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Abstract

We study stochastic bandits in which observing a
reward is optional but incurs an action-dependent
cost. This setting captures applications where feed-
back acquisition (e.g., human evaluation or ran-
domized testing) is expensive, and the learner must
trade off exploration, exploitation, and observa-
tion cost. We formulate regret to include both re-
ward loss and the cumulative cost of requested
observations. Our first result is structural: for min-
imizing regret, it is without loss of generality to
consider two-phase policies that first request ob-
servations during an exploration phase and then
commit to a single action without further obser-
vations. Building on this reduction, we introduce
two cost-sensitive complexity measures that extend
maximum information gain: a cost-adjusted infor-
mation gain I'r(c¢) for minimax analysis, and a
cost- and gap-adjusted information gain 5" (A,)
for instance-dependent analysis. Using these quan-
tities, we develop two Gaussian-process-based al-
gorithms, C3-GP and GP-C-LUCB, and derive
regret upper bounds for correlated-action settings
with heterogeneous (i.e. action-dependent) obser-
vation costs. In the finite independent-action set-
ting, we further prove matching lower and upper
bounds (up to constants/logarithmic factors), yield-
ing a tight characterization of both minimax and
instance-dependent regret in terms of the proposed
cost-aware complexity measures.

1 INTRODUCTION

In many sequential decision problems, the acquisition of
feedback is itself costly, and this cost can vary substan-
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tially between actions. In online advertising, estimating the
causal effect of an intervention may require a randomized
controlled trial, but the cost of such a trial depends on the
audience being targeted: testing an ad on a premium or nar-
rowly defined demographic can be much more expensive
than testing it on a broad, inexpensive audience. A similar
phenomenon arises in the evaluation of generative Al sys-
tems, where obtaining human feedback on a short factual
response is cheap, while evaluating a long mathematical
derivation, legal argument, or piece of code may require
substantial expert effort. In both examples, the value of an
action is tied not only to its expected reward, but also to the
price of learning about it. This creates a richer exploration
problem: the learner must decide not only which actions are
promising, but also whether the information gained from
observing a particular action is worth its action-dependent
cost.

The stochastic multi-armed bandit problem formalizes se-
quential decision-making under uncertainty: over 7" rounds,
a learner repeatedly selects an action and seeks to maximize
cumulative reward. In the classical stochastic setting, mini-
max regret scales as ©(4/|X|T"), while instance-dependent
regret grows only logarithmically in 7" under suitable gap as-
sumptions when reward feedback is immediate and free [Lai
and Robbins) |1985] |Garivier and Moulines| 2008, [Bubeck:
et al., 2012} |Gerchinovitz and Lattimorel [2016]. In many
applications, however, observing the reward of a chosen
action incurs a non-negligible cost. The Bandits with Costly
Reward Observations (BwCRO) model captures this by al-
lowing the learner, after choosing an action, to either pay a
cost to observe its reward or forgo feedback and save cost at
the expense of learning [[Schulze and Evans| 2018 |Krueger|
et al., 2020, [Tucker et al., [2023]].

Existing work on BWCRO has largely focused on finite ban-
dits with uniform observation costs and independent arms
(we use “arm” and “action” interchangeably throughout).
This misses two features that are often central in practice.
First, observation costs can vary substantially between ac-
tions. Second, rewards can be correlated across similar ac-


mailto:felix.schur@stat.math.ethz.ch

tions, so that observing one action may reduce uncertainty
about many others. These two aspects interact in an essen-
tial way: an expensive action need not be queried directly
if its value can be inferred from cheaper correlated actions
nearby. To address this, we study stochastic bandits with
optional, action-dependent reward observations under both
finite independent-arm models and correlated-action mod-
els.

Contributions. We make four main contributions. First,
we prove a structural result showing that, for regret min-
imization in BWCRO, it is without loss of generality to
restrict attention to two-phase policies: an initial exploration
phase in which the learner may request reward observa-
tions, followed by a commitment phase in which it stops
querying and repeatedly plays a single action. Second, we
introduce two cost-aware complexity measures, I'r(¢) and
£ (A.), which extend maximum information gain to cap-
ture how statistical difficulty interacts with observation cost.
Third, we develop two Gaussian-process-based algorithms,
C3-GP and GP-C-LUCB, and derive regret upper bounds
for correlated-action settings with heterogeneous costs. Fi-
nally, in the finite independent-arm setting, we establish
matching lower and upper bounds up to constants and log-
arithmic factors, showing that these complexity measures
characterize both minimax and instance-dependent regret in
that regime.

2 PROBLEM SETTING

For n € N we write [n] := {1,...,n}. Throughout, we em-
ploy the “soft-O” notation O(-) to suppress polylogarithmic
factors (that is, to ignore any log-terms).

Let (Q, F,P) be a probability space, let X" be an action set,
and fix a time horizon 7' € N. We assume there exists an
(unknown) reward function f : X — R and that, whenever
the agent selects actions 1, ...,rr € X, it observes noisy
rewards

yr = f(xy) + e, te][T],
where {&;}1_, are independent, mean-zero, o-sub-Gaussian
random variables.

Standard stochastic bandits. Define the instantaneous
regret of choosing « € X by r(z) = max,cx f(2)— f(z),
and denote by z* € argmax,cy f(x) any maximizer
of f (we assume the supremum is attained). Let ) =
R denote the reward space, and define the history set
H = UZ:O(X x Y)™. A policy is a measurable mapping
A : H — X, which we interpret recursively by z; =
A((z1,91,...,2¢_1,Y:—1)). The cumulative regret of any
policy A after t € [T] rounds is R;(A) = Y'_, r(zs),
where ©, € X is the action chosen at time s € [T].

Bandits with Costly Reward Observations (BwCRO).
In many applications, observing the reward y; incurs a
known cost

c: X = [0,00),

which we also call the labeling or observation cost or just
“cost”. At each round ¢ € [T, after choosing z; € X,
the agent must decide whether to pay c(z;) to observe
y: (d¢ = 1) or to forgo the observation (d; = 0). We
then define an extended (policy-dependent) history H; =
((xs,ys) | 1<s<t ds = 1) € H,Hy = 0, and a
BwCRO policy A : H — X x {0,1}, H_1 — (x4, dy).
In other words, (z;,d;) = A(H;_1), and if d; = 1 then
H; = (H¢-1,(x4,y:)). We measure performance via the
cost-aware cumulative regret

Ri(A) = Z[r(xs) +elay)1{ds = 1},

s=1

which reduces to the standard definition when all ¢(z) = 0.
For brevity, we often drop A whenever the policy is clear
from context. Our aim is to design a policy .A whose total
regret R (A) grows sublinearly in T'. A key simplification
arises:

Lemma 1 (Reduction to Two-Phase Policies). Ler A be
the class of all (possibly randomized) BwCRO policies that,
at each round, may depend on the full past including past
decisions dy, . . . ,d;_1, past actions (labeled or not), and all
observed rewards. Then for every policy A € A there exists
a (possibly randomized) policy A’ (with label decisions d;,
and actions x}) such that:

(i) (Two-phase) There exists a (random) stopping time
7 €{0,1,...,T} (adapted to A’s internal randomness
and labeled history (x, y.)) with d}, = 1 forallt < 1
and dy = 0 forallt > 7, and x; = x| forallt > 7.

(ii) (Label-only) A’ can be written as a measurable map
A" H — X x{0,1} that depends only on the labeled
history Hy_1 = ((ms»ys) | s <t, d/s = 1)

(iii) (No worse regret uniformly) For every bandit instance
v, EV[RT(A/)] < EV[RT(-A)]'

Proof sketch. We construct A’ by running a virtual copy of
A with the same internal randomness. All virtual rounds in
which A requests a label are executed first, in their original
order; stationarity of the rewards and the fact that unlabeled
rounds reveal no information preserve the distribution of
the labeled history. After these labeled rounds, A’ samples
one action uniformly from the multiset of virtual unlabeled
actions that .4 would have played and commits to it. By
linearity of expectation, this randomized commitment has
the same expected unlabeled regret as the original unlabeled
sequence, while the labeled costs and labeled regret have
the same distribution. The full coupling argument is given
in the appendix.



Lemma(T]implies that it is sufficient for regret minimization
in the BWCRO to focus on two-phase policies A : H —
X x {0,1}:

* Label-requesting phase (exploration): the agent may
pay costs to collect observations and improve its esti-
mate of f.

* No-label phase (exploitation): once it stops requesting
observations, it repeats a single action indefinitely.

Unlike classical bandits—where one balances exploration
vs. exploitation—BwCRO involves a three-way trade-off
among exploration, exploitation, and labeling costs.

3 PRELIMINARIES

We use Gaussian process (GP) regression as a unified in-
ference model. This covers several standard bandit settings
as special cases, including finite independent-arm bandits
(delta kernel) and linear bandits (linear kernel). Our anal-
ysis only relies on the posterior mean/variance and a high-
probability confidence event.

