss used in all experi-
ments: each node normalizes over itself and all strictly lower-ranked classes. Its explicit loop costs
O(K2) per prompt, which is negligible relative to the policy forward passes at K ≤ 9. Listing 2
gives an equivalent vectorized implementation of the three-pass procedure of Appendix B. Because
preference signals in our settings are discrete (correctness on GSM8K and MATH, pass-rate level
on APPS), each response is mapped to an integer preference level in {0, . . . , L−1}, so bucketing is
a direct index operation with no sorting or hashing, and the total cost is O(K + L) per prompt, i.e.,
O(K) for L ≤ K. The two listings agree to floating-point precision in both loss and gradients.

Listing 1: GraphDPO loss used in all experiments (PyTorch).

1 def graphdpo_loss(policy_logps, ref_logps, scores, beta, sample_weights=None):
2 # policy_logps, ref_logps: (B, K) summed token log-probs per response
3 # scores: (B, K) preference scores; equal scores share a class
4 # sample_weights: (B, K) lambda_gt(t) on the anchor node, 1 elsewhere
5 s = beta * (policy_logps - ref_logps)
6 s = s - s.mean(dim=1, keepdim=True) # per-prompt centering
7 B, K = s.shape
8 prompt_losses = []
9 for b in range(B):

10 # class rank (0 = best class)
11 _, inv = torch.unique(scores[b], sorted=True, return_inverse=True)
12 rank = inv.max() - inv
13 w = sample_weights[b] if sample_weights is not None else torch.ones_like(s[b])
14 losses, weights = [], []
15 for i in range(K):
16 dominated = torch.where(rank > rank[i])[0] # N^-(i)
17 if dominated.numel() == 0:
18 continue
19 logits = torch.cat([s[b, i:i+1], s[b, dominated]])
20 losses.append(torch.logsumexp(logits, dim=0) - s[b, i]) # ell_i
21 weights.append(w[i])
22 if losses:
23 l, wt = torch.stack(losses), torch.stack(weights)
24 prompt_losses.append((wt * l).sum() / wt.sum().clamp(min=1e-8))
25 return torch.stack(prompt_losses).mean()

Listing 2: Equivalent linear-time GraphDPO loss (three-pass procedure of Appendix B).

1 def graphdpo_loss_linear(policy_logps, ref_logps, levels, num_levels, beta,
2 sample_weights=None):
3 # levels: (B, K) integer preference levels in [0, num_levels), higher = preferred
4 s = beta * (policy_logps - ref_logps)
5 s = s - s.mean(dim=1, keepdim=True)
6 B, L = s.shape[0], num_levels
7 w = sample_weights if sample_weights is not None else torch.ones_like(s)
8 ninf = s.new_full((B, L), -torch.inf)
9 # Pass 1: bucketing -- per-class log-sum-exp S_g (max-shifted for stability)

10 counts = levels.new_zeros(B, L).scatter_add_(1, levels, torch.ones_like(levels))
11 m = ninf.scatter_reduce(1, levels, s.detach(), "amax")
12 m = torch.where(counts > 0, m, torch.zeros_like(m))
13 sums = s.new_zeros(B, L).scatter_add(1, levels, torch.exp(s - m.gather(1, levels)))
14 S = torch.where(counts > 0, m + torch.log(sums.clamp(min=1e-30)), ninf)
15 # Pass 2: scan -- log-sum-exp over all strictly lower classes
16 C = torch.logcumsumexp(S, dim=1)
17 lower = torch.cat([ninf[:, :1], C[:, :-1]], dim=1)
18 n_lower = counts.cumsum(1) - counts # |N^-(i)| per class
19 # Pass 3: per-node loss ell_i
20 ell = torch.logaddexp(s, lower.gather(1, levels)) - s
21 mask = (n_lower.gather(1, levels) > 0).float()
22 num, den = (w * mask * ell).sum(1), (w * mask).sum(1)
23 valid = mask.sum(1) > 0
24 return (num[valid] / den[valid].clamp(min=1e-8)).mean()
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D Connection to Plackett–Luce and Surrogate Interpretation

Overview. GraphDPO is inspired by the Plackett–Luce (PL) family of choice models, but does not
define a globally normalized likelihood over permutations or partial orders. Instead, it should be
understood as a structured surrogate objective that decomposes preference learning into a collection
of local choice problems defined over a preference graph.

