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ABSTRACT

Understanding customer behavior is crucial for improving service

quality in large-scale E-commerce. This paper proposes C-STAR, a

new framework that learns compact representations from customer

shopping journeys, with good versatility to fuel multiple down-

stream customer-centric tasks. We define the notion of shopping
trajectory that encompasses customer interactions at the level of

product categories, capturing the overall flow of their browsing

and purchase activities. C-STAR excels at modeling both inter-
trajectory distribution similarity–the structural similarities between

different trajectories, and intra-trajectory semantic correlation–the
semantic relationships within individual ones. This coarse-to-fine

approach ensures informative trajectory embeddings for represent-

ing customers. To enhance embedding quality, we introduce a pre-

training strategy that captures two intrinsic properties within the

pre-training data. Extensive evaluation on large-scale industrial and

public datasets demonstrates the effectiveness of C-STAR across

three diverse customer-centric tasks. These tasks empower cus-

tomer profiling and recommendation services for enhancing per-

sonalized shopping experiences on our E-commerce platform.

CCS CONCEPTS

• Information systems→ Recommender systems; • Comput-

ing methodologies→ Learning latent representations.
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Figure 1: (A) C-STAR framework illustration; (B) perfor-

mance comparison (%) with selected competitive methods.
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1 INTRODUCTION

The ever-growing volume of products bombards online shoppers,

making it difficult to identify items of interest. Recommender sys-

tems address this challenge by providing personalized suggestions

throughout the customer shopping journey, from browsing to check-

out [22, 62]. In pursuit of personalization for various scenarios, the

key prong of delivering high-quality services is rooted in reliable

and comprehensive customer understanding. This motivates us to

effectively unveil customers’ insights via mining information from

their variety of historical shopping engagements.

One approach to achieving this is through customer representa-

tion learning, based on analyzing and encoding their engagement

contents. However, existing methods are often tailored to one spe-

cific task, such as customer next-item recommendation [5, 24, 27, 39,

67, 73, 78, 79]. In the context of web-scale E-commerce platforms,

our goal is to develop a versatile framework capable of addressing

multiple downstream tasks related to customer profiling and ser-

vices. Beyond the requisite capability for recommending items, this

framework is expected to be able to effectively segment and group

similar customers who are alike in their shopping behaviors. This

facilitates a broader understanding of their common interests and

market affinities [9, 16, 53]. Moreover, when contemplating per-

sonalization, it is essential for the framework to discern customer

shopping intents, thereby enabling a more focused individual anal-

ysis [7, 18, 80]. In summary, this framework should offer efficacy

and convenience by covering multiple downstream tasks, making

it well-suited for real-world E-commerce scenarios.

https://creativecommons.org/licenses/by-nc/4.0/
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Challenges. Achieving balanced model performance across multi-

ple tasks poses a non-trivial challenge, as the customer represen-

tations in different scenarios own inherent diversities in learning

objectives. For instance, when segmenting similar customers, the

focus is primarily on capturing customer-customer similarity. Con-

versely, in tasks like item recommendation or customer shopping

intent identification, customer embeddings pivot around learning

customer-item relations or analyzing customer-self behaviors, re-

spectively. Thus, we identify the critical requirement lies in jointly

embedding (1) accurate similarity measurement between customers
and (2) informative content summarization in each customer engage-
ment. Consequently, the technical challenges are twofold:

• Customer engagements exhibit both quantitative and substantive

variations. How to thoroughly reflect the similarity in customers’

diverse activities within the fixed-size representations is the key

question that remains to be investigated. This is particularly im-

portant for customer segmentation, where the similarity between

customers is typically determined by their mutual distance in

the embedding space, requiring alignment with real-world mea-

surements. While one approach could be to aggregate all latent

information, such as through concatenation or pooling of feature

embeddings, this simplistic method may fail to provide a reliable

embedding distance measurement with theoretical guarantees.

• Moreover, each customer’s historical engagements reveal unique

preferences and interests. Apart from capturing customer-wise

similarity, it is imperative to preserve the semantic content of

each representation to the greatest extent possible. This preserves

compatibility for tasks like item recommendation or intention

analysis, enabling embedding matching or classification formula-

tion in the embedding space without exhaustive model retraining.

Approach and Contributions. In this work, we investigate the

aforementioned problem and introduce a novel Customer Shopping

TrAjectory Representation Learning framework (C-STAR), which is

designed to be versatile for multiple downstream tasks, as depicted

in Figure 1(A). C-STAR effectively encodes customer variable-size

engagements into a continuous Euclidean space, facilitating effi-

cient utilization for customer understanding and recommendation.

Initially, we introduce PR-Graph, i.e., an internal knowledge base

of product categories and relations that are organized in the graph

format. Product interactions of each customer are then mapped

into PR-Graph, creating his/her unique shopping trajectory. Each
trajectory represents a sub-graph pattern of PR-Graph, allowing us

to learn the customer trajectory representation that incorporates

both structural and semantic information. The proposed model

implements a representation learning paradigm enabling coarse-to-

fine trajectory-wise similarity measurements as well as informative

semantic enrichment in the embedding space. To enhance the em-

bedding quality, we leverage intrinsic properties within the trajec-

tory data structures and devise an effective pre-training strategy. As

illustrated in Figure 1(B), while specialized methods demonstrate

varying performances across different tasks, C-STAR consistently

achieves superior and well-balanced model performances (further

details in § 5). Our primary contributions can be outlined as follows:

(1) Inter-Trajectory Distribution Similarity. We propose to base on

the assumption that elements constructing a trajectory are sam-

pled from an underlying probability distribution reflecting cus-

tomer unique preferences. By measuring distribution distance,

we capture trajectory-wise similarity and incorporate this in-

formation into trajectory representations. Grounded in Optimal

Transport theory, our approach offers a consistent distance

measurement between realistic and embedding spaces.

(2) Intra-Trajectory Semantic Correlation. To capture the relational

knowledge among the trajectory elements, we further propose

to learn intra-trajectory semantic correlation from the structure

posed by PR-Graph. This will not merely provide a fine-grained
proximity measurement but also enrich the semantics of trajec-

tory representations, refining its capability for shopping intent

identification and item recommendation.

(3) C-STAR Pre-training Strategy. To improve the embedding qual-

ity, we leverage the intrinsic data properties and design two

pre-training objectives. Furthermore, while the C-STAR model

accommodates variable-size shopping trajectories for online

inference, tensorized pre-training requires fixed-size trajec-

tory batches. We then introduce effective data-driven sampling

strategies that are independent of human prior knowledge.

(4) Extensive Empirical Evaluation.We systematically conduct ex-

periments, including online A/B testing on our platform and

offline evaluation on both large-scale industrial data and four

public benchmarks across three tasks. Not only do we quanti-

tatively assess our model, but we also provide case studies to

broaden the understanding of our C-STAR framework.

2 RELATEDWORK

Probability Distribution Distance Learning. To quantify the

distance between probability distributions, one may utilize diver-
gences such as Kullback–Leibler divergence [37], Jensen–Shannon

divergence [15], ormetrics like Hellinger distance [26]. Among these

measurement tools, Wasserstein metric [29], known for its rigorous

mathematical properties, has garnered attention in the machine

learning community, particularly in generative modeling [1, 52, 58].

Despite its advantages, the classic Wasserstein distance suffers from

high computational costs, particularly for high-dimensional distri-

butions. In contrast to numerical optimization methods [12, 34, 54],

recent studies of Sliced-Wasserstein distance [2, 32] has significantly
reduced computational requirements. The general idea is to obtain

adequate linear projections of the original distribution onto multi-

ple one-dimensional distributions, followed by averaging the dis-

tances between these projected counterparts. This is facilitated by

the closed-form solution of one-dimensional Wasserstein distance.

Consequently, Sliced-Wasserstein distance has found application

in various practical tasks [3, 33, 35, 42, 46], including our proposed

modeling of high-dimensional trajectory distribution similarity.

E-commerceCustomerRepresentationLearning.Represen-

tation learning for customer understanding constitutes a fundamen-

tal aspect of modern E-commerce recommender systems [59, 61].

Early methods focuse on leveraging customer information such as

profiles [11] or social relationships [44]. However, privacy concerns

prompt the development of models that prioritize anonymity, lead-

ing to the learning particularly from item engagement sequences
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[27, 78]. Another line of research centers on exploiting the inher-

ent structure in the customer-item graph. In these models, each

customer is represented by a unique and anonymous ID, and collab-

orative filtering signals between customers and their engaged items

are captured [67]. These approaches often employ graph convolu-

tional network (GCN) frameworks, known for their flexibility and

adaptability in learning latent graph information [6, 19, 40, 45, 56,

57, 70, 77] with substantial advancements in recent years [24, 71, 73].

Different from sequential methods, these graph-based models typi-

cally require the input graph to be fixed in a customer-item adjacent

matrix, which may hinder their ability to generalize to unobserved

customers.

3 PROBLEM FORMULATION

PR-Graph. Our platform utilizes a product relational graph, re-

ferred to as PR-Graph, as a means to consolidate high-level prod-

uct knowledge for various research and application purposes. PR-

Graph is represented in the graph format as G = (T , E, V)1, where
T represents all graph nodes, and E ⊆ T×T denotes the edges

connecting these nodes. Each node in T associated with a list of

d-dimensional feature embeddings represented by V ∈ R|T |×𝑑 . No-
tation explanations are in Table 1.

Table 1: Notations and meanings.

Notation Explanation

G=(T, E,V) PR-Graph with sets of nodes, edges, and features.

G𝑖=(T𝑖 , E𝑖 ,V𝑖 ) Customer trajectory pattern.

T𝑖=[𝑡𝑖𝑛 ]
𝑁𝑖
𝑛=1

Node list of 𝑁𝑖 trajectory elements.

V𝑖=[𝒗𝑖𝑛 ]
𝑁𝑖
𝑛=1

Feature list associated with 𝑁𝑖 trajectory elements.

𝑓#𝑃 Pushfoward of distribution 𝑃 .

𝑊𝑝 ( ·, ·) , 𝑆𝑊𝑝 ( ·, ·) 𝑝-Wasserstein distance, Sliced 𝑝-Wasserstein distance.