GP posterior notation. Fix a positive semidefinite ker-
nel k : X x X — R and a noise proxy o2 > 0. At
round ¢, let H; denote the labeled history (as defined in
Section [2), and let n; be the number of labeled observa-
tions contained in Hy. If Hy = (2;,7;);",, define K; =
(k(2i,25))i %=1, and ky(x) = (k(21,2),..., k(zn,, 7))
The GP posterior mean and variance after H; are u;(z) =
k()T (K¢ + 020) " 91.p,, and o2(z) = k(z,7) —
ki(z) T (K + 02I)~Yks(x). When n; = 0, we use the con-
vention y;(z) = 0 and oZ(z) = k(z, ). For a confidence
parameter S > 0, define the event £ := {Vt € [T], Vx €
X | f(z) — pe—1(x)| < V/Broi_1(x)}. Throughout, we
assume that || f|| < B < co. Our regret bounds are stated
on £. Standard choices of S guarantee that £ holds with
high probability under common GP/RKHS assumptions. For
S C X, define the maximum information gain restricted to
S by

Yr(S) = sup

z1.7€ST

1
3 log det (IT + U_QKT(l'l:T))v

where Kp(z1.7) is the T x T kernel matrix with entries
k(x;, x;). We write yp := y7(X). The maximum informa-
tion gain is a commonly used complexity measure in the
GP-bandit literature [[Srinivas et al.,| 2009} \(Chowdhury and
Gopalan, 2017]].

Cost-adjusted information gain. We introduce cost-
sensitive analogues of information gain to quantify the diffi-
culty of the BwWCRO problem. The key idea is that the dif-
ficulty measure should reflect how observation costs align
with the statistical structure of the action space. If costs are
high in regions that are easy to learn (for example, where
arms are strongly correlated) and low in regions that are

hard to learn (where correlations are weak), then the overall
problem should be considered relatively easy, since costly
exploration is needed only in low-complexity parts of the
space. In contrast, if costs are high precisely in regions that
are difficult to learn, then exploration becomes both statisti-
cally and economically expensive, and the problem should
be deemed harder. We now introduce adjusted information-
gain measures that formalize this intuition.

Definition 1 (Cost-adjusted information gain). Assume
Cmax = SUp,ey c(z) < oo. The cost-adjusted informa-
tion gain is

Tr(c) == /0 T ez € X o(z) > v)) do.

The cost-adjusted information gain integrates the cost with
respect to the measure induced by the information gain.
Intuitively, this quantity reweights information gain by ob-
servation cost through superlevel sets of c. Regions that
are both information-rich and expensive contribute more
strongly to I'r(¢). A trivial bound is T'r(¢) < emaxyr- For
finite independent arms the cost-adjusted information gain
is controlled by the maximum information gain multiplied
by the sum of the costs.

Corollary 2. Assume X = [K] and the kernel is the inde-
pendent (delta) kernel. Then

K

Tr(c) < %log (1 + 32) > eli).

i=1

Computable upper bounds. The algorithms below do not
require the exact values of yr or I'p(c). It suffices to use
deterministic upper bounds 47 > 7 and T'z(¢) > I'z(c).
When cnin > 0, we take these bounds to be consistent in the
sense that ['7(c) > cminy7, Which can always be enforced
by increasing T'7(c). For finite or discretized action sets,
these bounds can be computed from the kernel matrix and
costs: sorting the distinct cost values reduces I'r(c) to a
finite sum of restricted log-determinant information-gain
bounds over cost superlevel sets. For linear kernels, one
can use restricted linear-bandit information-gain bounds
depending on the feature radius and span dimension of each
superlevel set. For RBF kernels, standard information-gain
bounds based on covering dimension or intrinsic dimension
can be applied on each superlevel set and then integrated
over the cost levels [Srinivas et al., 2009} (Chowdhury and
Gopalan, 2017].

For instance-dependent bounds, we additionally encode the
optimality gaps and labeling costs into a single difficulty
profile.

Definition 2 (Cost-adjusted gaps). Assume a unique opti-
mizer x*, and define the optimality gap A(x) = f(a*) —



f(z), and Apin == ming,« A(x) > 0. Define A, : X —
R+ by

A(z)+c(x *
A (2) = e, w A,
C(x)* ('(T*) ok
—. T =x*.

min

The quantity A.(x) is large when an arm is hard to distin-
guish (small gap) and/or expensive to observe (large cost).
The term at =™ captures the cost of confirming the optimal
arm. If all costs are equal to zero we recover the standard

gaps.

Definition 3 (Cost- and gap-adjusted information gain). Let
AP = max,cx Ac(x). Define

Ama=
LEP(A,) = /o yr({z € X : Ac(z) > u}) du.

This is the instance-dependent counterpart of I'r(¢): it em-
phasizes regions of the action space that are statistically hard
and expensive to explore. In the finite independent-arm set-
ting, it reduces (up to logarithmic factors) to a weighted sum
of the quantities A.(x), which yields the gap-dependent
rates proved later.

Corollary 3. Assume that X = [K| and the kernel is the
independent (delta) kernel (so k(i,j) = 1{i = j} and
k = 1). We then have

. 1 T
I§P(A,) < slog(1+ ) ;Ac@).

Note that when ¢ = 0, the cost-adjusted gaps reduce to
the standard gaps, and we recover the usual gap-dependent
quantities for MAB settings.

4 THEORETICAL GUARANTEES

We now introduce C3-GP and GP-C-LUCB and provide
upper and lower bounds for their regret based on the cost-
adjusted information gain measures introduced in Section 3]
Proofs are given in the Appendix.

Algorithm 1 C3-GP

Require: 7, ¢ : X — R, Bp, upper bounds 3 > 7,
Lr(c) > T'r(e), k2
1: Set Muyax == [T*7],m =0
Burn-in phase
2: fort=1,2,...,Myax do
3 Compute g1 () and oy—1(+)
4: Let Oax = MaXgex 0t—1()
5: if YT < T'r(c) then
6.
7
8

break
end if
: Choose x; € argmaxgey 0¢—1(x)
9: Request an observation at z; and set m =t
10: end for

11: Let Opax = MaXzex 0 (T)
12: Set X := 2 (Br(0? + 52) (omaxr + Lr(e))/T)
13: fort=m+1,m+2,...,Tdo
14: Compute ;1 () and o¢_1(+)
15: Define ut—l(') = ,uft—l(') + VﬁTO—t—l(')
16: Define gtfl(') = [},tfl(') — \/BTO'tfl(‘)
17: Set zf € argmax ey £s_1 ()
18: Set 2} € argmax,cx us—1(2)
19: Let M;_1 := maxyecx ui—1(y)
20: Ap g i=up g — b (zh)
21: Qt—l = Mt—l — gt—l +c
22: Di_q1 = 2/Br(0t—1 + o1—1(x})) + ¢
. ~ vV Dy_1 A
23: St—1 = \/ﬁAt,1

24: Set z; € argmax, 4,¢ 5¢—1(z)

25:  Define s(z) = Y221 (4, 1 (2) — £,_1(2))
Dy (x)

26: Choose z; € argmax ¢z, ¢y ()

27: if max, ;¢ $;—1(x) > A then

28: Request an observation at x;

29: else

30: Stop requesting observations, play ¢ forever

31: end if

32: end for

4.1 COST-CONSCIOUS CONFIDENCE GP

Based on the two-phase characterization of the BWCRO
problem given by Lemma [T we develop C3-GP, a cost-
aware querying strategy that (i) selects query points using
GP confidence bounds normalized by observation cost and
(i1) stops requesting labels once, under the current confi-
dence intervals, no alternative action can plausibly improve
performance enough to justify its labeling cost.

C3~-GP trades off potential improvement against the price of
information. It maintains GP confidence bounds u;—1(z) =
pi—1(x) + VBroy—1(z) and li_1(z) = p-1(v) —
VBroi_1(z). The incumbent x¢ € argmax, ¢;_ (z) is
the action with the best guaranteed reward. After an initial
burn-in phase that reduces posterior uncertainty by querying



(and labeling) points of maximal variance, the algorithm
seeks a challenger that could plausibly outperform the in-
cumbent. For each z, define the optimistic advantage over
the incumbent as A, (2) = w1 () — b1 (x£). To ac-
count for costs, C3-GP downweights expensive (or risky)
actions through the cost-aware score

~ _ Dy () |
St_l(x) = Tl(x) At_l(l‘),

where Dy 1(z) = M; 1 — b 1(x) + c(v) , My_y =
max, u—1(y), and Di_q(x) = 2/Br(o-1(z) +
or-1(x)) + c(x).

