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Abstract—In practical settings, classification datasets are often
labeled by humans, leading to potential noise due to varying
annotations from different individuals. The exact noise distribu-
tion impacting these labels is typically unknown; however, one
quantity we can measure and attempt to exploit is inter-rater
agreement. Building on this, our work makes key contributions:
we (i) demonstrate how inter-annotator statistics can be used to
estimate the label noise distribution; (ii) propose methods that
leverage these estimates to train models on noisy data; and (iii)
derive generalization bounds within the empirical risk minimiza-
tion framework that depend on the estimated noise characteris-
tics. Finally, we present experiments that support our findings.
Our code can be found at https://github.com/amazon-science/
learning_under_noisy_labels.

Index Terms—Noisy Labels,
Learning

Crowdsourcing, Supervised

IMPACT STATEMENT

This research addresses a fundamental challenge in artificial
intelligence: the reliability of human-labeled datasets used to
train Al systems. When multiple people label the same data
differently, it creates uncertainty that can affect AI model
performance. Our work provides practical tools to measure
and manage this uncertainty, making Al systems more reliable
and trustworthy.

I. INTRODUCTION

Supervised learning has made significant strides in recent
decades, both theoretically and practically. Empirical risk min-
imization serves as a common learning framework (Vapnik,
1998), which assumes that models are trained on data in-
dependently and identically distributed (i.i.d.) from the joint
distribution of features and labels. Under this assumption,
the generalization bounds suggest that, with sufficient training
data, any desired performance can be achieved. However, in
many real-world scenarios, the assumption of i.i.d. sampling
from the true feature-label distribution is often violated due
to imperfections in data collection and labeling. Training data
is frequently annotated by human annotators who have a non-
zero probability of making errors. It has been reported in Song
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et al. (2020) that the ratio of corrupted labels in some real-
world datasets is between 8.0% and 38.5%. As a consequence
of the presence of incorrect labels in the training dataset, the
aforementioned assumption is violated and hence performance
guarantees based on generalization bounds no longer hold.

This gap between theory and practice prompts the question
of whether it is possible to learn from datasets with noisy
labels while still ensuring performance guarantees. This is-
sue has received significant attention recently and has been
positively addressed in some cases (Natarajan et al., 2013;
Patrini et al., 2017). Indeed, multiple works have introduced
learning algorithms that can cope with datasets with incor-
rect labels while guaranteeing desirable performance through
provable generalization bounds (Yao et al., 2021). However,
these solutions do not solve the entirety of the problem due to
the fact that they rely on precise knowledge of the error rate
to which the labels are subject, which is often unknown in
practice. Various approaches have been proposed to estimate
this error rate (Patrini et al., 2017; Xia et al., 2019; Yao et al.,
2020), but many depend on assumptions that may not hold
in practice, such as the presence of anchor samples (Patrini
et al., 2017). Ideally, it would be desirable to develop learning
algorithms that are both robust to noisy labels and come with
performance guarantees.

An approach, often used in industry, to mitigate errors from
human raters is to have the same dataset labeled multiple times
by different annotators, then combine these labels using meth-
ods like majority vote or soft labeling (Purificato et al., 2025).
Inter-Annotator Agreement (IAA) scores (like Cohen’s kappa
(Cohen, 1960) and Fleiss’ kappa (Fleiss et al., 1971)) serve as
metrics directly related to the probability of labeling errors.

Given the direct link between IAA and the error rate among
raters, this estimate can be used to adjust learning algorithms,
making them more robust to label noise. This is the primary
focus of our work.

Motivation and Contributions: This work is motivated by
two main points: (i) the lack of established methodologies to
directly leverage readily available Inter-Annotator Agreement
(IAA) statistics for precise label noise distribution estimation;
and (ii) the generalization bounds of existing noise tolerant
training methods often rely on unknown quantities (like the
true noise distribution) instead of on quantities that can be
measured (like the IAA statistics).

Our contributions are the following: (i) we introduce a
method to estimate label noise distribution using TAA statis-
tics; (i) we show how to use this estimate to train on
noisy datasets; (iii) we establish generalization bounds for
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our methods that rely on known quantities; (iv) we quantify
the “distributional shift” in the expected loss of a classifier
between noisy and true-label distributions can be bounded by
the spectral gap of the noise transition matrix and the class-
prior matrix; and (v) we provide experiments across different
tasks to validate the proposed theory. A preliminary version
of this work appeared in Bucarelli et al. (2023).

II. RELATED WORKS

Our work is related to literature on three main topics: (a)
robust loss function design, (b) label aggregation and (c) noise
rate estimation.

a) Robust loss functions: Loss functions known as sym-
metric—where the sum of risks across all categories is con-
stant for any example—are robust to label noise (Ghosh et al.,
2017). Examples include the 0 — 1 loss, Ramp Loss, and
(softmax) Mean Absolute Error (MAE). While MAE is noise-
tolerant, unlike categorical cross-entropy (CCE), it may un-
derperform when training deep neural networks (DNNs) in
challenging domains (Zhang and Sabuncu, 2018). To lever-
age the robust properties of the MAE and the efficiency in
training of the CCE , Zhang and Sabuncu (2018) propose a
loss function that can be seen as a generalization of MAE
and CCE. Zhu et al. (2023) propose a temperature-controlled
loss function that can transition between cross-entropy and
a symmetric loss based on the temperature parameter value.
Natarajan et al. (2013) present a robust loss correction method,
which is extended to multiclass by Patrini et al. (2017). More
recently Wani et al. (2024) proposed a robust loss function that
leverages the distance to class centroids in the latent space and
incorporates a discounting mechanism, aiming to diminish the
influence of samples that lie distant from all class centroids.

b) Label aggregation: Supervised learning often involves
multiple imperfect annotators labeling the data. Their sepa-
rate labels are typically aggregated into a single label before
training models. Various approaches have been introduced to
handle noise from multiple annotators during training (Sheng
and Zhang, 2019).

For aggregating labels from multiple annotators, major-
ity voting is the simplest approach but may perform poorly
with high noise levels or in multiclass settings. Probabilistic
generative methods, with a stronger theoretical foundation,
often perform better. These methods estimate the true label
posterior to determine the actual labels or adjust the loss
function weighting (Dawid and Skene, 1979). Inspired by
Dawid and Skene (1979), early methods use the Expectation-
Maximization (EM) algorithm for statistical inference. Raykar
et al. (2010) introduce Bayesian estimation to model workers’
sensitivity and specificity, improving binary biased labeling
performance. GLAD (Whitehill et al., 2009) considers as pa-
rameters the expertise of each labeler, and the difficulty of each
sample. EM algorithm is an effective tool to solve the MLE or
MAP estimates with latent variables, but setting initial model
parameter values correctly is crucial for inference accuracy
(Sheng and Zhang, 2019).

To address the limitations of probabilistic generative meth-
ods, researchers have introduced different techniques. Karger

et al. (2011) introduce a consensus algorithm that determines
the correct answer for each task using worker and task mes-
sages. The method uses belief propagation to derive both an-
notators’ reliabilities and an estimate for samples’ classes. In
Li and Yu (2014), the authors propose an iterative weighted
majority voting (IWMYV) method that optimizes the error rate
bound and approximates the oracle MAP rule. Peterson et al.
(2019) exploit the availability of multiple human annotations
to construct soft labels and conclude that this increases perfor-
mance in terms of generalization to out-of-training-distribution
test datasets and robustness to adversarial attacks.

c) Noise rate estimation: A number of approaches have
been proposed for estimating the noise transition matrix (i.e.
the probabilities that correct labels are changed for incor-
rect ones) (Patrini et al., 2017; Zhu et al., 2022). Usually,
these methods use a small number of anchor points (that are
samples that belong to a specific class with probability one)
(Hendrycks et al., 2018). In particular, Patrini et al. (2017)
propose a noise estimation method based on anchor points,
with the intent to provide an “end-to-end” noise-estimation-
and-learning method. Due to the lack of anchor points in real
data, some works focused on a way to detect anchor points in
noisy data (Yao et al., 2020; Xia et al., 2019). Yao et al. (2020)
introduce an intermediate class to avoid directly estimating the
noisy class posterior. They factorize the original transition ma-
trix into two easier-to-estimate transition matrices, effectively
changing the problem from estimating the noisy class posterior
to fitting the noisy labels. Zhang et al. (2021) also propose an
iterative noise estimation heuristic that aims to partly correct
the error and point out that the methods introduced by Patrini
et al. (2017) and Yao et al. (2020) have an error in computing
anchor points, and provide conditions on the noise under which
the methods work or fail. Xia et al. (2019) provide a solution
that can infer the transition matrix without anchor points.
Indeed, they use the instances with the highest class posterior
probabilities for noisy data as anchor points. In contrast to
previous methods that utilize anchor points, our work does not
require anchor points or a validation set to learn the noise rate
and we only rely on noisy data for training our model. More-
over, we address the generalization properties of our proposed
model, deriving bounds that depend on the estimated noise
transition matrix, which most prior works do not explore.