Local multinomial choice interpretation. Recall that each term in the GraphDPO objective is

ℓi = −si + log
∑

k∈{i}∪N−(i)

exp(sk),

which corresponds to the negative log-probability of selecting response yi from the set {i} ∪N−(i)
under a multinomial logit (MNL) model:

P (i | {i} ∪ N−(i)) =
exp(si)∑

k∈{i}∪N−(i) exp(sk)
.

Thus, each node defines a local choice problem in which yi is preferred over all responses it domi-
nates.

Relation to Plackett–Luce models. The standard PL model defines a probability distribution over
permutations via a sequential elimination process, where items are selected one at a time from a
shrinking candidate set. GraphDPO can be viewed as a relaxation of this process: instead of im-
posing a single global elimination order, it defines multiple local choice problems over overlapping
subsets induced by the preference graph.

When the preference graph corresponds to a strict total order (i.e., a chain), the dominated neigh-
borhoods recover nested suffix sets, and the GraphDPO objective resembles a partial factorization
of the PL likelihood. However, for general partial orders, the local choice sets overlap and do not
correspond to a valid factorization of a globally normalized distribution over permutations.

Layer-wise elimination perspective. An alternative interpretation connects GraphDPO to a stage-
wise elimination process. Under the equivalence-class construction, responses are partitioned into
ordered groups. One can view training as selecting preferred responses from progressively expand-
ing candidate sets that include all dominated groups. This yields a sequence of local choice problems
analogous to partial elimination in PL models, but without committing to a single global ordering.
GraphDPO can thus be interpreted as approximating a layered PL factorization, where elimination
is defined over groups rather than individual permutations.

Surrogate objective and consistency. Although GraphDPO does not define a globally normalized
likelihood, it can be interpreted as a structured surrogate objective for the pairwise dominance con-
straints. For every edge (i → j) in the preference graph, j ∈ N−(i), and the loss ℓi encourages
si > sj through the shared normalization term. Aggregating over all nodes yields a coupled ob-
jective that encourages all pairwise constraints while promoting consistency with the transitive re-
lations in the input. We do not claim a statistical consistency or calibration result (in the sense of,
e.g., ListMLE for total orders) for the general overlapping-set case; Proposition 1 in Appendix E
characterizes the unregularized optimum.

Importantly, the use of shared log-sum-exp normalization across dominated sets couples multiple
comparisons without explicitly enumerating O(K2) pairs. While individual edges may appear in
multiple neighborhoods, this does not lead to inconsistent supervision; rather, it reinforces transitive
relations through multiple overlapping local contexts.

Connection to pairwise DPO. When K = 2, the graph reduces to a single edge, and the objective
recovers standard DPO:

ℓ = − log σ(s1 − s2).

More generally, GraphDPO can be viewed as a structured generalization of pairwise DPO in
which multiple comparisons are jointly normalized within dominated sets. This perspective places
GraphDPO between pairwise and listwise approaches. Compared to pairwise methods, it captures
higher-order structure by coupling comparisons through shared normalization. Compared to list-
wise PL objectives, it avoids requiring strict total orders or permutation-level normalization, making
it more suitable for partial orders with ties. This trade-off yields a tractable objective that preserves
transitive structure while remaining computationally efficient.
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Conditions for equivalence to Plackett–Luce likelihood. The GraphDPO objective can be inter-
preted as a valid Plackett–Luce likelihood under a restricted set of assumptions. In particular, if
the preference graph forms a strict total order (i.e., a chain), then the dominated neighborhoods
define a nested sequence of candidate sets, and the product of local choice probabilities recovers a
factorization of the standard PL likelihood. More generally, if the graph admits a layered structure
and one assumes independence across layer-wise elimination steps, the objective corresponds to a
group-wise PL model where selection is performed over equivalence classes rather than individual
items. However, for arbitrary partial orders with overlapping dominated neighborhoods, these inde-
pendence assumptions no longer hold, and the product of local choice terms does not correspond to
a globally normalized likelihood. In this case, GraphDPO should be understood as a structured sur-
rogate objective that approximates PL-style elimination while remaining computationally tractable.

