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ABSTRACT

Motivated by bid recommendation in online ad auctions, this pa-
per considers a general class of multi-level and multi-agent games,
with two major characteristics: one is a large number of anonymous
agents, and the other is the intricate interplay between competi-
tion and cooperation. To model such complex systems, we propose
a novel and tractable bi-objective optimization formulation with
mean-field approximation, called MESOB (Mean-field Equilibria &
Social Optimality Balancing), as well as an associated occupation
measure optimization (OMO) method called MESOB-OMO to solve
it. MESOB-OMO enables obtaining approximately Pareto-efficient
solutions in terms of the dual objectives of competition and coop-
eration in MESOB, and in particular allows for Nash equilibrium
selection and social equalization in an asymptotic manner. We apply
MESOB-OMO to bid recommendation in a simulated pay-per-click
ad auction. Experiments demonstrate its efficacy in balancing the
interests of different parties and in handling the competitive na-
ture of bidders, as well as its advantages over baselines that only
consider either the competitive or the cooperative aspects.
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1 INTRODUCTION

The interplay between competition and cooperation can be ob-
served in a wide range of human interactions across various fields,
such as economics, healthcare, education, sports, and politics, among
others. Online advertising, which promotes product or service dis-
covery through various online channels such as search engines,
websites, and social media, is a prime example of the interplay
between competition and cooperation. The ad market consists of
multiple parties (advertisers, shoppers, and publisher) with their
own interests. Advertisers compete in auctions for opportunities to
show their ads to users visiting a website or using app. The highest
bidder wins the ad placement to reach their desired audience, and is
charged a price determined by a pricing mechanism. The publisher
enriches its content portfolio with ads, and the revenue (paid by
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advertisers) ensures further content optimization that benefit users
in the long term.

A common service offered to advertisers by publishers such as
Amazon or Google is bid recommendations. The recommendation
is based on various factors such as historical performance. These
recommendations help advertisers make informed decisions and
increase their chances of winning auctions, and ultimately improve
user experience and publisher revenue. One key question for the ad
recommendation service is how to make bid suggestions which are
in the best interests of all parties involved, thus foster long-term
success and satisfaction.

Bid recommendation can be viewed as a multi-level, multi-agent
game, with two major characteristics: one is a large number of
anonymous agents (a.k.a., advertisers) and the other the need to
balance interests between the publisher and other parties involved
including shoppers and advertisers. Recent development in mean-
field theory inspires mean-field approaches to modeling the large
number of agents, in order to avoid analyzing the otherwise com-
putationally intractable multi-agent game. However, focusing the
analysis mainly on the competition among advertisers is insuffi-
cient for balancing interests among multiple parties as illustrated
in §3.1 and Appendix B. One approach is for the bid recommenda-
tion service to take the role of a social planner with a dual goal of
optimizing the social benefits of the shoppers, advertisers and the
ad publisher, while maximizing the advertisers’ individual interests
given their inherent competitions.

Contributions. Our contributions are three-fold. First, moti-
vated by bid recommendation, we introduce a novel and tractable bi-
objective optimization formulation (MESOB) (Mean-field Equilibria
& Social Optimality Balancing) for large-population systems where
both competitive and cooperative interactions coexist. MESOB is
derived from three key components: mean-field approximation for
games with a large number of agents, the notion of exploitabil-
ity for the analysis of Nash equilibria, and the notion of (€1, €2)-
Pareto efficiency for the interplay between competition and co-
operation. Second, we adopt the idea of occupation measure op-
timization (OMO) of [13] to translate the set of Nash equilibrium
constraints into an equivalent and finite set of simpler constraints,
and obtain subsequently a constrained optimization problem called
MESOB-OMO. This new formulation enables obtaining approxi-
mately Pareto-efficient solutions (Theorem 1), and in particular
allows for Nash equilibrium selection and social equalization in an
asymptotic manner (Theorem 2). Finally, we apply MESOB-OMO
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to bid recommendation in simulated online pay-per-click ad auc-
tions. Experiments show MESOB-OMO can balance the interests
of different parties, while considering the competitive nature of
bidders. Our results highlight the benefit of MESOB-OMO over
existing approaches that solely focus on either the competitive or
the cooperative aspects of the problem.

Related work. The idea of mean-field approximation for games
with a large number of agents has been widely adopted to approxi-
mate the otherwise generally intractable N-player games [32] since
the pioneering work of [17] and [21]. Since then, the mean-field
theory has evolved significantly. However, existing works focus on
either the competitive (a.k.a. mean-field) games [3] or the coopera-
tive setting (a.k.a., mean-field control) [11, 26].

The main research efforts on multi-level games are the principal-
agent game (a.k.a., contract theory and mechanism design) [9, 29]
and Stackelberg game [4, 10, 14]. Again, the primary optimization
focus is the principal/leader thus not bi-objective.

The main concepts adopted to analyze the interplay between
competition and cooperation for both N-player and mean-field
games are the Price of Anarchy and Price of Stability [2, 5, 7, 27, 31].
However, these notions characterize mainly the gap between the
social optimality and Nash equilibria, and not sufficient to analyze
the balance between the social welfare and equilibria.

Last but not least, there is a substantial literature studying bid-
ding games in ad auctions. Again they mainly focus on bidder
competitions, including pacing equilibrium [5] and system (Nash)
equilibrium [1, 12, 18].

2 PROBLEM FORMULATION AND SOLUTIONS

In this section, we formulate and analyze a general mathematical
framework of multiple-level! and multi-agent game. The framework
is characterized by a large number of anonymous agents, and the
need to balance interests between the social planner and other
parties involved. In our motivating example of bid recommendation
in ad auctions, the bid recommendation service plays the role of
the social planner, and the advertisers are the anonymous agents.

2.1 Problem formulation

Agent dynamics with mean-field interaction. Given the large
number of anonymous agents, we assume weak interaction among
agents to simplify their interactions. Here, weak interaction means
that agents interact solely through the population mean-field, which
is the empirical distribution of their states and actions, as found in
the classical mean field game literature [11, 16, 17, 19-21, 28]. This
assumption streamlines the analysis by focusing on aggregated
behavior rather than individual interactions.

With this mean-field approximation, one can now focus on
any “‘representative” agent, and model her dynamics by a tuple
(S, A, {Pt}tT:o’ 1), where S and A are finite state and action
spaces, respectively with § := |S| < o0 and A := |A| < oo, P;
is the state-transition probability at time ¢, yo is the initial pop-
ulation state distribution, and T € [0, o) is a fixed time horizon.
Furthermore, denote by A(X) the set of probability distributions
on aset X.

For a more precise definition, refer to Equation (4) in §2.1.
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Given the state s; € S of the representative agent and her ac-
tion a; € A at time ¢, and the population state-action joint dis-
tribution L; € A(S X A), her state at time ¢ + 1 follows the dis-
tribution s;41 ~ P:(:|sz, ar, Ly). By symmetry of the agents, we
consider agents taking actions following the same time-dependent
Markov policy, 7 € M := {{nt}tT:0|7rt : S — A(A)}, where
7t (als) is the probability of taking action a in state s at time . Ac-
cordingly, the population state-action joint distribution L € £ :=
{{Lt}tT=0|Lt € A(S x A)} initializes from Ly (s, a) = po(s)mo(als),
and is recursively updated by Ly41(s’,a”) = p(s") 7w (a’ls”), with
Ur(s") = YseS.aeq Lt (s,a)Pr(s’[s, a, Lt). For notation simplicity,
define I' : M — L for the above recursive mapping such that
T(m)o(s,a) == po(s)mo(als), and fort =0,...,T — 1,

T(m):(s’,a)Pe(s|s’,a’, T (m)s).