III. PROBLEM FORMULATION
A. Notation

In this paper, we adopt the following notation. Matrices
and sets are denoted by upper-case and calligraphic letters,
respectively. The space of d-dimensional feature vectors is
denoted by X C R

We denote by C' the number of classes and by e; the j-th
standard canonical vector in RC, namely the vector that has
1 in the j-th position and zero in all the other positions. ) =
{e1,...,ec} C {0,1}% is the label set. Feature vectors and
labels are denoted by = and y, respectively. D is the joint dis-
tribution of the feature vectors and labels, i.e. (,y) ~ D. The
sampled dataset of size n is denoted by D = {(z;,v:) 7.
f(x) denotes the output of the classifier f for feature vector x
and is a C-dimensional vector. All vectors are column vectors.
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We denote by £(¢,y) a generic loss function for the classi-
fication task that takes as input C' dimensional vectors ¢ and
y. In practice ¢ will contain the prediction of the model, and
y will be the ground-truth label as a one-hot encoded vector.
Namely ¢ :[0,1] x Y — R.

B. Background

We consider the classification problem within the supervised
learning framework, where the ultimate goal is to minimize the
C-risk Ry p(f) = E(z,y)~p[(f(2),y)], for some loss function
£. We denote by D the joint distribution of feature vectors x
and labels y. In practice, since the distribution is unknown
instead of minimizing Ry p(f) we minimize an empirical risk
over some sampled dataset D:

Ryo(f) = S0 07 ), ) =B, ;) _sl(f (), ).
=1

In this work, we assume that the true labels y; are unknown
and consider two scenarios, both relying on H annotators.

1) Scenario I: In this scenario we have access to the H
labels provided by the annotators for each sample, where y;
refers to the label provided by the a-th annotator for the ¢-
th sample. For a given feature vector z;, the distribution of
labels provided by annotator a is given by its noise transition
matrix T, which is defined as follows:

(Ta)ij = P(ya = jly = 1) €))

Assumption 1. We assume that all annotators have the same
noise transition matrix (i.e. T, = TV a), that T is symmetric
and that its diagonal elements are larger than 0.5 (i.e. P(y, =
ily=14) > 0.5,vi € {1,...C}).

Note that by definition 7" is right stochastic and hence also
doubly stochastic. It is also strictly diagonally dominant and
therefore non-singular.

Proposition II1.0.1. T is positive definite.

Proof: Since T is symmetric it follows that all eigenvalues
are real. Combining the fact that it is strictly diagonally domi-
nant with Gershgorin’s theorem we conclude that all eigenval-
ues lie in the range (0, 1] and hence T is positive definite. W

Assumption 2. We assume that the annotators are condition-
ally independent on the true label y:

P(ya, yoly) = P(Yaly)P(y0]y).

We now define the IAA matrix M,;, between annotators a
and b as follows:

(Mab)i,j = P(ya = 4,95 = J) (2)
Proposition I11.0.2. Leveraging Assumption 2 the agreement
matrix Mg, can be written as follows:
M, =T," DT,
D : = diag{v}
vi=[Py=1), - Py=0)". (3)

Due to Proposition I11.0.1 and the fact that D is positive
definite, it follows that all matrices M, are invertible.

Assumption 3. We assume that the class probabilities (and
hence D) are known.

Due to Assumption 1, all annotators share the same noise
transition matrix 7'. Therefore M, is independent of a and b,
and from now on, we remove this dependency in the notation
(i.e. we get M = TT DT). Furthermore, since T is invertible
and D is diagonal and positive definite, it follows that M is
also positive definite.

Note that since we have access to all the labels provided
by the H annotators for all the samples, we can obtain an
estimate of M, which we denote M.

Assumption 4. We assume that M is a consistent estimator.

For th/e\case of two annotators, one possible consistent esti-
mator M, ; that exploits its symmetry condition is given by:

— " (Y k=1 Yo x=5) + 1(Yax=1, Yo.1=i
(o)is = Wak =0 9o.4=7) + L(a k=5 yo.k=1) ;9

2n
k=1

If the annotators have the same transition matrix, M will be
the same for all pairs of annotators. So we can estimate M,
in the case of H > 2 by averaging the estimators M,; obtain
by Eq. (4) for all possible pairs of annotators. The estimator
in this case can be written as:

(M);; = 1 iizﬂ: L(Ya,n=1, Yo,n=4) )
7 H(H-1) a=1b=1 h=1 n
b#a

2) Scenario II: In the second scenario, for each ¢-th sample
we are given a unique label y; produced by aggregating the
individual labels according to some known aggregating policy
(like majority vote). In this case, not having access to the
individual annotations we assume that M is provided.

The probability that label y; is corrupted to some other label
y; 1s given by the aggregated noise transition matrix I' €
[0,1]¢%C, where T';; := P(§ = jly = i) is the probability
of the true label ¢ being flipped into a corrupted label 7 and
C is the number of classes. Note that by definition I' is a
right stochastic matrix that is determined by 7', the amount of
annotators H and the aggregating policy. We will study both
the case where I' = 7', and the case in which there exists a
generic Lipschitz function ¢ so that =1 = ¢(T)).

There are different choices to construct the dataset that lead
to I' = T'. If we decide to use only one annotator, for instance
a, to build the final dataset, namely for each sample 3 = 3
we have I' = T,,. Or if annotators are homogeneous, i.e. they
have the same noise transition matrix 7°, and to build the final
dataset we decide to randomly select the label of one of the
annotators we have that I' =T

Even restricting ourselves to the case of homogeneous anno-
tators, depending on the rule with which we build the dataset
we can have a more complex relationship between the matrix
T and I'.

We also obtain generalization bounds in the case where
an estimate of the agreement matrix M is not available and
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we only have access to a scalar representation of the inter-
annotator agreement, in particular we consider the case where
the Cohen’s k is given.

_3) Objective: The objective in both scenarios is to: (i) use
M to estimate the noise transition matrices (7" and I'); (ii)
leverage these estimates to be able to learn from the noisy
dataset in a more robust manner; and (iii) obtain generalization
bounds for the resulting learning methods.

Our main contributions are divided as follows: In the first
section, we show how to estimate the noise transition matrices.
Next, we indicate how to leverage these estimates to learn from
datasets with noisy labels. Finally, we obtain generalization
bounds that depend on the Rademacher complexity of the
function class, for a bounded and Lipschitz loss function, given
the estimated noise transition matrices.

C. Estimation of the noise transition matrices

We start by stating the following Lemma that allows us to
write the unknown matrix 7" (and its inverse), as a function of
D and M.

Lemma IIL.1. If D= commutes with T we have that:

T=UA:UT (6)
=UA 20T 7
D zMD 2 = UAUT (8)

where UNUT is the eigenvalue decomposition of D~ sMD3
(i.e. U is some orthogonal matrix and A is a diagonal positive
definite matrix).