It is instructive to interpret the cost-aware score S;_1
in three steps. Define the optimistic leader z} :=
arg maxgecy uy—1(x). Since At_l(z) = wu_1(x) —
0,1 (x%), the quantity A,_, () is maximized at 2. Thus,
ignoring the multiplicative factor (D;_ (x)/D;_1(x))'/2,
the action z} is the natural challenger to the incumbent
!. The multiplicative factor (Dy_1(z)/D;_1(x))'/? then
reweights this optimistic advantage using uncertainty, cost,
and potential downside. Writing D;_1(x) = (Mt—l -
b_1(z)) + c(z), and Dy_y1(z) = ai—1(x) + c(z), with
ar—1(x) = 2y/Br(oi_1(x) + o4_1(z})), we see that a
smaller lower confidence bound ¢;_1 () (equivalently, a
larger gap M;_1 — £;_1(z)) increases D;_1(x) while leav-
ing Ar 4 () unchanged, and therefore reduces §;_1(x). In
this sense, actions that are already clearly implausible re-
ceive a lower score. For any action that is competitive for
the score maximization (in particular, any argmax candi-
date), cost is always a penalty. Indeed, on this relevant
set we have D; 1 () > D;_1(z), equivalently a;_; (z) >
M;_1 — ¢;_1(x). Then

Dy_q(z) _ ar—1(x) + c(x)
Dy 1(x) M1 —Ll—1(z) + c(x)

is nonincreasing in ¢(x) (strictly decreasing unless equality
holds), so increasing the observation cost decreases the mul-
tiplicative factor and hence decreases §;_1(x). Thus, among
actions that can win the score maximization, higher cost
always makes an action less attractive. Moreover, an action
x # x} can beat the optimistic leader in the score 5;_1
only if the multiplicative factor compensates for its smaller
optimistic advantage At,l(x). A necessary condition for
this is Dy_q (x) > D¢—1(z), which is equivalent to

pe1(x}) — () < V/Br(owa(x)) + o (2)).

That is, only actions that are statistically competitive with
the optimistic leader (within confidence width) can overtake
it in the cost-aware score. Among such plausible challengers,
the score favors lower-cost actions and actions with smaller
potential downside. The effect of cost is adaptive. When
M;_1 — £,_1(z) is large (many actions remain plausible),

differences in ¢(x) have a stronger impact on the score, en-
couraging cost-efficient exploration. When M;_1 — ¢;_1(x)
is small (the contender set is narrow), the score becomes
less sensitive to cost, allowing the algorithm to focus on
resolving the remaining uncertainty near the optimum. Fi-
nally, C3-GP stops requesting labels once no challenger has
enough cost-aware upside, i.e., max, _.,¢ §;—1(z) < A, and
then plays z! without further observations. In our implemen-
tation, S is set using the standard finite-action confidence
choice unless specified otherwise, Mmmax = [T%/7] and A
are fixed by the theorem, and 47, I'z(c) are computed from
the kernel/cost structure or from deterministic finite-design
upper bounds. Thus these quantities are inputs to the guar-
antee, not tuned per instance.

Algorithm 2 GP-C-LUCB

Require: horizon 7, costs ¢ : X — R, variable v
1. fort=1,2,...,7T do
2: Compute p;—1 and 04—

3: Define u;—1 () = pi—1(x) + /Broi—1(x)
4; Define 4;_1(x) = pz_1(x) — v/ Broi_1(z)
5: Set 2¢ € argmax e f—1(2)
6: Set Z; € argmax, ¢ y\ {»¢} W—1(2)
7. if ut,l(i"t) — gtfl(fl,'f) <wv then
8: Stop requesting observations, play x/ forever
9: else

10: Ty € argmaX, e, .3 0t—1(2)

11: Request an observation at x;

12: end if

13: end for

Theorem 4. Assume k(z,x) < k2 for all x € X and the
confidence event € holds. Assume also |f(x)| < B for all
x € X and cpmin > 0. Run Algorithmwith deterministic
upper bounds yr > ~r and T'r(c) > T'r(c) satisfying
Tr(c) > cmind7- Then on €,

RreO <T2/3 (ﬁT(U2 + HQ)FT(C))1/3> .

Remark 1 (On the minimum-cost assumption). The as-
Sumption cmin > 0 is a convenient sufficient condition, not
a necessary one. The same proof goes through whenever
the residual uncertainty left by the burn-in phase can be ab-
sorbed into the cost-adjusted information term; for example,
it is enough that

_ T =
oyT T4/7 5 FT(C)
up to logarithmic factors. This condition is satisfied in many
nondegenerate GP-bandit regimes where information gain
grows sub-polynomially and the cost-adjusted information
gain is not asymptotically negligible relative to .

Proof Sketch. Let T be the stopping time of the exploration
phase. Throughout we have Dy (z*)/D(2*) > 1 and there-



fore f(2*) — f(at) < up(a”) — €o(at) = As(a*) <
S (z*) < A. This implies that the regret of exploitation can
be bounded by T'\. For a labeled round ¢t < 7, we get

(a) + ela) < Der(20) < DLD, 1 (w7 (a0)
Using the definition of the cost-adjusted information gain
we canbound >, r(x¢)+c(zt) < 887 (02 +k%)(Tr(c)+
TmaxYT )/ A2, Where 0.y is a bound on the maximum pos-
terior variance after burn-in. The burn-in stopping criterion,
or the max-variance log-det bound if burn-in reaches My ax,
controls omax¥7 by ['7(c) up to lower-order terms. The
final bound is derived by balancing the burn-in, exploration,
and exploitation terms through the theorem’s choice of A.

Example 1. We show with a simple example that the cost-
adjusted information gain can be small even when the maxi-
mum cost Cmax and the average cost ¢ are large. The high-
level idea is that when the high-complexity regions of the
action space are cheap and low-complexity regions are ex-
pensive then the cost-adjusted information gain remains
moderate compared to the cost.

Fix a horizon T € N and let X C [0, 1] be a finite action set
containing two disjoint regions A and B with X = AU B.
For concreteness one may take a uniform grid X = {i/K :
i € [K]} and define A == X N[0,0.2] and B := X'\ A. Let
¢ > 0 and define the kernel

A / (33 B m/)Q

k(xz,2") = s(x)s(z') exp ( 572 ),
where s(x) == 014(x) + 1p(x) and 0 < § < 1. Let the
observation noise proxy be o® > 0. Define the costs by
c(x) = M1a(z) + elp(x) where 0 < ¢ < M and M
can be arbitrarily large, 50 c¢yax = M. Then, ife = 1/T
and 6% = 0%/(TM), the cost-adjusted information gain
satisfies

1 1
I'r(c) < 5 log (1 + 072) + 5

which is bounded by a constant independent of M. This
shows that T'r(c) can remain small even when ¢y and
¢ > M/K are large. A proof is given in Appendixand
we investigate this example empirically in Figure[3(right).

Comparison to Tucker et al.[[2023]. The algorithms of
Tucker et al.| [2023]] are developed for finite multi-armed
bandits with independent arms and a constant observation
cost. Consequently, they are not adaptive to heterogeneous
cost functions: in particular, their sampling rules do not
preferentially query cheaper arms over more expensive ones.
As a result, their regret guarantees do not benefit from cor-
relation structure and scale with the maximum cost ¢ ax
(their minimax bounds are of order O(c,ln/sx|X |2/372/3)).
This dependence becomes problematic when cpyax > Cmin-
By contrast, our analysis captures how correlation and het-
erogeneous costs can jointly reduce the effective problem

complexity through I'z-(¢). In particular, when expensive
arms are well correlated with cheaper neighboring arms,
C3~-GP can avoid costly labels by exploiting this correlation
structure and inferring their values from cheaper observa-
tions nearby. This mechanism is illustrated empirically in
the cost-scaling experiment (see Figure [3]), where the regret
of C3-GP remains nearly constant as c;,,x (respectively, ¢)
increases, while the baselines’ regret increase with ¢y x-
In the constant cost setting, we improve over the bounds
of [Tucker et al.| [2023]] with respect to the arm complex-
ity. For finite independent arms, we achieve bounds that
scale with | X'|'/3 compared to their |X'|?/3. For correlated
arms, our bounds scale with the maximum information gain
(through ' (¢)) which, for commonly used kernels, implies
no dependence on the number of arms as long as the action
domain is bounded.

Theorem|5]shows that Algorithm|[T]is asymptotically optimal
in the finite independent-arm setting, by matching our upper
bound with a corresponding lower bound. In particular, it
identifies I'r(c) as the fundamental minimax complexity
measure in the independent-arm regime. The same conclu-
sion extends immediately to block-diagonal kernels, where
each block corresponds to a cost-level set. Whether I'r(c)
(and thus the bound in Theorem ) remains optimal for gen-
eral kernels is an open question. Proving this would require
controlling how much information observations in low-cost
regions can reveal about rewards in high-cost regions. We
conjecture that under suitable smoothness assumptions on
the cost function ¢, such cross-region information transfer
is limited: nearby actions are informative about one another,
and smoothness of ¢ implies that nearby actions have similar
costs.

