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Abstract

We present a protocol for fault-tolerantly implementing the logical quantum random access memory
(QRAM) operation, given access to a specialized, noisy QRAM device. For coherently accessing classical
memories of size 2", our protocol consumes only poly(n) fault-tolerant quantum resources (logical gates,
logical qubits, quantum error correction cycles, etc.), avoiding the need to perform active error correction
on all Q(2") components of the QRAM device. This is the first rigorous conceptual demonstration that a
specialized, noisy QRAM device could be useful for implementing a fault-tolerant quantum algorithm. In
fact, the fidelity of the device can be as low as 1/poly(n). The protocol queries the noisy QRAM device
poly(n) times to prepare a sequence of n-qubit QRAM resource states, which are moved to a general-
purpose poly(n)-size processor to be encoded into a QEC code, distilled, and fault-tolerantly teleported
into the computation. To aid this protocol, we develop a new gate-efficient streaming version of quantum
purity amplification that matches the optimal sample complexity in a wide range of parameters and is
therefore of independent interest.

The exponential reduction in fault-tolerant quantum resources comes at the expense of an exponen-
tial quantity of purely classical complexity—each of the n iterations of the protocol requires adaptively
updating the 2™-size classical dataset and providing the noisy QRAM device with access to the updated
dataset at the next iteration. While our protocol demonstrates that QRAM is more compatible with fault-
tolerant quantum computation than previously thought, the need for significant classical computational
complexity exposes potentially fundamental limitations to realizing a truly poly(n)-cost fault-tolerant
QRAM.
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1 Introduction

The development of fast and large-scale random access memory (RAM) has played an indispensable role in the
development of conventional computing. Early RAM devices assisted in the first demonstrations of stored-program
electronic computers [1-3], and today, the availability of efficient high-speed RAM enables data-intensive computing
applications in areas like machine learning [4, 5]. At an abstract level, RAM performs the following operation: take
as input an n-bit address x specifying a location in memory, and retrieve one of the 2" data items f(x), labeled
by x. In practice, the access time for RAM is astonishingly fast: modern RAM chips can achieve latency of 10
nanoseconds or faster.! Furthermore, the RAM runtime is independent of the location of the data within the
memory, and the latency can remain nearly unchanged even as the overall size of the memory is scaled up.

The idea of quantum random access memory (QRAM) [7, 8] is to achieve something similar even when the
n-qubit address register is in a quantum superposition ) «.|z) of all 2" addresses. For simplicity, we consider
the most basic version of QRAM: applying a phase (—1)7(®) onto basis state |z), where the 2" binary values
£(0), f(1),..., f(2™ — 1) are stored in classical memory.

Vv
QRAM operation: Z o) nﬁ)) Z (-1)f @, |z). (1)

z€{0,1}" z€{0,1}n

We refer to the n-bit Boolean function f: {0,1}™ — {0,1} as the classical dataset or data table we want to query.
For each f, the n-qubit unitary V(f) that implements the QRAM operation is diagonal in the computational basis,
with diagonal £1 entries determined by f. We note that the controlled V'(f) operation® can be used to implement
the more familiar formulation of QRAM, which reads the classical data into an ancilla register as |z)|0) — |z)|f(x)).?

Whereas a single classical RAM query can access at most one entry of a data table, a single QRAM query suffices
to create a superposition over all 2" entries. The assumption that QRAM is cheap and available underlies a number
of proposed quantum algorithms (see Refs. [8-11] for relevant surveys), which leverage this ability to offer up to
exponential speedups over their classical counterparts. Often, the need for QRAM in these algorithms is contained
within an unspecified oracle or data access assumption. For instance, quantum machine learning algorithms for
support vector machines [12]|, Gaussian process regression [13|, and recommendation systems [14] require only a
polylogarithmic (in the size of the dataset) number of queries to an oracle that accesses (in superposition) the entries
of a classical matrix or vector. Similarly, quantum algorithms for solving differential equations [15-20] discretize
the equations and invert the resulting linear systems [21], in some cases incurring only a polylogarithmic (in the size
of the linear system) number of queries to the classical data defining the instance, such as object geometries and
boundary conditions. As a final example, quantum algorithms for solving optimization problems like semidefinite
and linear programs [22-29]|, with applications in logistics and finance [30, 31|, require coherent oracle access to
the classical matrices defining the optimization problem. In all of these areas, the claimed speedup is typically
dependent upon the assumption that—at least at an abstract level—the cost of QRAM is similar to that of RAM.

Cheap QRAM assumption. For an arbitrary data table f, the computational cost of implementing
the unitary operation V(f) from Eq. (1) is poly(n).

Here, the term computational cost is intentionally vague—depending on the context, it might refer to circuit depth,
physical runtime, energy dissipated, or some other metric—one must define it more precisely before justifying the
assumption (see discussion in Ref. [8]). Focusing on physical runtime/latency as a metric, the assumption of poly(n)
cost is roughly valid in the case of RAM: one can write down classical circuits for RAM that have O(n) depth, and
in practice actual RAM chips maintain extremely fast latency even at very large scale. However, for QRAM, the
validity of this assumption has been the source of significant controversy [8, 9, 32, 33]. At the root of the issue is
the fact that, unlike RAM, QRAM must be implemented in such a way that information about which address is
being queried is not leaked to the environment, which would lead to decoherence. Strategies for preventing this
decoherence without also reducing QRAM’s relative power have so far proved to be elusive.

IRAM latency is a complex topic, due to the many kinds of memory that are used in a computer, each type offering benefits and
drawbacks on a number of dimensions including speed, physical size per bit, volatility, and price. See Ref. [6] and the associated
datasheet found there for a concrete example of an asynchronous static RAM chip achieving 10 nanoseconds latency on 220 memory
locations (each storing 8 bits).

2Controlled V (f) is equivalent to (non-controlled) V (f) for a dataset f with n + 1 address bits; see Appendix A.

3In some places in the literature [8], the operation |£)|0) + |2)|f(x)) is referred to as QRACM, where the additional C emphasizes
the fact that the data f(x) are classical and thus the states | f(z)) are computational basis states. This distinguishes QRACM from its
generalization, QRAQM, where each |f(x)) can be an arbitrary (possibly multiqubit) quantum state. In this paper, we do not consider
QRAQM, and we refer to QRAM interchangeably with QRACM.



One might try to justify the cheap QRAM assumption by writing down an O(n)-depth quantum circuit for the
n-qubit unitary V(f) [34-37], and then running that circuit on a general-purpose fault-tolerant quantum processor;
assuming gates can be implemented in parallel, O(n) latency is achievable. This strategy—referred to as “circuit
QRAM” in Ref. [8]—has significant drawbacks. In particular, it requires Q(2™) logical ancilla qubits and Q(2")
classical co-processors to control the system and perform active error correction on all its components in parallel.
Each logical ancilla may require dozens or hundreds of physical qubits, leading to an extremely large device footprint,
a conclusion that is further exacerbated by the presence of a large number of magic state factories for implementing
in parallel the non-Clifford 7' or Toffoli gates in the circuit, of which there must be at least Q(y/27) [38]. One
estimate for a surface code approach found that quadrillions of physical qubits would be needed for querying an
8-gigabyte memory [34]. The opportunity cost of these quantum and classical resources is steep. For example, the
O(2™) classical co-processors can perform complex tasks like sparse matrix-vector multiplication for 2™ x 2™ matrices
in poly(n) time [8, 9, 33]. Consequently, for circuit QRAM, the cheap QRAM assumption is only justifiable in a
cost model that essentially precludes the possibility of quantum advantage in many proposed applications.

Ideally, the QRAM operation would instead be carried out by a specialized hardware element, separate from
the main general-purpose quantum processor, mirroring how RAM is performed in a different way than computation
on the main CPU. While the physical size of the QRAM hardware element would scale as Q(2™)—this is necessary
simply to store the dataset f—the runtime could be as little as O(n). Furthermore, since the device is specialized
for QRAM, it could in principle be performed passively and ballistically [8], that is, implemented automatically by
natural evolution of the system while requiring at most poly(n) external interventions from classical control and
dissipating at most poly(n) energy.* Constructing such a device is a formidable engineering challenge; there are
currently no fully convincing proposals on how it could be done, but nothing rules it out in theory;® see Fig. 1a for
an abstract picture of how such a device might be structured.

Yet, even if a passive, physical QRAM device did exist, it is unclear how it could actually be useful to a
fault-tolerant quantum computation (FTQC). The ability to apply the physical QRAM operation at computational
cost poly(n) is not sufficient to justify the cheap QRAM assumption, even if there are no errors in the QRAM
device itself (which is not realistic anyway). The problem is that, in FTQC, we need to perform the logical QRAM
operation, denoted by V(f), onto an address register encoded into some quantum error-correcting (QEC) code.
Naively, we could implement V() by un-encoding the n logical qubits into n physical qubits, running the physical
qubits through the physical QRAM device, and re-encoding the output. However, the un-encoding and re-encoding
processes introduce uncorrectable errors, and any noise in the physical QRAM device will also propagate into logical
errors on the re-encoded state. An alternative would be to find a QEC code where the logical V(f) is a transversal
gate, meaning it can be implemented as a tensor product of poly(n) physical V(f) gates without the need for un-
encoding and re-encoding. Unfortunately, there are known challenges to finding such codes [8]. A general n-qubit
QRAM gate is in the n-th level of the Clifford hierarchy (see Section 2.2 and Appendix D), and all known examples
of codes supporting transversal implementation of a gate in the n-th level have O(2™) qubits [41-43]. In fact, there
is at least one example of a gate in the n-th level—the single-qubit 7/2" rotation gate—where a matching lower
bound of ©(2™) qubits has been shown for a strong form of transversality [44], leading one to speculate that a
similar lower bound may hold for QRAM, as well.