Proof: From Eq. (3) we have that:
M =TDT = D:TTD? = D" MD™% = T2,

Note that 7" and Dz M D= are positive definite since D and
M are and thus have eigenvalue decompositions of the form:

T = UpArUL D 3MD™% = Uy Ay UL,

with U, orthogonal and A, diagonal positive definite ma-
trices. We obtain:

= UpA2UY and T? = Uy Ay UL

Since Uy A MU?V} is an eigenvalue decomposition of T2 we
conclude that:

1 _1
T = UnA3, Uy, V= UnA UL

|
a) Commutativity Hypothesis: The commutativity hy-
pothesis is satisfied when D and 7T are so that:

Vd;

Vd;

This condition is satisfied either if d; = d; or if ¢;; = 0,

namely every class so that the probability of going from class
i to class j (and viceversa) is not zero is equiprobable.

So T has to be block diagonal, or better reducible by a

permutation of the classes to a block diagonal matrix and D

tij = tij Vi and j

has to have all equal elements on indices relatives to the same
block in T'. For example:

n 0 0 Dy 0 O
T=10 T» o|,b=|0 Dy 0 |,D; =dl.
0 0 T3 0 0 D3

Even if T is not block-diagonal, it must be reducible to that
form via class permutation. From the technical point of view,
we have noticed that solving this equation is extremely com-
plicated without making such assumptions. Another assump-
tion we could have used, also required by Potter (1966) to
solve the same problem, is requiring that the matrix D=T has
diagonal Jordan decomposition. However, this assumption is
more complicated to translate at the level of the structure of
the matrices 1" and D.

From a practical point of view, making such an assump-
tion means that there are classes that annotators can confuse
with one another while they never swap between them, other
classes. For example, if the problem is to classify images
and the classes are “cat”, “lynx”, “bats”, “bird”, “cougar”;
we can think that the annotators have a non-zero probability
of confusmg with each other the feline classes “lynx”, “cat”,

“cougar”, while they have zero probability of assigning a pic-
ture of a lynx the label “bird”. Commutativity is guaranteed in
the case of a uniform distribution over the classes. There are
many applications where we expect the distribution over the
classes to be uniform and not to have any class with a higher
probability. In general, we can fall back to an approximation
of this case by reducing the samples.

We could use Lemma III.1 to estimate 7" as follows:

~ ~~1 /\T

T =UA;U )
where U /A\ M UT is the eigenvalue decomposition of
D~3MD~%. However such estimate can result in matrices

that are not doubly stochastic, or diagonally dominant due to
estimation errors. A more accurate estimate of 7" could be
obtained as 7' = 7T(U A UT) where 7 is a projection operator
to the set of doubly stochastlc, positive definite matrices with
diagonal elements greater than 0.5 and non-negative entries
(which is a convex set). We can obtain such projection by
solving the following optimization problem:

T = (Axiﬁ ):argminHB UAl/QUTH
BeC

(10)

where C is the set of symmetric, row-stochastic, non-negative
matrices with diagonal entries > 0.5:

C={BeR™"|B=BT Y. B ;=1,B;;>0,B;;>05} (1)

Note that this optimization problem is convex because the
constraints are linear and for symmetric matrices it holds that:

17 = R30I = Auas(T — UL, T7)
W hich is a convex function of 7.

To summarize, 7' can be estimated as follows. First, obtain
an estlmate of M Then obtain the eigenvalue decomposition
of D"3MD™ 3 = UAUT (note that this decomposition al-
ways exists because D2 M D 2 is symmetric). Finally obtain
the estimate as: T := 7(UAzUT).
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Note that once the estimate of 7T is obtained, T can be
obtained since we assumed the label aggregation policy to be
known.

Lemma IIL2. Let M, be the agreement matrix for anno-
tators a and b defined in Eq. (2) and Ma p be the estimated
agreement matrix defined in Eq. (4) and let ||.||, be the matrix
norm induced by the p vector norm. For every p € [1, 00| and
for every § > 0, with probability at least 1 — §:

o 2 2
Mg~ Fplly < /5 1n 27
where P" denotes the probability according to which the n
training samples are distributed, i.e. we are assuming that the
samples are independently drawn according the probability P.

Proof: To prove the claim we apply Hoeffding’s inequal-
ity to the random variables X Jo= 1, —y, =~ Indeed
0< X% <1and M” =1 L3 1X,’IJ, while IE[X”] = M;;.
Notice that the random Varlables X7 ... XY are independent
since we assume samples to be independent with respect to
each other and so it follows that (zn, Ya,, Yo.0)s (Tk, Yy Yby)
are independent. The proof is completed using union bounds
over the (7,7) indices varying in {1,C}?. ]

From Lemma IIL.2 it follows that if M is estimated as in
Eq. (5), since M is an average of My, «b it holds that for every
p € [1, 00] and for every ¢ > 0, with probability at least 1 —¢:

Q In 202
5
Theorem IIL.3. Let T' be the noise transition matrix defined
as in Eq. (1) and T its estimate (defined as in Eq. (10)).
With probability at least 1 — 9.

|M — M|, < (12)

T — Tl < CVC + DAuax(D) [1 | 202
2= Aumin (T) o 6
T — 1, < 9IC(VC+ DAmax(D) [ 1, 2C?
2= )\min(f)2 2n 0
C?*(V/C+1)%(In(2C?)?
for n > S (T)? .

From the previous theorem we can notice that the error in
estimation of 7" decays as % as a function of n.
Before stating the proof of Theorem III.3 we start by intro-

ducing the following helpful remark and Lemmas.

Remark 1. We defined T = argmin||B—UAZ, 073, with B

B
that satisfies all the constraints in Eq. (11). We know that the
matrix T we want to approxlmate satzsﬁes all the constramts in

Eq. (11), so by definition ||T— UA2 UT||§ < ||T UA UT||2
from which it follows that ||T — TH% <2||T - UA2 UTH2 50

any bound we will find for ||T — UA]"\’/[UT| |2 holds also for T
estimated as in Eq. (10) with a coefficient 2.

Lemma IIL.4. Let A be a square, symmetric, positive definite
matrix, in RE*C and let /A the unique positive definite
symmetric, matrix so that VANV A = A (On the existence of
this matrix, see Theorem 7.2.6 at p. 439 in Horn and Johnson

(2012)). The bounded operator F S — S defined as follow
F N A = /A, where we denote by S the space of symmetric

positive definite matrix, is differentiable and it hold the fol-
lowing upper bound for the induced 2 norm of the derivative:

IDIVA]|[2 <

— A)llz-
5 Amin(A)I\vec( )2

Proof: Let us consider the vector space of square matrices
Mc(R) with the 2 norm and let D[v/A] denote the operator
that is the derivative of F' - in this space and D[A] the deriva-

tive of A. From the fact that v/AvA = A it follows that:
DIVAVA +VAD[VA]

Eq. (14) is a special case of Sylvester equation, and using that
v/ A is symmetric can be rewritten as:

(Ic ® VA+VA® Io)vec(D[VA]) = vec(D]A]).

= D[A]. (14)

It follows that:

vec(D[VA)]) = (Ic ® VA+ VA® Ic) 'vec(D[A])
= (Ic @ VA+VA® Ic) tvec(A).

Notice that the eigenvalues of the square root of a symmetric,
positive def matrix are the square root of the eigenvalues
of the original matrices. Indeed if A can be decomposed as
A =UANUT, with U orthogonal matrix, it holds that VA =
UvVAUT. Now the eigenvalues of VA® Io+1Ic® VA are
Vi + \/E with 1 < ¢, < C. The minimum eigenvalue
of \/Z RKIc+1Ic® \/Z that is the maximum eigenvalue of
(VA Ic+ Ic @ VA)™ is 2\ min(VA). Thus:

IDIVA]ll2 < I @ VA+ VAR L) |2 - [lvec(4)[|2
1

A [lvec(A)]fz-

Let T and T be defined as in Eq. (1) and Eq. (9).
The following Lemma holds for two general double stochas-
tic matrices.