𝐹𝑃 ( ·) , 𝐹−1𝑃
( ·) Cumulative distribution function, quantile function.

R, S Euclidean space and unit hypersphere.

𝜽 Unit vector in S.
𝑔𝜽 ( ·) Linear projection function with parameter vector 𝜽 .
𝑃0 , 𝑃𝑖 Reference distribution and input distribution.

𝑃𝜽
0
, 𝑃𝜽

𝑖
The slices of 𝑃0 , 𝑃𝑖 derived by 𝜽 .

𝑓 ∗ ( ·) Optimal transport map between two distributions.

𝛿 ( ·) Dirac delta function.

𝜏 ( · | ·) Ascending rank in the sorting of the given list.

V𝜽
𝑖
, V𝜽

0
Feature lists associated with distribution slices.

Inter-SE( ·) Inter-Trajectory Similarity Encoder.

𝑬𝑖 Embedding of G𝑖 with inter-trajectory information.

𝑁𝑔ℎ ( ·) Set of all neighbor nodes of the input.

𝒗 (𝑙 )
𝑁𝑔ℎ (𝑡𝑖𝑛 )

Neighborhood feature embedding of 𝑡𝑖𝑛 at the 𝑙-th layer.

N(𝑙 )
𝑖

=[𝒗 (𝑙 )
𝑁𝑔ℎ (𝑡𝑖𝑛 )

]
𝑡𝑖𝑛∈T𝑖

Neighborhood feature list at the 𝑙-th layer.

Intra-CE( ·) Intra-Trajectory Correlation Encoder.

𝑬
′
𝑖 Embedding of G𝑖 with intra-trajectory information.

𝑬★
𝑖 Ultimate trajectory representation.

𝑃𝑟 ( ·) Sampling probability.

𝑟𝑡 Local ranking of node 𝑡 in its belonging trajectory.

𝑡+ , 𝑡− , 𝒗𝑡+ , 𝒗𝑡− Positive and negative nodes and embeddings.

L1 , L2 , L Margin ranking loss terms and objective function.

Δ Set of all trainable embeddings and variables.

PR-Graph categorizes all products into approximately 15K nodes
2

within T and establishes 417K linkages in E to encapsulate strongly-
correlated product relations, e.g., co-purchases.

Problem Formulation. As T = [𝑡𝑛]
|T |
𝑛=1

denotes all observed nodes

in G, for each customer 𝑖 , their interactions over nodes in T can

1
Data statistics are in § 5.

2
“Customer” and “trajectory” are interchangeable as each

customer owns a unique trajectory.

be snapshotted as T𝑖 ⊆ T, i.e., T𝑖 = [𝑡𝑖𝑛 ]
𝑁𝑖
𝑛=1

with 𝑁𝑖 elements. Al-

though T𝑖 is 1-dimensional structure, leveraging the topological

information in G, we derive the customer’s shopping trajectory

T𝑖 as a unique sub-graph G𝑖 ⊆ G. Thus, our objective is to learn

the trajectory representation from the knowledge contained in

the 1&2-dimensional list-graph data (T𝑖 , G𝑖 ) such that the learned

representation satisfies the following criterion simultaneously:

• Inter-Trajectory SimilarityMeasurement.This offers amacro

view of trajectory representations in the latent space, enhancing

customer understanding. It is particularly beneficial for applica-

tions like customer segmentation, where a holistic measurement

of trajectory-wise (or customer-wise
3
) similarity is required.

• Intra-Trajectory Content Summarization. This provides a

micro view of trajectory elements to enhance understanding of

trajectory semantics. It facilitates applications such as shopping

intent identification and trajectory completion by capturing the

crucial correlations between elements.

4 C-STAR METHODOLOGY

Figure 2 depicts the workflow of the model. As previously men-

tioned, we address the first criterion, namely inter-trajectory simi-

larity measurement, by quantifying the distance between trajectory

probability distributions. Leveraging Optimal Transport theory,

which offers rigorous mathematical properties [29], we begin by

laying out the preliminaries and formally deriving our method.

4.1 Preliminaries: Optimal Transport

Optimal transport (OT) is the general problem of moving one distri-

bution of mass, e.g., 𝑃 , to another, e.g., 𝑄 , as efficiently as possible.

Formally, given a probability distribution 𝑃 , let random variable𝑿 ∼
𝑃 ,𝑿 ∈ R𝑑 . If 𝑓 : R𝑑 →R, then 𝑓#𝑃 is the push-forward of 𝑃 , i.e., 𝑓#𝑃 (𝒀 )
= 𝑃 ( {𝒙 : 𝑓 (𝒙) ∈ 𝒀 }) = 𝑃 (𝑓 −1 (𝒀 )) . The Wasserstein distance be-

tween 𝑃 and 𝑄 , as the derived cost of their optimal transport plan,

is defined with 𝐿𝑝 transport cost [66]:

𝑊𝑝 (𝑃,𝑄) =
(
inf 𝑓 ∈𝑇𝑃 (𝑃,𝑄)

∫
∥𝒙 − 𝑓 (𝒙)∥𝑝𝑑𝑃 (𝒙)

) 1

𝑝
, 𝑝 ≥ 1, (1)

where the infimum is over all possible transport plans. If aminimizer

exists, denoted by 𝑓 ∗, it is thus the solution to the OT problem.

For one-dimensional distributions, there is a close-form solution

to compute 𝑓 ∗, as 𝑓 ∗ (𝑥) := 𝐹−1
𝑃

(
𝐹𝑄 (𝑥)

)
, where 𝐹 is the cumulative

distribution function (CDF) associated with 𝑃 . 𝐹−1
𝑃
(𝑥) is the quantile

function of 𝑃 . For the high-dimensional case, due to its numerical

intractability issue [32], the metric of sliced-Wasserstein distance
has been recently investigated [2, 13, 50] and defined as:

𝑆𝑊𝑝 (𝑃,𝑄) =
( ∫
S𝑑−1

(
𝑊𝑝 (𝑔𝜽 #𝑃,𝑔𝜽 #𝑄)

)𝑝
𝑑𝜽

) 1

𝑝
. (2)

Here 𝑔𝜽 (𝒙) = 𝜽T𝒙 and 𝜽 ∈ S𝑑−1 is a unit vector in R𝑑 , and S𝑑−1 is the
unit 𝑑-dimensional hypersphere. 𝑔𝜽 #

𝑃 is the push-forward of 𝑃 with

𝑔𝜽 . This metric satisfies positive-definiteness, symmetry, and

triangle inequality [32, 35], qualified for distance measurement

in our proposed model to capture trajectory-wise similarity.

4.2 Inter-Trajectory Distribution Similarity

Following [46], we consider a list of probability measures [𝑃𝑖 ]𝑀𝑖=1
defined in R𝑑 for𝑀 observed trajectories. For each trajectory, there



KDD ’24, August 25–29, 2024, Barcelona, Spain Yankai Chen, Quoc-Tuan Truong, Xin Shen, Jin L, & Irwin King

Shopping TrajectoryIsolated Interaction Data

I. Trajectory Construction.

PR-Graph 

II. Inter-Trajectory Distribution Similarity.

VI. Intra-Trajectory Semantic Correlation.

Trajectory 
Element Input

III. Implementation of             for Each Distribution Slice.f⇤(·)

<latexit sha1_base64="JuVIKdygEH6PyyCpAhs2dhvQcrQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69BFuheihJUfRY9OKxgv2AJpbNZtMu3eyG3YlQQv+GFw+KePXPePPfuG1z0OqDgcd7M8zMCxLONDjOl1VYWV1b3yhulra2d3b3yvsHHS1TRWibSC5VL8CaciZoGxhw2ksUxXHAaTcY38z87iNVmklxD5OE+jEeChYxgsFIXjV6OKt5JJRwWh2UK07dmcP+S9ycVFCO1qD86YWSpDEVQDjWuu86CfgZVsAIp9OSl2qaYDLGQ9o3VOCYaj+b3zy1T4wS2pFUpgTYc/XnRIZjrSdxYDpjDCO97M3E/7x+CtGVnzGRpEAFWSyKUm6DtGcB2CFTlACfGIKJYuZWm4ywwgRMTCUTgrv88l/SadTd8/rFXaPSvM7jKKIjdIxqyEWXqIluUQu1EUEJekIv6NVKrWfrzXpftBasfOYQ/YL18Q0965CF</latexit>

Inter-trajectory 
Representations 

Inter-SE 
Module

Feature Distribution

Intra-CE
Module

Graph-based 
Trajectory Input

Intra-trajectory
 Semantics 

ŏ��

Neighborhood Feature Propagation

Distribution Slicing Computing the Optimal Transport Map from      to      
P ✓

i

<latexit sha1_base64="b6WOJU0q1wzVYhEdvSMR2Pe/tuU=">AAAB83icbVDLSgNBEJyNrxhfUY9eBhPBU9gNih6DXjxGMA/IrmF20psMmX0w0yuEJb/hxYMiXv0Zb/6Nk2QPmljQUFR1093lJ1JotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h449vZ37nCZQWcfSAkwS8kA0jEQjO0EhutdkXjy6OAFm1X67YNXsOukqcnFRIjma//OUOYp6GECGXTOueYyfoZUyh4BKmJTfVkDA+ZkPoGRqxELSXzW+e0jOjDGgQK1MR0rn6eyJjodaT0DedIcORXvZm4n9eL8Xg2stElKQIEV8sClJJMaazAOhAKOAoJ4YwroS5lfIRU4yjialkQnCWX14l7XrNuahd3tcrjZs8jiI5IafknDjkijTIHWmSFuEkIc/klbxZqfVivVsfi9aClc8ckz+wPn8AOCSRKA==</latexit>

P ✓
0

<latexit sha1_base64="mKWqzZbsCeob8wdU/qCEOZnNUng=">AAAB83icbVDLSgNBEJyNrxhfUY9eBhPBU9gNih6DXjxGMA/IrmF20psMmX0w0yuEJb/hxYMiXv0Zb/6Nk2QPmljQUFR1093lJ1JotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h449vZ37nCZQWcfSAkwS8kA0jEQjO0Ehutdm3H10cAbJqv1yxa/YcdJU4OamQHM1++csdxDwNIUIumdY9x07Qy5hCwSVMS26qIWF8zIbQMzRiIWgvm988pWdGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PJhOAsv7xK2vWac1G7vK9XGjd5HEVyQk7JOXHIFWmQO9IkLcJJQp7JK3mzUuvFerc+Fq0FK585Jn9gff4A3+mQ7w==</latexit>