(1)
Unlike the standard mean-field framework, the agents here are
anonymous but not necessarily uniformly homogeneous. Indeed,
such a heterogeneity can be modeled by incorporating agent types
into the state s; € S so that s; = (c,$§r), where ¢ is the (static)
type while §; is the dynamic state component [6, Remark 2]. In bid
recommendation, for example, ¢ might represent the advertiser’s ad
quality and product category, while §; might denote the advertiser’s
reduced budget following the acquisition of an ad slot and payment
to the publisher after a click. Throughout the paper, we assume
fio > 0 component-wise to allow for this type of heterogeneity.

T(m)es1(5,) = meaa(als) )

s’eS,aeA

Agent rewards and Nash equilibrium. Given the mean-field
dynamics, at each time step ¢, the representative agent collects a
reward r;(sz, ar, Ly ), which depends on her current state s; and her
action ay, as well as the population distribution L;. Her expected
cumulative reward from an initial state sp = s, policy 7 € M,
and a population distribution flow L € £ is defined as J(s, 7, L) =
E [Z[T:o re(se, at,Lt)] , where so = s, St+1 ~ P¢(-|st,az, Ly) for t =
0,...,T—1and a; ~ ms(-|s;) fort =0,...,T.

Here, we adopt the Nash equilibrium (NE) to analyze this mean-
field game for the agents. A policy 7 € M is called an NE for a
mean-field game, if and only if there exists L € L, such that the
best response condition and the consistency condition hold, i.e.

J(s, 7’ L) < J(s,m, L), Vn' e M,s€S,

and L = T' (), where the latter indicates that the population distri-
bution flow is consistent with 7z [12, 17].

Agent contribution to social optimality. Given the impact
of agents’ dynamics over multiple stakeholders in the game, the
social planner will incorporate agents’ individual contributions to
various social metrics into the overall objective, from which the
social welfare is maximized. More precisely, consider K > 0 relevant
social metrics V() : £ — R, where each social metric V' (¥) (L) for
k=1,...,K ateach time step t =0, ..., T is the aggregation of the

agents’ individual contributions rt(k) (s¢, az, Ly), such that

T
vR@m =3 3 Lo sal). @)

t=0 s€ S,ac A
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The social welfare is then defined as
V(L) =F(vD(L),...,.vE (1)), 3)

where F : RK — R is a function that connects the social metrics
into a general form of utility functions. Since L = I'(x), this social
welfare reduces to maximizing V(T'(rr)) over 7 € M. In bid rec-
ommendation, the social metrics may be the Return on Ad Spend
(RoAS) for the advertiser, ad revenues for the publisher, and shop-
per clicks (as a proxy for shopper satisfaction). When K = 1 and
F is the identity mapping, maximizing the overall social welfare is
the classic mean-field control. This generalization of MFC enables
general-utility use cases, such as RoAS in the bid recommendation
application (refer to §3 for more details).

Bi-level optimization problem for the social planner. The
social planner aims to maximize the welfare function V(I'(x)) over
the set of policies that are the NE of the agents’ mean-field game.
More precisely, it solves the following bi-level optimization:

maximize, e pq  V(T(7))
subject to J(s,n",L) < J(s,m L), )
L=T(x), VY7’ e M,seS.

However, this optimization problem is intractable, given the
infinite number of constraints to characterize NE. More importantly,
it suffers from the price of stability (PoS) [27], namely, the intrinsic
gap between the best achievable social welfare among the NEs and
the overall best social welfare. We will develop an effective solution
in the next section.

To address these issues, we will in the next section propose an al-
ternative bi-objective optimization problem, by utilizing the notions
of exploitability and (€1, €2)-Pareto efficiency. We then borrow the
idea of the occupation measure in [13] to translate the set of NE
constraints into an equivalent and finite set of simpler constraints.
The subsequent (single-objective) optimization problem is called
MESOB-OMO, and we will show that it can be used to bridge the
gap between social optimality and NEs with an arbitrarily desired
trade-off (c¢f. Theorem 1 and Theorem 2).

2.2 MESOB-OMO

Our solution is built on the notions of exploitability and (€1, €2)-
Pareto efficiency, to be defined shortly. We leverage the idea of the
occupation measure in [13] to translate the set of NE constraints in
(4) into an equivalent and finite set of simpler constraints. The sub-
sequent optimization problem, MESOB-OMO, is able to bridge the
gap between social optimality and NEs with an arbitrarily desired
trade-off (Theorems 1 and 2).

MESOB: bi-objective problem of the social planner. We first
consider an alternative bi-objective optimization problem, by utiliz-
ing two notions. The first is the exploitability of a policy 7:

Expl(n) = Hrpea/)\c/[;llo(s) [](S, 7', T(m)) = J (s, ”»r(”))] G

which measures the distance of the policy 7z from a Nash equi-
librium [25]. By definition, Expl(z) > 0, and is equal to 0 if and
only if 7 is an NE. Hence, finding NE is equivalent to minimizing
exploitability. With this definition, the bi-objective optimization (4)
is reformulated into one of maximizing V(I'(;r)) while minimizing
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Expl(x), over all 7 € M. We refer to this optimization as MESOB
(Mean-field Equilibria & Social Optimality Balancing).

The second notion is (€1, €2)-Pareto efficiency, which charac-
terizes the performance of a policy 7 € M for the bi-objective
optimization problem.

Definition 2.1. A policy 7 € M is called (¢1, €2)-Pareto efficient
for MESOB, if there is no policy 7/ € M such that: V(I'(x")) >
V(['(x)) + €1, Expl(n’) < Expl(r) — €2, and at least one of the two
inequalities is strict.

Note that (0, 0)-Pareto efficiency corresponds to the standard

Pareto-efficiency. It also generalizes the notion of e-Pareto-efficiency [22].

It is tempting to find directly a policy 7 that minimizes the
scalarization of the following bi-objective optimization problem

minimize,c oy — M V(T()) + A2 Expl(7x), (6)

where suitable constants 11,42 > 0. However, the exploitability
term Expl(r) is neither convex nor smooth, even when the rewards
and the dynamics are smooth with respect to the population distri-
butions L, rendering (6) difficult to solve. Instead, we propose an
occupation-measure-based optimization (OMO) approach to com-
pute the (€1, €2)-Pareto efficient solution for MESOB, which we call
MESOB-OMO, that addresses the smoothness issue.

MESOB-OMO.. Our approach is inspired by the optimization
reformulation of mean-field games [13], in which an occupation
measure variable d € RSA(T*D) jg adopted to approximate the
population distribution flow with d; s 4 = Lt (s, a). This occupation
measure was first adopted for the linear program formulation of
MDPs by [23].

Besides the occupation measure, there are two additional critical
components g5 (d) and RBR(y, z, d), to be defined later. Intuitively,
g5 (d) encodes the consistency condition of a mean-field NE, and
hBR(y, z,d) encodes the best-response condition of NE.

With these key components, MESOB can be reformulated as
the following optimization problem that optimizes over an occu-
pation measure variable d € RSA(T+) and auxiliary variables
ye RS(T+1) and z € RSA(T+1):

minimize, ; 4 fMESOB_OMO (y, 2z, d; M, A2, p1, p2)
subject to {Jt}z;o CASXA), zeZ,
lyllz < S(T+1)(2T+2)rmax.