Our main contribution is to devise a protocol that implements the logical operation V (f) fault tolerantly, using
poly(n) queries to a noisy device that can implement the physical QRAM operation with at least 1/poly(n) fidelity,
as well as poly(n) fault-tolerant operations on a general-purpose quantum processor—exponentially lower than
the number of fault-tolerant quantum operations required for circuit QRAM. The protocol generalizes well-known
distillation—teleportation protocols for non-Clifford gates like the T gate and the CCZ gate. First, the physical
V(f) gate is used to prepare many copies of a faulty physical n-qubit QRAM resource state. Next, the physical
resource states are encoded into a QEC code (the protocol is agnostic to which one) and distilled into a single
high-fidelity logical resource state. Finally, the high-fidelity logical resource state is teleported into the computation
to enact the logical QRAM gate, up to a correction which can be computed classically—our protocol outsources
this calculation to a classical processor as depicted in Fig. 1b. The required correction is a different logical QRAM

4Reading from a classical RAM can be viewed as a passive operation: although the circuit for RAM has (2") gates/components,
these gates are etched onto the chip and are performed without any external intervention—one simply needs to set the voltages on the
n input pins specifying the desired address. It is possible to design a RAM circuit that dissipates only O(n) energy, although since this
does not represent a bottleneck in practical systems, actual RAM chips are better modeled as dissipating O(y/2") energy (memory is
laid out in 2D and in practice an entire row/column is activated, rather than just a single memory cell) (8, 39].

5We ignore speed-of-light constraints, which we expect only to be relevant at large QRAM size [40]. At large enough scale, the speed
of light would prevent both RAM and QRAM from achieving query latency O(n), since the dataset of size 2" must be embedded in 2
or at most 3 spatial dimensions, and the time needed for information to travel across the device would be at least (2"/3) (in the case
of a 3D embedding).
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Figure 1: (a) Ideally, the physical QRAM operation V(g) of Eq. (1) is performed passively by a specialized device.
We may imagine, for example, encoding the address state ) ag|z) into the polarization states of n photons,
and then sending them into a pre-manufactured device, where they return having picked up a —1 phase only on
branches of the superposition where g(x) = 1 [8, 45]. This might be accomplished by placing the classical bits
9(0),9(1),...,9(2™ — 1) at the leaves of a binary tree, selectively routing the photons to the correct leaf based on
their polarization, picking up a phase if a photon exists at location = and g(z) = 1, and then unrouting the n
photons. (b) Our protocol utilizes a specialized, physical QRAM device, which is separate from the general-purpose
fault-tolerant quantum processor. The QRAM device is used to create QRAM resource states on n physical qubits
which are moved onto the main processor. The main processor encodes, distills, and teleports these resource states,
generating classical n-bit measurement outcomes, which are sent to a classical CPU. The classical CPU performs
a calculation to update the dataset stored in classical memory (RAM), which is queried by the physical QRAM
device at the next iteration of the protocol.

gate V(f’), where f’ is determined by f and random measurement outcomes obtained during the teleportation
procedure. The correction V(f’) is then implemented in the same way, requiring a correction of its own, V(f"),
where f” is again dependent on f’ and random measurement outcomes. We show that after iterating this process
for n rounds, no further correction is necessary. This is a consequence of the fact that, despite its exponential
circuit complexity, the unitary V(f) lies in the n-th level of the Clifford hierarchy [46] for every f, which implies
that the first correction V' (f”) is in the (n — 1)-th level, the second correction V' (f”) is in the (n — 2)-th level, and
so on. Our insights are (i) to notice that these corrections always lie within the family of QRAM gates of Eq. (1),
allowing for a straightforward recursive implementation, and (ii) to devise a method for preparing the high-fidelity
encoded resource states, completing the end-to-end workflow for fault-tolerant V(f). A no-go theorem in Ref. [§]
ruled out a wide class of QRAM distillation—teleportation protocols; our protocol sidesteps this theorem by being
adaptive and querying the physical QRAM on different datasets (f, f', f”, etc.) in each round. We provide a more
complete informal overview of the protocol in Section 2 and a detailed error analysis of each step in Section 4.

By showing how to perform logical V(f) using poly(n) calls to physical QRAM, our protocol salvages the
potential utility of the specialized, faulty QRAM device, and it encourages a model of quantum computation where
QRAM is performed separately from the main quantum processing unit.

Our protocol also partially justifies the cheap QRAM assumption, provided that a passive QRAM device can
be constructed. Indeed, if noisy physical QRAM has computational cost poly(n), then the quantum resources
required to implement fault-tolerant QRAM via our protocol also scales only as poly(n). The main caveat is that
running our protocol requires a non-negligible amount of adaptive classical computation of complexity O(2") to
compute the required correction operations (and “reload” the passive QRAM device, so that it has access to the
new classical dataset at the next round of the protocol), although this complexity may be amenable to some degree
of parallelization. We explore the nuances of this caveat in Section 5. In our protocol, this adaptive classical
computation and QRAM reloading appears necessary in order to avoid revealing which address is being queried
even while using a noisy QRAM device. In Section 7, we pose the question of whether this reflects an inevitable



limitation of fault-tolerant QRAM or whether a stronger justification of the cheap QRAM assumption, where both
quantum and classical resources are poly(n), may be possible.

In any case, our protocol can be viewed as trading O(2") quantum resources for O(2") classical resources.
That is, our protocol does not require the O(2"™) actively error-corrected quantum resources incurred in circuit
QRAM (fault-tolerant quantum gates, ancilla qubits, magic state factories, control wiring, classical co-processors,
etc.). Instead, it requires poly(n)2™ purely classical resources in addition to only poly(n) fault-tolerant quantum
resources and poly(n) queries to a faulty QRAM device. There may be applications where such a tradeoff is
beneficial, since quantum devices will be significantly slower and more expensive than classical devices for the
foreseeable future.

2 Overview of protocol

2.1 Warm-up: distillation—teleportation protocol for the 7' gate

In many schemes for FTQC, it is relatively cheap to implement logical Clifford gates (e.g., they can often be done
transversally). On the other hand, non-Clifford logical gates like the T' gate and the CCZ gate are more expensive;
these gates can instead be performed using distillation—teleportation protocols. In this section, we review such a
protocol for the T gate, a diagonal gate mapping |0) +— |0) and [1) — e™/4|1). Although the CCZ gate is actually
a special case of the QRAM operation from Eq. (1) and thus more directly related to our protocol, the T' gate
provides a gentler introduction because it is a single-qubit gate.

We discuss distillation and gate teleportation separately, beginning with gate teleportation. Henceforth, we
denote logical states and operations with an overline, for example, we denote the logical T' gate by T. Teleporting
T into a quantum computation requires the preparation of a resource state, also known as a magic state, which is
T applied to the equal superposition state:

1

T =T =

([0) +™/*|T)) (2)

where |0) and |I) denote the encoded computational basis for some QEC code (here we are agnostic to which code),
and |+) = %ﬂ@ +[1)). The T gate can then be applied to an arbitrary quantum state |[@) (on one logical qubit)

by entangling |@) with |T) and making a (logical) measurement, as follows:

XTX@) ifm=1

T) —— < p—m

The logical CNOT gate (a Clifford gate) and the single-qubit logical measurement are both performed fault-
tolerantly within the QEC code to ensure negligible chance of logical error. Direct computation verifies that the
single-qubit measurement outcome m € {0, 1} is uniformly random, regardless of the state |@). If the measurement
outcome is m = 0, the gate T is exactly implemented on the top wire. However, if the outcome m = 1 is obtained,
the wrong phase was applied to the state, equivalent to the gate X T X instead of T' (where XY, Z denote the Pauli
operators). To fix this, one must apply a correction operation when the measurement outcome is 1. The correction
required to undo the erroneous X T'X gate and re-do the T gate is the T X TTX gate, which is equal to the phase
gate S = T2, up to a global phase. Crucially, the phase gate is a Clifford gate, and thus the logical S can typically
be implemented fault tolerantly in a more direct fashion. The full gate teleportation circuit with the correction is
then given by:

{T|a> if m =0
(3)

The benefit of performing the T gate via gate teleportation is that the difficulty is reduced to preparing a
high-fidelity |T) state. This state can be prepared through a multistep process of physical preparation, encoding,
and then distillation. For concreteness, one can consider magic state injection schemes for the surface code [47-50].



Here, the first step is to prepare the |T') state on a single physical qubit. Next, an encoding procdure is performed,
that is, |T") is mapped to |T'), which is encoded in a d x d surface code patch. This can be realized by, for instance,
preparing a product state and performing appropriate stabilizer measurements. This procedure is generally not
fault-tolerant; if the underlying hardware has error rate p, the logical error on the prepared state is O(p), but the
logical error can be kept independent of how large one makes the code distance d. Some of the possible logical
errors are heralded—they can be detected by applying certain checks, in which case the procedure can be restarted
from scratch, improving the postselected fidelity. The final step is magic state distillation, whereby multiple noisy
|T) states are consumed to produce a smaller number of higher-fidelity |T') states. For example, the 15-to-1 magic
state distillation protocol uses 15 input magic states of error rate pi,, succeeds with probability 1 — O(pi,), and
conditioned on success, produces a single output magic state of error rate pous = O(p3 ) [50-52]. By recursively
applying this protocol, one can distill [T) states with arbitrarily low error rate even when all physical components
have noise rate p = O(1), provided that p is below a certain threshold for state distillation.

In some instances, one may not want to perform the corrective S gate directly.® In this case, another option is
to perform the S gate also via gate teleportation, using the resource state

1
V2
The conditional correction required when teleporting S is the gate S X STX o §? = Z. While implementing the

Pauli Z gate is typically easy for FTQC schemes, it could in principle also be implemented by teleporting the
resource state

S) = SIF) = —(10) +i[T)). (5)

|3=Z®=§ﬂ®—m% (6)

Teleporting the | =) state requires no correction, regardless of the measurement outcome, since Z X Z X o I, where
I is the (logical) identity operator. Following this strategy, we can write the following circuit, which implements the
T gate via three successive teleportations, where the second and third teleportations are applied only if all prior
measurement outcomes are 1.

This approach may strike the reader as unnecessary, but designing the procedure in this iterative way will mirror
the structure of our full protocol for QRAM.