P ✓
0

<latexit sha1_base64="mKWqzZbsCeob8wdU/qCEOZnNUng=">AAAB83icbVDLSgNBEJyNrxhfUY9eBhPBU9gNih6DXjxGMA/IrmF20psMmX0w0yuEJb/hxYMiXv0Zb/6Nk2QPmljQUFR1093lJ1JotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h449vZ37nCZQWcfSAkwS8kA0jEQjO0Ehutdm3H10cAbJqv1yxa/YcdJU4OamQHM1++csdxDwNIUIumdY9x07Qy5hCwSVMS26qIWF8zIbQMzRiIWgvm988pWdGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PJhOAsv7xK2vWac1G7vK9XGjd5HEVyQk7JOXHIFWmQO9IkLcJJQp7JK3mzUuvFerc+Fq0FK585Jn9gff4A3+mQ7w==</latexit>

P ✓
i

<latexit sha1_base64="b6WOJU0q1wzVYhEdvSMR2Pe/tuU=">AAAB83icbVDLSgNBEJyNrxhfUY9eBhPBU9gNih6DXjxGMA/IrmF20psMmX0w0yuEJb/hxYMiXv0Zb/6Nk2QPmljQUFR1093lJ1JotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h449vZ37nCZQWcfSAkwS8kA0jEQjO0EhutdkXjy6OAFm1X67YNXsOukqcnFRIjma//OUOYp6GECGXTOueYyfoZUyh4BKmJTfVkDA+ZkPoGRqxELSXzW+e0jOjDGgQK1MR0rn6eyJjodaT0DedIcORXvZm4n9eL8Xg2stElKQIEV8sClJJMaazAOhAKOAoJ4YwroS5lfIRU4yjialkQnCWX14l7XrNuahd3tcrjZs8jiI5IafknDjkijTIHWmSFuEkIc/klbxZqfVivVsfi9aClc8ckz+wPn8AOCSRKA==</latexit>

Input 

Reference 

Pi

<latexit sha1_base64="LzKMpSTsk4CHDrJQKHnz2sSusq0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZE9VeueLW3DnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKWvWad1G7vK9XGjd5HEU4gVM4Bw+uoAF30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/3jKOEg==</latexit>

P0

<latexit sha1_base64="aUgMs05r0TpGJa/AEj2Pg6eZoaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY9FLx4rmFpoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwxHtzP/8YlrIxL1gOOUBzEdKBEJRtFKfrXZc6u9csWtuXOQVeLlpAI5mr3yV7efsCzmCpmkxnQ8N8VgQjUKJvm01M0MTykb0QHvWKpozE0wmR87JWdW6ZMo0bYUkrn6e2JCY2PGcWg7Y4pDs+zNxP+8TobRdTARKs2QK7ZYFGWSYEJmn5O+0JyhHFtCmRb2VsKGVFOGNp+SDcFbfnmVtOo176J2eV+vNG7yOIpwAqdwDh5cQQPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AIeVjdk=</latexit>

g✓(·) :Rd!R

<latexit sha1_base64="TbQdtFC6z0RDuqD4+9XJEHvu/Aw=">AAACI3icbVDLTgIxFO34RHyhLt00ggluyAzRaFgR3bhEI4+EQdLpFGjoTCftHQ2Z8C9u/BU3LjTEjQv/xfJYIHiSJqfn3Jt77/EiwTXY9re1srq2vrGZ2kpv7+zu7WcODmtaxoqyKpVCqoZHNBM8ZFXgIFgjUowEnmB1r38z9utPTGkuwwcYRKwVkG7IO5wSMFI7U8p12y70GJC8S30JZ6Vczg0I9DwvuR8++uaneLcHRCn5PG/lcDuTtQv2BHiZODOSRTNU2pmR60saBywEKojWTceOoJUQBZwKNky7sWYRoX3SZU1DQxIw3UomNw7xqVF83JHKvBDwRJ3vSEig9SDwTOV4R73ojcX/vGYMnatWwsMoBhbS6aBOLDBIPA4M+1wxCmJgCKGKm10x7RFFKJhY0yYEZ/HkZVIrFpzzwsVdMVu+nsWRQsfoBOWRgy5RGd2iCqoiil7QG/pAn9ar9W6NrK9p6Yo16zlCf2D9/AJzSKON</latexit>

Norm Distance 
Approximation

kEi � Ejkp ⇡ SWp (Pi, Pj)

<latexit sha1_base64="aGrVnOyLac+qCIlfITa3H6ecomg="></latexit>

kE0kp = 0

<latexit sha1_base64="0Z7CtGo+WEXSoZJr0EpvdG0cy04=">AAACEHicbVDLSsNAFJ34rPUVdelmsBVdlaQouhGKIrisYB/QhDCZTNqhk0yYmQgl9hPc+CtuXCji1qU7/8ZJm4W2HhjmcM693HuPnzAqlWV9GwuLS8srq6W18vrG5ta2ubPbljwVmLQwZ1x0fSQJozFpKaoY6SaCoMhnpOMPr3K/c0+EpDy+U6OEuBHqxzSkGCkteeZR1WEkVM6D43MWyFGkv+x67FmOoP2B1r0EXkCr6pkVq2ZNAOeJXZAKKND0zC8n4DiNSKwwQ1L2bCtRboaEopiRcdlJJUkQHqI+6Wkao4hIN5scNIaHWglgyIV+sYIT9XdHhiKZ76orI6QGctbLxf+8XqrCczejcZIqEuPpoDBlUHGYpwMDKghWbKQJwoLqXSEeIIGw0hmWdQj27MnzpF2v2Se109t6pXFZxFEC++AAHAMbnIEGuAFN0AIYPIJn8ArejCfjxXg3PqalC0bRswf+wPj8AQWBnIs=</latexit>

Embedding Output

kEikp ⇡ SWp (Pi, P0)

<latexit sha1_base64="eoB9JnBjs1OZ7KSoBjRSqcT39Sc="></latexit>

Figure 2: Illustration of C-STAR for coarse-to-fine trajectory representation learning (best view in color).

is a unique associated feature list V𝑖 = [𝒗𝑡𝑖𝑛 ∈ R
𝑑 ]𝑁𝑖

𝑛=1
with 𝑁𝑖 ele-

ments. We assume that these feature elements are sampled from

the underlying distribution 𝑃𝑖 , and what we have snapshot is the

empirical (discrete) distribution 𝑃𝑖 with its empirical CDF as:

𝐹
𝑃𝑖
(𝒙) = 1

𝑁𝑖

∑𝑁𝑖

𝑛=1
𝛿 (𝒙 ≥ 𝒗𝑡𝑖𝑛 ), (3)

where 𝛿 ( ·) returns 1 if the input is zero and 0 otherwise4. Generally,
we believe empirical distributions are representative, i.e., 𝑃𝑖 ≈ 𝑃𝑖 ;

thus we refer 𝑃𝑖 to 𝑃𝑖 hereafter to avoid notation abuse.

To explicitly measure the trajectory-wise similarity, we propose

to compare the input trajectory distribution with a certain trainable
reference that functions as the “origin” in the trajectory embed-

ding space. Specifically, we introduce a reference distribution 𝑃0

with the embedding list V0 = [𝒗𝑡0𝑛 ∈ R
𝑑 ]𝑁

𝑛=1
, elements in which are

the trainable embeddings. Then our target is: to get the distance

between the distribution pair (𝑃0, 𝑃𝑖 ) to guide the learning of asso-

ciated trajectory representations (𝑬0, 𝑬𝑖 ) with a matched distance

measurement back in the embedding space.

4.2.1 Implementing the Optimal Transport Plan 𝑓 ∗. Notic-
ing that 𝑓 ∗ is crucial to determine the (shortest) distribution dis-

tance, thus, we formally introduce how we algorithmically im-

plement it. This lays the foundation to construct the proposed

trajectory representation encoder afterwards.

As explained in § 4.1, directly solving the high-dimensional opti-

mal transport is extremely difficult; thus, we would first conduct

the distribution slicing for one-dimensional Wasserstein distance

computing. Let 𝑔𝜽 (𝒙) denote the linear projection function. For

notation simplicity, we use 𝑃𝜽
𝑖
:= 𝑔𝜽#𝑃𝑖 to denote the slice of 𝑃𝑖 w.r.t.

𝑔𝜽 (i.e., 𝑃𝜽
𝑖
is the push-forwarded one-dimensional distribution in

R); similarly 𝑃𝜽
0
:= 𝑔𝜽 #

𝑃0. With proofs attached in Appendix A, we

firstly introduce the following proposition:

Proposition 1. 𝑓 ∗ from reference slice 𝑃𝜽
0
to the input distribution

slice 𝑃𝜽
𝑖
is formulated as:

𝑓 ∗ (𝑥𝜽 |V𝜽
𝑖 ) := 𝐹−1

𝑃𝜽
𝑖

(
𝐹
𝑃𝜽
0

(𝑥𝜽 )
)
, 𝑥𝜽 ∈ V𝜽

0
. (4)

To differentiate the high-dimensional input of Eqn. (3), 𝑥𝜽 de-

notes the projected input of Eqn. (4) that lives in R. For each sliced

empirical distribution 𝑃𝜽
𝑖
, the corresponding features are V𝜽

𝑖
=

4

∫
𝛿 (𝑥)𝑑𝑥 = 1 for continuous inputs.

[𝜽T𝒗
𝑡𝑖𝑛
]𝑁𝑖
𝑛=1

. Similarly, the sliced reference list is V𝜽
0

= [𝜽T𝒗
𝑡0𝑛
]𝑁
𝑛=1

.