N

IN

Lemma IIL5. Let T and T be two symmetric, stochastic
matrices, it holds that:

T = Fjs < — Y CIIT = T2]
= Aan(T2) — || T2 — T2
N VC|IT? — T2
1T = 7)) < —YCl I
Dnin (12) — || T2 — 72|

Proof: Using the differentiability of the matrix square
root (for instance, Proposition A.2 from Andrews and Hopper
(2010)), defining Ag := T2 + (1 — §)T?, it holds that:

|T=To = [VT2=VT2||2 < ||T*~T?||2- sup ||D[v/Ag]ll2,

0€[0,1]

For Weyl’s inequality Amin(0T? + (1 — 0)?2) <
Amnin (0T%) + Amin (1=0)T?) = O i (T?) +(1—0) Apnin (T?).
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sup || D\/OT2 + (1 — 6)T2||,

0<6<1
2 2
C Ly lvee07?) + (1= )T,
20§9§1 eAmin(Tz) (1_9)>\m1n( 2)
Ve

(1 = 0)Amin (T2)
In the last inequality we used that 7' and T are doubly

stochastic, so ||vec(T?)||]2 = (ZZ 12] 1 ) < VC.

Moreover deriving Y
we find that:

< sup
0<6<1 0>\min(T )

. (T2)+(1 ENGE) with respect to

sup — =
0<0<1 0 A pin (T

Inin()\min (j:'2)’ )‘min (T2 )) .
— T? is symmetric:

— 1?5 = Amax(T?

Since T2

17 - 17

It holds that:

min(Amin (72), Amin(T2)) = Amin (T2) — ||T? = T2||5.

In Lhe prev1ous equations we use that |Amin (T?) —
Amin(T2)] < |Amax(T? — T2)|. We now prove that it is
true. Suppose without loss of generality that Ay, (7T?) >
Amin (T ) If it is the case )\mm(Tz) )\mm(TQ) = Amin (T?)+
Amax(—1?) < Amax(T? T2) < [Amax(T? T2)| where we
used Weyl’s inequality. R R

It follows that Apin(T?) — Amin(T?) < [|T? — T?||2.

Proof Theorem III.3:

From Lemma III.5 we know that

VC||T? — T2

|7 T|> < .
Amin(T2) = ||T? = T?||2

It follows that:

P|IT =Ty <€) =P (||T? = T2||5 < Apin (T2) —— )
(17 = Tl < ) =P (17 = T2l < AuinlF) 5 —
)\min(T\z) >

P(|T2 -T2, < ¢
(I IP N

Since we are interested in convergence properties of f, we
want to find tlﬁese bounds for srga\lll € we can assume € < 1.

Now T2 — T? = DY/*(M — M)D'/? .

So ||T2 = T2||5 < ||M — M||sAmax(D). As a consequence:

B N . _ — )\min (j—\Q) €
P(|T ﬂb<>>P<M” M”<<J+>mww>>

) Apin @22
>1-2C%e C2(W+1>2 Amax (D)?

1(f _ j_?ffl
()‘min(T))‘min(T)) ||T - TH2

For the inverse: T~! — T—! = T~
So, [T = T71|, <

We obtain:
1 < 1
)\min(T)Arnin (f) N min()\min (T2)7 Al‘ﬂin (fQ))
< - ! =
)\min (TZ) - | )\min (T2 ) - )\min (T2 ) |

Using that 7" and T are doubly stochastic:

172 = T2l < |IT(T = T) + (T = D)T|]2 < 2|T ~ T2
From which it follows:
|IT — 7|2

T~ =T~ - ~
T2) = 2|[T = T|l2

]

N )\min(
Finally we obtain:

S S Amin(T)
LT, <e) > — <R
p(|I7 T|b0p(w Tme1+%>

>P(|IT - Tl < fAmm(f))

Anin (F2)*
>1-2C%" 902<\F+1>2 Amax(D)Z "

D. Learning from noisy labels

In this section, we show how to leverage the estimates of
the error rates to train the models.

1) Posterior distribution of true labels as soft-labels: 1t is
noteworthy that if we have access to the labels provided by all
annotators, the posterior probabilities of the true labels can be
calculated leveraging 7" and Bayes’ Theorem as follows:

0
P(y; = clyiis- s YH,i) X Ve | I P(yn,ily: = c) (16)
—————
h=1
=Pe,i =T,

CYp i

we recall that v, = P(y; = ¢) and that the conditional proba-
bilities on the r.h.s. are given by 7. In our case, we can use our
noisy transition estimates to estimate the posterior probabilities
of the true labels, and afterwards, we can use these posteriors
to train the classifier.

Lemma II1.6. For infinite annotators, the posterior distribu-
tion over every sample calculated using the true T’ converges
to the Dirac delta distribution centered on the true label almost

surely (i.e. imp_,o0 Pe,i = 1(y; = ¢)).

Proof of Lemma I11.6:

H
lu('Hh 1 ('yh,z
Z] 1:“]Hh 1 I

H CYh,i ]‘—[Tl7

DPe,i =

yh i

T

where IV; ; is the amount of annotators that labeled sample 4
as class j. Note that as a consequence of the strong law of
large numbers for the conditional random variables that are
independent with the same conditional distribution we have
that the following equation is true almost surely:
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H
lim >a=1 Yya.i=i)
H—oo H
= ]E[]l{ya,i:j}h/ =jl= Ty,

_ Niy
lim =% =
H—oo

Combining we get:

Ni
lim p.; = lim fe HC Teg”
H—o0 & H—o0 Z e Mk Hc Tli\;u
c Ty \H
: pe (I, 7257
- I}Im T, \ 7
— 00
Zk Lk (H Tkyba)
. 1
- thgo c ¢ (1o \Tvii H
P .J
L+ 2ht (Hjl (TJ) )
(a)
= 1(y; = ¢)

where in (a) we used the fact that due to the assumption that T’
is strictly dominant, then the term H 11y ”1 ’ is maximized
when k = y; and this term is strictly larger than all the other
ones, this fact can be derived by the fact that Kullback-Leibler
divergence is non negative and is zero only if the two distri-
butions are equal.

If y; # c it means that y; is one of the values k£ can assume
and since that one is the max, it means that for sure it will be
greater than H 1 (T2 J)T 7. Otherwise, if y; = ¢ it means
that H] 1 ( cj)Ty” > H] 1 (T j )i 5o all elements are
less than 1 and the limit goes to 1. ]

We can use the posterior distributions as soft-labels defining
the following loss for the i-th sample:

((f(z yym,i) = L(f (%), Pi)

where p; = [p1.i,-+,pc.i|T. Or we can use the posterior
distributions to weight the loss function at the i-th sample
evaluated at each of the possible labels:

C
)= peil(f(zi),ec)

where e, is the vector in R with 1 in the c-th position. Notice
that for categorical cross-entropy loss, the two functions de-
fined above coincide, but in general, they define two different
loss functions.

2) Robust loss functions: Another way to leverage the esti-
mate of 7" is to use robust loss functions, like the forward and
backward loss functions presented in Natarajan et al. (2013);
Patrini et al. (2017). Let £(¢,y) be a generic loss function
for the classification task, with a little abuse of notation we
define £(t) = [((t,e1),...,L(t,ec)]’. The backward and for-
ward loss functions are defined in Eq. (18a) and Eq. (18b),
respectively.

i)7y1,i>"' (17)

g(f(xi)vyl,iw”»yH,i

Lh(t,y) = (D7H(t))y
li(t.y) = ((T7t)y

To explain the notation in Eq. (18a) we are first doing the dot
product between the matrix I'~* and the vector /() and then

(18a)
(18b)

the dot product of the resulting vector with y. These losses
leverage aggregated labels and therefore different aggregating
techniques can be used, like majority vote. Another possible
aggregating technique that leverages the posterior probabilities
is to assume that the true label is the one that corresponds to
the class that has the highest posterior probability.

E. Generalizations gap bounds

In this section, we derive generalization gap bounds for
the backward loss that depends on the noise transition matrix
estimated in Eq. (10). Since we are only addressing the prob-
lem for the backward loss, from now on we will denote the
backward loss by [.

Remark 2. If {(t,y) is Lipschitz with constant L, the loss
function 1(t,y) i Y2 L.