2.2 Teleportable gates and the Clifford hierarchy

Not all gates can be teleported in the manner of circuit (4). The key reason it works is that the correction operation,
S, is a Clifford gate. In general, if one attempts to teleport a diagonal single-qubit logical gate G, the conditional
correction is G X G' X. Early work on gate teleportation [58] characterized the set of teleportable gates. It identified
a hierarchy of teleportable gates known as the Clifford hierarchy. Focusing here on logical gates for consistency
with the rest of this section, the logical Clifford hierarchy is a sequence of sets C for k = 1,2, ..., where C; is the
set of logical Pauli gates, and Cy, is defined recursively by

C,={G:GPG' cCp_,forall PeC}. (8)

That is, the k-th level of the Clifford hierarchy are gates that, under conjugation, transform Pauli gates into gates
in the (k — 1)-th level. We may recognize Cs as the set of gates that transform Paulis to Paulis—that is, the set of

6For some codes, such as the color code [53], the S gate is transversal; for the surface code, however, it is fold-transversal [54, 55|, and
therefore more challenging to implement. One may also prefer to use autocorrected gadgets [56, 57| that avoid direct implementation
of S.



Clifford gates. The T gate lies in C3 because T X T = e 1"/45 X is Clifford, TY TT = e~ I"/45Y is Clifford, and
TZT' =7 is Pauli (and therefore Clifford).

Focusing here on single-qubit diagonal gates, if a gate G lies in Ci, then the teleportation procedure calls to
use the state G|T) as a resource state. The conditional correction G X G' X is also diagonal and lies in C;_;. As
pointed out already in Ref. [58], this immediately yields a recursive procedure for implementing any gate in Cg:
prepare G|T); teleport; if outcome 1 is obtained, classically compute the required correction G’ = G X GT X € Cj_1;
prepare G'[F); teleport; if outcome 1 is obtained, compute the required correction G” = G’ X G'' X € Cj_o, etc.
Each correction is one level lower in the hierarchy than the last. After enough rounds, no further correction will be
required, as in circuit (7).

2.3 Teleporting the QRAM gate

The teleportation strategy for single-qubit diagonal gates can also be applied to multi-qubit diagonal gates, such
as the QRAM unitary V(f) from Eq. (1). We define QRAM resource states analogously to the resource state

IT) (ct. Eq. (2)).

1
QRAM resource state: () =V(f)+®" = (=1)f @z (9)
\/27 we{zo,:l}n

We denote the encoded logical QRAM resource state by [¥(f)).

Assuming that we can prepare the encoded resource state |¥(f)), then we may teleport the QRAM gate into
an arbitrary encoded n-qubit state ) o,[Z) by making an entangled measurement, as in the following circuit
(cf. circuit (3)).

Eeostmy T ¥, ax(~1)/EEm))

(10)

o
V

==
(==L

glady

Here we emphasize that in the context of our protocol, the circuit is a logical circuit: all qubits are logical qubits,
and both the upper and lower sets of n logical qubits are constructed out of n’ > n physical qubits using some
QEC code. For example, one could choose to encode each logical qubit into its own d x d surface code patch, giving
n’ = nd? for that example. The n logical CNOT gates and n logical single-qubit measurements in circuit (10) are
performed fault tolerantly within this code, allowing us to neglect the chance of logical error.

fa n
\V

v (f))

o

Each possible n-bit measurement outcome m € {0,1}" is obtained with uniform probability 1/2", regardless
of the state > a,[Z). If m = 0™ is obtained, then by direct calculation (see Section 4.5), we can verify that the
gate V(f) has been correctly applied, yielding the state Y a,(—1)7 (#)|Z). However, most of the time, we obtain
a nonzero measurement outcome m # 0™, in which case the phase (—1)/(®) is applied onto the basis state |z @&m)
rather than |7), yielding the state Y a,(—1)/@®™)|z). Here and throughout, ® denotes bitwise addition, modulo
2.

To correct for this, we need to apply the phase (—1)f@®m)®f(*) onto the basis state |z) for each x; that is, we
need to implement the correction operation V(f'), where f’ is a Boolean function defined by the rule

fllz)=f@)o flzdm). (11)

The function f’ depends on m, and thus it can only be determined after the teleportation of |¥(f)) has been
performed. To tie back to the case of a single-qubit diagonal gate G discussed in Section 2.2, where the conditional



correction was G’ = G X G' X, we can note that V(f)" = V(f) and rewrite

V() =vHX"V(H X", (12)

where X™ denotes the n-qubit Pauli operator with Pauli-X in positions where m; = 1 and identity operator I in
positions where m; = 0, such that X™|z) = [x & m).

It now suffices to observe that for any f, the n-qubit unitary V(f) is in the n-th level of the logical Clifford
hierarchy [8, 46]; we provide a self-contained proof of this in Appendix D. This guarantees that the correction
V(f’) will be in the (n — 1)-th level. As explained in Appendix D, the reason this holds is related to the degree
of the Boolean functions f and f’, when they are expanded as a polynomial of their n input bits. Specifically, we
may observe that the highest-degree monomials in the expansion of f(z) are the same as those in the expansion of
f(x@®m). Thus, when f'(x) is defined as f(z)® f(z®m), the highest-degree monomials all cancel out, leaving only
monomials of a lower degree. That is, the degree of f’ is smaller than the degree of f by at least one. We use this
fact to prove in general that if a Boolean function h has degree d, then V(h) € C4. In particular, since V(f) € C,
(the maximum possible degree of any function is n), we have that V(f’) € C,,_1.

Our protocol proposes to implement the correction V(f’) in the same fashion as V(f): by preparing the
resource state |¥(f’)) and teleporting as in circuit (10). This will also produce a correction, associated with a
Boolean function f” of degree n — 2. As we iterate, we descend the Clifford hierarchy, and the degree of our
correction function is reduced. Once we have performed n rounds of teleportation, our correction function has
degree zero. If a Boolean function h is constant, this implies that V(h) oc I; thus, once we have reduced the

correction function to degree zero, we may cease iterating the protocol.

Later, in Section 4.5, we perform a more complete analysis of the teleportation channel; for example, we
quantify the error in the teleportation channel when an imperfect resource state is teleported instead of |¥(f)).

2.4 Preparing the encoded QRAM resource state

The analysis above shows how we can implement the logical V' (f) gate, provided that we can adaptively prepare
the resource states |¥(g)), up to low error, for any particular Boolean function g. At first glance, this seems like a
tall task. There are 22" different states that we may need to prepare. By a simple counting argument, the quantum
circuit complexity of at least one of these states is at least (2" /n). The innovation of our protocol is to outsource
this complexity to a single-purpose, faulty (and ideally passive) QRAM device, which may be able to exploit the
unique structure of QRAM to implement V' (g) cheaply, but imperfectly.

We propose a three-step procedure for preparing these states, analogous to the preparation of the |T) state:
physical preparation, encoding, and distillation.

e Physical preparation: we assume that we have access to a QRAM device that can implement an approx-
imation to V(g) at the physical level, as discussed in Section 1 and Fig. 1. By running this device on the
initial input state |+)®", we produce the physical resource state |¥(g)) of Eq. (9). The device can be faulty.
In fact, our protocol can succeed as long as the device produces states that have at least 1/poly(n) minimum
fidelity with respect to |¥(g)).

e Encoding: The physical n-qubit state is not protected by a QEC code, and thus it is vulnerable to error.
We immediately encode it into (an approximation of) the logical state |¥(g)) using some number n’ > n
of physical qubits on our main quantum processor. This step incurs some additional logical error because
encoding arbitrary states is not fully fault tolerant. However, for topological codes like the surface code,
there exist effective methods for encoding a physical qubit into a logical qubit [49]. The logical error due to
encoding is O(p)—independent of the code distance—where p is the physical error rate. In Section 4.2, we
use the general results of Ref. [59] to formalize the error in this step. Since the state |¥(g)) is an n-qubit
state, we expect the total logical error incurred from encoding to be O(np), although for the case of general
codes, we can only show O(n,/p). The physical error rate must be p = O(1/n) or p = O(1/n?), so that the
total error from encoding remains O(1), but for relevant sizes of n (e.g., n = 43 already corresponds to one
terabyte of QRAM), the p = O(1/n) condition is already met on devices that exist today.

e Distillation: Distillation procedures |51, 52| for the |T) (or |[CCZ)) state leverage the existence of QEC
codes where T' (or CCZ) is transversal. The overhead, that is, the number of noisy copies of |T) needed to
distill one eqist-good copy of |T) is polylog(1/eqist), and this can be improved to O(1) overhead using high-
rate codes [60-62]. For the V(g) gate, we do not know of any suitable codes that would enable this kind of
approach. However, we can still distill |¥(g)) using state-agnostic quantum purity amplification methods [63—




69], which take many copies of an arbitrary mixed state p and produce one eg;st-good copy of the pure state
|=XZ]|, where |Z) is the principal component (i.e., top eigenvector) of p. These methods do not leverage or
learn any properties of |=), and it is known that the optimal overhead achievable in such settings is ©(1/eqist)
[68]. In Section 4.4, we discuss several specific state-agnostic approaches. We first consider the iterated swap
test purification method studied in Refs. [66, 67, 69, 70|, which is appealing for its simplicity. In the regime
where the physical preparation and encoding steps prepare states with high (but still imperfect) fidelity, the
iterated swap test approach is nearly optimal. On the other hand, as the fidelity of the undistilled input states
decreases, the overhead of the iterated swap test rapidly increases, scaling exponentially in the inverse input
fidelity. To alleviate this issue, we propose a new gate-efficient state-agnostic quantum purity amplification
procedure based on quantum principal component analysis [71, 72], which achieves nearly optimal sample
complexity even in the regime of low input fidelity, while still being compatible with the streaming model
(i.e., where the undistilled input states are processed one at a time, rather than all at once as in the known
sample-optimal protocol [69]).

To apply these state-agnostic distillation approaches within our protocol, it must be the case that the state
that is output by the physical preparation and encoding processes has the ideal resource state |U(g)) as
its principal component. Evaluating this assertion requires specifying a noise model in our abstract QRAM
device and in our main quantum processor. We suppose that our main processor is subject to circuit-level
stochastic noise. For the QRAM device, the only assumption we make is that the noise is independent of the
dataset, in the sense that, for dataset g, it enacts the n-qubit quantum channel N5 o V(g) o N7, where N o
are g-independent noise channels, and V(g) = V(g)[]V(g) is the ideal QRAM channel. In this case, we can
ensure that the principal component of the state we prepare is |U(g)) by performing a partial Clifford-twirl
of the unitary V(g). This method leverages the fact that for any Clifford circuit C' formed from Z, X, CZ,
and CX (i.e., CNOT) gates, we have |¥(g)) = C|¥(gc)) for some dataset gco; the idea is to choose a random
C, compute the dataset gc, query goc with the QRAM device, and then apply C fault-tolerantly to restore
|¥(g)). Partial Clifford twirling is not necessary under the stronger assumption that the noise in the QRAM
device naturally guarantees that the ideal resource state is the principal component.