Theorem 5 (Minimax lower bound). Fix a finite action set
X with |X| = K > 2 and a cost function ¢ : X — Rxq
with 0 < cpax < 00. Let S be the class of all K-armed
Gaussian bandit instances with rewards N (u(z),1) and
means p(x) € [0,1] for all x € X, together with the fixed
cost function c. Then there exists a universal constant C' > 0
such that for any algorithm A,

su v = mms§ —— o 5 .
I/EIS) ’ log'/3(1+ 1)

4.2 RESULTS FOR GP-C-LUCB.

We now turn to GP-C-LUCB (inspired by |Kalyanakrish{
nan et al.|[2012]]) and derive an instance-dependent (gap-
dependent) regret bound. In contrast to C3-GP, which
is designed for minimax guarantees, GP—C—-LUCB is tai-
lored to exploit favorable problem instances through the
gap structure. The algorithm follows the two-phase prin-
ciple from Lemma [} it requests labels only while there
remains a plausible challenger to the current incumbent,
and once the confidence intervals are sufficiently separated,



it stops labeling and commits to the empirically best ac-
tion. More concretely, at each labeled round the algorithm
selects an incumbent z§ € argmax, ¢;_1(x) and a chal-

lenger Ty € argmax, ;¢ us—1 (x), and continues labeling

only if the confidence gap u;_1(%;) — £;—1(z}) exceeds a

threshold v. This is the natural GP analogue of LUCB-style
elimination, adapted to the costly-observation setting. This
design is useful for deriving gap-dependent guarantees, but
it is less aggressively cost-aware than C3-GP: it only com-
pares the incumbent with the most optimistic challenger
and then samples the more uncertain of these two actions.
Consequently, when a high-cost action remains plausible,
GP-C-LUCB may continue sampling that action or its direct
challenger, whereas C3-GP can often reduce uncertainty
indirectly through cheaper correlated proxy actions.

The resulting regret bound is governed by the cost- and
gap-adjusted information gain I'5™”(A,.) introduced in Defi-
nition[3] This quantity emphasizes arms that are both statisti-
cally hard to distinguish (small gaps) and expensive to label
(large costs), which are precisely the arms that dominate
instance-dependent regret.

Theorem 6. Assume k(z,z) < k2 for all x € X
and the confidence event £ holds. Run Algorithm |2 with
v = (8Tr(c)Bro?/T)Y3, and assume Ay, > 0 and
T > 8Tr(c)Bra?/(A3,,). Then on &,

min

Ry < 32B7(0® + k)TEP(AL).

Theorem [6] shows that GP—~C~LUCB adapts to instance dif-
ficulty through T'5"P (A.) rather than a worst-case quantity
such as cpaxyr. In particular, arms that are clearly sub-
optimal contribute little, while the dominant terms come
from arms with small gaps and/or high observation costs.
This matches the intuition that costly observations matter
most when they are needed to resolve difficult comparisons.
In the finite independent-arm setting, I'5™"(A.) reduces
(up to logarithmic factors) to a weighted sum of the cost-
adjusted gap terms A.(x), yielding the familiar logarithmic
dependence on T and making the connection to classical
instance-dependent bandit rates explicit. We next show that
this dependence is unimprovable (up to constants and loga-
rithmic factors) in the finite independent-arm setting.

Theorem 7 (Gap-dependent lower bound). Consider the
set S of BwCRO instances with finite, independent arms
and Gaussian rewards with variance 2. For any consistent
policy A (that is, for every instance v € S and every a > 0,
E,[Rr] = o(T%)), the expected regret (including costs)
satisfies, for every instance v € S,

EV[RT]

iminf =X =1 > 92452 )
hTIIi)loIéf Toa(T) > 20 IEZXAC(QL‘)

Theoremidentiﬁes >~ Ac(z) as the fundamental instance
complexity in the independent-arm regime. Combined with
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Figure 1: Scaling with the number of arms. Cumulative
regret with observation cost versus number of arms || un-
der constant, unit cost (left) and heterogeneous log-normal
cost (right).

the upper bound for GP-C-LUCB (and its finite-arm spe-
cialization in Corollary [3)), this shows that our cost- and gap-
adjusted complexity measure captures the correct asymp-
totic scaling of the problem.

5 EXPERIMENTS

We evaluate our cost-aware methods against two baselines
from [Tucker et al.|[2023]]: WiW and Fixed-N. Both base-
lines were originally proposed for the constant-cost set-
ting with finitely many independent arms. To apply them
in our more general setting with heterogeneous costs and
correlated rewards, we use conservative adaptations. In par-
ticular, we evaluate them using the maximum observation
cost across arms. For Fixed-N, we additionally replace its
base bandit subroutine with GP-UCB to enable operation in
correlated-action (i.e. contextual arm) settings. Additional
experiments and diagnostics are reported in Appendix [A}
these include C3—-GP without the burn-in phase and a trans-
fer baseline, CostAware GP-UCB, which observes every
round and selects actions by maximizing the direct cost-

normalized score (11 () + v/ Bros_1(z))/(c(z) + €).

Experimental setup. Unless otherwise specified, we use
an arm set X = [50], horizon T' = 2000, noise level 0 = 1,
and confidence parameter 6 = 0.5. Each arm ¢ € X" has an
associated context z; € R?, sampled once per run uniformly
at random from a square of diameter 5 in R?. We then sam-
ple a reward function f from a Gaussian process prior with
an RBF kernel (unit lengthscale and unit variance) over the
arm contexts, and the reward obtained by pulling arm ¢ is
yt = f(2i) + ;. The observation cost is either constant,
¢(i) = 1, or heterogeneous, where the costs are sampled
i.i.d. from a log-normal distribution with actual mean 0.5
and actual standard deviation 1.0. In all plots, shaded re-
gions show =+1 standard error around the mean over 30
independent runs. Our implementation uses Python with
GPyTorch and NumPy [Gardner et al.,[2018] [Paszke et al.,
2019\ Harris et al.,|2020] and is included in the supplement.



Synthetic experiments. We first study how cumulative
regret (including observation costs) scales with the number
of arms |X|. Results for constant unit costs are shown in
Figure [I] (left), and results for heterogeneous log-normal
costs are shown in Figure ] (right). Since Wiw does not ex-
ploit context information (reward correlation across arms),
its regret increases rapidly with | X'|, as expected. Fixed-N
also performs poorly in this experiment, despite being eval-
uated in the constant-cost regime for which it was originally
designed (and despite our context-aware GP-UCB adap-
tation of its base subroutine). We hypothesize that this is
due to its fixed exploration horizon, which can be overly
conservative in many instances. By contrast, both C3-GP
and GP-C—-LUCB exhibit only a mild increase in average
regret as |X'| grows. This is consistent with our theory: be-
cause each arm has an associated context in a fixed bounded
region of R?, increasing |X'| makes the action set denser
and induces stronger reward correlations under the RBF
kernel. Consequently, the effective problem complexity (as
captured by I'r(c) and 5P (A,)) grows much more slowly
than the number of arms.

In the second experiment, we examine how cumulative re-
gret scales with the horizon T'. We report results for constant
unit costs in Figure [2] (left) and for i.i.d. log-normal costs in
Figure 2] (right). All methods have theoretical upper bounds
of order T%/3, and empirically Wiw, GP—C—LUCB, and
C3-GP exhibit similar scaling trends. However, our meth-
ods achieve uniformly lower regret across the tested hori-
zons. By contrast, F i xed—N scales less favorably with 7" in
our experiments. We again attribute this to its non-adaptive
exploration horizon, which can lead to over-exploration.

In the third experiment, we study the dependence of cumu-
lative regret on the maximum observation cost ¢pax. We
consider two settings, shown in Figure [3| (left and right). In
the left panel, all arms have unit observation cost except
for a single high-cost arm. In the right panel, we use the
correlated-cost construction from Example|l} This experi-
ment most clearly illustrates the benefit of cost-aware label
selection in C3—-GP. AS ¢p,ax (and correspondingly the av-
erage cost ¢) increases, the regret of C3—-GP remains nearly
unchanged, whereas the regret of the competing methods
increases with c,.x. The baselines are cost-agnostic in their
label-selection rules, while C3-GP explicitly incorporates
observation cost into its acquisition criterion. As a result,
when an arm is substantially more expensive to label than
nearby arms, C3—GP can often reduce costly queries by
exploiting correlation and inferring its value from cheaper
neighboring observations.

Real-world data. To evaluate our algorithms on real data,
we construct a bandit problem from the Combined Cycle
Power Plant dataset [Tfekci and Kaya, 2014]. We first re-
duce the four-dimensional feature space (T, AP, RH, V) to
two dimensions using Principal Component Analysis (PCA),
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Figure 2: Scaling with the horizon 7. Cumulative regret
with observation cost versus horizon 7" under constant, unit
cost (left) and heterogeneous log-normal cost (right).

retaining the first two principal components. We then dis-
cretize this two-dimensional space into 16 equal-sized bins,
and treat each bin as one action. For each action (bin), the
reward distribution is given by the net hourly electrical en-
ergy output (EP) values of the data points in that bin, so
pulling an action yields a stochastic reward sampled from
the corresponding bin. The context associated with each
action is the average of the two retained principal compo-
nents over the data points in that bin. Observation costs
are sampled independently for each action from Unif|[1, 5]
and redrawn for each run. The results in Figure ] show that
both of our algorithms outperform the baselines across all
tested horizons. We also observe that C3-GP outperforms
GP-C-LUCB in this setting. We attribute this to the cost-
aware action-selection mechanism in C3-GP, which can
improve estimates of costly arms by querying additional
labels from nearby, less expensive arms—a capability that
the baselines do not exploit.