Notice that their empirical CDFs, e.g., 𝐹
𝑃𝜽
0

(𝑥𝜽 ) = 1

𝑁

∑𝑁
𝑛=1 𝛿 (𝑥𝜽 −𝜽T ·

𝒗
𝑡0𝑛
) , is monotonically increasing. This implies that, if we know the

ranking of each input 𝑥𝜽 in the ascending sorting of V𝜽
0
, denoted by

𝜏 (𝑥𝜽 |V𝜽
0
) , and 𝑁 = 𝑁𝑖 , the optimal transport plan 𝑓 ∗ can be more

quantitatively interpreted as follows:

Proposition 2. If 𝑁 = 𝑁𝑖 , ∀𝑥𝜽 ∈ V𝜽
0
, the optimal plan in Eqn. (4)

functions as the mapping between V𝜽
0
and V𝜽

𝑖
:

𝑓 ∗ (𝑥𝜽 |V𝜽
𝑖 ) = argmin

𝑥 ′∈V𝜽
𝑖

(
𝜏 (𝑥 ′ |V𝜽

𝑖 ) = 𝜏 (𝑥𝜽 |V𝜽
0
)
)
. (5)

Notice that, indicator 𝜏 ( ·) can be actually pre-processed via

“argsort” to V𝜽
𝑖

and “sort” to V𝜽
0
. However, the major inade-

quacy is that Eqn. (5) requires |𝑁𝑖 | = 𝑁 , which may not always be

the case as the trajectory size varies in practice. To align the feature
list cardinalities (i.e., for the case of 𝑁𝑖 ≠ |𝑁 |) but not demolish their

original semantics, one neat yet effective solution is to conduct

linear interpolation, as it is essentially a process for data continuing.

Formally, we summarize our algorithmic implementation as:

For different cardinalities of feature lists V𝜽
𝑖

and V𝜽
0
, we imple-

ment 𝑓 ∗ (𝑥𝜽 |V𝜽
𝑖
) = 𝐹−1

𝑃𝜽
𝑖

(
𝐹
𝑃𝜽
0

(𝑥𝜽 )
)
between (V𝜽

𝑖
, V𝜽

0
) with the

following mapping process:

𝑓 ∗ (𝑥𝜽 |V𝜽
𝑖 ) = argmin

𝑥 ′∈V𝜽
𝑖

(
𝜏 (𝑥 ′ |V𝜽

𝑖 ) ≥
𝑁𝑖

𝑁
·𝜏 (𝑥𝜽 |V𝜽

0
)
)
. (6)

4.2.2 Inter-Trajectory Similarity Encoding. For each pair of

distribution slices, e.g., (𝑃𝜽
0
, 𝑃𝜽

𝑖
) , their optimal transport plan pro-

duces the shortest one-dimensional distance, i.e.,𝑊𝑝 (𝑃𝜽
0
, 𝑃𝜽

𝑖
) . Ac-

cording to the theory shown in Eqn. (2), the next step is to traverse

all 𝜽 ∈ S𝑑−1 for the ultimate integral between original distributions

(𝑃0, 𝑃𝑖 ). However, this may be infeasible in practice to draw an

infinite number of projections; therefore, in this work, with 𝜽𝑠 de-

noting the 𝑠-th projection parameter uniformly sampled from S𝑑−1,

we approach this target with the Monte-Carlo approximation. Con-

sequently, this leads to a cumulative sliced-Wasserstein distance

for the original trajectory distributions:

𝑆𝑊𝑝 (𝑃0, 𝑃𝑖 ) ≈
(
1

𝑆

∑𝑆

𝑠=1
𝑊𝑝 (𝑃𝜽𝑠

0
, 𝑃

𝜽𝑠

𝑖
)𝑝
) 1

𝑝
. (7)

Based on the algorithmic implementation shown in Eqn. (6) with

the associated distance regularization, we proceed to encode the
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trajectory representation accordingly. Let Θ = {𝜽𝑠 }𝑆𝑠=1 denote the
set of sampled projection parameters. Firstly, we encode the vector

𝑶 ∈ R𝑁 ·𝑆 from the embedding reference V0 = [𝒗𝑡0𝑛 ]
𝑁
𝑛=1

of 𝑃0 as:

𝑶 :=
1

𝑆𝑁




𝑆
𝑠=1




𝑁
𝑛=1

𝜽𝑠
T𝒗𝑡0𝑛 . (8)

∥ denotes the concatenation operation along the innermost di-

mension. Given the input feature list V𝑖 , our Inter-Trajectory
Similarity Encoder (Inter-SE) is formally defined as follows:

Inter-SE(V𝑖 |Θ) :=
1

𝑆𝑁




𝑆
𝑠=1




𝑁
𝑛=1

𝑓 ∗ (𝜽T𝑠 𝒗𝑡0𝑛 |V
𝜽𝑠

𝑖
) − 𝑶, (9)

Let 𝑬𝑖 ∈ R𝑁 ·𝑆 denote the encoded representation. we have the

following theorem with proof in Appendix A.

Theorem 1 (𝐿𝑝 Norm Distance Approximation). For any
two input trajectories with corresponding distributions 𝑃𝑖 and 𝑃 𝑗 ,
their encoded representations 𝑬𝑖 and 𝑬 𝑗 hold that: (1) ∥𝑬𝑖 − 𝑬 𝑗 ∥𝑝 ≈
𝑆𝑊𝑝 (𝑃𝑖 , 𝑃 𝑗 ) and (2) ∥𝑬𝑖 ∥𝑝 ≈ 𝑆𝑊𝑝 (𝑃𝑖 , 𝑃0) .

By setting 𝑝 = 2, ∥𝑬𝑖 −𝑬 𝑗 ∥2 is exactly the Euclidean distance form

that is more favorable to scenarios for recalling vectorized objects.

4.3 Intra-Trajectory Semantic Correlation

Due to the discreteness of empirical distributions, solely encoding

the inter-trajectory similarity is coarse-grained, as it essentially

captures the appearance disparity of trajectory features. However,

the trajectory elements are further semantically correlated. To fuse

such knowledge and enrich trajectory representations, we propose

to learn the fine-grained trajectory-element semantic correlation.

We leverage PR-Graph to have the graph-based trajectories and

then employ the graph convolutional paradigm, mainly because

of its powerful ability to learn high-order graph information [69].

However, vanilla designs [19, 31, 65] usually aim to encapsulate

graph information into condensed outputs, which may lead to lim-

ited expressivity to measure the correlation level. To tackle this

issue, we notice that if nodes are more correlated via the edges in

PR-Graph, their local neighborhood structures tend to be more iso-

morphic. Based on this intuition, we introduce our Intra-Trajectory
Correlation Encoding as follows.

4.3.1 Intra-Trajectory Correlation Encoding. For each node

in trajectory G𝑖 , its neighbor node features can be collected as N𝑖

= [𝒗
𝑡𝑖𝛼
]
𝑡𝑖𝛼 ∈𝑁𝑔ℎ (T𝑖 ) , where 𝑁𝑔ℎ (T𝑖 ) returns all neighbors of T𝑖 ’s el-

ements in PR-Graph. As shown in Figure 3(A), highly-correlated

nodes should have the similar neighborhood. To explicitly embed

such information, a naive solution will be to find the optimal trans-

port map directly for N𝑖 , providing the correlation measurement

w.r.t. neighbor node distributions. However, the major concern is

that the size of N𝑖 exponentially increases in the higher-order graph

structure, leading to an intractable computational process.

To circumvent this issue, we develop approximation of high-

order neighborhood features in layer-wise PR-Graph knowledge

propagation. For each node 𝑡𝑖𝑛 of T𝑖 = [𝑡𝑖𝑛 ]
𝑁𝑖
𝑛=1

, we first summarize

its neighborhood feature embedding at the 𝑙-th iteration (𝑙 > 0):

𝒗 (𝑙)
𝑁𝑔ℎ (𝑡𝑖𝑛)

=
∑

𝑡 ∈𝑁𝑔ℎ (𝑡𝑖𝑛)

𝑤
(𝑙−1)
𝑡,𝑡𝑖𝑛√��𝑁𝑔ℎ(𝑡 )

�� + 1√��𝑁𝑔ℎ(𝑡𝑖𝑛)
�� + 1𝒗 (𝑙−1)𝑡𝑖𝑛

.

(10)

Overlapped
Neighbors

Subgragh Patterns

Shopping Trajectories on PR-Graph(A) (B)

Figure 3: (A) Illustration of correlated neighborhood.

(B) Probability curves of sampling strategies, where (1)

sampling size = 32, (2) 𝜌 = 0.5 for GDS, and (3) 𝜆 = 10 for PGDS.

𝑤
(𝑙−1)
𝑡,𝑡𝑖𝑛

∈ R and 𝒗 (0)
𝑡𝑖𝑛

is initialized by 𝒗𝑡𝑖𝑛 in V𝑖 . We then re-define N𝑖

as the layer-wise neighborhood feature list as follows:

N (𝑙)
𝑖

=

[
𝒗 (𝑙)
𝑁𝑔ℎ (𝑡𝑖𝑛)

]
𝑡𝑖𝑛 ∈T𝑖

. (11)

Based on these propagated neighborhood features, we have our

Intra-Trajectory Correlation Encoder (Intra-CE) as:

Intra-CE(V𝑖 |Θ) :=
∑𝐿

𝑙=1
𝛼𝑙

(
1

𝑆𝑁




𝑆
𝑠=1




𝑁
𝑛=1

𝑓 ∗ (𝜽T𝑠 𝒗𝑡0𝑛 |N
(𝑙)
𝑖
) − 𝑶

)
.

(12)

𝛼𝑙 is the 𝑙-th coefficient and, for brevity, we set it as 𝛼𝑙 = 1/𝐿. No-
tice that node embeddings are usually updated with neighborhood

information iteratively, i.e., 𝒗 (𝑙 )
𝑡𝑖𝑛

=AGG(𝒗 (𝑙 )
𝑁𝑔ℎ (𝑡𝑖𝑛 )

, 𝒗 (𝑙−1)
𝑡𝑖𝑛
) . AGG(·) ab-

stracts different aggregators [19, 31, 65, 69] and we directly follow

classic GCN [31]. With 𝑬𝑖 and 𝑬
′
𝑖
denoting outputs from Inter-SE

and Intra-CE, we complete the trajectory representation as: 𝑬★
𝑖
=

[𝑬
𝑖
, 𝑬
′
𝑖
] ∈ R2𝑁𝑆

. As shown in § 5.3, both modules make pragmatic

contributions to model performance over all evaluation tasks.