We will prove the following theorem in the case of I' = T'.
We emphasize that all the results apply also when I'™! =
#(T~1) and that the function that associate '™ and 71 ,¢
is Lipschitz with respect to the norm p, i.e. there exists a
Lipschitz constant Ly, s.t.:

(T~ — (T — T,

The only difference is that in the bound we have a factor L j,.

It has been proved, first in Natarajan et al. (2013) (Lemma
1) for the binary classification task and then in general for
the multi-class case in Patrini et al. (2017) (Theorem 1) that
I(t,y) is an unbiased estimator for ¢, i.e.:

Egiy [l 9)] = £(t, y)-

Lemma IIL7. Let ¢ be a bounded loss function, so that the
image of ¢ is in [0, u], and s.t. £ is Lipschitz in the first ar-
gument with Lipschitz constant L. Let ﬁl( f) be the empirical
risk for the loss | and let ) p be the risk for a loss | under
the distribution D, with | unbiased estimator for the loss L.
We denote by [ the backward loss obtained using T.

l)Hp < L¢,p||T_1

sup | R;(f) —
feF

Rip(f)l

< L)\min(fZ)JrMLn(D) lln(g)

)\min (f) 2 n o

with g(C) = 6C?(v/C + 1)

Sketch of the Proof of Lemma IIl.7: By the triangle
inequality, for any f € F,

\R;(f)=Rup(f)| < |Ri(f)—Re(f)| + |Re(f)—Rip(f)].

Taking the supremum over F and applying a union bound:

sup’R Rl,D(f)’ < SUP’Ré(f) - f)‘ +
feF
+ sup|Rg Rl,D(f)"
feF
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a) Uniform convergence for the clean loss.: Since f —
(T f(z),y) is L||T~||-Lipschitz in the sample, by union
bounds and by the classic results on Rademacher complexity
bounds (Mohri et al., 2012) and Theorem 7 in Meir and Zhang
(2003) we obtain that with probability at least 1 — %:

sup|Re(f) — Rup (/)] < LIT~ %0 (F) + 2/0),

b) Bounding the noise-estimation term.: Noting that:

Ry(f) = Relf) = Ba[(T7 = T7) 0(f(2),9)]
one shows:

sup| By(f) = Re(f)| < [|T~4 = T7Y| R (F)

fer

A matrix-concentration inequality (e.g.Tropp (2012)) yields,

with probability at least 1 — g:

In(2C/6)

[T~ -1~
n

<o

c) Combine the two bounds.:
probability at least 1 — §:

Rip(f)] < LIT™ R (F) +

LR, (F) /ln(2§/5) [21n( 2/5

Absorbing constants into a single function g(C) = 602 (VC+
1) gives the claimed result. |

By a union bound, with

sup|[R;(f) —
fer

Theorem I1L.8. Let | be an unbiased estimator for ¢ defined as
in Eq. (18a), Denoting f = argmm(R (f))- It holds that:

Rz,D(f) mm Rep(f)

mln(
Amin(T)
with g(C) = 6C%(V/C + 1)

Proof of Theorem II1.8 : By the unbiasedness of [
we have_that Rip(f) = RlD( f). Moreover since f =
argmin(R;(f)) we have R; (f) <R; i(9) Vg € F.

f

= Rep(f*). It follows:

2 LAwmin(T2) + £ 2) (T)

Let f* be so that minsc 7 Ry p(f)

Re.p(f) = min Re.p(f)
= Rip(f) — ;Ileingp(f)
= Rip(f) — Rip(f) + Rip(f) — Rep(f7)
> Rip(f) — Rip(f) = (Rep(f7) = By p(7))

> 2max|Rep(f) - R; p(f)]

|

The previous theorems demonstrate that the performance
bounds decrease as one over the square root of the number of
samples. The above theorem provides a performance bound

for the classifier obtained by minimizing the backward loss [,
which is an unbiased estimator of the true loss ¢ on the noisy
dataset. These bounds depend on the Rademacher complexity
of the function space and the Lipschitz constant of the loss
function. Importantly, these bounds allow us to obtain perfor-
mance guarantees for models trained on noisy data without
relying on the true noise transition matrix of the annotators,
which is typically unknown (Natarajan et al., 2013). Instead,
the bounds depend on quantities that can be estimated from
the noisy dataset, such as the estimated noise transition ma-
trix, the number of classes, the Rademacher complexity, and
the Lipschitz constant. Additionally, the bounds rely on the
assumption of a uniform distribution over the ground truth
labels, which is a reasonable assumption in many cases.

F. Not homogeneous annotators

The problem we are studying can be generalized to the case
when the annotators have different noise transition matrices. In
this case, given empirical agreement matrices M, estimated
from the data, and the matrix D, the goal is to recover the
set of confusion matrices {7, }Z, by solving the coupled
constrained least-squares problem:

— 2
(T, }amllr,lT ec Z |Ma, = T, D[

(19)
where C is the set of symmetric, row-stochastic, non-negative
matrices with diagonal entries > 0.5 described by Eq. (11).
This formulation generalizes the homogeneous case (obtained
when T, = T for all a) to the setting of heterogeneous an-
notators. The problem (19) can be solved by alternating con-
strained least squares, projected stochastic gradient, or related
block-coordinate methods. Each subproblem in 7, is convex
and admits efficient updates under the row-stochasticity and
nonnegativity constraints. The main theoretical challenges rel-
ative to the homogeneous case are: (i) the loss of symmetry of
My, which complicates spectral estimation; (ii) the increase
in dimensionality, as the number of parameters grows linearly
with H; and (iii) the joint objective becomes more non-convex
and more sensitive to noise in the empirical agreement ma-
trices, making the estimation procedure more prone to local
minima and numerical instability.

Example with 3 annotators. We estimate the annotator
confusion matrices 17,75, T5 € ]RCXC given the empiri-
cal pairwise agreement matrices M12,M13,M23 With D =
diag(v) given, the optimization problem is:

min || M2 — TlTDTZH% + || M3 — Tl—rDTBH%

T1,T2,T3
+ || Mas — Ty DTs]|%,
s.t.Va € {1,2,3} T, symmetric, row-stochastic, non-negative,
with diagonal entries > 0.5
(20)
When updating, for instance, T} with T5 and 73 fixed, the cor-
responding subproblem can be conveniently vectorized. So the

problem can be written in a standard vectorized least-squares
form subject to linear equality and inequality constraints.
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This constrained least-squares problem can then be efficiently
solved using quadratic programming (QP) or projected gradi-
ent methods. The same procedure is repeated for 75 and 73,
and the process iterates until the total fit stabilizes, that is, until
the objective in Eq. (20) no longer decreases significantly.

G. Example

Suppose three radiologists independently label chest X-rays
as Pneumonia (1) or Healthy (2), and they are assumed to be
equally reliable with the same error rate p. Their shared noise
transition matrix is:

T:(l_p p).
p 1-—p

The inter-annotator agreement matrix between any two anno-
tators a, b is given by:

Mgy, = TDT,

where D is the class prior matrix (e.g., D = diag(0.5,0.5)
for balanced classes). Given the empirical estimate M of the
agreement matrix from the data, we can perform the eigenvalue
decomposition of the normalized agreement matrix:

DEMD: = UAUT.

The estimate of the noise transition matrix is then given by
Theorem III.1.

T =UA2U".

This estimate 7' may not always be a valid noise matrix due
to estimation errors. A projection onto the set of valid noise
transition matrices with constraints such as symmetry, row-
stochasticity, and diagonal dominance can be used to get a
valid estimate. With this 7', the posterior distribution over
true labels for a sample can be computed via Bayes rule by
combining annotator labels 91, ..., ym:

DN

H
P(yzc|@17'-'7yH>O(Py:c H

This posterior provides a noise-aware soft label used in train-
ing, and the training loss can be defined as Eq. (17).