C3-GP
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Figure 3: Scaling with observation cost. We consider two
settings. Left: a reward function sampled from a GP with an

RBF kernel, with unit observation costs for all arms except
one high-cost arm. Right: the correlated-cost setting from

Example

6 RELATED WORK

BwCRO fits within the partial monitoring framework, where
an agent learns from imperfect feedback instead of direct
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Figure 4: Scaling with the horizon 7. Cumulative regret
with observation cost versus horizon 7" for the Combined
Cycle Power Plant dataset.

reward observations [Bartok et al., 2014, [Lattimore and.
Szepesvari, 2020, 2019]. In many such problems (more
specifically, the partial monitoring problems classified as
“hard”), the need to take suboptimal actions for information
gain leads to a higher regret rate of Q(72/3). Specifically,
Seldin et al.|[2014] investigate a setting where the agent in
each step can decide to pay to observe noisy rewards of any
actions (not just the action that was played). In contrast to
partial monitoring, BWCRO has a more specific structure
where the cost between the observed and unobserved actions
is given by a cost function ¢, and we are interested in bounds
depending on c.

It is also useful to contrast BWCRO with budgeted bandits
and Bandits with Knapsacks (BwK). In budgeted bandits,
a fixed resource budget limits the total arm pulls, and the
goal is to maximize reward before depletion [Tran-Thanh|
2012, Ding et al., 2013} Xia et al.,[2016]. BwCRO instead
integrates observation cost directly into the regret: there is
no hard budget cap, but each costly query reduces perfor-
mance, so the learner must trade off information gain against
cost. Similarly, BwK handles multiple resource constraints
via knapsack budgets [|Agrawal and Devanurj 2014} Badani}
diyuru et al.| 2018} [Liu et al.,|2022]), whereas BwCRO can be
viewed as a single-budget, infinite-knapsack variant whose
cost is priced into the regret objective, requiring continuous
query decisions rather than budget exhaustion.

We further relate to work on costly feature observations
(a.k.a. active feature acquisition) [Zolghadr et al.| 2013
Janisch et al.| 2020, |Atan et al.| 2021, \Ghoorchian et al.,
2024]. The agent purchases partial or full access to the cur-
rent feature vector x4, typically paying per coordinate and
sometimes operating under a per-round budget. Acquisi-
tion is often adaptive, interleaving feature queries with a
stopping rule and a final action in order to trade off pre-
dictive/control accuracy against measurement cost. In that
literature, the features (not the outcomes) are a priori unob-
served, often assuming outcomes are revealed for free once
an action is taken, whereas in our setting x; is costless and
the agent pays to observe outcomes.

There is also literature on costly probes [Elumar et al.|,[2024]],
in which, before pulling an arm, the decision-maker may

pay a cost ¢ > 0 to probe one of the K arms and observe its
reward. Multi-fidelity bandits also model a cost—information
trade-off, but there the learner observes a lower-cost approx-
imation of the reward (typically biased/noisier yet informa-
tive) and can choose among several fidelities [Kandasamy
et al., 2016, 2019, Wang et al., [2023]]. In contrast, in our
BwCRO formulation, declining to pay ¢(z;) yields missing
feedback rather than a lower-fidelity signal, making observa-
tion acquisition—not fidelity choice—the central challenge.

7 CONCLUSION AND FUTURE WORK

We studied bandits with costly reward observations under
action-dependent costs and correlated rewards. We showed
that it is without loss of generality to consider two-phase
policies: a label-requesting exploration phase followed by
a no-label commitment phase. We then introduced two
cost-aware complexity measures, I'7(¢) and T5P(A,), and
used them to analyze our GP-based algorithms C3-GP
and GP-C-LUCB. In the finite independent-arm setting,
we proved matching upper and lower bounds (up to con-
stants/log factors), and our experiments confirm strong em-
pirical performance, especially for C3-GP in heterogeneous-
cost settings. An important direction for future work is to
determine whether I'(¢) is also minimax-optimal for gen-
eral kernels, beyond the independent-arm case.
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A ADDITIONAL EXPERIMENTS

Figures [5| and [6] repeat the main number-of-arms and horizon sweeps with the Cost Aware GP-UCB transfer baseline
included. This heuristic observes every round and chooses the arm maximizing (uy—1(z) + v/Broi—1(x))/(c(z) + €). We
omit this baseline from the main figures because its larger regret compresses the scale of the other methods.
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Figure 5: Scaling with the number of arms, including CostAware GP-UCB. Cumulative regret with observation cost
versus number of arms | X’| under constant, unit cost (left) and heterogeneous log-normal cost (right).

Table 1: Runtime diagnostics. Representative log-normal-cost experiment with | X'| = 50 and 7" = 1000. Times are average
wall-clock seconds per run.

Algorithm Avg. time
C3-GP 0.30s
GP-C-LUCB 0.13s
Fixed-N 1.23s
Wil 0.05s
C3-GP (no burn-in) 0.17s

CostAware GP-UCB 4.36s
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Figure 6: Scaling with the horizon 7T, including CostAware GP-UCB. Cumulative regret with observation cost versus
horizon 7" under constant, unit cost (left) and heterogeneous log-normal cost (right).

B PROOFS
B.1 PROOF OF LEMMA

Fix A € A. We construct A" without using the instance v and then show the regret comparison for an arbitrary v. Since v is
arbitrary, the result is uniform. Write the internal randomness of A as a seed . Policy A’ draws £ once at time 1 and keeps it
fixed.

Policy A’ maintains a virtual copy of A driven by the same seed £. Let H full be the virtual full history after k virtual rounds.
Virtual rounds are indexed by k£ = 1, ..., 7T and follow the original online order of A. At each virtual round k, the virtual
copy outputs

(&x, dp) = A(HM).
Policy A’ builds a real-time labeled prefix by executing only the labeled virtual rounds, in their original order:

1. If Jk = 1, then in the next unused real round A’ plays arm Iy, requests a label, observes g, and appends (Z, 1, §x) to
H’f:ull.

2. If di = 0, then A’ does not use a real round now. It appends (Zg, 0,0) to H };u“ (no reward is observed), and records Ty,
in a list of virtual unlabeled actions.

Because rewards are stationary and independent across time, and because unlabeled rounds yield no information, the virtual
copy evolves exactly as A would evolve on any instance v: the virtual full history H ,ﬁ““ has the same distribution as the
actual full history of A after k rounds on v. In particular, the labeled subsequence (Z, 3k ) ke has the same joint distribution
as the labeled subsequence (z, y¢)i<7:4,=1 0f A on v, and the unlabeled action multiset (Zj)rcp has the same distribution
as (-'L't)th:dt:O-

Let
L={ke[T)|dy=1}, U:={kel[l|d,=0},

and let m := |L|. The above construction uses exactly m real rounds and requests labels on all of them. Hence in real time
A’ requests labels only in a prefix of length m. Define the stopping time 7 := m.

If m = T, then U = () and there is no suffix; the construction below is understood with N = 0 and no commitment is taken.
Otherwise assume m < 7. After simulating all virtual rounds 1, ..., 7', all labeled rounds have been matched with real
labeled interactions, and all remaining virtual rounds are unlabeled. Thus, before acting at real time 7 + 1, A’ completes
the virtual simulation and obtains the list of virtual unlabeled actions (Zx)xcv. Let N := T — m = |U| be the number of
unlabeled virtual rounds. Policy A’ draws a single arm & uniformly from the multiset (Zx) ey, i-€.,

P =2 | (ker) = 5 3 Min =1},

keU



It then plays Z for all remaining real rounds ¢t > 7 with d; = 0. This makes A’ two-phase and, after time 7, it repeats a
single action.

Fix an arbitrary instance v with mean function u and let z* be an optimal arm. Write A(x) = p(z*) — p(z) and note
A(x) > 0 for all . By the coupling, the labeled subsequences of A and A’ agree in distribution, so

E, [ 3 (A + c(fk))} ~E, [ 3 (Alzo) + c(xt))} .
keL t:dy=1
For the suffix, condition on the realized unlabeled multiset (Zx)xcr . Policy A incurs unlabeled regret
> AE)
keU
Policy A’ plays & for N rounds, so its conditional expected unlabeled regret is
NE,[AZ) | (Zr)rev] = N - & Z INGE NG
keU keU

Thus the unlabeled part of the expected regret is identical for .4 and A’. Adding the labeled and unlabeled contributions
yields
E, [RT(A/)] =E,[Rr(A)].

Since v was arbitrary and A" was constructed without using v, this equality (and hence the inequality) holds for all instances.