E Optimization Properties and Implicit Weighting

Overview. While Appendix D provides an interpretation of GraphDPO as a structured surrogate
objective, here we analyze its optimization properties. In particular, we further characterize (i)
pairwise consistency from an optimization perspective, (ii) implicit edge weighting induced by node-
wise aggregation, and (iii) robustness under noisy or imbalanced preference signals.

Pairwise consistency. We first formalize the relationship between the GraphDPO objective and pair-
wise preference constraints.

Proposition 1 (Pairwise consistency). Let G = (V,E) be a preference DAG. If Lgraph =
∑

i∈V ℓi
is minimized such that ℓi → 0 for all i, then the resulting scores satisfy si ≥ sj for all (i → j) ∈ E
up to arbitrarily small slack.

Proof. Fix any node i and write pi(i) = exp(si)/
∑

k∈{i}∪N−(i) exp(sk), so that ℓi = − log pi(i).
Suppose ℓi ≤ ε for some ε > 0; then pi(i) ≥ e−ε. For any j ∈ N−(i), since the softmax
probabilities over {i} ∪ N−(i) sum to one,

pi(j) =
exp(sj)∑

k∈{i}∪N−(i) exp(sk)
≤ 1− pi(i) ≤ 1− e−ε.

Dividing the two bounds,

exp(sj − si) =
pi(j)

pi(i)
≤ 1− e−ε

e−ε
= eε − 1,

hence sj ≤ si + log(eε − 1). For ε < log 2 the slack term log(eε − 1) is negative, so si > sj
strictly, and as ε → 0 the required score gap si − sj ≥ − log(eε − 1) grows without bound. Since
(i → j) ∈ E implies j ∈ N−(i), applying the argument to every node enforces all edge constraints.
□
Remark (role of regularization). Driving ℓi → 0 requires unbounded score gaps, whereas the KL
term keeps scores finite. Proposition 1 therefore characterizes the optimum of the unregularized
objective; because λKL(t) decays to zero over training, the trained model approaches this regime
and satisfies a soft version of the constraints, with score gaps bounded by the residual per-node
losses via the displayed inequality.

Implicit edge weighting. Unlike pairwise objectives that assign uniform weight to each edge,
GraphDPO aggregates node-wise losses:

Lgraph =
∑
i∈V

ℓi.

This induces a non-uniform weighting over edges. Specifically, an edge (i → j) contributes:

• directly through ℓi,
• indirectly through all ℓk such that j ∈ N−(k).

Proposition 2 (Degree-weighted constraints). The effective weight associated with a node j (and
edges incident to it) scales with the number of ancestors of j in the preference graph, i.e., the number
of nodes whose dominated neighborhoods include j.

18



Proof. Let A(j) = {i ∈ V : j ∈ N−(i)} denote the ancestors of j. Only the losses ℓi with i ∈ A(j)
depend on sj , and each contributes gradient ∂ℓi/∂sj = pi(j) ∈ (0, 1), where pi(j) is the softmax
probability of j in the local choice set of i (derived below). Hence

∂Lgraph

∂sj
=

∑
i∈A(j)

pi(j),

a sum of |A(j)| strictly positive terms. In particular, the aggregate gradient is upper-bounded by
|A(j)| and, whenever the softmax weights are bounded below (e.g., early in training when scores
are not yet separated, pi(j) ≈ 1/|{i} ∪ N−(i)| ≥ 1/K), it is lower-bounded by |A(j)|/K, so the
effective weight scales with the ancestor count. □
Gradient-based characterization. We make the notion of implicit weighting precise by examining
gradients. For any node i, the loss is

ℓi = −si + log
∑

k∈{i}∪N−(i)

exp(sk).