(MESOB-OMO)
The detailed step-by-step derivation of MESOB-OMO will be given
in the appendix. Here, fMESOB_OMO (y,z,d; M1, A2, p1, p2) == -V (d)+
AozTd + plgCS(d) + pthR(y, z,d). A1, A2 > 0 and p1, p2 > 0 are
two pairs of user-defined hyper-parameters. The former serves
as trade-off parameters for the dual objectives, while the latter as
penalty parameters to enforce the consistency and best-response
conditions, respectively, thus approximating exploitability. In addi-
tion, c?t € RS54 is the t-th slicing of the tensor in its time dimension

(and accordingly, Jt ~ Ly).
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Specifically, Z := {z |z>0,1Tz < SA(T? + T + 2)rmax}, and

y € RS(T*D) and z € RSA(T+1) gre auxilliary variables. Moreover,

2
RCEDY (Z dos.a - ﬂo(S))

seS \ace A

T-1 2
+ 32 D diisa— D disaPi(sls adr)

s’eS t=0 \ac A s€S,acA
and
BR - 2
h*"(y, z,d) = Z (yT—l,s —rr(s,a,dr) — ZT,s,a)
s€S,ae A
T-2
Z Z (yt,s = re41(8, @, dp1)
s€S,ac A t=0

2
, -
- Z Pri1(s"]s, a, di+1) yrat,s —Zt+1,s,a)
s’eS

2
+ Z (yT,s+ro(S, a,do) + Z Py(s'ls, a,do)yo,s +Zo,s,a) -

seS,aeA s’eS

Note that the constraints on y, z, d are independent and simple
convex constraints with closed-form projection formulas. These
constraints can be easily removed by softmax and trigonometric
parameterizations without compromise on smoothness.

Once an approximate solution to (MESOB-OMO) is obtained, a
policy 7 € II(d) can be retrieved by defining a set-valued mapping

I1 to retrieve policies from an occupation measure d by normaliza-

tion: given d € RSAT*D) with d > 0, 7;(als) = disa
Da'eA dt,s,a’

YaeAadrsa > 0, and m;(-|s) is an arbitrary probability vector in

A(A) otherwise.

when

Remark 1. Evidently, smoothness of r¢, rt(k) andP; (t=0,...,T,
k=1,...,K)inL; are inherited by the MESOB-OMO objective

fMESOB'OMO(y, z,d; M, A2, p1, p2). Thus MESOB-OMO can be solved
by a large number of existing optimization algorithms, such as pro-
Jjected gradient descent, provided that the rewards and dynamics are

smooth in L;.

Now, denote f* (A1, A2, p1, p2) as the optimal objective value of
(MESOB-OMO). It is connected with the original dual objective
target in (2.1), as follows.

Theorem 1. Suppose that the link function F in (3) is Lipschitz con-
tinuous, and that for anyt =0,...,T andk =1,...,K, P;(:|-,-, L¢),
re (-, Lt), and rt(k) (-, Ly) are Lipschitz continuous in L;. Then, there
exists a constant C > 0 that depends only on the problem data, such

thatfor any target tolerance € > 0, if one sets p := min{py, p2} >
C/l max{ﬂl A2,1}

with fMESOB OMO(y z,d; A1, A2, p1, p2) — f* (A1, A2, p1, p2) < €, then
any policy m € I1(d) is (e/A1, €/ Ay)-Pareto efficient for MESOB.

This theorem guarantees the flexibility of balancing between the
social optimality and the Nash equilibria, by choosing 1; and A
appropriately. Moreover, in order to obtain a target (€1, €2)-Pareto
efficient solution to MESOB, one can first set A; = €/€1, A2 = €/€e2
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- }) then solve MESOB-OMO

and p1, p2 = Q (max {m
to obtain an e-sub-optimality.

One can further characterize the solution to MESOB-OMO with
respect to the trade-off ratio A1/Az, which, as a by-product, also

connects (MESOB-OMO) with the original optimization (4).

Theorem 2. Given the same assumptions in Theorem 1 on F, Py, r;

and r( ) , consider a sequence of constants {)L{, /1%, }loio' Foranyl e
{0,1,..} let pl = 2max{(A))%, AL AL AL AL, 1} /el and (4, 2!, d) be

a feasible solution to (MESOB OMO) with
fMESOB OMO(y Zl dl,ﬂi,).l oL, pl) f*(ll,
following results hold.

p pl) < €. Then the

Y . . -
e Iflim = =0, lim el =0, and inf /li > 0 then for any limit
=00 A [—0c0 120

pointd ofdl and any 7 € TI(d), # maximizes V(I (r)) over
all NE policies & with Expl(r) = 0.
. If hm /Ti = oo, lim €/ = 0, and inf Aé > 0, then for any limit
[—>00 >0
pomtd ofdl and any 7 € 11(d), 7 minimizes Expl(r) over all
socially optimal policies that maximizes V(T (r)).

That is, MESOB-OMO is asymptotically an equilibrium selection
problem, finding an NE with the largest social objective as A1 /12 —
0, and asymptotically a social equalizing problem, selecting a social
optimal policy with the minimum exploitability as A1 /A2 — oo.

3 CASE STUDY: BIDDING IN AD AUCTIONS

In this section, we apply MESOB to bid recommendation in a simu-
lated online pay-per-click ad auctions. Our focus is on how MESOB-
OMO balances stakeholders’ welfare, while managing the competi-
tion among advertisers.

3.1 Bid recommendations for advertisers

In online advertising, advertisers compete for supplies (e.g., slots on
a webpage), shoppers seek high-quality content or services, and ad
publisher makes a profit from advertising revenue. The ad recom-
mendation service, as a social planner, provides bid suggestions by
considering competition among advertisers, and the broader inter-
ests of shoppers, advertisers, and the publisher. Given our focus on
developing a general framework for multi-level multi-agent games,
our simulation assumes for simplicity that advertisers adopt the
publisher’s bid recommendations 2.

Bidders’ mean-field game. We model the competition among
bidders as a non-cooperative repeated mean-field game. At each
time step t € {0,1,..., T}, a shopper makes a request (e.g., visiting
apage) leading to a supply, and a set of n bidders’ states are sampled
i.i.d. from a distribution y to participate in an auction. Following our
mean-field approximation described in §2.1, a representative bidder

and compute a feasible solution (y, z, d) for (MESOB-OMO) at state s; places a bid a; ~ 7(.|s;) and receives reward r(s;, az, Lt),

where L; is the population joint state-action distribution at t. Each
bidder’s state at time ¢ corresponds to its ad’s CTR at that particular
time. In this context, we assume there is no state transition.

%In reality, advertisers may not always follow the recommendations. We may incorpo-
rate a propensity model in our optimization framework, which predicts how likely an
advertiser follows the publisher’s recommendation.
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Bidders compete through a second-price auction 8], where the
winning bidder has the highest score defined as bid x CTR. When
clicked, the winner pays the second-highest score divided by the
winner’s CTR. In case of ties, the winner is chosen randomly and
pays his placed bid. Here, n is referred to as the auction density and
its higher values are indicative of intensified competition. Detailed
formulation of r(s¢, as, Lt) is given in Appendix A.

Bi-objective optimization of bid recommendation service.
The bid recommendation service must balance the interests of all
stakeholders when suggesting bids. To this end, we propose a wel-
fare function that represents the objectives of advertisers, shoppers,
and the ad publisher. We consider advertisers’ primary goal to be
optimizing the Return on Ad Spend (RoAS), denoted as the revenue
per advertising dollar spent . On the other hand, the publisher’s
objective is revenue maximization, measured as the sum of Cost-
per-Click (CPC) - the payment received from the winning bidder
when an ad is clicked. Shoppers are primarily interested in ads rele-
vant to their search intent. In this study, we use CTR as a surrogate
for shopper satisfaction.