4.4 C-STAR Pre-training Strategy

4.4.1 Pre-training Objectives. Pre-training is an effective strat-

egy to enhance model performance [41, 55]. We design following

pre-training objectives by capturing two data properties:

• Inter-trajectory Element Overlaps.Given two trajectories, themore

overlapping trajectory elements they share, the more similar they

tend to be with common historical preferences. Therefore, for

each trajectory, e.g., T𝑖 , we explicitly rank its similar counterparts

based on the number of overlapping elements and use it as the

supervision signal. Specifically, let Ω𝑖 denote such ranking list

associated with T𝑖 ; we retrieve the trajectory pair (T𝑗 , T𝑘 ) ∈ Ω𝑖

such that T𝑖 shares more overlapping elements with T𝑗 than T𝑘 ,
i.e., |T𝑖 ∩ T𝑗 | > |T𝑖 ∩ T𝑘 |. The loss term is defined as follows:

L1 =

𝑀∑
𝑖=1

𝐻∑
(G𝑗 ,G𝑘 ) ∈Ω𝑖

max

(
0, ∥𝑬★𝑖 − 𝑬

★
𝑗 ∥2 − ∥𝑬

★
𝑖 − 𝑬

★
𝑘
∥2 +𝑚𝑎𝑟𝑔𝑖𝑛

)
,

(13)

where 𝑬★
𝑗
, 𝑬★

𝑘
are the encoded trajectory embeddings of T𝑗 , T𝑘 .

• Intra-trajectory Contextual Relations. Another aspect to improve

the trajectory embedding quality is to capture the trajectory-

element relationship. We randomly pick the positive nodes, i.e.,

appeared elements in the given trajectory, and then maximize the

matching scores between trajectory embedding and the chosen

element embeddings. This aims to ensure that these matching

scores surpass the scores computed from other negative nodes
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that not appear in the trajectory. Our second loss term is:

L2 =

𝑀∑
𝑖=1

𝐻∑
𝑡+∈T𝑖 ,𝑡−∉T𝑖

max

(
0, 𝑬★𝑖 · 𝒗𝑡+ − 𝑬

★
𝑖 · 𝒗𝑡− +𝑚𝑎𝑟𝑔𝑖𝑛

)
, (14)

where 𝒗𝑡+ , 𝒗𝑡− denotes the embeddings of nodes 𝑡+ and 𝑡− that

are relevant and irrelevant to T𝑖 , respectively.

Our complete pre-training objective function is formally defined:

L = L1 + 𝜇L2 + 𝜇 ′∥Δ∥22 . (15)

𝜇, 𝜇′ are hyper-parameters and ∥Δ∥2
2
L2-regularizes all trainable

embeddings and variables to avoid over-fitting.

4.4.2 Sampling Strategy for Efficiency. AlthoughC-STAR takes

variable-size trajectory inputs for representation encoding, it is

however more efficient and common to use fixed-size tensors, i.e.,

batches of trajectory feature lists, for pre-training. As the basic

requirement is: sampled trajectories should be representative and

informative, in this paper, we implement the importance-indicator
by using frequency to rank all observed trajectory elements. Then,

for an element 𝑡 ∈ T, based on 𝑡 ′𝑠 global frequency rank, its local

rank 𝑟𝑡 in its belonging trajectory can be subsequently obtained.

Let 𝑃𝑟 (𝑡 ) denote the derived sampling probability, we provide the

following sampling strategies with illustrative curves in Figure 3(B):

(1) Uniform Sampling (US). The most commonmanner is to conduct

uniform sampling without any probability bias.

(2) Inversely Proportional Sampling (IPS). This is based on the as-

sumption that frequently-appeared elements should be assigned

with higher probability. We implement it via an inversely pro-

portional function with normalization:

𝑃𝑟 (𝑡) =
exp(𝑟−1𝑡 )∑

𝑡 ′∈T exp(𝑟−1𝑡 ′ )
. (16)

(3) Geometric Distributed Sampling (GDS).Given a hyper-parameter

𝜌 , the probability can be assigned with:

𝑃𝑟 (𝑡) = exp(𝜌 (1 − 𝜌)𝑟𝑡 )∑
𝑡 ′∈T exp(𝜌 (1 − 𝜌)𝑟𝑡′ )

and 𝜌 ∈ (0, 1). (17)

(4) Parametrized Geometric Distributed Sampling (PGDS). A further

modification is to control the curve sharpness:

𝑃𝑟 (𝑡) = exp(𝑒−𝑟𝑡 /𝜆)∑
𝑡 ′∈T exp(𝑒−𝑟𝑡′/𝜆)

and 𝜆 ∈ R+ . (18)

With the balanced performance over evaluation tasks shown in

§ 5.5, we finally adopt the geometric distributed sampling strategy.

So far, we have explained all the technical parts of C-STAR. We

attach the algorithm pseudo-codes in Algorithm 1.

4.5 Complexity Analysis

We provide complexity analysis in Table 2. (1) 𝑀 and 𝑁𝑖 are the

trajectory number and the trajectory length after the sampling for

tensorization. 𝐵 and 𝐸 are the batch size and epoch number. In

each epoch, it takes 𝑂 (𝑁𝑖 log𝑁𝑖 ) to implement 𝑓 ∗ for each sliced

distribution pair. Thus our Inter-SE takes 𝑂 ( 𝑆𝐸𝑀𝑁𝑖 log𝑁𝑖
𝐵

) . (2) The
graph normalization for weighting in Eqn. (10) can be pre-processed

within 𝑂 (2 |E |) , where |E | is the edge number of PR-Graph. (3)

For the graph convolutions to extract PR-Graph knowledge into

Eqn. (11), it takes𝑂 ( 2𝐿𝐸 |E |
2

𝐵
) complexity in total. (4) Based on aggre-

gated embeddings, our Intra-CEmodule thus takes𝑂 ( 𝑆𝐿𝐸𝑀𝑁𝑖 log𝑁𝑖
𝐵

)

Algorithm 1: C-STAR Learning Algorithm.

Input: Trajectories {G𝑖 }𝑀𝑖=1 with corresponding feature lists {V𝑖 }𝑀𝑖=1 ;
variables Θ, Δ, 𝑆 , 𝑁 , 𝜇, 𝜇′ 𝐿, 𝜌 , · · ·

1 while not converge do

2 for each trajectory G𝑖 ∈ {G𝑖 }𝑀𝑖=1 . do
3 G𝑖 ← Sampled trajectory of G𝑖 ;
4 V𝑖 ← Updated feature list associated with G𝑖 ;
5 𝑬𝑖 ← Inter-SE(V𝑖 |Θ) for 𝑙 ∈ {1, 2, · · · , 𝐿} do
6 {N (𝑙 )

𝑖
} ← 𝑙-th neighborhood feature list

7 𝑬
′
𝑖 ← Encode with Intra-CE(V𝑖 |Θ) and {N (𝑙 )𝑖

}𝐿
𝑙=1

8 𝑬★
𝑖 ← [𝑬𝑖 , 𝑬

′
𝑖 ] ;

9 (T𝑗 , T𝑘 )← Retrieve trajectories from Ω𝑖 ;

10 𝑬★
𝑗 , 𝑬

★
𝑘
← Trajectory representations of T𝑗 and T𝑘 ;

11 𝑡+ , 𝑡− ← Retrieve relevant and irrelevant nodes;

12 𝒗𝑡+ , 𝒗𝑡− ← Get embeddings for 𝑡+ , 𝑡− ;
13 L1 , L2 ← compute the loss terms;

14 L ← Optimize C-STAR with regularization;

15 return Pre-trained model C-STAR.

Table 2: Training time complexity.

Inter-SE Graph Norm. Graph Conv. Intra-CE Pre-training

𝑂 ( 𝑆𝐸𝑀𝑁𝑖 log𝑁𝑖

𝐵
) 𝑂 (2 |E |) 𝑂 ( 2𝐿𝐸 |E |

2

𝐵
) 𝑂 ( 𝑆𝐿𝐸𝑀𝑁𝑖 log𝑁𝑖

𝐵
) 𝑂 (4𝐸𝑀𝐻 )

complexity. (5) Lastly, the loss computation is 𝑂 (4𝐸𝑀𝐻 ) where 𝐻
is a small constant in Eqn’s. (13) and (14) that 𝐻 ≪ 𝐸 and 𝑀 .

5 EXPERIMENTAL EVALUATION

In this section, we discuss our empirical model evaluation on large-

scale industrial data with the following research questions. Due to

the page limit, we report the experimental results of four public

benchmarks in Appendix.

• RQ1: How does our proposed C-STAR perform in both online

and offline evaluation?

• RQ2: How does different proposed modules contribute to C-

STAR performance?

• RQ3: Can we provide empirical studies to broaden the under-

standing of C-STAR?

• RQ4: How do different settings influence themodel performance?

5.1 A/B Testing Results (RQ1.A)

We have conducted an A/B testing with randomized live customer

sessions, in both desktop and mobile platforms. For the control

group, we show recommendations from previously deployed sys-

tem; while for the treatment group, we show product recommenda-

tions based on C-STAR. The experiments had been running for two

weeks, where we observed positive results with +1.24% improve-

ment in product sales, +1.03% improvement in profit gain, and all

the results are statistical significance with p-value ≤ 0.05.

5.2 Offline Evaluation (RQ1.B)

5.2.1 Downstream Tasks. We first introduce three important

customer-centric tasks for our E-commerce platform.

• Task 1: Customer Segmentation. The fundamental property re-

quired by customer segmentation is customer-wise similarity

measurement. Given query customers, themodel seeks to retrieve

their most similar customers, based on their learned trajectory

embeddings.
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Table 3: The statistics of three datasets.

Task 1 Task 2 Task 3

# Pre-training trajectories 100,000

# Avg. trajectory length 27.52

# PR-Graph nodes 14,695

# PR-Graph edges 416,610

# PR-Graph density 0.0386

# Fine-tuning trajectories 30,000 30,000 30,000

# Avg. trajectory length 28.45 26.96 27.47

# Evaluation trajectories 1,000,000 5,000,000 5,000,000

#Avg. trajectory length 29.22 26.52 27.52

• Task 2: Shopping Trajectory Completion. Assuming customers’

shopping journeys have not yet finished, this task aims to com-

plete customers’ trajectories by recommending relevant yet un-

explored elements.