It is important that our protocol can work even when the QRAM device has low (at least inverse polynomial) fidelity.
Given the engineering challenges associated with building a reliable physical QRAM device, it is much easier to
imagine realizing our protocol in practice, especially as n grows, if the physical QRAM device need only have a small
correlation with the correct output. Along these lines, another key benefit of a distillation—teleportation approach
to fault-tolerant QRAM is that one always has the option to restart the preparation, encoding, and distillation
procedure if an error is detected. For instance, if the physical QRAM device recognizes certain errors (e.g., photon
loss), one can simply postselect on these events not occurring, improving the effective fidelity of the device from
the perspective of our protocol.

2.5 Full summary of protocol and statement of results

To summarize, our main result is a protocol for implementing the logical QRAM operation V(f), up to arbitrarily
high fidelity, using many queries to a device that can perform the physical QRAM operation V(g) (for any/all
g) with a lower nonzero fidelity. As discussed in Section 1, the physical QRAM operation could be accomplished
with a dedicated subcomponent of the larger quantum device specialized for QRAM, which need not be capable of
universal fault-tolerant quantum computation.

The protocol to implement V(f) cycles at most n times through five steps discussed in the previous subsections:
(i) physical preparation, (ii) encoding, (iii) distillation, (iv) teleportation, and (v) adaptive classical computation
of the correction. Step (v) uses measurement outcomes from step (iv) to transform the dataset according to the
update rule (UR) of Eq. (11), prior to returning to step (i). The entire protocol is depicted in Fig. 2, where each of
the five steps is shown in a different color. A more detailed specification and formal error analysis of each step is
provided in Section 4. We arrive at the following statement of the cost of implementing V (f).

Theorem 1 (Main result (informal)). For any data table f with 2™ entries, and any error parameter € > 0, the
protocol performs the logical QRAM operation V (f) up to error e (in diamond distance), under the assumption that
the physical QRAM device implementing physical V (f) has noise independent of f. The quantum resources required
are:

e poly(n)/e calls to a device that performs the physical V(g), for various g (determined adaptively) with any
nonzero minimum fidelity F > 1/poly(n).

e poly(n)/e calls to a poly(n)-cost fault-tolerant encoding procedure that encodes n-qubit physical states into a
suitable QEC code capable of FTQC, while incurring at most O(1) logical error.
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Figure 2: Quantum circuit depiction of the protocol for implementing the logical diagonal QRAM operation V()
(see Eq. (1)) fault tolerantly for a data table f. The protocol cycles through n rounds, and each round has five
steps: preparation, encoding, distillation, teleportation, and classical update, depicted in different colors. All gates
are fault-tolerant, logical gates, except the query to the noisy QRAM device ¥ and the encoding step F, outlined
in red. The solid black wires represent encoded logical quantum registers of n logical qubits, the red wires represent
unencoded quantum registers of n physical qubits, and the double black lines represent classical registers. For
simplicity, we have not depicted the twirling step in the figure (which may not be necessary in practice), where
prior to each application of ¥, the dataset is modified by an independently chosen random transformation, which
is corrected for after E has been applied; see circuit (42).

e poly(n)/e fault-tolerant one- and two-qubit logical gates, single-qubit logical |0) state preparations, and single-
qubit logical measurements.

The classical resources required are:
e n applications of the classical update rule, each of which has O(2™) complexity in a standard RAM model.

e poly(n)/e twirling operations on the dataset, each of which has complexity poly(n)2™ in a standard RAM
model.

After each update rule and twirling operation, the physical QRAM device must be “reloaded” or otherwise given
access to the updated classical dataset.

The main implication of this result is the following: suppose that a quantum algorithm calls the QRAM
operation V' (f) at most T' = poly(n) times, and suppose that one has access to a QRAM device that approximately
performs the physical QRAM operation with at least 1/poly(n) fidelity, at computational cost poly(n) (similar to
the cost of RAM). Then, one may take 1/¢ = O(T") = poly(n), and conclude that the algorithm can be implemented
fault-tolerantly using only poly(n) quantum resources. As a result, our protocol provides a step toward justifying
the cheap QRAM assumption, and it provides a method of fault-tolerantly implementing quantum algorithms that
depend on QRAM.

Even in a cost model where noisy physical QRAM incurs computational cost Q(2")—for instance, if the
physical QRAM has Q(2") active gates each requiring 2(1) energy input—our protocol still provides the benefit
that the exponential quantum complexity is contained entirely to physical quantum operations that can be optimized
specifically to perform QRAM. There is no need for an exponential amount of QEC and the associated overheads
it incurs.

2.5.1 Caveat: classical complexity

The main caveat of our protocol is that it requires a non-negligible amount of purely classical adaptive computation.
In particular, after receiving random measurement outcome m, the protocol requires replacing the value g(x) with
the value g(z) ® g(x @ m) for all 2" addresses z of the dataset, as in Eq. (11). While computing the new value is
easy for any individual z, the sheer number of different x means the complexity—in terms of classical circuit size
or RAM calls to the dataset g—is at least Q(2").

However, we must recall that naively, the logical QRAM requires ©(2") fault-tolerant quantum resources, if
implemented as a fault-tolerant circuit. Omne unit of fault-tolerant quantum resources, such as one fault-tolerant
quantum gate, is expected to be several orders of magnitude more expensive in terms of both financial cost and
computational runtime than one unit of classical computation, such as a classical gate or floating point operation [73].
Thus, trading Q(2") quantum for ©(2") classical resources may lead to an overall cheaper and faster computation.
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Furthermore, we expect that although it formally has 2(2™) computational cost, the complexity of the classical
update rule has significantly better constant prefactors than the classical computation required to power active
QEC of an entire QRAM circuit. As mentioned previously, circuit QRAM with poly(n) latency would require a
fault-tolerant quantum computer with Q(2") logical qubits. Such a device would likely require (2") full-fledged
classical chips to be co-located with the logical qubits, in order to process in parallel the QEC syndrome data
generated by the computation in real time. For example, in the surface code operating at a 1 MHz QEC cycle rate,
the amount of syndrome data generated by 220 logical qubits, each encoded into its own patch at code distance 11,
would be more than 15 terabytes per second. Specialized classical decoding algorithms must be run continuously
to identify and correct errors as they occur. In contrast, for a datset of size 220 bits, the classical update rule in our
protocol is a single structured transformation of a 120 kilobyte dataset. The only interaction between this dataset
and the quantum processor is the reloading of the physical QRAM device with the updated dataset.

Additionally, because of the structure of the classical update rule g(x) — g(x) ® g(x @ m), it is conceivable that
dedicated classical chips could be built to parallelize the process of performing the update and the reloading of the
QRAM device. In Section 5, we analyze the complexity of the update rule, and illustrate how it can be implemented
with a classical circuit of depth poly(n), although embedding this circuit into 2 or 3 spatial dimensions leads to
asymptotically growing wire density. We show how in a model of parallel computation, the update rule is equivalent
(up to poly(n) factors) to performing sparse matrix-vector multiplication, with a particularly close connection to
the (fast) Walsh-Hadamard transform. This fact helps to understand the expected difficulty of parallelization and
it clarifies the opportunity cost of these classical resources.

2.5.2 Comments on scalability

An additional caveat is the fact that our protocol is likely not to be fully scalable for indefinitely large n. This
stems from two aspects, the physical QRAM device, and the encoding step.

First, the physical size of an (ideally passive) physical QRAM device would need to grow as 2(2"), yet we need
it to produce physical QRAM resource states with at least 1/poly(n) fidelity. Thus, the fidelity of the individual
device components needs to improve as n grows. It is known that certain architectural approaches to QRAM,
namely, bucket brigade QRAM, possess a certain noise resilience property: the overall infidelity of the physical
QRAM operation scales as O(qn?) [36], where ¢ is the error rate of the individual router components that compose
the device. This is exponentially better than O(g2"™), which would be the naive expectation, given the exponential
number of error-prone routers in the device. This noise resilience is a crucial fact for the possibility of practical
QRAM. If this kind of scaling is achieved, then the physical per-component error rate ¢ must decrease asymptotically
roughly as O(1/n?) to be useful for our protocol.

Second, the physical QRAM resource state is an n-qubit state, and in a noise model where each operation on
our main quantum processor fails with probability p, the encoding of this n-qubit physical state into an n-qubit
logical state necessarily incurs at least €(np) logical error. The formal analysis, later, shows how O(n,/p) can be
achieved regardless of the choice of QEC code. Either way, p must decrease as O(1/n) or as O(1/n?) to keep this
error of total size O(1).

While any practical implementation of this protocol will certainly need to pay close attention to error rates at
every step, this is not a hugely debilitating conceptual issue for QRAM. This is because we do not ever expect to
need to build a QRAM device for very large values of n. For example, typical RAM devices in classical computers
are of size roughly 10 gigabytes, corresponding to only n = 36. The physical error rate in state-of-the-art quantum
devices in several different platforms already achieves p in the range of 1073-10~2. Improving by roughly an order
of magnitude to p = ¢ = 10~* would be sufficient to enable our protocol at size n = 36, assuming that the dominant
error contribution scales as 4gn? (where the presumed constant prefactor of 4 is chosen to align with Ref. |36,

Eq. (28)]).

2.5.3 Comments on applications

Our investigation has been primarily motivated by the goal of evaluating the viability of QRAM as a primitive
for fault-tolerant quantum computation in an abstract sense. Nonetheless, in Section 6, we consider whether our
protocol could provide a practical advantage over alternative methods in several concrete applications. Generally,
although our protocol achieves asymptotically polynomial poly(n)/e complexity, we find that this version of the
protocol struggles to provide an immediate advantage. For example, in quantum machine learning scenarios, the
Q(2™) cost of the classical update rule makes it difficult to find examples where an end-to-end speedup persists over
alternative classical methods. The observation in Section 5 that the update rule is similar in power to a sparse
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matrix-vector multiplication clarifies that, in our search for superpolynomial quantum speedups, we must only
target problems where the ability to perform classical 2" x 2™ sparse matrix-vector multiplications is not already
sufficient to solve the problem in poly(n) time, which considerably reduces the set of candidates. See Section 6.2
for comments on possible scenarios where this conclusion may be avoided.