We define CTR(s, a, L), SALE(s, a, L), and CPC(s, a, L) as the ex-
pected CTR, Sale, and CPC of the representative bidder at state
s, taking action a, considering mean field L = {L;};c5. Explicit
formulas are provided in Appendix A. Omitting L; arguments
for brevity, the market average of these entities are vy =
Sisale - CTR(s,a, L), V@ (L) = ;4L - SALE(s,a,L;), and
ve (L) = Yts.aLt - CPC(s,a,Lt). The welfare function is then
defined as

V(L) = F(vW (@), v (@), v® (1)),
where
FvW,y® v®)) - ¢ 1n [V(l) + 61]
v(2)

rel e 1 g

+ey| +c3ln [V(l) x V3 4 63] . (7)

The first term in (7) denotes the interests of shoppers, while
the second and third terms respectively refer to the interests of
advertisers and the publisher. The positive scalar values, €;’s, are
used to prevent division by zero or taking logarithm of zero. The
coefficients c¢; are positive.

The bid recommendation service operates as a social planner
with the goal of solving a bi-objective optimization problem. It seeks
a bidding policy 7 € M, which maximizes the welfare function
V(T ()), whilst ensuring competitive bids approximate a Nash
equilibrium 4. We have employed our MESOB framework to model
this application, in which the bid recommendation service explores
for an (€y, €2)-Pareto efficient bidding policy, as defined in (2.1). The
forthcoming section will present the application of our MESOB-
OMO formulation (MESOB-OMO) in estimating this bidding policy.

3As outlined in §3.1, the rewards of bidders, (s, as, L; ), are derived from their par-
ticipation in auctions. Different bidders may prioritize varying objectives for their
advertising campaigns such as maximizing expected cumulative rewards or maximiz-
ing their campaigns’ Return on Advertising Spend (RoAS). In this study, we employ
r(s¢, az, Ly) in the context of bidders’ mean-field game for estimating the Nash equi-
librium, and use RoAS to signify the advertiser’s interest within the overall welfare
component.

4As described in §2.1, T'(r) denotes the distribution flow under policy 7, with
T(m)(s,a) = p(s)m(als), given our assumption of no state transition in our bid
recommendation use case (refer to (1) for more details).
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An equilibrium-agnostic heuristic. For comparison with
MESOB, we first consider a heuristic that determines bid recommen-
dations based on a window of past auctions, without considering
equilibria. This heuristic observes the population bidding and CTR
distributions at each timestep, simulates a certain number of second-
price auctions to approximate the distribution of winning bids, and
then proposes the 25th and 75th percentiles of this distribution as
the lower and upper bidding ranges, respectively.’ A comprehensive
description of this heuristic is provided in Appendix §B.

We then further apply existing algorithms that estimate the
mean-field equilibrium within a competitive mean-field game envi-
ronment, without considering social welfare. They include Mean-
Field Occupation Measure Optimization (MF-OMO) [13], Online
Mirror Descent (OMD) [24], and Fictitious Play (FP) [25]. We then
evaluate and compare the interests of all stakeholders under the
equilibrium bidding policy versus the agnostic bidding heuristic.
Our experiments show that the mean-field equilibrium bidding pol-
icy increases competition at bidding, potentially benefiting the ad
publisher and shoppers at the expense of advertisers. For example,
MF-OMO results in a lower exploitability of 0.0046, compared with
the heuristic policy’s 0.2643, a 98% improvement. Details are in
Appendix B. This significant reduction underscores the efficiency
of MF-OMO in generating a bidding policy approximating an equi-
librium, as expected.

Next, we solve (MESOB-OMO) for our bidding application, and
derive MESOB bidding policy that effectively navigates the welfare
trade-off among all stakeholders while being in close proximity to
the mean-field Nash equilibrium.

3.2 Experiment results with MESOB

We will now present experimental results for MESOB. We will imple-
ment MESOB-OMO using MFGlib [15]. Our discussion commences
with an overview of the Pareto efficiency curve, corresponding to
various A1 and A configurations of the MESOB parameters. This
curve demonstrates the balance between the two main objectives
in our bidding use case: overall social welfare and exploitability.
Subsequently, we draw a Pareto curve for each constituent of our
social welfare: shoppers, bidders, and the ad publisher. We will
conclude this section by presenting MESOB bidding policy for a
particular parameter setup.

In our experiments, we utilize a tabular setting where a bidder’s
state s € S and action a € A correspond to her CTR and placed bid,
respectively. The state space S is derived by discretizing [0.2,0.6]
with equal spacing, and action space A by discretizing [0, amax]
with equal spacing, where @45 denotes the maximum bid allowed,
set at amgx = $5 in all experiments. We initialize parameters as
follows: n = 5, CTR € {0.2,0.4,0.6}, bid € {0,1.25,2.5,3.75, 5} (in
dollars), ng = 3, ny = 5, and utility v = 26. The ¢; and ¢; values in
(7) are assigned as €; = 107>, ¢; = 1/3 for all i. We fine-tune the
penalization parameters to p; = 1 and p2 = 0.1 in (MESOB-OMO).

5Like MESOB, this heuristic assumes all bidders comply with the bid recommendations.
%As detailed in §3.1, bidders are anonymous with a known fixed utility reflecting their
willingness to pay for an ad slot. The representative bidder’s utility, denoted as v,
can be approximated by price X CVR, where price signifies the average price of an
advertised product and conversion rate CVR represents the sale likelihood. We assume
that price X CVR is known or can be estimated from offline data if necessary.
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Lastly, the lack of randomness in our set up negates the need for
averaging across multiple runs.

Pareto efficiency curves. Figures 1 and 2 present the Pareto
efficiency curve in relation to our two objectives: minimizing ex-
ploitability and maximizing social welfare. Figurel illustrates the
overall welfare, while Figure 2 represents each component of the
welfare, encompassing the welfare of shoppers, bidders, and the ad
publisher. Throughout, we have varied the MESOB parameters, 11
and Ay in (MESOB-OMO). We observe that as A; /A3 increases (i.e.,
prioritizing social welfare), the ad publisher welfare increases, bid-
ders’ welfare declines, and shoppers’ welfare experiences a slight
incline, collectively leading to an increase in overall welfare. The
result shows that MESOB adeptly navigates the balance between
collaboration and competition inherent in our bidding use case.

In a pure competition scenario, where Ay = 0 and A3 = 1 (marked
by the red data point in both plots), MESOB generates an optimal
bidding policy with the lowest exploitability and social welfare.
This scenario is computed using MF-OMO algorithm to solve the
corresponding mean field game’. Conversely, in a pure collabo-
ration scenario, akin to general utility mean field control (MFC),
where Ay = 1 and A2 = 0 (indicated by the black data point in
both plots), MESOB mirrors the solution from the general utility
MFC. This results in the highest social welfare at the expense of
high exploitability. Notably, we have employed a gradient descent
approach to solve the general utility MFC.

Within the MESOB framework and parameters 11,12 € (0,1),
the system adeptly tailors an optimal policy balancing collaboration
and competition. Each blue data point represents a MESOB solution,
their distribution reflecting the variance with emphasis on collab-
oration versus competition as A1, A2 oscillate within the specified
range. As observed from the plots, pure competition results in the
lowest exploitability, while pure collaboration yields the highest
social welfare, albeit with increased exploitability. MESOB adeptly
balances these two objectives, allowing for a coexistence of col-
laboration and competition. For all these runs, we utilize gradient
descent to solve (MESOB-OMO).

MESOB execution. We illustrate a particular execution of MESOB
with A; = A3 = 0.5, represented by one of the blue triangles in Fig-
ure 1. Figure 3 shows MESOB bidding policy at different states
obtained by optimizing (MESOB-OMO) for 1500 iterations.