• Task 3: Shopping Intent Identification. Predicting customers’ shop-

ping intentions gives rise to several scenarios such as comple-
mentary recommendation. For example, “ankle braces” are the

complements of “basketball shoes”, as they share the same intent,

i.e., “playing basketball”. This task is formulated as matching to

labels that are the list of pre-defined shopping intents.

5.2.2 Datasets. We use customer engagements for the period of

28 days whereby the data are fully anonymized. To prevent data

leakage risk, we process them separately for different tasks with

their statistics reported in Table 3. For three downstream tasks,

we collect the datasets for fine-tuning and evaluation as follows.

For Task 1 of Customer Segmentation, about 1M data are collected

following rule-based semantic similarity. Specifically, for each given

customer trajectory, its similar trajectories are ranked by their

common associated shopping intents, which are independently

provided by our internal labeling mechanism. We then use these

ranking lists for model fine-tuning and further evaluation. For Task

2 of Shopping Trajectory Completion, we collect around 5M new

shopping trajectories and randomly hide 20% percent of trajectory

elements. For Task 3 of Shopping Intent Identification, different

from the 100K pre-training trajectories that are collected from the

click data, we merge 5M additional trajectories from the purchase
data. This is based on the intuition that, customers normally need

to gather enough information before making a desirable deal. We

then match the learned trajectory embeddings with the labeled

intents for identification.

5.2.3 Metrics. For Task 1, we treat it as the Top-K ranking task

towards candidates of similar/relevant customers. We directly use

Eqn.(13) for fine-tuning via replacing Ω𝑖 by the ground-truth rank-

ing list. For Tasks 2 and 3, similarly, we replace the matching scores

in Eqn. (14), i.e., 𝑬★
𝑖
· 𝒗𝑡+ , by the scores between encoded trajectory

embedding and unexplored product categories or shopping intents.

Thus, we adopt Recall@K and NDCG@K as the evaluation metrics

for Task 2. For Task 3, we use hit ratio (denoted as HitR) and AUC

to evaluate the model classification capability.

5.2.4 Baselines. We include (1) shallow neural models (TPooling

and MLP); (2) conventional GCN models (GCN
+
[31], GAT

+
[65],

GraphSage
+
[19]); (3) language-based models (LSTM [28], Trans-

former [64], Graph Transformer [14]); (4) neural recommender mod-

els (DIN [79], DIEN [78], SURGE [4]) and (5) deep learning models

(DeepSets [74], Set Transformer [38], PSWE [46]). We abbreviate

model names for brevity, e.g., GS
+
for GraphSage

+
. Detailed model

descriptions are introduced in Appendix B.1.

We exclude early collaborative-filtering-based methods [25, 36,

51] and recent GCN-based recommender models[24, 67]. The rea-

son is that these methods are transductive only for observed cus-

tomers. Note that for the large-scale setting at E-commerce plat-

forms, we therefore require a method with a good capability of

conducting inductive inference.

5.2.5 Runtime Environment Settings. All codes are based on

Python 3.8 and PyTorch 1.14.0. The experiments are run on a Linux

machine with 4 NVIDIA 3090 GPUs. For all the baselines, we follow

the officially reported hyper-parameter settings or apply a grid

search in case lack recommended settings. The embedding dimen-

sion is searched in {32, 64, 128, 256}. The learning rate is tunedwithin

{10
−4, 10−3, 10−2}. Coefficients 𝜇 and 𝜇 ′ are tuned among {0.1, 0.5, 1}

and {10−5, 10−4, 10−3}, respectively. We initialize and optimize all

models with default normal initializer and Adam optimizer [30].

5.2.6 Overall Performance. We report the average results based

on a five-fold evaluation in Table 4, where the bold and the under-

lined represent the best- and second-best performing cases. We

color cells when Wilcoxon signed-rank tests indicate the improve-

ments are statistically significant with at least 95% confidence level.

• Task 1: Customer Segmentation. As reported in Table 4, (1) assem-

bling with TPooling or MLP, graph-based implementations (i.e.,

GCN
+
, GAT

+
, and GraphSage

+
) perform better than these two

vanilla baselines, indicating that graph convolutional operations

can effectively extract knowledge from PR-Graph to boost model

performance. (2) Language models and neural recommender

models generally underperform state-of-the-art deep learning

models (i.e., DeepSets, Set Transformer, and PSWE) for the cus-

tomer segmentation task. One explanation is that these deep

methods organize the trajectory into a set structure, which can

well capture their collective information and thus improve their

trajectory-wise similarity measurement. (3) Our C-STAR con-

sistently outperforms the second-best model by 4.74%∼8.14%
and 2.53%∼7.88% w.r.t. Recall@K and NDCG@K. Moreover, the

Wilcoxon significance tests indicate these improvements are all

statistically significant with over 95% confidence level.

• Task 2: Shopping Trajectory Completion. From Table 4, we observe:

(1) different from the under-performing situation in Task 1, lan-

guage models generally work better in Task 2, compared to some

recent deep learning models. The main reason is that, they can

well capture the semantic relations between a “trajectory” and

its “elements”, similar to the case between a “sentence” and its

“words”. (2) Specialized recommendermodels present the best per-

formance among all baselines; meanwhile, our proposed model

C-STAR further achieves at least 0.62% and 0.85% of statistically

significant improvements over Recall and NDCG metrics.

• Task 3: Shopping Intent Identification. For this task, we pre-train
the model with browse data and use purchase data for fine-tuning
and evaluation. Our C-STAR model presents competitive perfor-

mance with positive improvement over two metrics. The fact that

these two parts of data are independently collected from different

data sources, basically substantiates our intuition in which cus-

tomer shopping intentions are correlated during browsing and
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Table 4: Evaluation results of three downstream tasks.

Task 1 Task 2 Task 3

Top-5 (%) Top-20 (%) Top-50 (%) Top-100 (%) Top-5 (%) Top-20 (%) Top-50 (%) Top-100 (%) (%)

Metric Recall NDCG Recall NDCG Recall NDCG Recall NDCG Recall NDCG Recall NDCG Recall NDCG Recall NDCG HitR AUC

TPooling 0.74 0.93 2.82 1.67 6.10 2.56 10.74 3.29 5.97 7.31 13.71 9.62 22.43 12.36 31.37 14.70 40.26 82.85

MLP 0.65 0.78 2.57 1.45 5.56 2.27 9.42 3.02 5.84 7.11 13.56 9.37 22.28 12.14 30.96 14.44 40.62 82.90

GCN
+

2.21 4.49 7.48 6.38 12.36 7.83 15.29 9.29 6.74 8.35 15.25 10.79 25.27 13.59 35.69 15.98 43.39 83.81

GAT
+

2.44 4.72 7.57 6.71 12.91 8.31 16.22 9.78 6.99 8.40 16.97 11.10 26.16 14.23 36.21 16.76 43.84 83.96

GS
+

2.30 4.56 7.51 6.52 12.68 7.96 15.75 9.74 6.73 8.48 16.48 11.20 26.11 14.22 36.16 16.74 42.81 83.43

LSTM 2.87 4.95 7.53 6.98 13.21 9.67 18.28 11.53 6.85 8.99 17.24 11.78 27.74 15.06 37.79 17.81 40.28 83.43

TSFM 3.08 6.51 7.72 7.52 13.50 9.98 20.25 12.49 7.26 9.11 17.47 11.85 27.66 14.98 37.97 18.15 39.66 82.77

G-TSFM 3.10 6.39 7.89 7.64 13.56 10.04 20.19 12.53 6.81 8.69 16.53 11.18 26.52 14.28 36.84 17.11 43.78 84.29

DIN 2.92 6.62 7.93 7.90 13.67 10.31 20.62 12.68 7.52 9.13 19.05 12.77 28.84 15.83 38.08 18.21 43.45 83.52

DIEN 2.85 6.31 7.87 7.82 13.84 10.40 20.76 12.85 7.88 9.21 19.18 12.95 29.04 16.24 38.73 18.60 43.36 83.41

SURGE 2.96 6.57 8.13 7.77 13.96 10.43 20.74 12.96 7.93 9.23 19.29 13.08 29.13 16.31 38.67 18.72 44.47 83.76

DeepSets 3.13 6.62 7.83 7.59 13.95 10.27 20.67 12.74 6.29 7.60 15.01 10.21 24.96 13.32 35.12 15.97 35.13 82.24

S-TSFM 2.98 6.54 7.84 7.63 14.11 10.34 20.81 12.96 6.42 7.84 14.39 10.20 23.92 12.86 33.17 15.33 38.86 83.28

PSWE 3.18 6.85 8.35 8.13 14.59 10.83 21.73 13.44 7.87 9.27 17.87 12.26 28.09 15.23 38.05 18.13 44.25 84.17

C-STAR 3.41 7.39 9.03 8.42 15.63 11.20 22.76 13.78 8.28 9.64 19.78 13.67 29.61 16.79 38.97 18.88 45.28 84.32

Gain 7.23% 7.88% 8.14% 3.57% 7.13% 3.42% 4.74% 2.53% 4.41% 3.99% 2.54% 4.51% 1.65% 2.94% 0.62% 0.85% 1.82% 0.04%

Table 5: Results of ablation study.

Task 1 Task 2 Task 3

Recall NDCG Recall NDCG HitR AUC

w/o PT 14.94(-34.4%) 9.56(-30.6%) 28.45(-27.0%) 13.34(-29.3%) 38.43(-15.1%) 79.30(-6.0%)

w/o KE 21.21( -6.8%) 12.73(-7.6%) 33.14(-15.0%) 16.24(-14.0%) 43.58(-3.8%) 83.84(-0.6%)

w/o Inter-SE 17.53(-23.0%) 10.45(-24.2%) 33.85(-13.1%) 16.45(-12.9%) 42.94(-5.2%) 83.20(-1.3%)

w/o Intra-CE 20.42(-10.3%) 12.04(-12.6%) 35.63(-8.6%) 17.23(-8.7%) 43.69(-3.5%) 83.76(-0.7%)

Best 22.76 13.78 38.97 18.88 45.28 84.32

purchasing; more importantly, this provides the functionality of

knowledge transfer from rich click data to the other, as purchase

data is usually sparse and hard to directly mine knowledge from.