On the other hand, in scenarios like quantum chemistry and cryptanalysis where QRAM is utilized—in that
context often referred to as a “quantum lookup table” or “quantum read-only memory™—the (2") classical cost is
tolerable. In fact, in these instances, it is typically already being proposed to implement QRAM with a fully error-
corrected quantum circuit of depth ©(2™) [74]. Our protocol could allow this exponential fault-tolerant complexity
to be offloaded to a specialized physical QRAM device and a classical computer. However, in our preliminary
resource analysis at relevant system sizes in Section 6, the poly(n)/e cost is still too large to provide an actual
advantage. Part of the issue is that if the QRAM operation is called T times, one must take 1/e = Q(T"), and hence
the total cost of implementing all T QRAM queries scales as T2. The discovery of a distillation protocol for QRAM
resource states with overhead polylog(1/¢) instead of 1/¢ would be extremely beneficial in this calculation.

2.5.4 Extension to multiple output bits

In Appendix A, we explain how our protocol can be straightforwardly extended to the case where b classical bits
are stored at each of 2" addresses, and one wishes to coherently read all b bits into a separate bus register. That
is, we show how to fault-tolerantly perform the operation U(f) that implements |Z)[u) — |Z)|u @ f(x)), with
f:{0,1}" — {0,1}® here denoting a function with b output bits. The strategy is to observe that conjugating U (f)
by a Hadamard transform on the bus register yields a diagonal unitary with +1 on the diagonal that may be viewed
as a generalization of V(f) from Eq. (1). The unitary acts on n + b qubits rather than n qubits, but importantly,
the degree of the Boolean function is at most n + 1, which can be much smaller than n 4+ b. The protocol proceeds
identically to how it is described in the main text, except that the resource states are larger, requiring n + b qubits,
which leads to greater gate complexity overhead when performing distillation and teleportation.

2.6 Relation to prior work

The idea of QRAM was first formalized by Giovannetti, Lloyd, and Maccone (GLM) in Refs. [7, 75] (although
some primitive versions of QRAM had been sketched earlier, see e.g. Ref. [76, Chapter 6]). These works first
introduced the idea of a dedicated QRAM hardware element—a device specially designed for QRAM and separate
from the main quantum processor—by proposing implementations based on optical and atomic hardware. Many
other proposals have followed, including proposals based on superconducting circuits [77-80], photonic systems [81,
82], and neutral atom arrays [83] (see Ref. [8] for a more detailed review). We highlight that notions of teleportation-
based QRAM [81] and QRAM resource states [83]—albeit resource states of size exponential in n—have previously
been proposed. Unfortunately, all of these proposed QRAM implementations face daunting practical challenges, and
most are not passive, meaning they require active control over (2") quantum components, which would undermine
the cheap QRAM assumption. (As Ref. [8] notes, the proposal of Ref. [80] is a noteworthy example of a passive
implementation, although it faces challenges of scalability and practicality.) To our knowledge, there has not yet
been a proposed implementation of a physical QRAM device that is simultaneously practical, scalable, and passive.

The initial GLM QRAM papers also sparked a long-running debate about the practicality of QRAM and
validity of the cheap QRAM assumption, especially in relation to error correction and fault tolerance. In particular,
GLM proposed a specific QRAM architecture—the “bucket brigade” QRAM—that they argued was intrinsically
robust to errors. This claim was initially met with some skepticism (see, e.g., Ref. [32]), but the robustness was
later proven in Ref. [36], which showed that the overall error of a bucket-brigade QRAM query scaled only with
poly(n), despite the fact that the QRAM itself is comprised of Q(2™) error-prone components. This robustness is
key to the viability of our own proposal, since the passive QRAM device in Fig. 1a could indeed have only moderate
overall error rates compatible with our distillation—teleportation scheme.

Even with some intrinsic robustness against errors, QRAM is still likely to require QEC in most applications.
As mentioned in Section 1, fault-tolerant implementations of QRAM based on circuit decompositions of the unitary
V(f) involve Q(2") qubits and 2(1/27) non-Clifford gates, and face serious questions of practicality at large-scales.
To our knowledge, the survey of QRAM in Ref. [8] was the first to consider the possibility of achieving a fault-tolerant
QRAM by a method other than circuit QRAM. They proved several no-go theorems that present barriers to finding
a code where QRAM is transversal. They also proved a no-go theorem ruling out certain distillation—teleportation
protocols. Specifically, they considered protocols that have a distillation phase that queries the physical QRAM gate
V(f) up to Q times to prepare a resource state x(f), followed by a teleportation channel where x(f) interacts with
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an arbitrary state [@)@| in an attempt to prepare V (f)[@)a@|V (f). They showed that for this setup, Q > Q(22")
queries are required to succeed with high fidelity on all possible choices of |@)@|. Translating their logic into our
language, they observed that regardless of the protocol and the function f, one can always find an f’ which differs
from f at only a few addresses, but where the resource states x(f) and x(f’) are O(v/Q/2")-close. This implies
that if Q < 227, then the teleportation channel cannot produce well-distinguishable outputs when f is queried
compared to when f’ is queried (data processing inequality). Yet, if we suppose that f and f’ differ at even one
address j while agreeing on some other address k, then when |a) = %(\3) +1k)), the V(f) and V(f’) gates should

lead to distinguishable orthogonal states, a contradiction.

Each of the n rounds within our protocol individually fits into the framework of the no-go theorem of Ref. [§].
Our protocol circumvents this result because it adaptively updates the QRAM function being queried in each round,
based on measurement outcomes obtained in prior rounds. If two functions f and f’ are different, even at a single
address, there will be at least one round where the resource states being teleported by our protocol are far away
from each other; in fact, if f and f’ differ at exactly one address in round r = 1, then they will differ at exactly 27!
addresses in each round r = 2,3,4,...,n, provided that all of the n-bit random measurement outcomes obtained
up until round r form a linearly independent set.

Certain elements of our protocol also connect with prior work outside the context of QRAM. For example, the
task of quantum purity amplification has been extensively studied, and we comment more on this in Section 4.4.
Additionally, while the n-qubit states |¥(f)) from Eq. (9) have—to the best of our knowledge—not previously been
proposed as QRAM resource states, they have been utilized in other contexts, often by the name of “phase states.”
For example, phase states have been studied as pseudorandom quantum states in the context of cryptography [84,
85|, as targets for quantum state tomography [86], and as a mechanism for showing search-to-decision reductions
in quantum complexity theory [70].

3 Error models and physical protocol requirements

The theory of FTQC shows how a quantum processor can perform an arbitrary quantum computation through a
sequence of noisy physical operations on a set of physical qubits, provided that the physical noise is sufficiently
uncorrelated and its rate p is below a constant threshold [87-89]. Our protocol augments this by assuming that we
also have access to a physical QRAM device that can perform an approximate V(g) gate on n physical qubits, for
any function g, as illustrated in Fig. 1b. We require that ¢ can be modified from one query to the next via classical
communication with the device. Also, we require that the quantum information contained in the n physical qubits
output by the device can be transported into n physical qubits on the main quantum processor without significant
degradation of its fidelity, whether by physically moving the qubits output by the device to the main processor, or
by some other means.

In this section, we specify the noise models we consider for each of these two components, and we define the
setup for the FTQC part of our protocol on the main processor. The protocol is agnostic to many of the details
here, including which QEC code is used, and we attempt to keep it as general as possible.

3.1 Error model of the physical QRAM device

Without a more concrete implementation in mind, we cannot fully model the noise in the device. However, we
consider a general noise model that assumes only that the noise is independent of g, the function being queried.
This noise model was also employed for some of the results in Ref. [§].

Definition 1 (Dataset-independent QRAM noise). A physical QRAM device that implements channel )7(9) on
input g is said to have dataset-independent noise if there exists N1 and N3 independent of g for which

V(g) = Ny o V(g) o N, (13)

where V(g) = V(g)[]V(9)T is the ideal unitary channel.

We defend the plausibility of this noise model by appealing to the presumed structure of shallow-depth physical
QRAM implementations. One imagines that the bits of classical memory corresponding to the values g(0), g(1),...,
g(2™ — 1) are distributed in memory cells over 1D or 2D space—for example, the illustration in Fig. 1a distributes
them in 1D space. As discussed in Ref. [8], at a high level, a poly(n)-depth QRAM implementation requires a
routing step, a readout step, and an unrouting step. In the routing step, the n-qubit address information |z) is used
to (coherently) activate a path to the memory cell corresponding to address z. In the readout step, a qubit must
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interact with the classical bit of information g(x) stored in that cell, gaining a —1 phase if and only if g(z) = 1.
Then, in the unrouting step, the activated routers must be coherently reset before being traced out to ensure the
overall operation maintains coherence between different |z).

The important fact to notice is that the routing and unrouting steps are not at all dependent on the dataset
g. Thus, to justify the validity of Definition 1 in this model, any noise that occurs during the routing step could be
propagated backward to the beginning of the circuit and contribute to Aj, while any noise in the unrouting step
could be propagated forward to the end of the circuit and contribute to N>.

The only step that can be dependent on g is the readout step, but this step is generally considered to be simpler
to implement than the routing step [8]. For example, in the bucket-brigade QRAM circuit of Ref. [36, Figure 10],
the readout step is performed in a single circuit layer by a set of parallel single-qubit Pauli-X gates: at memory
cell z, an X gate is applied if g(x) = 1, and an identity gate I is applied if g(x) = 0. (This classically controlled X
gate would ideally be applied passively via interaction with a non-volatile memory storing g(x).) Since the identity
I and Pauli-X gates are simple, it may be plausible that, in some implementations, the noise can be independent of
which of them is applied, justifying Definition 1 for the physical QRAM device. Furthermore, we note that even if
the noise is not identical for the I and X gates, it is plausible that the dataset-independent noise property effectively
holds in the context of our protocol, thanks to the protocol’s partial Clifford twirling (Section 4.3) that effectively
randomizes the data being queried—intuitively this randomization should remove dependence of g from the average
noise channel.