4 CONCLUSIONS

In applications such as bid recommendations for online ad auctions,
it is crucial that recommended bids account for the competition
among advertisers for online ad impressions, as well as the interests
of the ad publisher, shoppers, and advertisers. A bid recommen-
dation service seeks to strike an optimal balance among all stake-
holders’ interests within its multi-level multi-agent game system.
Numerous applications exist where such a complex interplay of
competition and collaboration coexists. Traditional social optimality
or equilibrium concepts alone fall short in addressing this interplay.
This paper proposes the novel MESOB (Mean-field Equilibria &

"We employed other established algorithms including Online Mirror Descent (OMD)
[24] and Fictitious Play (FP) [25] to solve this mean-field game. Exploitability and
social welfare values were consistent with those achieved through MF-OMO.
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Figure 1: Pareto curve varying 1; and A, trading off ex-
ploitability (x-axis) and social welfare (y-axis). The red point,
solved by MF-OMO, corresponds to pure competition (1; =
0, A2 = 1). The black point represents a scenario entirely fo-
cused on social welfare, (1; = 1,13 = 0). Blue points denote a
range of configurations with 0 < 41,12 < 1.
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figurations. The NE solution (1; = 0,1, = 1) is red, while the
MEFC solution (41 = 1,12 = 0) is black. Blue points represent
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Figure 3: MESOB bidding policy for 4y = A1 = 05

((MESOB-OMOQ)). It outlines bid recommendations and their
probabilities at different click-through rates (ctr). At ctr = 0.6,
a $2.5 bid is suggested, while at ctr = 0.4, bids of $2.5 with prob-
ability 0.59 and $3.75 with probability 0.41 are suggested. At
ctr = 0.2, bids of $0, $1.25,$2.5,$3.75 are proposed with respec-
tive probabilities of 0.3,0.29,0.29,0.11.
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Social Optimality Balancing) framework and the MESOB-OMO
tractable formulation by adopting the idea of occupation measure
optimization (OMO). These tools effectively navigate the intricate
balance between competition and cooperation in multi-level multi-
agent systems, employing mean-field techniques to address the
large volume of interactions. We establish convergence guarantees
for MESOB-OMO and derive its asymptotic relationship with the
classical equilibrium selection and social equalization problems.
The empirical efficacy of this approach is showcased through the
estimation MESOB bidding policies that balance the interests of all
stakeholders while addressing the competition among advertisers
in a simulated pay-per-click ad auction environment.
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APPENDIX

A REWARD FORMULATION IN BIDDERS’
MEAN-FIELD GAME

Here we provide closed-form expressions for the bidder’s reward
r(st, ar, Ly) and the social welfare components v (i=1,23)as
described in §3.1.

Let { represent the set of all possible scores, defined as { :=
{z|z=sX%XaVs €S,aec A} Scores are ordered such that zy <
21 £ -+ < Zmax. Furthermore, let A;(z) denote the probability of
observing a score z as A+(2) = X(s a'): s'a’=z Lt (s, @"), and A4 (z)
represent the likelihood of observing a score less than z, defined as
A¢(z) = Zﬁ;(l) A+(j). Here, the score z = s X a is assumed to be the
I-th element in { (i.e., z; = z). For simplicity, we discretize both bid
and CTR values to ensure that any score z corresponds to a unique
(s, a) pair such that z = s X a, s0 A;(2) = L; (s, a).

In each auction, the representative bidder competes against (n —
1) other bidders. At any time ¢, given the mean-field flow L;, the
probability of winning the auction for the representative bidder at
state s and placing bid a can be determined in two distinct scenarios.
The first scenario occurs when there is no tie (a single winner). For
simplicity, we assume that the representative bidder score z = s X a
is the [-th element among the ordered scores, and the winning
probability in this case can be obtained by summing over all cases
where the second highest score (z;) is any score zop < z; < z.
The probability in this scenario is given by P; in (8). The second
scenario arises when more than one bidder shares the highest score.
To obtain the winning probability in this case, we need to sum over
all possibilities of 1 up to (n — 1) bidders sharing the same highest
score as given in Ps.

I—

—_

Py = (l\t(Zj+1)n_l _At(zj)n_l)’
j=0
n-—1

Py — (n ; 1) A" A (2)' ®)
= i+1 1
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Next, we compute the expected values of CTR, CPC, and sale for
the representative bidder using winning probabilities in (8). If a
click occurs (with probability s), the bidder pays Z?’ for a solo win,
or his bid a if there are multiple winners. Therefore CTR(s, a, L;) =
(P1+P2) xs, CPC(s,a,Lt) = Py X zj + P2 X axs, SALE(s, a, L) =
(Py + P2) X v X s. The reward of the representative bidder at (s, a)
pair is then:

r(s,a,Ly) = SALE(s,a,Ly) — CPC(s,a,Ls), Vs, a,t. 9)

B AGNOSTIC BIDDING HEURISTIC

In this section, we present a family of basic bidding heuristic poli-
cies. These policies rely solely on auction history to propose bids
likely to secure auction wins. Notably, these bidding heuristics are
agnostic - they neither estimate mean-field equilibrium bids nor
consider social welfare in their recommendations. We implement
these heuristics beginning with an initial population CTR distribu-
tion (y) and initial population bid distribution (@;). To maintain
consistency with our repeated game model detailed in §3.1, we
assign yy = p,Vt € 7.

At each time step ¢, our heuristic policy observes the population
bidding distribution (a;) and the CTR distribution () and simulates
x number of second-price auctions to estimate the winning bids.
Specifically, in each auction, it samples n bids from «; and n CTRs
from p and run a second price auction where the winner is the bidder
with the highest score and pays the second highest bid adjusted by
her CTR. Our agnostic heuristic bidding policy then recommends
the 25th percentile and the 75th percentile of the winning bids as
the lower and the upper bid ranges to bidders (referred to as bid
range [a, b] in Algorithm 1). We assume that every bidder adopts
the bid recommendation and bids uniformly in that range. Hence,
population bidding distribution gets updated with step size 5 to
get closer to the target policy @; ~ Uniform|[a, b]. We assume that
the bidders’ utility (v) is fixed and known a priori. Algorithm 1
describes our heuristic policy.

Algorithm 1 Agnostic bidding heuristic (no equilibrium or social
welfare)

Input: Initialize population initial bidding distribution «p, popu-
lation CTR distribution y, auction density n, utility o, time hori-
zon T, number of intermediary auctions k > 0, and step size
ne[0,1]
fort=1,2,...,Tdo
step 1: simulate k second price auctions to estimate winning
bid distribution given a;—1 and p.
step 2. let a, b denote 25th and 75" percentiles of the winning
bids and recommend [aq, b].
step 3. let @; ~ Uniform|a, b] and update a;y = a;—1 + n(a: —
ay—1) with step size .
end for

For the following experiment, we set CTR € [0.01, 1] and bids €
[0,5] discretized into 20 CTR values and 20 bids (equally spaced).
We also set auction density n = 30, utility v = 5, step size n = 0.7,
and the number of auctions at each time step x = 10. Figure 4
demonstrates the population CTR distribution y set as truncated
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N(0.2,0.09) as well as the population bidding distribution a; both
att = 0 set as truncated N (1.5, 1.44) and its convergent distribution
at T = 1000 averaged over 1000 independent runs. Results are
consistent with different values of .

Population CTR distribution Population Bidding Distribution

-0
030 T=1000.

Probability Density Function

L1 I Illlu..,
'm)nn 0.2 04 0.6 08 1 DDD 1 2 3 4 5
R 8ids

(a) CTR Dist. (b) Bidding Dist.

Figure 4: Agnostic bidding heuristic. The left plot shows the
population CTR distribution (i) and the right plot presents
the population bidding distribution (a;) both at t = 0 (set
as truncated N(1.5,1.44)) and its convergent distribution at
T = 1000 averaged over 1000 independent runs.

Mean-field equilibrium dependency evaluation. We applied
existing algorithms including Mean-Field Occupation Measure Op-
timization (MF-OMO) [13], Online Mirror Descent (OMD) [24], and
Fictitious Play (FP) [25] to estimate equilibrium bidding policies.
We then evaluated all stakeholders’ interests and the overall wel-
fare and compared them against our agnostic bidding heuristic
described in 1.