IV. COHEN’S Kk

We can also consider the case where an estimate of the
IAA matrix M is not available and we only have access to
a scalar representation of the inter-annotator agreement like
Cohen’s k. In this case, we can only estimate one parameter
and hence the matrix 7" has to be parameterized by a single
parameter that can be estimated. Cohen’s x measures agree-
ment between two raters classifying n items into C' mutually
exclusive categories. We define the agreement among raters
a and b as p,: p, = 25:1 P(y, = ¢Nyp, = ¢). Cohen and
others (Cohen, 1960) suggest comparing the actual agreement
(po) with the “chance agreement” that could be obtained if

the labels assigned by the two annotators were independent

De = 200:1 P(y, = ¢)P(y, = ¢). Cohen’s & is defined as

DPo — De

1- Pe .

It ranges from 1 (perfect agreement) to 0 (chance agreement),

and can be negative when agreement is worse than the one ex-

pected by chance. In our work, we assume that raters are noisy

versions of an underlying ground-truth label, making them

dependent. Under this assumption, x is always non-negative.
One particular example is the case where the noise is uni-

form among classes. Under these hypotheses, T' is a matrix

with all values 1—p on the diagonal and %5 off the diagonal.

R =

Lemma IV.1 (Relationship between p and k). In the case of
classification with uniform noise for two homogeneous anno-
tators with noise rate p, i.e if a is one annotator, P(y, = ily =
j) =p if i # j. If the distribution of the ground-truth labels

is uniform, it holds that:
— (-0~ VR)

with r the Cohen’s kappa coefficient of the two annotators.

21

Proof of Proposition IV.1: relationship between p and k.:

Po =P(ya = yB)

Plya =k,yp = kly = h)P(y = h)
k,h=1
Th k

> Plya=kly=h) Plys =kly=h)w,

Th,k

k,h=1
le} le} » 9
:Z ch+2(7071) (C—l)ch
h=1 h=1
2
(1 _ )2 p
Now:
Thi Vn
/—/\—\/—"—\
Plyp =k) = ZPyB—k?h/— h) P(y =h) = (Tv)k

In the previous equation, we used that 7' is symmetric.

c c
Pe = ZP(yA = k)P(yB = k) = Z]P(yA — k)P<yB — k?)
k=1 k=1
Cp? Cp \2
T = _ P T
=cI'T?c = 2C—1 (C—1)2+(1 C_1>1/y

If the distribution of the true label y
probability vector v = (&,...,%). So vTv =& and:

is symmetric, the

6’ ..
L C?p? —2C(C - 1)p+ (C —1)?
- (@ —1)?
From which it follows that:
p=01-C"(1~Vk) (22)
||

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/



This article has been accepted for publication in IEEE Transactions on Artificial Intelligence. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAI.2026.3666527

10 JOURNAL OF IEEE TRANSACTIONS ON ARTIFICIAL INTELLIGENCE, VOL. 00, NO. 0, MONTH 2020

If T is assumed to be of the form described above (with all
diagonal elements equal to 1 — p and all off-diagonal entries
equal), it has one eigenvalue equal to 1 and all the rest are
equal to 1 — pC(C — 1)~ ! (this follows from the fact that in
this case 71" can be written as a weighted summation of the
identity and a rank-one matrix). Hence using Eq. (21) we get
that Apin(7) = /K. The bounds from Theorem 1I1.8 holds
replacing Apin(7') with y/k. This allows us to obtain a bound
for the generalization gap of a classifier trained with backward
loss even in the case where a single statistic on the agreement
between annotators is provided.

a) Non Homogeneous Case and Pairwise Cohen’s k.: In
this paragraph we will consider the case of non-homogeneous
annotators each characterized by a uniform noise rate p, €
[0,1] Ya € {1,..., H}. In this case we can define a pairwise
Cohen’s k,p. For annotators a, b, the probability that annota-
tors a and b give the same label is:
po(av b) = Pr(ya = yb)

c
vh Y Prlya=k|y="h) Pry,=k|y=h)
1 k=1

v (1= pa)(1 = po) + (C = 1) (&) ()]

I
Ma

h

I
Mo

Il
_

DaPb
L= pa)(1 ) + 22

The marginal label distributions for annotators a and b are:

b) +

— >

WQ:TJV, wb:Tsz/,

and the expected chance agreement is:

C

T T
pela,b) = E TakTok = Tg T =V ToTyv,
k=1

since each T, is symmetric. Using the structure of T, we
obtain:

Patpy  Cpaps _ C(pa+ 1)
pelen) = TR — o + (1 62 ))””%
C

oy V2. If the true label distribution is uni-

where [[v]3 =
form, v = (&,..., &) so that [|[v]|3 = &, Cohen’s coefficient

for the annotator pair (a,b) becomes:
C?papy — 2C(C — 1) (pa + ) /2 + (C
(C—-1)

When p, = p» = p, Eq. (23) reduces to the homogeneous
result obtained earlier.

_ 1)2

(23)

Rab =

V. DISTRIBUTION SHIFT

In order to understand how annotation noise skews our em-
pirical risk, we now quantify the “distributional shift” between
the clean joint (x,y) and the noisy joint. Concretely, under
the common instance-independent noise model, the observed
labels arise via a fixed transition matrix 71" from the true labels.
We will show that the difference between the expected loss

of the classifier f under the noisy-label distribution and its
expected loss under the true (clean)-label distribution i.e.:

Re,ﬁ(f) - RZ,D(f)

can be bounded in terms of the spectral gap of 7" and the
class-prior matrix D. This bound tells us that when 7' is
well-conditioned (i.e. Ayin(7T) is bounded away from zero),
the bias introduced by noisy labels remains controlled.

Lemma V.1. Let x € X and y,5 € {1,...,C}. Let (x,7) ~
D and (z,y) ~ D, so that conditioned distribution of §j w.r.t
y is the described by a noise transition matrix T, i.e. P(y =
jly = 1) = T;;. Let £ be a loss function so that for the dis-
tribution D it holds E{,y.p[max;cqr,. oy 0(f(x),i)] < oo.
Using the usual notation of the paper:

Ry 5(f)=Rep(f)| < Amax (D) (1=Amin (T))Ex[[|€(f ())]]2]

with £(f(x)) be the vector [((f(x),1),...,¢(f(x),O)]*. We
emphasize that we don’t need the loss { to be bounded we only
require that the expected value of the 2 norm of the vector £
is bounded. This condition is satisfied when E,[|¢(f(z),7)|] <
oo Vi € {1,...C} that is of course satisfied if the loss is
bounded.

Proof: By definition of expected value, we can rewrite:

‘Rz,ﬁ(f) - RZ,D(JC)‘ =

C
- / > U (@), ) (e )

Under the instance-independent noise assumption we have

by definition p(g|z,y) = p(g|y)-
As a consequence p(z,jly) =

- p(x,j)]dl'

p(glz, y)p(zly) =

p(gly)p(z|y). Re-writing everything in matrix form:
U(f(x)) € RY, p(a|C) = [p(x|1),p(x]2)...p(z|C)]"
RC. Then p(z,y) = TDp(x|C) and p(z,y) = Dp(x|C).

Namely, the integrand is £((f(x))T (T —I)Dp(z|C). Apply
Holder and spectral-norm bounds:
[€((f ()" (T — 1) Dp(x|C)|
< e F@DlAT = Il Dl2llp (= C) ]2
Now using that |[(T — I)|l2 = 1 — Anin(T), ||D]]2 =

Amax(D) and that [[p(z|C)||2 < [[p(z[C)|]1 = 1,
Putting everything together:

‘/e )(T — 1)Dp(x)d|

/\e )T -

I)Dp(z)dax|

C
= MDY = AT [ 3 ) )] =
< )‘maX(D)(l - )‘min(T)) Ez[iegﬁfc} \g(f(fv)ﬂ)l]
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If we want a bound that depends on the minimum entry
of T" and not on its minimum eigenvalue we could obtain a
bound a similar bound of this form

R, 5(f) — Rep(f)
(e = Tij) Dii Eo[|[€(f (x))]]1]

< max
1,j€{1,...C}
A bound of similar, but slightly different form was obtained
in Wei et al. (2023) only for two classes and bounded losses:

R,
<

»(f) = Rep(f)
(D22T21 + D11T12)(sup(€) — 1nf(€))

|

Building on the previous Lemma we now ask: what happens

when we only have an empirical estimate 7" of the transition

matrix, and when we replace the true noisy risk by its sample
analogue?