We leave to future work the task of more rigorously showing that certain microscopic (i.e., component-level)
noise models lead to dataset-independent noise in the form of Definition 1. However, we note that the set of noise
processes that fall into this category can include some counterintuitive members. For example, we may suppose
that a physical QRAM device is constructed from a depth-n binary tree of routing elements, but that one of the
routers in the tree is “dead.” The QRAM attempts to activate a path through the tree to a particular address x
at one of the leaves, and if this path passes through the dead router, it causes catastrophic failure of the device,
leading the device to instead output the maximally mixed state I/2". Let X C {0,1}" denote the set of addresses
that cause the dead router to activate when they are queried, and let Iy =, |[z)(z| be the projector onto these
address states. Then, we may write the channel implemented by the noisy device as

~ I
V(9)lp] = V(g)(I—Ta)p(1—Tx)V (g)T + tr(Mxp) oy (14)
I
= (I-Tx)V(9)pV (9) T (I — ) + tr(llxp) 5 (15)
where the second equality follows since V(g) is a dijmgonal unitary, and thus it commutes with the diagonal projector

I — ITy. We may then rewrite the noisy channel V(g) in a dataset-independent fashion as V(g) = Ns o V(g) o N7,
with Ap = Z (the identity channel) and

I
Nilp] = (I =Tl )p(l ~ TL) + tr(TLp) 5. (16)
Furthermore, in the context of our protocol, the device is always queried on the input state p = |[+)}+|®"™.

Thus, this particular noise process has fidelity given by

2" —|XDE" -1 |X))

([P P@I+HH) = = RER-

(a7)

That is, if the dead router is deep in the binary tree and |X| < 2™, then the fidelity of the device remains close to
1.

The fact that our protocol can work in such a scenario is counterintuitive because the dead router would seem
to completely block access to the information g(z) for any x € X’ and thus make it impossible to correctly implement
the QRAM when the address register has high overlap with the support of Ilx. As we will show in Section 4.3, our
protocol handles this with partial Clifford twirling, a technique that scrambles the dataset g into a new dataset go
so that the information g(z) is contained in go(y), and the location y is uniformly random, and in particular, the
probability that y € X is |X|/2". Thus, for every z, the dead router only compromises the information g(z) with
small probability, even for z € X.
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3.2 Error model of the main quantum processor

Our main quantum processor acts on a set of noisy physical qubits with a quantum circuit, that is, a sequence
of noisy physical quantum operations including initializations, 1- and 2-qubit gates, and measurements, as well
as classical computation and adaptive classical feedback. We will assume that our main processor is subject to
circuit-level stochastic noise, defined below.

Definition 2 (Circuit-level stochastic noise, Section 2.5 of Ref. [59]). A physical implementation of a quantum
circuit V' is said to be subject to parameter-p stochastic noise if the following holds.

e Purely classical components are implemented perfectly without any errors.

e Fach quantum component P, including (classically controlled-)gates, qubit initializations, measurements, is
realized by P = (1 —p)P +pNp, where Np is a quantum channel of the same input and output registers as P.

Circuit-level stochastic noise is a special case of the more standard model called local-stochastic noise model [89],
which additionally allows some correlations between the gate faults. We choose circuit-level stochastic noise over
local stochastic noise because this allow us to analyze a fault-tolerant logical state preparation procedure using the
results of Ref. [59], for which the theorems require independent noise. However, we will require that the QEC code
and FTQC scheme are able to correct against the more general local stochastic noise.

3.3 Fault-tolerant quantum computation

Our protocol is agnostic to which QEC code family and FTQC scheme is utilized, as long as it is capable of a
universal set of fault-tolerant logical gates. Specifically, there must be a nonzero threshold py such that, if the
processor is subject to local stochastic noise with error parameter p < pg, then for any target error rate and any
logical quantum circuit, one can choose the code parameters (e.g., distance) large enough to ensure the ideal logical
circuit is simulated up to the required error [87, 89-93].

As we wish to enact the logical n-qubit QRAM operation of Eq. (1), we assume we have chosen some QEC
code family that encodes n logical qubits into some number n’ > n of physical qubits, along with a scheme for
performing fault-tolerant gates. Regardless of our choice, we can identify the following ingredients.

e Encoding: There is an encoding isometry E, which maps any n-qubit physical state [¢)) to its associated
encoded n-qubit logical state [¢) (of n’ physical qubits). The map F is injective and its image is the codespace
of the code. We let £ denote the corresponding quantum channel E[-]ET that encodes density matrices. Our
protocol will also require a fault-tolerant encoding gadget Epr, which implements £ in the absence of noise,
but is constructed in such a way that its noisy implementation Epr is resilient to errors (see Section 4.2).

e QEC: There is a QEC projector Q that maps states outside of the codespace to states in the codespace, that is,
a map that detects and corrects physical errors on encoded states. In FTQC, the projector Q is implemented
with a fault-tolerant QEC gadget, denoted Qpr, which enacts the map Q in the absence of noise and a map
Opr in the presence of noise. The gadget Qpr is applied after each location in the logical circuit to prevent
the buildup and propagation of physical errors; it must satisfy certain formal properties to guarantee the
existence of a threshold; see Ref. [90].

e Gates: For each physical gate G, we let G denote the associated logical operation on the codespace of the QEC
code, and we let G = G[-|G' denote the associated map. We let Gpr denote a fault-tolerant gate gadget for
G. In the absence of noise, the gadget Gpr implements G when acting on states in the codespace, and in the
presence of noise, it implements a map denoted Ggr, while obeying certain properties related to propagation
of physical errors [90]. A scheme for universal FTQC requires the specification of a fault-tolerant gate gadget
for a universal set of gates.

We now expand more on the formal properties that FTQC guarantees about these maps. First of all, each
subset S C [n/] of physical qubits is either a correctable or an uncorrectable subset, depending on whether there
exists an error channel (Zg. ® Wg) acting trivially on S¢ and nontrivially only on qubits within .S that can induce
a logical error, in the sense that Q # Qo (Zge ® Ws) o Q. The assumption that the FTQC scheme has a threshold
po against local stochastic noise indicates that whenever p < po,

S a—pr s <), (18)

S uncorrectable

where I'(€) a quantity that depends on p but has the property that, for fixed p, I'(£) can be exponentially driven
to zero simply by choosing a larger QEC code (indicated by the encoding map &) from the code family, incurring
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at most a polylogarithmic overhead (which is defined as the factor by which the number of physical qubits and
physical gates must increase).

Furthermore, abstracting away from physical errors, we can similarly quantify the logical error incurred by
performing a fault-tolerant gate as

%HGOQO Qpr — Qo Qpr 0 Grr © Opr

<T(E), (19)

where again T'(€) is used to denote a quantity that vanishes with increasing code size—the overhead of achieving
logical error T'(£) < § is at worst polylog(1/8). The equation above states that performing the noisy gate Gpr
sandwiched between noisy rounds of QEC and then projecting onto the codespace is nearly equivalent to simply
performing noisy QEC, projecting onto the codespace, and applying the perfect logical gate.

4 Distillation—teleportation protocol: details and error analysis

In this section, we examine each step of our protocol in more detail, propagating errors and proving formal statements
about the performance of each step. Whereas in previous sections we labeled inputs and outputs of quantum circuits
with kets, here we label them with density matrices, since we will be investigating the impact of noise, which may
lead states to lose their purity. It should be understood that the unitary circuit elements are applying the associated
unitary channel on the density matrices on which they act.

4.1 Noisy physical resource state preparation with QRAM device

As discussed, we assume we have access to a noisy physical QRAM device that attempts to perform the QRAM
operation of Eq. (1) on the state |+)®" at the physical level, in order to produce the resource state |¥(g)) of Eq. (9),
given as input the dataset g. We depict this relation pictorially via the following circuit, where the red wire indicates
that the outgoing quantum register is unencoded and the qubits are physical qubits.

|9(g))®(9)| 0
g

However, it is unrealistic to assume that the QRAM device can be implemented perfectly at the physical level.
Rather, the state it produces is a state ¥(g) that has some nonzero fidelity with |¥(g)X¥(g)|. We assume that the
noise in the device is independent of the dataset, as in Definition 1, so that the QRAM channel decomposes as
N5 0V(g) o Ni. Then, we have

Blg) = Na [V N |43+ |V (9)T] (21)

In the circuit notation, we indicate the existence of noise by outlining the gate and its output in red.

" 3

g

(22)

We characterize the noise strength by the infidelity 1 — F(g)phys, where F(g)phys is the fidelity of the state ¢(g)
with respect to the ideal state |¥(g)X¥(g)|, given by

F(9)phys = (¥(9)|P(9)[¥(g)) . (23)

4.2 Encoding physical resource states into logical resource states

The noisy resource state ¢)(g) on n physical qubits is unprotected from errors, and once prepared it must immediately
be encoded into a QEC code. Ideally, this encoding process would prepare the state E[t)(g)], which is in the codespace
of the code, as in the figure below, where the black wire with a black slash-n indicates that the register contains n
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logical qubits encoded into some number n’ > n of physical qubits.

D(g) -+ ~— E[P(9)] (24)

However, the encoding process may not be fault tolerant, that is, it may introduce additional errors into the logical
output state that are proportional to the physical error rate p of the hardware and the number of gates in the
encoding circuit that implements &; this logical error cannot be suppressed simply by growing the code size. Hence,
we need an encoding procedure Epr that is fault-tolerant against the physical noise model, in the sense specified
in Proposition 2 below. When we attempt to realize Epr on faulty hardware, we instead implement a channel
Epr. After applying Epr, we apply the (noisy) fault-tolerant QEC gadget—implementing the map Opr—on the
now-encoded state to correct for physical errors that occurred during Epr. The output state is Opr o Epr[Yh(g)] (we
could alternatively think of Qpr as part of Epr and omit it from the expression”). This state is still not necessarily
in the codespace, but the action of the noisy-but-fault-tolerant Op brings it close to the codespace, in the robust
sense required by formal proofs of fault tolerance, for example, in Ref. [90]. The closest codespace state is obtained
by applying the QEC projector Q, resulting in

¢(g) = Qo Qrr o Err[Y(9)] - (25)
Of course, we cannot apply noiseless Q on actual hardware, but the probability of logical deviation from ¢(g) can be
suppressed to an arbitrarily small quantity simply by growing the code size (incurring only logarithmic overheads
or even constant overhead if one uses constant-rate codes [89]) provided that the physical error rate is below the

threshold. Since the rest of our protocol is performed using fault-tolerant logical gates, we identify ¢(g) as the
logical output of the noisy encoding, denoted pictorially by outlining the encoding gate in red.