Figure 5 illustrates the distribution of convergent bidding under
our bidding heuristic and Mean Field Equilibrium (MFE) bidding
policies, along with the population CTR distribution, which is mod-
eled as a truncated normal distribution N (0.2, 0.09). As observed,
the MFE policies, factoring in the competition among advertisers,
recommend a bid of $5. This contrasts with the heuristic policy,
which neglects to consider the equilibrium in the game and subse-
quently proposes less competitive and lower bids. The measure of
exploitability, indicative of the proximity to the mean field equilib-
rium, is recorded at 0 for MFE policies, while it stands at 0.1356 for
the heuristic policy.

Figure 6 presents the welfare metrics of each involved party
including the ad publisher’s revenue (Cost Per Click or CPC), the
advertiser’s Return on Advertising Spend (RoAS), and the shopper’s
Click-Through Rate (CTR). The comparison is made between the
heuristic and mean field equilibrium bidding policies derived from
OMD, FP, and MF-OMO algorithms. In each scenario, the utility
value is held constant at v = 5. We observe that incorporating mean
field equilibrium dependencies leads to more competitive bidding
policies, hence a potential benefit to the ad publisher and shoppers
and a potential disadvantage to the advertisers.

C FROM NAIVE SCALARIZATION TO
MESOB-OMO
In this section, we provide a step-by-step derivation of MESOB-

OMO starting from the naive scalarization (6). We begin by deriving
occupation measure optimization (OMO) based representations of
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Figure 5: Population CTR distribution and bidding policies
under the agnostic bidding policy and the mean field equi-
librium. The left plot illustrates the distribution of the pop-
ulation CTR. The middle plot presents the distribution of
convergent bidding under the agnostic bidding heuristic. The
right plot demonstrates the mean field equilibrium bidding
policy according to three mean field game algorithms (MF-
OMO, OMD, and FP), each recommending a bid of $5.
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(b) ROAS

Figure 6: Comparison of welfare metrics for all stakeholders
under the baseline and the mean-field equilibrium bidding
policy of bidding $5: Cost Per Click (CPC) for the ad publisher,
Return On Ad Spend (ROAS) for the advertisers, and the
Click-Through Rate (CTR) for shoppers. Results are averaged
over 100000 independent runs, each for 100 time steps.

the exploitability and the social welfare metrics, and by utilizing
tools from [13].

C.1 OMO-based representation of exploitability

The approach of Mean-Field Occupation Measure Optimization (MF-
OMO) in Guo et al. [13] combines the best-response and consistency
conditions in a single objective, using the concept of occupation
measures. This leads to an efficient computing method for the NEs
of MFGs. More precisely, finding NEs of an MFG with dynamics
P¢(|,,+, Ls) and rewards r; (-, -, Ls) (t = 0,...,T) (cf also §2.1) is
shown to be equivalent to solving the following optimization:
minimize, ;4 ||Agd = bl + Ay +z—cqll5 +27d
subject to d >0, lTjtzl, t=0,...,T,

172 < SA(T?> + T+ 2)rmax, 2> 0,

llyll2 < S(T+1;(T+2) "max-

(MF-OMO)
The policy 7 € II(d) for execution is then retrieved, with IT defined
in §2.2. Here d € RSA(T*) s called the occupation measure vari-
able, which is adopted to approximate the population distribution
flow with d;sq = L¢(s,a). As in the main text, Jt € RS54 is the
t-th slicing of the tensor in its time dimension (and accordingly,
Jt ~ L;). In addition, A; € RST+DXSA(T+D) i 3 matrix-valued
function of d that is defined by flattened vectors of dynamics P;,
cq € RSAT*) g 4 vector-valued function of d that is defined by the
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flattened vectors of the rewards r;, and b € RS(T+1) is 3 constant
vector that depends on the initial population state distribution .
See the precise formulas of these quantities in [13]. In the context
of MESOB-OMO in the main text, we have ||Agzd — b||§ = gcs(d)
and ||[ATy+z - ¢4l = h®R(y, z,d). In other words, [|A4d - b||2 and
||A;—y + z — ¢g4]|2 correspond to consistency and best-response con-
ditions, respectively, while the complementarity term z"d serves
as a bridge of the two conditions.

The most notable distinction between MF-OMO and our frame-
work is that the former concerns solely the competition, while
the latter balances between competition and cooperation. Conse-
quently, the exploitability being close to 0 does not necessarily
imply (approximate) Pareto optimal solutions. To resolve this issue,
we introduce the following lemma, which suggests that if the con-
sistency and best-response conditions are approximately satisfied
for an y, z, L solution of MF-OMO, then the complementarity term
(zT L) can serve as an approximate upper bound of the exploitability
for the induced policy from L. Moreover, there exist modifications
to the solutions y and z that approximate the consistency and best-
response conditions, and yield a complementarity term which also
approximate the exploitability.

Lemma 3. Suppose that for any t = 0,...,T, P;(:|-,-,L;) and
r¢(+,+, Ly) are Lipschitz continuous in L;. Lety, z,d be such thatd > 0,
lyllz < Ymax, [Agd=bll2 < €1, [|A]jy+z—cqll2 < €2,z 2 0 andy > 0.
Then for any = € T1(d), we havez' d > Expl(r) + O(e; + €2). More-
over, there exist y" and z”" such that ||A;y” +2" —c4ll2 = O(e1 +€2)
and dTz" = Expl(n) + O(e1 + €2).

ProoFr. The proof can be found in Appendix D.1. O

C.2 OMO-based representation of social welfare

Here we show how the (general utility) MFC problem of maxi-
mizing V(T'(x)) over policies 7 € M can be reformulated as a
problem in the occupation measure variable d. This result is essen-
tial for the two-level game: connecting the social planner’s control
problem with the Nash equilibrium of the MFG, as the latter is an
optimization problem in d (and auxiliary variables y, z) but not 7.

Lemma 4. Foranye > 0, if 1 € M is an e-suboptimal solution to
maximize,c pq V(I ()), then d = T'(r) is an e-suboptimal solution
to maximizey V(d) subject to Agd = b, d > 0. Conversely, if d is an
e-suboptimal solution to maximizey V(d) subject to Agd = b, d > 0,
thend € A(S x A) and for any = € II(d), n is an e-suboptimal
solution to maximize,e pq V(T'(7)).

PRrooF. Proof is provided in Appendix D.2. O

C.3 The MESOB-OMO reformulation of the
naive scalarization

We are now ready to derive the MESOB-OMO formulation. In the

following, we first provide an intermediary formulation introduced

in lemma (5), which serves as a basis for the final penalized version
presented in (MESOB-OMO).
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Lemma 5. Let y,z d be an optimal solution to the following opti-
mization problem:

min -1V (d) + 122" d,
y.z,d

s.t. Agd =, A;i'—y +z=cq,d 20,220, (10)
17z < SA(T? + T + 2) rmaxs
llyllz < S(T + 1)(T + 2)rmax/2.

Then for any n € I1(d), n is a Pareto-efficient solution of MESOB.
Note that under the OMO notation styles, here V(d) can be more

explicitly written out as V(d) = F(chil), el chiK)), and cék) =

[_rék) (’, ',LO)a e —V;k) (', ',Lt)], where rt(k) (-, . Lt) € RSA is seen

as a flattened vector of the social metric contribution k.

The key is to replace V(I'(7)) in the naive scalarization (6) with
V(d)+14,=p,4>0 (cf Lemma 4), while replacing Expl(r) in (6) with
Z'L + lAdd:b,A; yrz=ca,(y,2.d) €O where © denotes the constraint
set of (MF-OMO) (cf- Lemma 3). The proof is rather straightforward
and hence omitted.