During the real labeled prefix, A’ requests a label every round, so past d’ values are deterministically equal to 1 and provide
no additional information beyond the labeled pairs. All virtual d-values and unlabeled actions are generated internally from
the labeled history and the seed &, and are never observed from the environment. The post-7 commitment is therefore a
measurable function of (H, ). Hence A’ can be represented as a policy that observes only H;_.

B.2 PROOF OF LEMMA @

Lemma 8 (Weighted variance via superlevel restricted information gain). Let w : X — Ry and wpax = max,cx w(z).
Assume k(z,x) < k? for all x. For any (possibly adaptive) sequence 1.,

T Winax
S wlenot (o) <2t +6) [ (e € X w@) > ) du

Proof. Using the layer-cake identity w(x) = f Ow(x) du

Wmax
watgtlxt / E Utlxt
t=1

tw(ze) >u

]

Fix v and define I(u) = {t : w(z;) > u} and S(u) = {z : w(z) > u}. Fort € I(u), let o7 _, I(u)(€t) denote the
posterior variance at 2; computed using only the observations {(xs, ys) : s € I(u) N [t — 1]. Removing observations cannot

decrease posterior variances, hence
> oiale) < ) ol (@)

tel(u) tel(u)

For the subsequence indexed by I(u), the log-det identity gives

1 1
§log det (I + J*QKI(M)) =3 Z 1og<1 + 0*20?_17[@) (act)) < r(S(u)).
tel(u)

Using k(z,x) < &%, we have o7 | ;(,(:) < k% Forany a € [0, x%], the inequality log(1 + a/0?) > a/(0® + a) implies

a < (o? +/<52)1og(1 + %).



Applying this witha = o7, I(w) (z¢) and summing yields
Z o711y (@) < (0% + K7 Z 10%(1 +o %07 1 (ft)) < 2(0” 4+ £*)yr(S(u)).
tel(u) tel(u)

Integrating over u completes the proof. O

B.3 PROOF OF THEOREMEI

Lemma9. Letw : X — R, and wpax = max,ex w(x). Assume k(z,z) < k? for all x. For any (possibly adaptive)
sequence T1.,

Zw(xt)af_l(a:t) < 2(0? + k)T (w).
t=1

Let Mayx = [T 7], and let m € {0, ..., Mmax} be the (random) number of burn-in labels actually collected by the first
loop of the algorithm. Define
0 = max o, (x).
rzeX

By construction, posterior standard deviations are nonincreasing in time, so forall¢ > m + 1l and all z € X,

or—1(z) < &a.

Let 7 be the last labeled round of the entire algorithm (if the algorithm never stops requesting labels, set 7 := T"). We
decompose
RT — Rl%urn + R¥ain,explore + R]r{lairl,exploit.

During burn-in, every queried round incurs regret at most 25 + ¢y, hence

Rl%urn < m(2B + Cmax) < mmax(2B + Cmax)'

Fix alabeled round t € {m +1,...,7}.

Since the algorithm requests a label at round ¢

max S;_1(x) > .
max 8t 1(z) >

Because x¢ € arg max, ¢;_1(x), we have
G (x) > 1 (Zy),

and therefore

o Dy 1(z) ) Dy_1(z¢) ) . )
S1-1(Te) = \/ﬁ(utq(xt) - ét,l(ggf)) < m(ﬂtq(%) - ﬁtﬂ(xt)) = s¢-1(Z¢).

Hence s;_1(Z;) > ). Since we choose z; maximizing s;_; over {Z;, z!},
se—1(z) > A
By the definition of s;_1,

si—1(24)? = m (w1 (1) — b1 (z1))

- thl(xt) 2
= Dt_l(mt) 4/3’1"0'7571(:1&),
o) 48

Dy _y(z¢) < T\QTDt—l(xt)U?—l(xt)'



On the confidence event &£, we also have
r(xe) +c(xe) < My—q — b1 (xy) + c(x) = De—q (),
because f(x*) < My_q and f(x;) > l4_1(x¢) on .

Therefore, for labeled main-phase rounds,

a) +ele) < LD (ot ().

Summing over t = m + 1, ..., 7 and extending by nonnegativity,

main.ex re 46
RTa ,explo T Z Dt 1 xt)ot 1(-Tt)

t=m-+1

Now use that for all ¢t > m + 1 and all z,
Dy—1(z) = 2¢/Br(0—1(z) + o1 (2})) + c(x) < 4y/Br 7 + c(2).

Hence

an;lain,exploreg ﬂ Z (4 BT5+C(xt))Ut271(xt)~

t=m+1

Applying Lemma[Qto w = 1 and w = ¢ yields

Yo oiaw) <) o (@) <207+ 8 e, Y ela)oi (@) < 2(0” + #%)Tr(c).

t=m-+1 t=1 t=1

Therefore

main,explore 8
Ripeimexpl 7ﬁT(J/\2+ ~) ( )+ 4\/67TU’YT)

Assume the algorithm stops at round 7 + 1 (otherwise this term is zero). Let xﬁtop =t 11> which is computed from the
posterior at time 7.

Ifx* =
gives

then the exploitation regret is zero. Otherwise, 2* # z,__ is among the challengers and the stopping rule

stop’ stop

S5:(x") < A

We claim D, (z*) < D, (x*) on &, where
D,(s") = M, —£,(a") + ela®),  Dr(a®) = 2¢/Br (o0 (@") + 0r(a)) + cla”).
Indeed, with z¥ € arg max, u,(y) and M, = u.(z¥),

Mr — - (2") = ur(2F) — £ (")
= pr(27) +  Bror(a7) — pr(27) + V/ Bro.(a7)
Br(o-(z}) +o.(z%)),
where we used f(z¥) < f(z*) and the confidence event €.

Thus

Since f(2*) < ur(z*) and f(xl,,) > lr(xf,p) on €, we obtain

f(l'*) - f(xgtop) < A.



Therefore
R?ain,exploit S T,
There are two cases.

(i) Early burn-in stop: If the first loop breaks early, then by line 5 (evaluated at the posterior after m burn-in labels),
797 < Tr(c).

(ii) Burn-in reaches my,,x: Then burn-in queried maximizers of posterior variance for my,,x rounds. Since posterior
variances are nonincreasing, each burn-in query before termination has posterior variance at least 32, and hence

APE ) oty (1)
Mmax IOg (1 + ) Z IOg < _0_2) S 2’_7T

t=1
Thus

2 < 02<exp (%) — 1),
and in particular (for large enough 7', or after adjusting constants),
277

mmax

oc<o

Combining both cases,

Putting everything together,
RT S mmax(QB + Cmax) + T) (FT( ) + 4 BTa"?T) + T)\

Using the algorithm’s choice

N9 (ﬁT(U2 + HQ)(T&WT + FT(C)))US’

Since the upper bounds are chosen consistently, I (¢) > Cmin7T; therefore the display above and the choice max = [T4/ 7}
make the residual variance term from case (ii) lower order (up to polylogarithmic factors). The displayed choice of A then
yields the advertised 7'2/3 behavior.

B.4 PROOF OF COROLLARY

Let S C X with |S| = j. For the independent (delta) kernel, any query sequence x1.7 € S7 is fully characterized by the
pull counts n; = Zthl I{z; =i} fori € S,with) >, _gn; =T.

For this kernel, the Gram matrix Kr(x1.7) has one nonzero eigenvalue n; for each arm ¢ € S with n; > 0 (and the
remaining eigenvalues are zero). Therefore

flogdet(IT—i—a Kp( aclT) Zlog<1+ )
ies

Hence

1 n;
yr(S) = 75151\}1(0 52105;(14—;).
>iesmi=T €8s



Using concavity of u — log(1 + u/c?) (equivalently, Jensen’s inequality),
1 ni\ _J 1 j T J T
2;10g(1+02> §210g<1+jb2;m>_210g(1+3b2> ilog(l—k )

Therefore, for every finite .S,

Now define the superlevel sets

By Definition
Cmax 1 T Cmax
FT(C) = / '-YT(SU) dv < 5 10g<1 + §> / |Sv‘ dv.
0

0

Finally, using the layer-cake identity for finite sums,

Cmax

/Ocn,axsmv_/%zl{c >“}d”—z/ et 2 =3t

Combining the displays gives

as claimed.

B.5 PROOF OF THEOREM

Write ¢ := .y c(x) and cax = max,cx c(z). Fix any A € (0, 1/2] to be chosen later.

For an algorithm A, let z; be the arm played at round ¢ and d; € {0, 1} indicate whether the reward is observed. Define, for

eachz € X,
T T

Ly(z) = Z Wz, =z, dy = 1}, Pr(z) = Z 1{z; = z}.

t=1 t=1
Let 2* be an optimal arm under the instance in question, and recall

= Z (p(z*) — )+ Zc x)1{d; = 1}.
t=1 t=1

We prove the following stronger statement: there exists a universal constant Cy > 0 such that

supE,[Rr| > Cp min , TA
VEIS) [ T] 0 {A2 }

Choosing A := min{1/2, (¢/T)'/?} then yields min{¢/A2, TA} > ¢; min{c'/3T?/3, T} for a universal constant ¢; > 0,
which proves the theorem.