Dlg) -+ — (g) (26)

We define the encoding error as the maximum (over arbitrary n-qubit input p) trace distance between the state
E|p] obtained from perfect encoding and the state Q o Qpr o Epr[p] obtained from noisy encoding, as follows.

Definition 3 (Encoding error). Consider a QEC code encoding n logical qubits, specified by an encoding isometry
E. Let Q denote a QEC projector for the code £, and let Qpr denote the noisy implementation of a fault-tolerant
QEC gadget for Q. Given a fault-tolerant encoding procedure Epr and its noisy implementation Eprt, the encoding
error is defined by the following expression

1 ~ ~
€enc = SUup §HQOQFT05FT[/)] _g[p]”la (27)
p

where the supremum is taken over all n-qubit physical states p. Note that eepne s expected to have a dependence on
n, as well as the physical error rate p of the hardware.

The goal of the encoding step is to take a physical state ¥(g) with some nonzero fidelity F(g)phys =
(U(9)|(9)|¥(g)), and map it to an encoded state ¢(g) with a smaller but still nonzero fidelity

F(g)ene = (¥(9)|0(9)[¥(9)) - (28)

Using the definition of the encoding error, we can make an additive bound F(g)enc > F (g)phyS — Eenc, Which is
sufficient when F(g)pnys is large enough that the right-hand side is greater than zero. However, if F(g)phys is
smaller than ey, then this bound is no longer meaningful. We can instead show a multiplicative bound roughly
of the form F'(g)enc > (1 — O(€enc))F(9)phys, Which is more powerful in the small-fidelity regime. To show this, we
have to manually perform a Pauli twirl of the encoding operation, which allows us to guarantee that the twirled
encoding channel is stochastic (i.e., it acts as identity with some probability 1 — O(ecpnc) and as some other CPTP
channel otherwise); see, for example, Ref. [94, Lemma 5.2.4] and Ref. [95, Lemma 3|. Without Pauli twirling, small
encoding error alone is not sufficient to rule out the possibility that the encoding channel has coherent error, such
as small unitary rotations, which can degrade the fidelity in an additive rather than multiplicative way.

The Pauli twirl involves applying a randomly chosen physical Pauli operator, encoding, and then applying the
same Pauli operator but on the logical level. The set of physical Pauli operators can cause the fidelity to degrade

"However, note that physical errors in Epr can combine with physical errors in Qpt that create a logical difference between

Qo Qp o Epr[i(g)] and Qo Epr[P(g)].
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by a factor (1 — p)™ (which is on the order of 1 — O(gepnc) anyway). We capture this in the following proposition,
which states that if we already have an encoding method &f with small encoding error, we can construct a Epr
that degrades the fidelity in this multiplicative way. The formal proof is provided in Appendix B.

Proposition 1 (Pauli twirling the encoding channel). Denote the fidelity of the physical state by F(g)phys =
(U(9)|(9)|W(g)). Suppose the processor is subject to circuit-level stochastic noise with strength p (Definition 2),
and et ELr be a fault-tolerant encoding channel with encoding error gene (as in Definition 3). Then, there exists
another fault-tolerant encoding channel Epr (formed by Pauli-twirling Efr), for which

TR = (1= p)" (1= 3enc) Fg)pnys — 2(E)) (29)

where ¢(g) is defined from Epr as in Eq. (25), and T(E) is a quantity that vanishes with increasing code size,
provided the physical error rate p is below a constant threshold, as discussed in Section 3.3.

Next, we explain how to achieve an encoding with manageable e¢,.. It should be noted that for fixed p, it is
unavoidable for e, to grow at least linearly with the number of logical qubits n, simply because we start with an
unencoded state |1)) on n faulty physical qubits. Remarkably, it is possible to construct a fault-tolerant encoding
procedure Ept such that in the presence of noise, the logical encoding error €e,. has no direct dependence on the
block size and the distance of the code £ that we are encoding into. Such fault-tolerant encoding procedures exist
for specific families of quantum codes such as the surface code [49]. Here, to keep our main results as agnostic
to the underlying quantum code £ as possible, we opt to use a fault-tolerant encoding procedure that works for
any quantum code [59]. This procedure is based on concatenated-code quantum fault tolerance [87], and its fault
tolerance for quantum input—quantum output tasks was recently proven under the circuit-level stochastic noise
model defined in Definition 2.

The circuit-level stochastic noise model in Definition 2 is a special case of a more general model called local-
stochastic noise model [89], which additionally allows for some correlations between gate faults. For our purposes,
Proposition 2 below will be using a result of Ref. [59] that is proven under this circuit-level stochastic noise model.
However, as is often the case in fault tolerance analysis, we expect the same statement extends to the local-stochastic
noise model. Since implementing this extension is beyond the scope of our work, we keep the discussion simple by
working with Definition 2 here.

Proposition 2 (Error in fault-tolerant encoding channel for general codes). Consider a family of quantum error-
correcting codes encoding n logical qubits into a codespace, and suppose that this family has a threshold pg with
respect to local stochastic noise (implying Eq. (18)). Correspondingly, for a particular instance of the family (labeled
by its encoding map ), let Q be the ideal QEC projector, Qpr be the fault-tolerant QEC gadget, and T'(E) be the
logical error suppression function (see Section 3.3). Then, there exists a fault-tolerant encoding procedure Egt of
size |E] - poly(k), such that, when implemented under the circuit-level stochastic noise model (Definition 2), the
encoding error as defined in Definition 3 satisfies

1 _ _
Eenc = SUP 5”9 o Qpr o Errlp] — Elpllli < T(E) + 2¢/cpn + 2|&|(cp)¥,
P

where C' is an absolute constant and k can take values from a sequence of geometrically increasing integers, provided
that the physical error rate p is below some constant threshold.

The formal proof is provided in Appendix B. We remark that the final term in the expression above is similar
to the I'(€) term, in the sense that that for any &, one can choose k = polylog(n/d) and ensure that it is smaller
than §. Thus, the overhead is only polylogarithmic and we neglect its contribution in our analysis elsewhere in the
protocol. These two propositions together allow us to show that the encoded state maintains substantial fidelity
with the ideal resource state, for use in our protocol.

Corollary 1. Suppose the quantum processor is subject to circuit-level stochastic noise with error rate p (defined
in Definition 2). Let

Froin = (1 — np — 6n,/cp) mgin@’(g)lfb(g)l\l’(g)) : (30)
Then, there exists a fault-tolerant encoding procedure Epr, such that for all g we have
(W(9)[¢(9)¥(9)) = Funin, (31)

where ¢(g) is defined from Epr as in Eq. (25). Moreover, the qubit and gate overhead of applying Ept is poly(n).
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Proof. This follows by defining £ to be the encoding procedure shown to exist in Proposition 2, and then applying
Proposition 1 to form Epr. Note that (1 —p)™® > 1 —np + 4§ for § = O(n?p?). When the value of k is taken to be
polylog(n/d), and the QEC code size is taken to be n polylog(n/d), then the error terms I'(£) and 2|€|(cp)* can be
made O(6), and the stated fidelity Fi,i, can be guaranteed. O

4.3 Partial Clifford twirling

The preparation and encoding processes produce a state ¢(g), but the distillation process discussed later can only
distill |¥(g)X¥(g)| from many copies of ¢(g) if the principal eigenvector of ¢(g) is |¥(g)), which we cannot guarantee
in general from the noise model we have assumed.

One solution to this challenge is to use twirling [96], also known as randomized compiling. This technique can
convert general noise into better-behaved noise by inserting random gates from a certain set into a quantum circuit,
and compensating for their effect by modifying other gates in the circuit. We already saw an example of this process
in the encoding step (Proposition 1), where the insertion of Pauli gates led the noise to become stochastic. It is well
known that twirling by random Clifford gates can lead to stronger results, converting arbitrary (gate-independent)
noise into depolarizing noise. For example, Ref. [97] showed how randomized compiling, when actively applied
within the physical QRAM device, can help mitigate the impacts of coherent errors on fidelity. However, in our
setting—where we ideally consider a fully passive QRAM device and thus can only apply twirling “outside” the
device—we cannot use the full Clifford group since, for example, if we conjugate the QRAM unitary V (g) by the H
gate, we do not obtain another QRAM unitary. Our twirling set will instead be the subset of the n-qubit Clifford
gates generated by Z, X, CZ and CX (CNOT) gates, which do map QRAM unitaries to QRAM unitaries.

4.3.1 Setup and important lemmas

In what follows, we make use of the properties of {0,1}" as an n-dimensional vector space over the field Fa.
Definition 4 (Partial Clifford twirling set). Suppose we are given A, B, u, and v, where

e A is an n X n invertible matriz over Fo,

e B is an upper triangular n X n matriz (with zeros on the diagonal) with entries in Fy ,

o ucly,

e velFy.

Define M4 to be the quantum gate that enacts M4 : |z) — |Azx) for all x € FY, which can be composed from O(n?)
CX gates via Gaussian elimination, and define the diagonal unitary

Q= [[ oz, (32)

1<i<j<n

where CZZ- is the identity gate when k = 0 and the CZ gate between qubits i and j when k = 1. Then, define the
n-qubit quantum gate that corresponds to (A, B,u,v) as

C=2"QgMiXx", (33)

That is, C is a product of O(n) single-qubit Pauli-Z gates determined by the entries of v, O(n?) CZ gates determined
by the entries of B, O(n) Pauli-X gates determined by the entries of X, and O(n?) CX gates determined by the
entries of A (via My ).

Let the twirling set T consist of all gates C constructed in this fashion from some choice of A, B,u,v. When
we say to generate a random gate from T, we mean to generate a uniformly random A, B, u, and v and choose the
corresponding C € T.

We call this partial Clifford twirling because the set T is a subset of the n-qubit Clifford group. In particular,
the set T is generated by X, Z, CX, CZ, and the Clifford group is obtained by adding the Hadamard H and phase
gate S to the generating set.