The constraints Ayd = b and A;y + z = ¢4 are in general non-
convex. To address such issues, adding appropriate penalization
terms into the objective leads to the following MESOB-OMO formu-
lation, which inherits the smoothness of P; and r; in the mean-field
terms with essentially trivial or no constraints:

min fMESOB—OMO(y’ z, d) =
y,z,d

—11V(d) +/122Td + p1 ||Add - b”g + pz”A;iry +z—- Cd”z,
st. d>o0, 17d, =1, t=0,...,T,
2>0, 17z <SA(T?+T +2)rmax
llyllz < S(T + 1)(T + 2)rmax/ 2
(11)
Here p1, p2 > 0 correspond to the penalization parameters for the
constrains Azd = b and A;i'—y + z = ¢4 of (10) respectively.

The following lemma, which characterizes the connection be-
tween the penalty coefficients p; and p» and the constraint viola-
tions ||Azd — bl|2 and A;y +z —c4ll2, serves as a stepping stone
for the proofs of Theorems 1 and 2 below. It is a non-asymptotic
extension of the standard quadratic penalty method convergence
proof in the optimization literature [e.g., 30] that follows the same
steps there but making use of the boundedness of all the involved
variables and functions.

Lemma 6. Suppose that the same assumptions in Theorem 1 on
F, Py, ry and rt(k) hold. Then 3Cy1,Cy > 0, such that for any feasible
solution (y, z,d) of (MESOB-OMO) with

FMESOB=OMO (4 2 d; A1, Mg, p1, p2) — f* (A1, A2, p1. p2) < D, we have
[Aqd =bll5 < (CiA1+C2A2+D)/p1 and Ay +z—cqll} < (MC1+
A2Cy + D)/ pa. Moreover, we also have —A1Vi(d) + A2z7d < f* + D,
where f* is the optimal objective value of the “intermediate” (or more
constrained) version of MESOB-OMO (10).

Proor. Let (7,2, d) be an arbitrary tuple such that the con-
straints of the (10) hold. Then since the constraints of (MESOB-OMO)
is a subset of the constraints of (10), we have
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fMESOB_OMO(y, z,d; A1, A2, p1, p2) = f* (A1, A2, p1, p2), and hence
~MV(d) + 2oz"d + p1llAqd = b3 + pallAJy + 2 = cqll3
< -MV(d) +A227d + py||Azd — bl +p2||A;:g +z-c;l5+D
= -0Vi(d) +2257d + D,
(12)
which implies that (due to the non-negativity of norms)
—MV(d) +Aaz7d < =M Vi(d) + 227d + D.

Hence we have -1V (d) + A2z d < f* + D by the fact that (7, 2, 02)
is an arbitrary tuple for which the constraints of (10) hold.
In addition, again by (12), we also have

pillAgd = blZ + pall ATy + 2 - cqll? <

V(d) + 242 sup
z€Z{d; )L CA(SXA)

20 sup z'd+D.

{d; )T, CA(SxA)
Now since C; = zsup{ﬁ,}fzogA(Sxﬂ) V(d) < oo and

Cy == 2sup z'd < oo, by the continuity of

2€Z,{ds} T, CA(SXA)

F, P, r; and rt(k) and the compactness of A(S X A) and Z, we
arrive at the desired claims. O

D TECHNICAL PROOFS

In this section, we provide technical proofs of Lemmas 3 and 4,
along with Theorems 1 and 2. In the interest of consistency with
the notation used in [13], we employ L as the occupation measure
variable, instead of d.

D.1 Proof of Lemma 3
ProoF. Let A; := AL — b and Ay = AZy +2z —cr. Then
2T L=(c,—Afy+7) L=c]L—y ALL+A]L
=c L-bTy+A;L-Aly.

Now for any n € II(L), define L™ = I'(rr). Then by [13, Proof of
Theorem 8, Step 3],

C 1 t+1 _ 1
IL7(s,a) — Ly (s, a)| < Cp+) -1 VSer,  (13)
t C
s€eS,ac A p

where Cp is the Lipschitz constant of the transitions. Since cz—,,L’r =
=V by definition of cf, and L”, we get

lef L+ Vi (L) = lef L=¢[L"| < lef L=c] L| +|e] L = ¢/ L”|

T
< (rmax +Cr) Z IILy = Lf”l

t=0
T
Cp+1)i -1
< (rmax +Cr) Z %@61 = O(e1),
t=0

where rmax = SUPs 1 r(s,a,L). Now by the definition of b, bTy =
Ho yr> where y = [yo,...,yr]. Consider y”,z" defined as the §
and £ corresponding to L™ (as in [13, Proposition 6]). Then yJ =
—VO* (L"). Since L™ and L differ by O(eq) (see (13)), by the Lipschitz
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continuity of r and P, Cauchy-Schwarz inequality, and the property
l[-ll2 < [I-ll1, we see

AL~y +2z=crrlla < Afy + 2= ctll2

+lyllzllALe = Arllz + ller= = crll2

T
&2+ (lyllz Cp + Cr) Y IILF = Lelly

<
=0
< €+ (YmaxC +C)ZT:(CP+1)M_1\/§
< €2+ (YmaxCp r — =~ ¥Yo€&
=0 Cp
=0(e1 +€2).

Hence by adapting [13, Proof of Proposition 6] and adding O (€1 +
€2) to the RHS of all the inequalities that were used to show §r > yr,
one can prove that yT > yr + O(e€1 + €2), and hence

—V;(‘) (") = pr’Tr > y(-)ryT +0(e1+€) = bTy +O0(e1 +€2).
Therefore we obtain the bound on z" L as,
2 L=c[L-b"y+0(e1+e) 2 -V (L") +Vr (L") + O(e1 +€2)
= Expl(r) + O(e1 + €2).

Finally, since Ap=y”™ + z" — ¢z = 0 by definition, we have
Ary”™ + 27 — ¢ = O(e1 + €2) due to (13). Also, LTz”" = (L7) 72" +
LTz" — (L7)Tz" = Expl(n) + (L” — L)Tz", where the second
equality follows from [13, Proof of Theorem 9]. By definition z7 is
bounded. Thus, following (13), LTz = Expl(7) + O(e; +€2). O

D.2 Proof of Lemma 4

ProoF. Let 7* be an optimal policy that maximizes V(T (n*))
over € M, and L* be an optimal population flow that maximizes
V(L) subject to ALL = b, L > 0. Note that 7* exists as V and T are
both continuous, and M is a compact set in RS*4X(T+1) gimilarly,
L* exists as V is continuous and A;L = b implies that 1TL = 1.
Hence, with L > 0 and the continuity of P; in L;, the constraint set
is closed and bounded (and hence compact).

Now for the first statement, since L = T'(r), we have AL =
b, L > 0 by the definition of I'(-) and the construction of Ay and b.
Hence V(L*) > V(L) = V(I'(x)) = V(I'(7*)) — e. Meanwhile, for
any 7+ € II(L*), we have 1« € Mand L* = I'(ny«) by the defini-
tions of TI(-) and T'(+), and hence V(L*) = V(T (rrz»)) < V(T(x*)).
Putting these inequalities together, we see that V(L*) — V(L) <
V(T(7*)) — (V(T'(n*)) — €) = ¢, and hence L is e-suboptimal for
maximizing V(L) subjectto AfL = b, L > 0.