5.3 Ablation Study (RQ2)

We systematically study the effectiveness of each proposed module:

(1) Trajectory Representation Learning with Pre-training. Let the
variant w/o PT skips the pre-training stage and starts from ini-

tializing trainable embeddings with normal initializer. As shown

in Table 5, w/o PT exhibits a conspicuous performance decay

across three tasks. This demonstrates the effect of our designs to

improve the embedding quality by explicitly capturing the tra-

jectory overlapping elements and trajectory-element relations

as the supervision signals within the pre-training data.

(2) PR-Graph Necessity for Knowledge Extraction. Variant w/o KE

omits the graph convolutions in PR-Graph by removing 𝑬
′
𝑖
in

𝑬★
𝑖
= [𝑬

𝑖
, 𝑬
′
𝑖
] and expanding the dimensionality of 𝑬

𝑖
to 2𝑁𝑆

for fair comparison. As shown in Table 5, the performance

decay of w/o KE not only indicates the informativeness of PR-

Graph in organizing multiple product-to-product relations at

the category-level, but also the usefulness of graph convolutions

for knowledge extraction.

(3) Impact of Inter-SEModule. Variant w/o Inter-SE replaces the
algorithmic implementation of Eqn. (9) by a two-layer of MLP

to encode trajectory representations. The performance gaps

of three tasks between w/o Inter-SE and C-STAR prove the

effectiveness of our proposed solution, in which we convert the

measurement of trajectory-wise similarity to the distribution
distance with the Optimal Transport methodology.

(4) Impact of Intra-CE Module. We directly disable the Intra-CE
module in Eqn. (12) and average the aggregated neighborhood

Candidate customers

Candidate custom
ers

���������������

Candidate customers

Candidate custom
ers

���������������
(1) make laundry easier;
(2) make brunch;
(3) remove the nut;
(4) replace the PCV valve;
(5) remove nails;
(6) wear to bowling alleys;
(7) rope lights;
(8) use as subwoofer kits;
(9) prevent cavities;
(10) function as jewelry pliers.

 

Embedding visualization Shopping intents

Figure 4: Illustration of case studies (best view in color).

Table 6: Trajectories with the same elements highlighted.

Customer ID Shopping Trajectory (with anonymized index)

Query Customer 10041, 10048, 9706, 9881, 9965, 10133, 6487

Customer 1 6600, 9706, 9965, 10133, 9887, 13402

Customer 2 3443, 5259, 9965, 10635, 2365, 7609

embeddings in Eqn. (11) for 𝑬
′
𝑖
in 𝑬★

𝑖
= [𝑬

𝑖
, 𝑬
′
𝑖
]. The notable per-

formance degradation validates our early assumption that the

conventional graph convolutions do not have a certain mecha-

nism to maintain both the similarity measurement and semantic

enrichment, which may lead to the disruption of learning bal-

anced representations, especially for Tasks 1 and 2.

5.4 Case Study (RQ3)

(1) Embedding Distance for Similarity Measurement. C-STAR uses

the Euclidean distance for ranking similar customers. To visual-

ize this process, we randomly select 10 trajectories and present

their mutual distances from their fine-tuned embeddings. As

shown in the left-most heatmap of Figure 4, with lighter-colored

cells representing smaller distances after fine-tuning, the green

block indicates these customers are likely similar in real-world

space. In addition, given a query customer, we retrieve his/her

two most similar customers (ranked by their distances) in Ta-

ble 6. We observe that, similarity measurement using Euclidean

distances with fine-tuned embeddings presents reasonable align-

ment in terms of overlapping trajectory structures, providing

the explainability for our pre-training design.

(2) Embedding Visualization with Shopping Intents.We randomly

pick 10 intents and use them to retrieve 10,000 customer tra-

jectories that predict these 10 intents as their respective major
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Table 7: Results of different module designs.

Task 1 Task 2 Task 3

Type Recall NDCG Recall NDCG AUC HitR

US 22.68 13.73 38.43 18.35 44.95 83.95

IPS 22.57 13.64 38.14 17.95 45.40 84.12

GDS 22.76 13.78 38.97 18.88 45.28 84.32

PGDS 22.95 13.83 38.59 18.35 45.12 84.19

Non-attention-based

22.76 13.78 38.97 18.88 45.28 84.32

Average pre-training time cost/Epoch: 233 s

Attention-based

23.13 13.94 39.69 19.20 45.22 84.28

Average pre-training time cost/Epoch: 815 s

intents (i.e., with the highest prediction score from Task 3). We

project the learned embeddings into a 2D-space with t-SNE [63].

Each projected vector is discriminatively colored with his/her

major shopping intent. As shown in the right-hand-side two

figures of Figure 4, these clustered trajectories generally indi-

cate the same major intents, demonstrating that the trajectory

embeddings are indeed effective for intent identification, as they

are geometrically close in the embedding space.

5.5 Analysis on Model Settings (RQ4)

Sampling Strategy for Effective Training. We report the Top-

100 results of all sampling strategies in Table 7. As we can observe,

although these strategies produce different final performances over

different tasks, the geometric distributed sampling strategy gener-

ally presents a balanced performance across all tasks.

Selection ofGraphConvolutionParadigm.Weexperimentwith

attention-based graph convolutions [65] on PR-Graph. The results

are generally better than the non-attention-based version; however,

we notice both the computation time cost and memory footprint

of attention-based version are much larger, e.g., nearly four times

slower in pre-training. Therefore, in C-STAR, we employ the non-

attention-based implementation. We leave the several advanced

efficiency optimizations [8, 20, 47–49, 72, 76] for future exploration.

Settings of 𝑁 and 𝑆 . As demonstrated in Figure 5 for Task 1,

Recall of altering S
NDCG of altering S

Recall of altering N
NDCG of altering N

(N,S):
(N,S)�

Figure 5: Altering (N, S).

compared to 𝑁 , al-

tering 𝑆 is more

influential to the

performance, as in-

creasing 𝑆 produces

a more accurate

cumulative approx-

imation. However,

this also increases

the computational

cost. Thus, (32, 64)
for (𝑁, 𝑆) setting is the balanced spot with positive momentum that

presents a practical trade-off between the model performance and

resource consumption.

6 CONCLUSION AND FUTUREWORK

We present C-STAR, a novel framework for learning informative

representations of customer shopping trajectories. The proposed

methodology jointly models two critical aspects: inter-trajectory

distribution similarity and intra-trajectory semantic correlation.

This coarse-to-fine learning paradigm enriches trajectory represen-

tations by leveraging both global feature distribution knowledge

and local product relationships within individual trajectories. Fur-

thermore, we specifically design two pre-training objectives to

enhance the quality of the learned embeddings. The empirical re-

sults on both industrial and public datasets not only illustrate the

usefulness of learned embeddings over multiple customer-centric

tasks, but also justify the effectiveness of all proposed modules.

As for future work, we plan to investigate two major directions.

Firstly, we aim to enhance our model by incorporating multimodal
information [39, 43, 60] to enrich the object features, where the

difficulty is to propose effective knowlegde fusion methodology.

Secondly, considering that trajectory data undergoes continuous

evolution, it is worth exploring streaming methods through Contin-
ual Learning [21, 75] instead of re-training themodel. This approach

enables us to efficiently capture emerging patterns while retain-

ing the knowledge acquired by the initial model, which proves

particularly efficacious in large-scale settings.
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A THEORETICAL PROOFS

Proposition 1. 𝑓 ∗ from reference slice 𝑃𝜽
0
to the input distribution

slice 𝑃𝜽
𝑖
is formulated as:

𝑓 ∗ (𝑥𝜽 |V𝜽
𝑖 ) := 𝐹−1

𝑃𝜽
𝑖

(
𝐹
𝑃𝜽
0

(𝑥𝜽 )
)
, 𝑥𝜽 ∈ V𝜽

0
. (1)

Proof. The transport cost, i.e., its derived distance, as one can-

didate transport map for Eqn. (1), can be computed as:

Distance =

( ∫
R
∥𝑥𝜃 − 𝑓 ∗ (𝑥𝜽 |V𝜽

𝑖 )∥
𝑝𝑑𝑃𝜽

0
(𝑥𝜽 )

) 1

𝑝

=

( ∫
R
∥𝑥𝜽 − 𝐹−1

𝑃𝜽
𝑖

(
𝐹
𝑃𝜽
0

(𝑥𝜽 )
)
∥𝑝𝑑𝑃𝜽

0
(𝑥𝜽 )

) 1

𝑝

=

( ∫ 1

0

∥𝐹−1
𝑃𝜽
0

(𝑟 ) − 𝐹−1
𝑃𝜽
𝑖

(𝑟 )∥𝑝𝑑𝑟
) 1

𝑝
=𝑊𝑝 (𝑃𝜽0 , 𝑃

𝜽
𝑖 ).

(2)

This proves to be the optimal distance for these two slices. □

Proposition 2. If 𝑁 = 𝑁𝑖 , ∀𝑥𝜽 ∈ V𝜽
0
, the optimal plan in Eqn. (4)

functions as the mapping between V𝜽
0
and V𝜽

𝑖
:

𝑓 ∗ (𝑥𝜽 |V𝜽
𝑖 ) = argmin

𝑥 ′∈V𝜽
𝑖

(
𝜏 (𝑥 ′ |V𝜽

𝑖 ) = 𝜏 (𝑥𝜽 |V𝜽
0
)
)
. (3)

Proof. Based on their empirical distributions:

𝐹
𝑃𝜽
0

(𝑥𝜽 ) = 1

𝑁

∑𝑁

𝑛=1
𝛿 (𝑥𝜽 − 𝜽T · 𝒗𝑡0𝑛 )

𝐹
𝑃𝜽
𝑖
(𝑥𝜽 ) = 1

𝑁𝑖

∑𝑁𝑖

𝑛=1
𝛿 (𝑥𝜽 − 𝜽T · 𝒗𝑡𝑖𝑛 ),

(4)

It is straightforward to find that they are monotonically increasing.