Applying Weyl’s inequality to bound the latter term by ||7—

T)|», and then invoking a matrix-Hoeffding concentration on

~

|T" — T'||2, one shows with high probability:
|R€,ﬁ(f)_R£,D(f)‘ < (1_>\min(f)) )\maX(D) RE,’D(]C) + €.

Finally, combining the above bias control with a standard
Rademacher-complexity bound on |R, 5(f) — R, 5(f)]| (see
Proposition V.1.1) and applying a union bound yields, with
high probability:

R, 5(f) ~ Rep(f)] < € + LR (F).

More precisely, we obtain:

Proposition V.1.1 (High-probability bias bound). Under the
assumptions of Lemma V.1, let T be the estimator defined in
(9). Then for any € > 0:

B (1Re5(f)~ RBem ()] < (1 (D)) Aa(D) R () )

) €2 Amin (T)*
02 RZ,D(f)Z )\max(D)4

>1-—2C2 exp(—

Proof idea for Proposition V.1.1: Starting from the de-
terministic bias bound of Lemma \Ll, we replace the true
transition matrix 71" by its estimator 7'. The difference:

Amin(T) = Amin(T)

is controlled by Weyl’s inequality in terms of the operator-
norm error |T°— T'||2. A standard matrix-concentration (e.g.
Hoeffding or McDiarmid) argument then shows that |7 —T'||
is exponentially small in the sample size n. Combining these
ingredients yields the stated high-probability bound. ]

Proposition V.1.2 (Noisy-risk generalization bound). Under
the same conditions, let R, 5(f) be the empirical noisy risk
on n samples. Then for any € > 0:

P(|§z,ﬁ(f)—Re,D(f)| < e+ Lmn(f))

> 1 - 2C%exp(((D, £,D,T,C)n) — 2exp(~3(5)%)-

) €2 min (T2 2
with C(D7 fy D7 T7 C) = _202R£,D(f)2 imax((ji)))ll

Proof idea for Proposition V.1.2: We decompose:

’EZ,T)(JC)_RZ,D(JC)‘ < |1§4,75 _RZ,TD’ + ‘ij—Rz,D .
—_——————

empirical estimation error noise bias

The first term is bounded by a Rademacher-complexity argu-
ment (plus a small slack €/2), and the second term is handled
by Proposition V.1.1. A union bound over these two high-
probability events yields the final generalization guarantee. M

VI. EXPERIMENTAL RESULTS
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Fig. 1: Synthetic data for 4 classes with distribution
(0.4,0.1,0.4,0.1)

A. Implementation details

a) Synthetic experiments: A neural network with a hy-
perbolic tangent activation function with one hidden layer is
used for the dataset with more classes. The data are separated
into train, validation and test set using a split 64%, 16%, 20%.
Models are trained with the following configuration: batch
size 256, learning rate 5 x 102, maximum number of epochs
100, early stopping of training based on validation loss with
patience of 10 epochs. Once the training is finished, the model
with the lowest validation loss is retrieved.

b) Experiments on image datasets: For the experiments
with CIFAR-10N, a ResNet34 is trained with the following
configuration: batch size 128, learning rate 10!, with mo-
mentum (0.9) and learning rate decay (0.0005), 300 epochs
and early stopping of training based on validation loss with
patience of 100 epochs. For the pre-trained model, we use the
model' provided by torch-vision. The train-val-test split is 70-
20-10. The only difference for TrashNet experiments is in the
learning rate, which is 2 x 1073,

Uhttps://pytorch.org/vision/main/models/generated/torchvision.models.
resnet34.html#resnet34
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c) Experiments on text datasets: One model for each lan-
guage was used for textual experiments. All pre-trained models
are selected from HuggingFace®. The configuration is the fol-
lowing: batch size 128, learning rate 2 x 10~°, 300 epochs for
all the languages except Spanish, where 100 epochs are enough
to train the model. Same data split of the images is used.

4 classes, 10 annotators

~ 1071
=

| 1072

=

— 1073

10! 102 103 104 10° 10°
number of samples
min eigenevalue T
— 02 03 — 04 — 06 1.0

Fig. 2: Error in the estimation of 7" for 4 classes and 10 an-
notators. Plots are obtained by averaging different admissible
matrices T") that have the same minimum eigenvalues rounded
to the first decimal.

B. Results

We conduct experiments to evaluate the effectiveness of our
method for estimating the noise transition matrix 7', analyzing
the estimation error as a function of the number of samples.
Additionally, we train different classifiers using the estimated
T on a synthetic dataset and two real datasets with noisy
labels. We compare the performance of classifiers trained using
labels from a baseline aggregation method with those trained
using the posterior distributions obtained from the estimated
T as soft labels on two different tasks: image classification
and text classification. Lastly, we evaluate our approach on a
real dataset with synthetic annotations.

a) Estimation of T: With these experiments, we aim to
validate the theoretical results of Section III-C. We generate
various matrices 7' that are symmetric, stochastic and diag-
onally dominant. For each annotator, we produce their pre-
diction according to the matrix 7. We run experiments for
the number of annotators H = 10,7, 3,2. We report here the
results for H = 10, and 4 classes. In Fig. 2 we observe that
the error in the estimation decreases as in with n number
of samples, which is in agreement with the bound provided
in Theorem III.3. We also observe that, as expected, the es-
timation becomes more accurate as the number of annotators
increases. The results were obtained from a synthetically gen-
erated dataset in which we generate the classes predicted by
the annotators according to various 7’ matrices, choosing from
all possible (admissible) combinations that have [0,0.2,0.4]
out of the diagonal and [0.6,0.8,1.0] on the diagonal.

For experiments with 2 and 7 annotators, we generate T’
as all possible symmetric, stochastic and diagonally domi-

Zhttps://huggingface.co/
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Fig. 3: Comparison between the performance of Cross En-
tropy Loss using majority vote, random, Dawid-Skene, IWMV
aggregation method or the posteriors (posterior) and relative
frequency (average) as soft labels.On the y-axis the accuracy
on a clean dataset and on the x-axis the values of the minimum
on the diagonal of 7'. Small values of the minimum diagonal
value mean a noisy dataset, while the minimum is 1 in the
noise-free case. The results are obtained for 3 annotators and
4 classes, by averaging on different admissible matrices 7' that
have the same minimum diagonal values rounded to the first
decimal. The error bands show the maximum and minimum
performance for each method.

nant matrices with [0.1,0.2,0.3,0.4,0.5] out of the diago-
nal and [0.6,0.8,1.0] on the diagonal. Classes are uniformly
distributed. For experiments with 10 annotators, we generate
the matrices 7" as all possible (admissible) combinations that
have [0, 0.2, 0.4] out of the diagonal and [0.6,0.8,1.0] on the
diagonal. In this case, we both include uniform distribution of
the true labels among the 4 classes and all the distributions
so that the four classes can be partitioned into two groups
of indices so that classes in the same group have the same
probability. Namely, if the distributions on the classes are
given by = [dy,ds,ds,d4], admissible distributions are the
ones for which there are two subsets if indices I and J so
that TU J ={0,1,2,3,4} and for all i,k € I : d; = d.

Results for 2, 3 and 7 annotators were obtained by averaging
over 3 runs, while for 10 over 10 runs. The error that appears
on axis y in the plots is the difference in norm 2 of the true
matrix 7" and the estimated matrix 7', obtained as explained
in Section III-C.