The gradient with respect to a dominated node j ∈ N−(i) is

∂ℓi
∂sj

=
exp(sj)∑

k∈{i}∪N−(i) exp(sk)
:= pi(j),

where pi(j) denotes the softmax probability of j within the local choice set of i.

Aggregating over all nodes, the total gradient contribution on sj is

∂Lgraph

∂sj
=

∑
i∈V

j∈N−(i)

pi(j).

Thus, the total influence of node j scales with the number of nodes i such that j ∈ N−(i) (i.e.,
its number of ancestors), modulated by the softmax weights pi(j). In regimes where scores are not
yet sharply separated (e.g., early training), pi(j) can be approximated as roughly uniform over the
dominated set, yielding

∂Lgraph

∂sj
≈

∑
i∈V

j∈N−(i)

1

|{i} ∪ N−(i)|
,

which makes the dependence on the number of ancestors explicit.

This induces a transitivity-aware weighting: nodes that appear in many dominated sets (e.g., clearly
suboptimal responses) receive larger aggregate gradient magnitude due to repeated inclusion across
neighborhoods. At the same time, the softmax weights pi(j) adaptively modulate each contribution,
preventing uniformly large updates. Together, this yields a curriculum-like effect in which clearly
suboptimal responses are corrected more aggressively, while finer-grained distinctions among com-
petitive samples are refined later through higher-confidence comparisons.

Layered graphs and groupwise weighting. Under the equivalence-class construction, nodes are
partitioned into G ordered groups. Let g(i) denote the group index of node i. Then

N−(i) =
∪

g′>g(i)

Gg′ .

In this case, all nodes within a group share identical dominated sets, and weighting reduces to a
group-level structure.

Corollary 1. Under layered graphs, GraphDPO induces uniform weighting across all edges be-
tween any pair of groups, while assigning higher aggregate weight to comparisons involving lower-
ranked groups.

Proof. Under the layered construction, every node i ∈ Cg has the same dominated set N−(i) =∪
g′>g Cg′ and hence the same choice set, so for a fixed dominated node j, the gradient contribution

19



pi(j) is identical for all i ∈ Cg: edges from any node of Cg to j carry equal weight, and by symmetry
over j ∈ Ch, all edges between Cg and Ch are weighted uniformly. For the second claim, the ancestor
set of j ∈ Ch is A(j) =

∪
g<h Cg , which is non-decreasing in h under set inclusion; by Proposition 2,

the aggregate weight on j therefore increases with its group index, i.e., lower-ranked groups receive
higher aggregate weight. □
This explains why the method remains stable even when many samples share identical preference
signals: within-group edges are absent, and the remaining constraints form a group-level structure
with uniform per-edge weighting. It also yields an implicit curriculum: the worst responses, having
the most ancestors, receive the strongest downward pressure, while near-optimal responses receive
comparatively mild corrections.

Relation to multi-negative objectives. When the graph collapses to two groups (e.g., correct vs.
incorrect), GraphDPO reduces to a group-wise softmax objective:

ℓi = −si + log

exp(si) +
∑
j∈neg

exp(sj)

 ,

which resembles multi-negative DPO. However, the weighting structure differs: GraphDPO assigns
shared normalization at the group level and avoids redundant intra-group comparisons, while listwise
methods impose a strict ordering over all samples.

Robustness under noise and class imbalance. GraphDPO inherits robustness properties from log-
sum-exp aggregation. Consider a node i with dominated set N−(i). The gradient contribution from
any j ∈ N−(i) is:

∂ℓi
∂sj

=
exp(sj)∑

k∈{i}∪N−(i) exp(sk)
,

which downweights low-scoring or noisy samples.