Similarly, for the second statement, note that AL = b and L > 0,
implying L € (A(S x A))T and hence II(L) is well-defined (i.e.,
nonempty). Now for any zr € II(L), by the definition of II(L) and the
fact that A; L = b, we have 7 € M and L = T'(x). Let ™ = T'(7*).
Then A+ L™ = b, L™ > 0, therefore V(I'(7*)) = V(L”*) <
V(L) < V(L*) and V(T'(7*)) = V(I'(n)) = V(L) = V(L*) — ¢,
which imply that V/(T'(2*)) = V(['(r)) < V(L*) = (V(L*) —€) = e.
Hence 7 is e-suboptimal for maximizing V(T (1)) over M. O

D.3 Proof of Theorem 1

Proor. To better illustrate the main idea of the proof, we prove
the claims for the limiting case when p goes to infinity, in which case
we would have ||[A; L—b|| = 0 and ||AZy+z—cL || = 0 asindicated by
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Lemma 6. More precisely, we first consider the limiting case when
we solve the “intermediate” MESOB-OMO (10) to e-suboptimality.
Accordingly, we denote fMESOB-OMO-constr (5 1) and f*(Ay, A2)
as the objective and the optimal objective value of (10), respectively.
The case when p is finite but satisfies the lower bound specified in
the theorem can be similarly derived by combining Lemma 3 and
Lemma 6.
Suppose on the contrary that there exists a policy 7’ such that

V(T'(n")) = V(T(r)) +€/(241) and Expl(x’) < Expl(r) —e/(212),

(14)
where one of the inequalities is strict. Let L’ = I'(x’) and define
y’ and z’ as in Guo et al. [13, Theorem 9]. Then y’, z’, L’ is a feasi-
ble solution of the “intermediate” MESOB-OMO given in (10) and
L’T2’ = Expl(x’) by Guo et al. [13, Theorem 9]. Note that since we
have ||ALL — b|| = 0 and ||Azy +z —cr|| = 0, by applying Lemma
3, we see that LT z > Expl(r). Hence we have that

fMESOB—OMO—constr(y z L) —f*(ll /12) >
fMESOB—OMO—constr(y) z, L) _ fMESOB—OMO—constr(yr’ Z/, LI)
=MV + L LTz+ 32V )+, LT
= [VIL) -V +22 [LTz-L"T2']
> M [V(L') = V(L)] + A2 [Expl(m) — Expl(x”)]
€ €
> A (E) +42 (%) =e
where the strict inequality follows from our assumptions in (14).

But this obviously contradicts with the assumption that (y, z, L)
solves (10) to e-suboptimality, thus proving our claim. O

D.4 Proof of Theorem 2

We need the following lemma, which bounds V(d) when d is ap-
proximately consistent.

Lemma 7. If||Agd — bll2 < € andd > 0, then
V(d) < max,e p V(L () +O(e).

Proor. This can be proved by defining d” := I'(«r) for some
arbitrary 7 € II(d), and invoking [13, Proof of Theorem 8, Step 3]
as in the proof of Lemma 3. The details are omitted for brevity. O

We are now ready to prove Theorem 2.

Proor. Without loss of generality, let’s assume that el < 1for
all I > 0. Then by Lemma 6, we have

(AiCl + AéCg +ebyél < (C1 +Cy + 1€l

lAgid" = blI; < <
d 2 2 max{/ll s Aé, 1} 2
i 1 IAP
1A d! — b2 < (AC1+4,Co+€)e’ (CrL+Co+1)é 15)
¢ 2T ama{(AhZ Ay T ol

and similarly
(C1+Cy + l)El
, .
In addition, we have —Al Vi (d!) + AL(z))Td! < f* (AL, AL) + €l.

1 ) 2
||A;ly +z —cqlls <
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Proof of the first claim. Now by Lemma 4 and (MF-OMO), we
have that 7 € M is a solution to the equilibrium selection problem
that maximizes V(I'(xr)) over all NE policies 7 with Expl(7) = 0
if and only if 3y, z, d, such that = € II(d) and (y, z,d) solves the
following optimization problem:

-V(d),
z2'd =0, Agd=1b, A;y+z=cd, d>0 z>0,
172 < SA(T? + T + 2)rmaxs
llyllz < S(T + 1)(T + 2)rmax/2.
(equilibrium selection)

minimize, ; 4
subject to

Let (7, 2, d ) be an optimal solution of (equilibrium selection). Hence
by the fact that inf;( A} > 0, we have

A 2 .
—V(dl)+/1—f(zl)le < —V(d*)+ﬁ(z*)Td*+0(el) < —V(d)+0(é),

1 1

where (y*,z*,d*) solves (10) for some y*, namely —AiV(d*) +
Aé(z*)-rd* =f* (/1{, )Lé). Here the second inequality comes from
the fact that (g, 2, d) is also feasible for (10). Hence by the non-
negativity of zl and d!, we have

1
—v(d) < -V(d)+0(e!) and (zl)lesj{—;O(l)A
2

oA . o
Hence when lim — = 0 and lim el = 0, we have for any limit
I—00 Ay [—00

point (7, z, d_) of (yl, zl, dl), due to the continuity assumptions on
F, Py, 1y, rt(k), that Add = b, Agy +Z = ¢y ZTd = 0, V(d) >
V(d),and alsod > 0,z > 0,17z < SA(T? + T + 2)rmax and
17]l2 < S(T+1)(T +2)rmax/2. Together with the optimality of d for

(equilibrium selection), we see that d also solves (equilibrium selection),

from which we conclude that for any 7 € II(d), it solves the equi-
librium selection problem.

Proof of the second claim. Similarly, define
VP& .= max,c pq V(I()). Then by Lemma 3, Lemma 4 and
(MF-OMO), we have that 7 solves the social equalizing problem that
minimizes Expl(rr) over all socially optimal policies that maximizes
V(I'(x)) if and only if Jy, z,d, such that = € II(d) and (y,z d)
solves the following optimization problem:

minimizey,z’d z'd,
subject to
17z < SA(T? + T + 2)Fmax,
llyllz < S(T + 1)(T + 2)rmax/2.
(social equalizing)
With some slight abuse of notation, we again denote (7,2, d) as
the optimal solution to (social equalizing). Then by the fact that
infy5 Aé > 0, we have

1 1
(HTd - A—;V(dl) < (24)Td* - A—;V(d*) +0(eh
A A
Y
<zTd- SV s o(eh, (16)
A
where (y*, z*,d*) solves (10) for some y* as in the proof of the
first claim above. Here the second inequality comes from the fact

V(d) = V™ Aud = b, A;i'—y+z=cd, d>0,z>0,
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that V(d) = vmax and that (7, Z, d) is also feasible for (10). By the
bounds on z! , dl, z, d, we immediately see that

M
vmax _ygly < 22 0(1). (17)
A
1
!
Hence when lim A—} = oo and lim €/ = 0, for any limit point
[—00 Ay [—>00

(9, %, d) of (yl, 2, dl), again due to the continuity assumptions of
F, Py, ry, rt(k),we haveAC;ai = b,A£g+2 =cg, andalsod >0, z > 0,
17z < SA(T?> + T + 2)rmay and ||gllz < S(T + 1)(T + 2)rmax/2-
Particularly, by Lemma 4, A ch =b,d>0 implies that V(d) < vmax,
Since we also have V™ — V(d) < 0 by taking the limit of (17), we
conclude that V(d) = V™aX,

Finally, by Lemma 7 and (15), we have

v(d) < v 4+ 0l /A,
and hence we have by (16) that

i A
(HTd <zTd+0(eh) + A—;(V(dl) — ymax)

2
- 1 -

<zTd+0(e) + ———0(€") = 2Td + O(é).
infj50 A

Now taking the subsequence limit on both sides of the above
inequality, we have z7d < 77d. Together with the optimality
of d and % for (social equalizing), we see that (7, z, d) also solves
(social equalizing), from which we conclude that for any 7 € I1(d),
it solves the social equalizing problem. O
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