If 𝑁 = 𝑁𝑖 , we can firstly modify the original form of the optimal

transport map 𝐹−1
𝑃𝜽
𝑖

(
𝐹
𝑃𝜽
0

(𝑥𝜽 )
)
to:

𝑓 ∗ (𝑥𝜽 |V𝜽
𝑖 ) = argmin

𝑥 ′∈V𝜽
𝑖

(
𝐹
𝑃𝜽
𝑖
(𝑥 ′) = 𝑟

)
where 𝑟 = 𝐹

𝑃𝜽
0

(𝑥𝜽 ).
(5)

Let 𝜏 (𝑥𝜽 |V𝜽
0
) denote the ranking of each input 𝑥𝜽 in the ascending

sorting of V𝜽
0
, and then we can quantitatively replace the term

𝐹
𝑃𝜽
𝑖
(·) and completes the proof.

𝑓 ∗ (𝑥𝜽 |V𝜽
𝑖 ) = argmin

𝑥 ′∈V𝜽
𝑖

(
𝜏 (𝑥 ′ |V𝜽

𝑖 ) = 𝜏 (𝑥𝜽 |V𝜽
0
)
)
if 𝑁 = 𝑁𝑖 .

(6)

□

Theorem 1 (𝐿𝑝 Norm Distance Approximation). For any
two input trajectories with corresponding distributions 𝑃𝑖 and 𝑃 𝑗 ,
their encoded representations 𝑬𝑖 and 𝑬 𝑗 hold that: (1) ∥𝑬𝑖 − 𝑬 𝑗 ∥𝑝 ≈
𝑆𝑊𝑝 (𝑃𝑖 , 𝑃 𝑗 ) and (2) ∥𝑬𝑖 ∥𝑝 ≈ 𝑆𝑊𝑝 (𝑃𝑖 , 𝑃0).

Proof. (1) For ∥𝑬𝑖 − 𝑬 𝑗 ∥𝑝 , we have:
∥𝑬𝑖 − 𝑬 𝑗 ∥𝑝

=






𝑆𝑠=1 (𝑬𝜽𝑠

𝑖
− 𝑬𝜽𝑠

𝑗
)




𝑝

=




∑𝑆

𝑠=1
(𝑬𝜽𝑠

𝑖
− 𝑬𝜽𝑠

𝑗
)𝑝




𝑝

=




 1
𝑆

∑𝑆

𝑠=1

1

𝑁

∑𝑁

𝑛=1

(
𝑓 ∗ (𝜽T𝑠 𝒗0𝑛 |V

𝜽𝑠

𝑖
) − 𝑓 ∗ (𝜽T𝑠 𝒗0𝑛 |V

𝜽𝑠

𝑗
)
)𝑝 




𝑝

(7)

where its continuous form is:

≈



 ∫
S𝑑−1

∫
R

(
𝐹−1
𝑃𝜽
𝑖

(
𝐹
𝑃𝜽
0

(𝑡)
)
− 𝐹−1

𝑃𝜽
𝑗

(
𝐹
𝑃𝜽
0

(𝑡)
) )𝑝

𝑑𝑃𝜽
0
(𝑡)𝑑𝜽





𝑝

=




 ∫
S𝑑−1

∫
1

0

(
𝐹−1
𝑃𝜽
𝑖

(𝑟 ) − 𝐹−1
𝑃𝜽
𝑗

(𝑟 )
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𝑑𝑟𝑑𝜽





𝑝

=




 ∫
S𝑑−1

𝑊𝑝 (𝑃𝜽𝑖 , 𝑃
𝜽
𝑗 )

𝑝𝑑𝜽




𝑝

= 𝑆𝑊𝑝 (𝑃𝑖 , 𝑃 𝑗 ) .

(8)

(2) For the reference 𝑃0, its encoded representation is:

𝑬0 : =
1

𝑆𝑁




𝑆
𝑠=1




𝑁
𝑛=1

(
𝑓 ∗ (𝜽T𝑠 𝒗0𝑛 |V

𝜽𝑠

0
)
)
− 𝑶

=
1

𝑆𝑁




𝑆
𝑠=1




𝑁
𝑛=1

(
𝜽T𝑠 𝒗

0

𝑛

)
− 𝑶 = 0.

(9)

Thus we have:

∥𝑬𝑖 ∥𝑝 = ∥𝑬𝑖 − 𝑬0∥𝑝 ≈ 𝑆𝑊𝑝 (𝑃𝑖 , 𝑃0), (10)

which completes the proof. □

B EXPERIMENTAL SETUPS

B.1 Baseline Descriptions

• TPooling is a straightforward implementation that aggregates

all element embeddings of each customer trajectory. The pool-

ing strategy could be mean, max, or min. We report the best

performance of these strategies and denote it as TPooling, if no

confusion is caused.

• MLP is a fundamental neural network that first concatenates

trajectory element embeddings as input and passes them through

one hidden layer and finally arrives at the output layer.

• GCN [31] is one of the classic graph convolutional networks.

We implement it on PR-Graph to gather information and fur-

ther aggregate trajectory-level embeddings via TPooling (i.e.,

GCN+TPooling) or MLP (i.e.,GCN+MLP). We use the notation

GCN
+
to denote the one with better metrics (e.g., on Recall@K

and NDCG@K in ranking tasks).

• GAT [65] is the representative graph-based model with the at-

tention mechanism. Similarly, we implement it for PR-Graph in-

formation propagation and summarize trajectory embeddings

with two variant models (i.e., GAT+TPooling and GAT+MLP).

Similarly, GAT
+
denotes the better variant.

• GraphSage [19] is the graph convolutional network with the in-

ductive learning setting. Similarly, we have two implementations

with TPooling and MLP, and GraphSage
+
is the better one.

• LSTM [28] is a competitive baseline that directly takes trajectory

data as sequential input to learn the holistic target representation.

• Transformer [64] is another strong baselinewith the self-attention

mechanism. In our implementation, we input each customer tra-

jectory as a language sentence to learn its embedding.

• Graph Transformer [14] is one of state-of-the-art Transformer-

based model that deploys on the graph data. We implement it on

PR-Graphand trajectory data to jointly learn the representations.

• DIN [79] is a classical recommender model that attentively learns

customer embeddings by aggregating the history interaction

within the trajectories.
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Figure 1: Recall@K and NDCG@K are respectively reported in the first and second row (best view in color).

Table 1: Public dataset statistics.

BCrossing Gowalla Pinterest AMZ-Book

#User trajectories 16,411 29,858 55,186 52,643

# Items 36,143 40,919 9,855 91,576

#Avg. trajectory length 35.711 49.272 26.516 56.686

• DIEN [78] is a representative recommender model that encodes

customer representations by a two-layer GRU for sequential

recommendation.

• SURGE [4] is a state-of-the-art recommender model that utilizes

GCN learning ability to capture item-item relations for next-item

sequential recommendation.

• DeepSets [74] is an exemplary deep learning model that is orig-

inally proposed to learn representations for “compound objects”
such as point clouds. In our experiments, it takes all trajectory

units as a set and learns the unified representation while main-

taining the intrinsic semantics of trajectory elements.

• Set Transformer [38] is a state-of-the-art model that integrates

self-attention mechanism [64] while lowering computation com-

plexity. We adapt it to encode the trajectory embeddings.

• PSWE [46] is the latest state-of-the-art method that subsumes

the learning process under the Wasserstein metric framework.

In this work, we reproduce it to learn the trajectory embeddings.

C SUPPLEMENTARY EXPERIMENTS

C.1 Evaluation on Public Benchmarks

Public Datasets. We collect four public datasets that are widely

evaluated for E-commerce recommendation [10, 17, 24, 67, 68, 81].

For these datasets, we synthesize their own “PR-Graph” by creating
edges if items are co-purchased by over 20 different customers. Dataset
statistics are reported in Table 1 with descriptions as follows.

• BCrossing
5
[81] is a public dataset of book ratings in Book-

Crossing Community. To guarantee the dataset quality, we filter

out readers and books with less than five interactions and then

merge each reader’s rated books into a unique trajectory.

• Gowalla
6
[67] is the check-in dataset [10] from Gowalla, where

users share their locations by check-in. We directly use the

dataset split by [67] where users and items are selected to have

at least then interactions. We integrate each customer’s check-in

locations into his/her trajectory.

5
https://www.kaggle.com/datasets/ruchi798/bookcrossing-dataset

6
https://github.com/gusye1234/LightGCN-PyTorch/tree/master/data/gowalla

• Pinterest
7
[17] is an implicit feedback dataset for image rec-

ommendation [17]. Each user is associated with his/her own

trajectory towards 9,855 different images.

• AMZ-Book
8
is the book review dataset between readers and

book trajectories, organized from the book collection of Amazon-

review [23]. We directly use the existing data split from [67],

where each reader and book have at least ten interactions.

EvaluationResults. For public datasets, we proceed to the tasks of

customer segmentation (CS) and shopping trajectory completion (TC)

for illustration. We select language models (Transfomer and Graph

Transformer), specialized recommender models (DIEN and SURGE),

and deep learning models (DeepSet, Set Transformer, and PSWE)

that show good performance in previous sections as competing

methods. We have two major observations as follows:

• For the task of customer segmentation, due to their absence of

ground-truth similar customers, we construct the similar cus-

tomer data based on the number of overlapping trajectory ele-

ments and thus skip the pre-training phase. We split the data with

8:2 ratio for training and evaluation. As shown in Figure 1(a)-(d),

C-STAR presents consistent performance superiority on these

public datasets. Compared to other methods, this indicates the

effectiveness of our proposed mechanism in capturing trajectory

structural similarity.

• For the second task, similar to the previous one, we directly train

the model with 80% of all trajectories without pre-training. From

Figure 1(e)-(h), C-STAR performs competitively among all com-

parative models, except on Gowalla dataset where it is the second

best. It reassures the effectiveness of our C-STAR framework for

the task of shopping trajectory completion on public datasets.

7
https://sites.google.com/site/xueatalphabeta/dataset-1/pinterest_iccv

8
https://github.com/gusye1234/LightGCN-PyTorch/tree/master/data/amazon-book

https://www.kaggle.com/datasets/ruchi798/bookcrossing-dataset
https://github.com/gusye1234/LightGCN-PyTorch/tree/master/data/gowalla
https://sites.google.com/site/xueatalphabeta/dataset-1/pinterest_iccv
https://github.com/gusye1234/LightGCN-PyTorch/tree/master/data/amazon-book
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