Proposition 3 (Adaptive weighting and noise attenuation). The gradient contribution of a domi-
nated sample is proportional to its softmax probability within the dominated set. As a result, samples
with low scores (i.e., responses assigned low scores under the current model) receive exponentially
smaller weight, while competitive samples receive larger updates.

Proof. From the gradient derivation above, the contribution of j ∈ N−(i) to ℓi is exactly
pi(j) = exp(sj)/

∑
k∈{i}∪N−(i) exp(sk), the softmax probability of j in the choice set of i, which

establishes the first claim. For the second, fix two dominated samples j, j′ ∈ N−(i); their contri-
butions satisfy pi(j)/pi(j

′) = exp(sj − sj′), so a sample scored ∆ below another receives weight
smaller by the factor e−∆, i.e., exponentially smaller in the score gap, while samples with scores
close to si retain weight bounded away from zero. □
Under class imbalance, equivalence-class grouping prevents quadratic growth in constraints and
avoids overcounting redundant comparisons within large classes.

Discussion. These results show that GraphDPO induces a structured, transitivity-aware reweight-
ing of pairwise constraints that emphasizes globally consistent ordering while mitigating noise and
redundancy. While this weighting is implicit, it aligns with the objective of learning coherent pref-
erence structures from multi-sample rollouts.

F Additional Results

F.1 Preference-Layer Statistics and Depth-Stratified Analysis

We characterize the preference-graph structure per prompt at two levels: what the verifier can sup-
port (achievable layers, determined by the verifier and stable during training) and what the policy’s
rollouts actually realize (realized layers, measured from base-model rollouts at K=8).

Achievable layers. For binary verifiers, the number of achievable layers is 2; for APPS it is
min(number of hidden test groups, 10) + 1 distinct pass-rate levels:

APPS supports deep graphs on all prompts: every prompt admits ≥3 ordered levels and 84% admit
≥4. On GSM8K and MATH the realized graph is always two-layer, since binary correctness admits
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Table 3: Achievable preference layers per prompt, determined by verifier structure.

Benchmark Verifier Achievable layers/prompt % prompts ≥3 layers

GSM8K binary exact-match 2 0
MATH binary exact-match 2 0
APPS fraction of tests passed median 11 (mean 7.9, max 11) 100

no intermediate levels regardless of K; there, GraphDPO reduces to a grouped correct-vs-incorrect
objective with tie masking (Appendix E), and the gains over MPO/SWEPO come from per-response
dominated-set normalization rather than graph depth.

Realized layers. The graph the model trains on depends on which levels the policy’s rollouts hit.
From base-model rollouts at K=8 on the APPS test set (400 prompts), 17.8% of prompts realize ≥3
layers and 47% realize ≥2.

Depth-stratified accuracy. Stratifying APPS prompts by realized layer count, GraphDPO’s im-
provement over the base policy on the same prompts grows monotonically with graph depth:

Table 4: APPS improvement over the base policy, stratified by realized preference-graph depth.

Realized layers GraphDPO − base (APPS pass-rate) n

2 layers +16.8 329
3 layers +25.9 58
≥ 4 layers +36.2 13

The margin more than doubles from 2-layer to ≥4-layer prompts (+16.8 → +36.2), indicating that
the improvement is attributable to the multi-layer graph structure the reward induces, not merely to
a denser reward. Consistently, APPS is the benchmark where GraphDPO’s overall margin over the
strongest baseline is largest (Table 1).

F.2 Baseline K-Scaling and Anchoring Isolation

Baseline K-scaling. To separate the value of the graph objective from the benefit of using more
rollouts, we train PRO and GraphDPO through the same pipeline at K = 2, 4, 8 on GSM8K (single
matched seed for a controlled comparison):

Table 5: GSM8K accuracy vs. rollout count K (PRO vs. GraphDPO, same pipeline, single matched
seed).

K PRO GraphDPO

2 86.7 88.78
4 88.3 92.04
8 88.7 92.42

The gap grows from +2.08 at K=2 to +3.74 at K=4 and is maintained at K=8 (+3.72): PRO with
the same rollout budget cannot close the gap at any K, so GraphDPO’s advantage is not an artifact of
rollout count. The multi-seed means in Table 1 confirm the same pattern at K=8 (92.42− 88.82 =
+3.60).