In Fig. 4 we fix the number of annotators to [ = 3. Then
we perform an analysis similar to the previous one. The main
difference is the following: in this plot it can be noticed how
the number of samples impacts both the estimation error and
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Fig. 4: Reconstruction error and accuracy by varying the number of samples with H = 3 annotators with 5 independent runs.

the accuracy in estimating the gold label. The results are shown
for two different noise percentage values (0.6, 0.8) and with 3
different aggregation methods based on the the noise transition
matrix estimation (DS, MV and Posterior).

b) Classification task with synthetic data: We consider a
classification task using a synthetic dataset. The features are
generated uniformly in the range [0, 1]%. The assignment of la-
bels (y) is done by following the label distribution established
for each experiment, separating the space with lines parallel
to the bisector of the first and third quadrants. Our dataset
comprises 10000 samples. See Fig. 1 for an example.

For each dataset, annotations are generated according to
the noise transition matrix 7. Various combinations of 7' are
tested, ensuring they respect the assumptions of symmetry,
stochasticity, diagonal dominance, and commutativity with
D. As before, they are stochastic and diagonally dominant
matrices with [0.1,0.2,0.3,0.4,0.5] out of the diagonal and
[0.6,0.8,1.0] on the diagonal. The number of annotators is
variable in the set {3,5}. We use categorical cross entropy as
loss function and both hard labels and soft labels to train the
models. To train the models with hard labels an aggregation
method is needed to obtain one final label from the annotators.
We consider random, majority vote, Dawid-Skene and IWMV.
In random aggregation, the final label is randomly picked from
the labels of the annotators. In the majority vote the final label
is the one with the most amount of votes (the mode), if the
mode is not unique, we randomly choose one of the most voted
classes. Details about Dawid-Skene and IWMYV can be found
in Section II. As soft labels, we consider the relative frequency
among annotators and the posterior distribution according to
Eq. (16). In the case of frequency for each sample we average
the one-hot encoded annotations. Notice that random, majority
vote and frequency soft labels do not leverage the estimate of
T while the posterior does. In Fig. 3 we report the results for
4 classes with distribution (0.4,0.1,0.4,0.1) and 3 annotators.

We use accuracy with respect to a clean dataset as a per-
formance metric. Our results show that using the posterior
distribution, as soft labels, allows for better performance than
using the average of the labels assigned by annotators and
then using majority vote or all the other hard labels-based

aggregation methods.

Our method is shown to be more robust to noise and exhibits
the least variance in the results. This confirms our hypothe-
sis that leveraging the matrix 1" leads to better classification
accuracy. In particular, this is evident when the probability
of correctly classifying labels is 0.6. This is a challenging
situation since the noise rate is high, but the proposed approach
outperforms all the competitors in this case as well.

c) Experiments on CIFAR10-N: The CIFAR10-N dataset?
contains CIFAR-10 train images with noisy labels annotated
by humans using Amazon Mechanical Turk. Each image is
labelled by three independent annotators. Table I shows the
accuracy achieved using the different aggregation methods.
Since each sample has 3 annotations, we will have 3 different
T matrices, one per annotator. Due to space constraints, we
insert the L; between each couple of noise transition matrices:

Li2=0270 L*>=0219 L33 =0.248

Our aggregation approach achieves the best performance.
Note that in this dataset there are no guarantees that the as-
sumptions we made on 7' are satisfied, however, the method
is still applicable with positive results.

d) Experiments on TrashNet: The TrashNet* dataset con-
tains images of recyclable objects across six classes, with
approximately 400-500 images in each class. However, each
image is manually annotated by a single annotator. This is a
common issue in many widely used datasets (Deng, 2012).
To address this, we create synthetic annotations. We assign to
each sample H = 6 annotations following a noise transition
matrix 7"

0.7 03 00 00 00 0.0
04 06 00 0.0 00 0.0
T 03 0.1 06 0.0 00 0.0
0.0 01 02 07 00 0.0
0.0 01 01 01 06 0.1
0.0 0.0 00 00 01 09

3http://www.noisylabels.com
“https://github.com/garythung/trashnet
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Aggregation Method |

CIFAR-10N

TrashNet

WMV 0.7354 £+ 0.5277 | 0.6389 £ 0.0688
Average 0.7381 4+ 0.4772 | 0.6706 £ 0.0638
Random 0.7053 4+ 0.6346 | 0.6796 £ 0.0587
DS 0.7386 + 0.3117 | 0.7222 +£ 0.0155
MV 0.7363 £+ 0.3375 | 0.6815 £ 0.0303
Posterior 0.7405 + 0.3707 | 0.7361 £ 0.0315

TABLE I: Test Accuracy on CIFAR10-N and TrashNet using
a pre-trained Resnet34.

To compute the accuracy on the test set, we use the labels

provided by the dataset creators as the ground truth.

As can be noticed from Table I, the posterior approach is
able to surpass all the competitors on the TrashNet dataset.
This result shows how it is able to estimate the real labels also
in case of synthetically-generated annotations.

e) Experiments on SentiMP: The SentiMP dataset’
(Rodriguez-Barroso et al., 2024) contains tweets written by
members of parliament in Greece, Spain, and United Kingdom
in 2021 with collected 500 tweets per language. It is designed
for sentiment analysis with 3 different labels (positive, nega-
tive and neutral) and each sample is annotated by at least 3
different annotators. For each sample, we have 3 annotations
meaning we have 3 different 7" matrices. Due to space con-
straints, we show the 7" matrices for the english language:

0.149

0.967
0.045

0.099
0.008
0.925

0.772
0.110
0.142

0.149
0.873
0.082

0.931
0.049
0.052

0.010
0.939
0.060

0.059 0.752

T = 0.012} T2 = [0.024 TS =

0.888 0.030 0.776

0.079
0.016

For Spanish and Greek language, we insert the L; loss
between the 7' matrices. For Spanish we have:

L2 =1.077 L{®=0.367 L =1.039
For Greek we have:
Li?=0411 L1¥=0.602 L* =0.378

The proposed approach is similar to the previous one, where
soft labels are used in the training and validation steps, while
hard labels are used for test. Also in this different domain,
our method is able to beat all the competitors on the three
different languages, as can be seen from Table II.

VII. CONCLUDING REMARKS

We tackled the problem of learning from noisy labels, where
the dataset is labeled by annotators who occasionally make
mistakes. We proposed a methodology to estimate the noise
transition matrix 7" of the annotators given the inter-annotator
agreement. We then introduced techniques to leverage this esti-
mated T for robust learning from the noisy dataset. Theoretical
analysis showed the soundness of our methods. Experimental
results confirmed the validity of our noise transition matrix
estimation and demonstrated its effectiveness in improving
performance when learning from noisy labels.

Shttps://huggingface.co/rbnuria

Dataset Method Accuracy F1

IWMV 0.8125 + 0.034  0.7732 £ 0.0446
Average | 0.8333 £+ 0.0295  0.7990 £ 0.0336

en Random 0.8333 + 0.045  0.7996 + 0.0473
DS 0.8056 + 0.0428  0.7618 + 0.0489

MV 0.8333 + 0.017  0.8008 + 0.0193

Posterior | 0.8403 4 0.026  0.8043 + 0.0305

WMV 0.7619 + 0.0509  0.736 £ 0.0553

Average | 0.7551 4 0.0289 0.7226 + 0.04
. Random | 0.7483 + 0.0585  0.7246 + 0.0709
g DS 07619 + 0.0694  0.7349 =+ 0.0738
MV 0.7823 + 0.0585  0.7522 + 0.0656

Posterior | 0.7891 + 0.0509  0.7602 + 0.046
WMV 0.7154 + 0.0230  0.6600 + 0.0653

Average | 0.7073 4+ 0.0718  0.6601 % 0.0891
p Random | 0.7073 £ 0.0527  0.6490 + 0.0842
DS 0.7236 + 0.0304  0.6652 + 0.0691
MV 0.7073 + 0.0345  0.6655 + 0.0300
Posterior | 0.7301 + 0.0501  0.6751 + 0.0415

TABLE II: Results in terms of F1-Score and Accuracy on the
SentiMP dataset with three different languages. Our method is
always able to surpass all the competitors on both the metrics.

Limitations: The main limitation of our current approach
to estimating 7' is that it only considers the case where T’
is symmetric and D assumed to be known and commutes
with T'. Extending the results to the case where 7" might not
be symmetric and different among annotators is one possible
future research direction.
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