Let Zmax € arg maxgex (), 80 ¢(Tmax) = Cmax- Consider two instances v, and v_ defined by

1 1
:u-i-(xmax) = 5 + Av /,L+(J)) = 5 (:E 7& xmax)7
and
1 1
P (Tmax) = 9 A, p(z) = ) (% # Tmax)-

Let P, and P_ denote the induced distributions over the interaction transcript up to time 7'. Define the event

E = {Pr(zmax) > T/2}.



On v, every play of an arm = # X,y incurs reward regret A, hence on E° the reward regret is at least (7//2)A. On v_,
every play of x,,.x incurs reward regret A, hence on E the reward regret is at least (7'/2)A. Therefore,

E.[Rr) + E-(Rr) > T (B, (B) + P_(B).

By the Bretagnolle-Huber inequality, for any event A, P, (A°) + P_(A) >
A = FE gives

exp(—KL(P4,P_)). Applying this with

Py (E°) +P_(E) > %exp (—KL(P,,P_)).

Only labeled pulls of x,,,x produce observations whose distribution differs between v and v_. For Gaussian rewards with
unit variance,

KL(N (3 4+ A 1),N (5 — A, 1)) =2A%

Using the chain rule for KL under adaptive sampling with partial observations,

KL(P,,P_) = 2A2E, [L7(Tmax)].

Now consider two subcases.

IfE4 [L7(Zmax)] > 1Az, then

cmax E
E+[RT] Z c(xmax) ]EJr[LT(xmaX)] Z 4A2 Z W?
where we used ¢pax > ¢/4.
Otherwise E [L(Zmax)] < 7x7» 50 KL(P4,P_) < % and hence
1
P, (E°) +P_(E) > 56—1/2.

Thus,

1 TA 1 —1/2

max{E [Rr],E_[Rr]} > 5 - == se7V/? = ¢ —TA.

Combining the two subcases, in the regime ¢,y > ¢/4 we have shown

C
supE,[Rr] > Cimin< —, TA
VEIS) [ T] ! {AZ }

for a universal constant C; > 0.

Let v be the instance with g (z) = 0 for all . For each z € X, let v, be the instance with i, () = A and p,(z) = 0 for
z # x. Let Py and P, be the induced transcript distributions.

Let * € arg max.cx Pr(z) be the most-played arm (ties broken measurably), and define events
E, = {a* =z}

Under v,,, arm z is uniquely optimal with gap A. On ES, we have Pr(z) < T'/2, hence at least T'/2 plays are of suboptimal
arms, so the reward regret is at least (7'/2)A. Therefore,

TA

Next, compute the KL divergences from v to v,,. Only labeled pulls of arm z produce observations whose distribution
differs between v and v;. Since KL(N(0,1), NV'(A, 1)) = A?/2, we have

KL(Py,P,) = %2 Eo[Lr(2)].



Apply Bretagnolle-Huber with the event E,:
1
Po(Ey) + Py (ES) > 5 eXPp ( — KL(]P’O,]P’I)).

Multiply by p(x) := ¢(x)/¢ and sum over x € X

Zp 2 (EY) _2Zp exp( KL(Py, P, Zp YPo(E.

Since E, form a partition, ) Po(E,) = 1, hence

| =

(o) < ) = <

Using Jensen’s inequality and convexity of u +— e~ ",

Zp exp KL(IF’O,IP’ > exp ( Zp YKL(Py, P )) .

Moreover,

> pKLEo. B = 3 4 A 1 (e

x xr 2
A? A?
= %EO ;C(l‘)LT(J}) = %EO[RTL

where the last equality uses that under 1 the reward regret is identically zero.
Now split into two cases.
If Eo[R7] > ¢/A2?, then
c
E,|[Rr| > Eo|Rr] > —.
sup [Br] 2 Bo[Rr] 2 <3

Otherwise Eg[Rr] < ¢/A?,s0 Y, p(z)KL(Py, P,) < 1/2 and hence

1—1/2 L
ENCIEE S

where o > 0 is a universal constant. Since ) p(z)P,(ES) < max, P, (ES), there exists € X' such that P, (ES) > «
For this z,

supE,[Rr] > E,[Rr] > %a.
ves 2

Combining the two cases yields, when ¢ < ¢/4,
sup E, [Ry] > Cpmin {% TA}
ves A

for a universal constant Cy > 0.

By Corollary (for the independent-arm kernel with unit reward variance), we have I'r(c) < 1 log(1 + T'), and therefore

c> lfglszrc%) . Substituting this into the bound proved above and absorbing the factor 2!/ into the universal constant yields

1/3
supE,[Rr] > C’' min { <FT(C)> T2/3, T} ,

rves log(l + T)

which proves the theorem.



B.6 PROOF OF EXAMPLE
Since the cost takes only two values, for every v € [0, M] the superlevel sets satisfy

X, 0<v<e,

{.IEXIC(JZ)ZU}:{A ccv<M

Therefore

Pr(c) = / vr({e > v}y dv = eyr(X) + (M — €) yr(A).

For any sequence z1.7 € X T let K7 be the corresponding kernel matrix. Then I 4+ o~ 2Ky is positive semidefinite, and
Hadamard’s inequality gives

T
det(Ir + 02 Krp) < [[ (1 + 072k (s, 24)).

t=1
Since k(z,z) = s(x)? < 1 forall z € X, we obtain
det(Ip + o0 2Kp) < (1+ 02T,
and hence
1 o T
yr(X) = sup ilogdet(fgp +0 °Kr) < 3

z1.7€XT

log(1+072).

Fix any sequence z1.7 € AT and let K7 _4 be the corresponding kernel matrix. Using again Hadamard’s inequality,

=

det(Ir + oKy a) < | [ (1 + 072k (24, 24)).

t=1

For z; € A we have k(xs, z;) = 62, s0

det(Ir + 0 2Kp.4) < (1 +0726%)T,
and thus
L0262,

yr(A) < —log(1 + 07252) <

no|
v N

where we used log(1 + u) < u. Sete = 1/T and 62 = 02/(TM). Then

Combining with Step 1 yields

Ir(e) = ey (X) + (M — &) yr(A)

log(1+072) +

which is independent of 7" and M even though c¢;,,x = M can be arbitrarily large.



B.7 PROOF OF THEOREM|§|

Work on the confidence event £ and let
w = A,.
Let 7 be the last labeled round (if the algorithm never stops requesting labels before the horizon, set 7 := T)).

We first use the theorem assumption on v. Since

U3 _ 8FT (C)ﬁ:{ﬂO’2

T
and )
T > SFTiCISI)IiTU ’
we have
v < Amin~

If 7 = T, there is no unlabeled suffix and nothing to prove. Assume 7 < 7', and let { := 7 4 1 be the stopping round. The
algorithm stops because
w1 (T4) — L—1(2)) < v.

We claim that 2§ = z*.
Assume for contradiction that 7§ # *. Since I; € arg max, ¢ v\ (,¢} u¢—1(z) and z* € X'\ {;}, we have
w1 (ZT¢) > ug—1(x).

On €,
w1 (z) > f(z*) and  L_q(xf) < fla)),

SO
up—1(2e) = b1 (w7) = wemr (27) = b () = f(a") = flag) = Aly) = Ammin > v,

which contradicts the stopping condition. Therefore 2§ = z*.

Hence after stopping the algorithm commits to an optimal action, so the exploitation regret is zero. Therefore

Rr = Z(A(xt) + c(zy)).
t=1
Fix a labeled round ¢ < 7 and suppose z; # =*. We show
A(xy) < 4/ Broi—1(zy).
There are two cases.
Case 1: xy = 7. If 2f # x*, then z* € X \ {x!} and by definition of 7,
g1 (%) > ug—1(x").
Thus on &,
Axy) = f(2") = f(@) S w1 (2™) = Le—1(Te) < wp—1(Z4) — Li—1(T4) = 20/ Bror—1(T4) < 4/ Pro—1(xy).
If 2f = z*, then z; = Z; # z*. Since the algorithm chooses z; as the larger-variance arm in {x¢, 7;}, we have

or_1(x}) < o1 (T4) = o1 ().

On €,

Almy) = f(2*) = f(@) < wmr (%) = 1 (T0) < 24/ Br(oe-1(z*) + 00-1(21)) < 4/ Bro—1(zy).



Case 2: x; = xf. Since x; # x*, we have x} # z*, hence z* € X'\ {z¢} and
w1 (ZTe) > w1 (x).
Also, because the algorithm chose x; = a:f over T;, we have
o1-1(Z¢) < o1 (x)) = o1 ().

Therefore on &,

+ 1 () — b1 ()
+ w1 (xf) — b—1 ()

i-1(z))

AN
&
|
-
—~
K
o~
S—
|
~
o~
L
8l
o~
q N~— SN—

=2+/Br (Utfl(i’t) +
<4/ Broi_1(zy).