Anchoring isolation. To test whether the ground-truth anchor alone explains GraphDPO’s advan-
tage, we add the same gold trajectory to PRO (GSM8K, K=8, same seed): PRO achieves 88.7 and
PRO+GT achieves 88.3. The oracle trajectory gives PRO no gain (within noise), confirming that
GraphDPO’s advantage comes from the graph-structured objective rather than from the anchor. To-
gether with the ablation in Table 2, where the anchoring gain shrinks from +3.03 at K=2 to +0.33 at
K=8, this supports presenting anchoring as a low-K stabilizer whose benefit a richer graph largely
subsumes.
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Figure 2: Sensitivity of GraphDPO to the initial anchoring weight λgt on GSM8K. The shaded
region indicates the recommended range.

F.3 Worked Example

We illustrate the construction on a real APPS prompt with K=8 rollouts whose test-pass fractions
are [1.0, 1.0, 0.6, 0.6, 0.6, 0.0, 0.0, 0.0]. The pass fractions induce three equivalence classes: C1 =
{y1, y2} (pass rate 1.0), C2 = {y3, y4, y5} (0.6), and C3 = {y6, y7, y8} (0.0), ordered C1 ≻ C2 ≻ C3.
Edges connect every node to every node in strictly lower classes (2×3 + 2×3 + 3×3 = 21 edges),
while the pairs within each class, including responses passing different test subsets at the same
rate, receive no edge and exchange no gradient. Each node’s loss normalizes over itself and its
dominated classes: for example, y3’s choice set is {y3} ∪ C3, and y1’s is {y1} ∪ C2 ∪ C3. The three-
pass algorithm of Appendix B computes all eight losses with a single suffix scan over the three class
sums. By contrast, a binary GSM8K prompt with 3 correct and 5 incorrect rollouts yields only two
classes and a single class boundary; each correct response normalizes over itself and the 5 incorrect
ones, and no gradient flows among the 3 correct responses.

F.4 Sensitivity to Ground-Truth Anchoring Weight

We study the sensitivity of GraphDPO to the initial ground-truth anchoring weight λgt. Figure 2
shows GSM8K accuracy as a function of the initial value, with a linear decay schedule applied
during training. We observe that performance is stable across a broad range of values, with the
best results achieved for λgt ∈ [2.0, 2.5]. Extremely small values underutilize the anchoring signal,
while overly large values slightly degrade performance, likely due to over-constraining the policy
early in training. These results indicate that GraphDPO is not overly sensitive to the exact choice of
anchoring strength, and that a moderate initial value provides a good balance between stability and
flexibility.

Rationale for the [K/4,K/3] initialization. The recommended range arises from gradient-
magnitude matching between the anchor term and the graph term. Both terms share the same
log-sum-exp scale, but the graph term aggregates over all nodes with non-empty dominated sets,
whereas the anchor term is a single node’s loss. For the single gold node to contribute on the order
of one group’s worth of gradient early in training, its weight should be comparable to the expected
number of dominated groups, which scales with K. At K=8, K/4 = 2.0 and K/3 ≈ 2.67, match-
ing the empirically optimal range [2.0, 2.5] (with less than 0.2% variation across it). We therefore
view the initialization as a robust heuristic derived from gradient-magnitude matching rather than a
hand-tuned parameter. The time-dependent decay follows the same logic in reverse: as the policy
improves and more rollouts achieve correctness, the graph supplies increasing positive signal, and
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λgt anneals toward 1 (equal weight with other responses) so that the anchor does not dominate the
objective at convergence. This is consistent with the empirical finding that anchoring’s marginal
value decreases with K (Table 2): a richer graph subsumes the anchor’s role.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: The abstract and introduction clearly state the key contributions (i.e., graph-
structured preference modeling, equivalence-class handling, linear-time learning under the
layered construction, and stabilizing ground-truth anchoring), state the scope of each claim
(the O(K) bound applies to the layered construction; experiments use ranked equivalence
classes with ties and incomparabilities), and these are directly supported by the theoretical
formulation in Section 4 and empirical results in Section 5.
Guidelines:

• The answer [N/A] means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A [No] or
[N/A] answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The discussion on the limitations of the work is provided at the end of the
Conclusion section.
Guidelines:

• The answer [N/A] means that the paper has no limitation while the answer [No] means
that the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate “Limitations” section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]
Justification: Appendix E presents Propositions 1–3 and Corollary 1 with clearly stated as-
sumptions and complete proofs characterizing pairwise consistency, implicit edge weight-
ing, and noise attenuation properties of the GraphDPO objective; Appendix B provides the
explicit algorithm and complexity lemma supporting the O(K) claim.
Guidelines:

• The answer [N/A] means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theo-

rems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: Appendix A provides detailed descriptions of datasets, preprocessing, rollout
generation, model configurations, hyperparameters, and training setup, including optimizer,
learning rates, batch sizes, and hardware.
Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• If the paper includes experiments, a [No] answer to this question will not be per-

ceived well by the reviewers: Making the paper reproducible is important, regardless
of whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear

how to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: GraphDPO is implemented on top of the open-source verl framework [52] and
changes only the policy update; Appendix C lists all modifications and gives the complete
loss implementation, and Appendices A and B give data preparation, hyperparameters, and
algorithmic details needed to reproduce the main results. All datasets used are publicly
available.

Guidelines:

• The answer [N/A] means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://neurips.cc/

public/guides/CodeSubmissionPolicy) for more details.
• While we encourage the release of code and data, we understand that this might not

be possible, so [No] is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: The paper and Appendix A specify datasets, preprocessing, model configura-
tions, hyperparameters, and training procedures in sufficient detail for reproducibility.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of

detail that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]
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Justification: We report mean ± standard deviation over multiple independent training runs
(with different random seeds) for GraphDPO and all preference-based baselines in Table 1,
which constitute the primary results supporting our claims. The reported error bars cap-
ture variability due to stochastic training dynamics, including initialization and sampling.
All methods are evaluated under identical settings (datasets, rollout budgets, and training
configurations), and the performance gaps between GraphDPO and the strongest baselines
substantially exceed the observed seed-level variance (e.g., the GSM8K gap over SWEPO
is roughly 14× the pooled standard deviation). We explicitly indicate that the reported
uncertainty corresponds to one standard deviation across runs.
Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The authors should answer [Yes] if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should prefer-

ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or fig-
ures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

• If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: Appendix A describes the hardware (e.g., GPU type and memory), training
setup, and approximate compute requirements for the experiments.
Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: The research complies with the NeurIPS Code of Ethics and does not involve
any known ethical violations.
Guidelines:
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• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.

• If the authors answer [No], they should explain the special circumstances that require
a deviation from the Code of Ethics.

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The paper discusses both positive impacts (improved reliability of LLMs) and
potential negative impacts (bias from preference signals) in the Conclusion section.

Guidelines:

• The answer [N/A] means that there is no societal impact of the work performed.
• If the authors answer [N/A] or [No], they should explain why their work has no soci-

etal impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: The paper does not involve models or datasets that pose significant risk of
misuse.

Guidelines:

• The answer [N/A] means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.
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12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: All datasets used (e.g., GSM8K, MATH, APPS) are publicly available and
properly cited.
Guidelines:

• The answer [N/A] means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the pack-

age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?
Answer: [N/A]
Justification: The paper does not introduce or release new datasets, models, or other assets.
Guidelines:

• The answer [N/A] means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?
Answer: [N/A]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.
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15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [N/A]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.
Answer: [Yes]
Justification: Large language models are used as base models and for rollout generation,
which are core components of the proposed method and experimental setup.
Guidelines:

• The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy in the NeurIPS handbook for what should or should
not be described.
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