This proves the claimed bound for every labeled round with x; # *.
Fix a labeled round ¢ < 7.

If x; # a*, then by definition of w = A,
A(xy) + c(xy)

w(wy) = A(!L‘t)2

Hence
A(zy) + () = w(zy) Ax)? < 168rw(xs)or (z4).

If 2; = x*, then the per-round contribution is ¢(z*). Since t < 7, the algorithm requested a label at round ¢, so

Ut—l(i't) — ft_l(.l‘f) > .
Here 2; = x* implies 2 = z*, so
ut,1(i’t> — £t71<x*) > .

Alsoon &,
A(jt) = f(l'*) - f(:ft) < Ut71($*> — Etfl(.’ft).

Using
Up—1(T¢) = lp—1(2*) >0

(which follows from the strict inequality above), we get

pre—1(2*) = pe—1(Ze) < V/Br(or—1(z*) + 01-1(T1)),
and therefore

w1 (2%) = l—1(Z) < 24/ Br(oe—1(x") + op—1(Zy)).
Since Z; # x*, we have A(Z) > Apin, SO

Amin < 2/ Br(0t-1(2*) 4+ 0¢-1(Z1)).
Because the algorithm chose x; = =* over Z;, we have
or-1(%t) < opq(x7),

hence
Amin S 4 BTthl(-r*)



Using w(z*) = c(x*)/A2, , we conclude
c(z*) = w(z*)A2, < 168rw(z*)o? | (z*) = 16Brw(zs)o?_, (zy).

min

Thus for every labeled round ¢ < T,
A(zy) + c(xe) < 16Brw(x)or i (x4).

Summing overt = 1,..., 7 gives

T T

Ry = (Aze) +c(zy) <1680 > w(zi)or(z).

t=1 t=1

Apply Lemma [J]to the labeled prefix x1., (which is a valid adaptive sequence of observed points) to obtain

S w)o? 4 (n0) < 20 + 1) / T € X w(@) > u))du,

t=1

where Wax = maxgey w(z).

Since 7 < T and 7, (S) < 4r(S) forevery S C X,
[ et vt 2 apdus [ (e wi@) 2 w)du=TE0(A)
0 0

Combining the displays,
Rr <1687 - 2(0® + k) TEP(A,) = 32681 (0? + 2)TEP(A,).

This proves the theorem.

B.8 PROOF OF COROLLARY[3]
Let w(x) := A.(x) and wyax = maxgecx w(z). For u € [0, wmax|, define

Sy ={z € X :w(x)>u}, J(u) =[Sy
By Definition 3]

IEP(A.) = / v (Sy) du.
0

Fix any subset S C X’ with |\S| = j. For the independent (delta) kernel, if arm ¢ € .S is queried n; times with 23:1 n; =T,
then the corresponding kernel matrix is block-diagonal by arm counts, and

j .
yr(S) = %Zlog(l + %)
i=1

Since a + log(1 + a/c?) is concave, Jensen’s inequality gives

. j
J AN J T
yr(S) < 510g<1 + 7 ; 9) = 710g<1 + 7 2) < §1og<1 + 02)
Applying this with S = S, yields
7 (Sy) < @ 10g<1 + 7) for all u € [0, Wmax]-



Therefore

Fgap

Wmax
/ w) du
0

1 T Wmax
<-lo g(l—i— )/ j(u) du.
T2 0

It remains to evaluate the integral. Using the layer-cake identity on the finite set X,

- u)du = / o H{w(z) > u}du
| >

= e Hw(z) > u} du
-2

= Z w(z) = Z Ac(z)
zeX reX

Combining the displays proves

IEP(A,) < flog(l + ) Z A

reX

B.9 PROOF OF THEOREM

Fix an instance v € S with a unique optimal arm z* and let

po= p(x), A(z) = p* — p(z), Amin = p;ig A(z) > 0.

For each arm z, define the number of labeled pulls and total pulls up to time 7" by

M=
N

LT(ZU) = ]].{l't =x, dt = 1}, PT(J?) =

t=1 t=1

]].{,It = l'}

The regret decomposes as

Rr = Z c(x)Ly(z) + Z A(x)Pr(x)

reX rFT*

Since Pyp(z) > Ly (x) for all z, we have the pointwise lower bound

Ry > c(x*)Lp(z*) + Z (A(x) + c(x))Lr(z). (1)

rF£T*

It therefore suffices to lower bound E,, [ Ly (x)] for every arm x.

For two distributions P, () on the same measurable space and any event A,
KL(P,Q) = kI(P(4),Q(A)),

where kl is the binary relative entropy. Also, for p, ¢ € [0, 1],

1 1 1
kl(p,q) = ploga +(1=p)log 7— = (-plogp — (1 —p)log(1 —p)) > plogg — log 2.

We will repeatedly use the following consequence of consistency: if under some instance 7 an event By implies R > ¢gT
for a constant g > 0, then for every n € (0,1),
Ey[Rr]

Bu(Br) < 2 5 = o(T™)




because consistency gives E;[Rr] = o(T77).

Fix 2 # 2* and fix € > 0. Let (%) be the instance obtained from v by changing only arm z to
M(z‘)(x) = /J/* + ¢,
and leaving all other arm means unchanged. Under v(*€), arm x is uniquely optimal.

Define the event
AT = {Prp(z) < T/2}.

Under the true instance v, on (A7:“)¢ the algorithm plays the suboptimal arm x at least 7'/2 times, so
T

Hence for every n € (0,1),
Py ((A7)) =o(T™7),  P,(A7") = L.

Under the alternative instance v(*:), on AT:¢ the algorithm plays arms other than the optimal arm x at least 7'/2 times.
Every such pull incurs reward regret at least €, so

Rr > —¢ on ATC.

|

Therefore for every n € (0,1),
P, o) (A7) = o(T™M).

Let PL" and me,e) denote the laws of the full interaction transcript up to time 7". Applying the previous inequalities with
A = A7° gives, forevery n € (0,1),
KL(]P’Z,]P’Z(M)) S kI(P, (AT), P, a0 (A7)
logT - logT
x,€ 1
logT '

>

Since P, (A7) = Land P, (AT) = o(T~"), we obtain

.. KL®PLPT, )
liminf —————= >n.
T—o0 log T
As this holds for every n € (0, 1),
. KL®P,PL, )
liminf ———2""2 > 1, )
T—00 logT

Only labeled observations from arm z differ between v and v(*:¢), so by the chain rule for KL under adaptive sampling,

KL(PZ7 HDZ(%‘)) =E, [LT(x)]KL(NOL(x)v 0'2)7'/\/(“* +€, 02))'

For Gaussian rewards with common variance o2,
N A(z) +¢)?
KL (u(a).02). N " +¢.0%)) = BELLD

Combining with (2),

. . ]Eu [LT (ZL’)] 20’2

| f > .

Thoe logT = (A(z) +¢)? ©
Letting € | 0 yields

E,[L 202

i inf LT @) 20 for all  # . (4)

T—oo  logT A(x)?



Fix € > 0 and choose any arm z,;, With A(Zmin) = Amin. Define an alternative instance (1o by changing only arm z* to
149 (@) = 1" = (Ain + 0),

and leaving all other arm means unchanged. Under v/("€), the arm z* is suboptimal, and z,;, is optimal.

Define the event

AT = {Pr(z*) > T/2}.

Under the true instance v, on (A%)¢ the algorithm plays suboptimal arms at least 7'/2 times, and each such pull has reward
regret at least Api,, SO

T
RT Z §Amin~

Hence for every n € (0, 1),
P, ((A7)) =o(T7"),  Py(AF) — 1.

Under v(1:9), on A% the algorithm plays the suboptimal arm z* at least 7'/2 times. Its reward gap is at least ¢ (compared
with Zmin), SO

Ry >

2| N

*,€
€ on A",

Thus for every 7 € (0, 1),
Pyt (A7) = o(T™").

Exactly as above, data processing and the binary KL lower bound imply

KLY, P )
liminf ————»"—= > 1. 5)
T—00 logT

Only labeled observations from arm z* differ between v and (7€), hence

KL(PE P, ) = B, [Lr (e KLV (', 03), N (0" — (A + 0, 0%)) = Bylr(@) B 2O

Combining with (3)), I ,

lim inf ”[102({? 4> (Am?: T ©
Letting € | 0 gives ) ,

lim inf By [lig(jgf s Z;in ™
From (T,
PAR] 5 oy P + 3 (Bl el R
Taking lim infp_, o, and using that all terms are nonnegative,
lin inf ]Elz[;;] > o(a*) lim inf W v x;*(A(x) + of) lim in W
> c(x*)Z;jn " Ig*(A(x) + (@) Az(‘;z.
By the definition of A,
Ac(z™) = Z(fmjj, A(x) = A(Z)(jc_)g(m for x # x*.

Therefore

This proves the theorem.
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