Proposition 3. Let g : F} — Fy be a data table (Boolean function) and let C € T be a twirling gate corresponding
to choice (A, B,u,v). Let M and Qp be defined as in Definition 4. Then, we have

[¥(9)) = V(g)|+)®" = CV(ge) )" = C¥(gc)) (34)
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where for any x € Fy
gc(e) = g(Ax © u) @ ¢ -v] © [2” Ba] (35)

Proof. We note that X*“M|+)®" = |+)®™ since X* and M4 are made from X and CX gates. The gates X“ and
M4 simply permute the computational basis states, viewed as vectors in F5, by an affine transformation, and we
can further note that MLX“V(g)X“MA =V (g') where ¢’(z) = g(Az®wu). Finally, the operation ZQp is diagonal,
and equal to V(h) where h(z) = [z - v] & [z T Bz]. We have the composition rule V (h)V(¢') = V(¢' & h) = V(gc).
The statement follows from these facts as

CV(g)|+)®" = Z°Qp My X"V (g)|-H)®" = Z°Qp M X"V (g) X" Ma|+)®" = Z'QpV (¢ )|+)*"
=V(V(g)+H)®" = V(go)|l+)*" (36)

O

Next, we will examine how random choice of C' € T spreads Pauli operators. We will examine the set of signed
Pauli operators, and specific subsets of it.

Definition 5 (Signed Pauli set and noteworthy subsets). Define P to be the set of 22"+ signed Pauli strings written
in the canonical form i%°(—1)*X"Z%, where s € Fo, a,b € F}. The factor of i ensures that each operator in P is
Hermitian. We partition P into several nonoverlapping subsets

Py = {i**(-1)°X"Z° € P:a=b=0",5s =0} = {I} (37)
P, = {i*"(-1)°X"Z° € P:a=b=0"s=1} = {1} (38)
Py = {i*(-1)°X°Z* cP:a #0",b=0"} (39)
Peven = {i%%(=1)°X°Z* € P: b #0",a-b =0} (40)
Poaa = {i%(-1)*X*Z° cP:a-b=1} (41)

We argue that the Pauli operators are spread uniformly over the subset of P to which it belongs. The full proof
of the following proposition is provided in Appendix C.1.

Proposition 4 (Twirling spreads Paulis uniformly). Let C ~ T denote choosing C' randomly from T as described
in Definition 4. Given a fixzed P € P, for any C € T, CPC' € P since C is Clifford. Furthermore, let Q € P be a
random variable formed by choosing C ~ T and defining Q = CPC*t. Then, the distribution over Q is the uniform
distribution over the subset of P (i.e., Py, P1, Pz, Poven, 07 Podd) to which P belongs.

Proof idea. Consider a Pauli P € P written in canonical form as P = i%?(—-1)*X%Z¢ and a Clifford C =
Z“QBMLX“ e T. We explicitly compute the Pauli CPCT = 1% (=1)' X¥' Z%' and give formulas for s',a’,’
in terms of s,a,b,v, B, A,u. Then, we use these formulas to verify that for ¢ € {0,1, Z,odd, even} if P € P; and
v, B, A, u are chosen uniformly at random, then s’,a’,b’ are uniformly random over all values consistent with the

definition of P;. O

4.3.2 Modification to circuit

We now explain precisely how our protocol changes when we implement partial Clifford twirling. We want to
implement V(g). Each time we query the physical QRAM device, we generate a C uniformly at random from the
Clifford subset T, as defined in Definition 4. We update the function g to be go using Eq. (35). In particular,
the value at each address  may need to be updated, but each one can be computed with a simple poly(n)-time
classical computation and a single query to learn g(y) for a particular y. We use the QRAM device to produce the
noisy physical resource state 1)(gc), and then we encode that resource state, yielding ¢(gc), as in Eq. (25). Only
then do we fault tolerantly apply the gate C, which consists of O(n?) logical Clifford gates. This full procedure is
depicted in the following circuit.

(42)
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Each time the QRAM device is called, an independent random C' is chosen. Thus, the output state may be modeled
as the mixture

D(9)twirl = CIETéfb(gc)@T : (43)

We have not included the twirling step in the main circuit of Figure 2; partly because it would clutter the
figure, and partly because we feel that the twirling step may not be necessary in practice if the QRAM device can

be constructed in such a way that ¢(g) already has |¥(g)) as its principal eigenvector.

4.3.3 Twirling ensures the principal eigenvector is correct

Now, we are ready to present the main finding of this section. The full proof is provided in Appendix C.2.

Proposition 5 (Correct top eigenvector). Suppose that for every g, the state ¢(g) defined in Eq. (25) satisfies

(T(9)|6(9)|¥(g)) > Fmin, and suppose that the faulty QRAM device is subject to dataset-independent noise (Defini-
tion 1). Let C ~ T denote drawing C randomly from the twirling set as described in Definition 4, and let E denote

expectation value. For each g, let ¢(g)iwir1 be defined as in Eq. (43). Then ¢(g)wwin satisfies the eigenvalue equation

() twirl [ (9)) = Atwint[¥(9)) , (44)

With Atwirl = Fin. Furthermore, all other eigenvalues of ¢(g)wwin are no larger than g—ntl,

Proof idea. Due to the dataset-independent assumption, the noise in the physical QRAM device and the encoding
step can be consolidated into a noise matrix xp ps (where P, P’ € IP) for which it is always possible to write

#g0) = Y xprPlU(gc))¥(g0)|P . (45)
P,P'cP

Noting [¥(gc)) = CT[¥(g)) (Proposition 3), we can then say
o@win= Y xrr E_CPCU(gY¥(g|CP'CT. (46)
P,P'eP

We now use the fact that randomly choosing C leads C PCT to uniformly cover a large subset of of P (Proposition 4).
The offdiagonal terms with P # +P’ vanish due to the uniformly random sign. This conclusion did not require
the full size of T; it is a consequence of the fact that T contains the Pauli group, and Pauli-twirling leads the
effective channel to become a Pauli channel. If T were the entire Clifford group, then CPCt would be a uniformly
random Pauli, and we would immediately be able to use the 1-design property of the Pauli set to say that, for
any g and for any case where P # =+I, the quantity Ec.t C P CT|¥(g)) ¥ (g)|C PCT is equal to the maximally
mixed state. This would then immediately imply the statement we seek, and also that all other eigenvalues Aother
satsify Aother < 27", Generally, this would be a manifestation of the fact that Clifford twirling transforms any
noise channel into a depolarizing channel. However, as T is not the full Clifford group, we have to do more work;
some subsets of P may be underweighted or overweighted. Nevertheless, we show that there is enough uniformity
to recover a similar result, albeit with the bound on Aoiher suffering a factor-of-2 overhead. O

4.4 Distillation of logical resource states

The encoding step, combined with twirling, produces the logical encoded states ¢(g)swir1, Which are guaranteed
to have |U(g)) as their principal eigenvector (Proposition 5). The remaining steps of the protocol act directly on
the encoded states (using fault-tolerant gadgets for a universal set of gates): all physical errors created during the
distillation and teleportation portions of the protocol can be prevented from turning into logical errors by growing
the code distance. Thus, we describe the distillation and teleportation protocol by their logical quantum circuits,
and in the description of our protocol, we keep the overline notation to remind the reader that these operations are
meant to be performed fault tolerantly on the encoded Hilbert space.

However, the distillation ideas presented here apply generally, regardless of whether/how the states and op-
erations are encoded with QEC. Later in the section, including some of the proposition statements, we drop the
overlines, since the statements could be of independent interest.
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The procedures we consider for distilling the logical QRAM resource state are state agnostic. Namely, given
many copies of an arbitrary state pi,, the distillation protocol prepares (up to small trace distance error) the pure
state |[E)(Z|, where |Z) is the principal eigenvector of pi,. In other words, our distillation procedure is equivalent to
the task of quantum purity amplification [68].

Pictorially, the distillation step accomplishes the following operation within our protocol. For simplicity, the
circuit below depicts all copies being prepared at the beginning and processed at once; in practice, it is possible to
prepare the states in a streaming fashion with less space requirement, as we discuss later.

— n
g)twirl —-—
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¢(g)twir1 _’L
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Now we present the main result of this section, as applied to our protocol, utilizing the general techniques
discussed later in the section.

Proposition 6. Suppose that the QRAM device is subject to dataset-independent noise, as in Definition 1, and
that for every g, the states ¢(g) produced on input g (see Eq. (25)) satisfy (¥(g)|o(9)|V(g)) = Fmin, with Fiin >

27"*2 Then, for any error parameter eqis;, by applying a carefully crafted sequence of subsequent (fractional) swap
operations on O(1bmin (Lo L) copies of ¢(g)wwin (from Eq. (43)) we can distill a state ¢(g)aiss that satisfies

F2.. Edist Frin

SIT@NT] — 5@l < e (18)

The protocol requires O(1) single-qubit gates and O(n) controlled swap operations, per copy consumed.

Proof. This is based on Proposition 5, which shows that ¢(g)iwir1 has the correct top eigenvector, combined with
some state-agnostic quantum purity amplification protocol to distill the top eigenvector. When Fi, is close to 1
the iterated swap test achieves this with a close-to-optimal /= (1 — Finin)/€qist number of copies of ¢(g)twir1 and
the same order of swap tests, that is, circuit (50)—see Proposition 7 and Lemma 1. However, for smaller values of
Fin, the iterated swap test incurs an exp(©(1/Fmin)) overhead, see the discussion at the end of Section 4.4.1.

In the general case, we can exploit the fact that the second largest eigenvalue of ¢(g)wir i upper bounded by
27"+l <[40 /2 due to Proposition 5, and use a protocol based on quantum principal component analysis (Propo-
sition 10), achieving the stated copy complexity utilizing a matching number of swap-test-like gadgets from Fig. 4.

Both Proposition 10 and Proposition 7 are described as producing a state for which the largest eigenvalue is
close to 1. We can turn this into a trace distance bound via Lemma 1. The stated gate complexity follows from
the observation that Fig. 4 has 3 controlled swap operations (targetting (n + 1)-qubit registers) and 4 single-qubit
gates. O

To convert to trace distance as in Eq. (48), our analysis uses the fact that a mixed state is as close to its
principal eigenvector as its principal eigenvalue is to 1, captured in the following lemma.

Lemma 1. A quantum state Pouy, whose principal eigenvector is |Z) with eigenvalue 1 — 1), satisfies

1 =\ /=
o = EXEN = . (49)

Proof. Let A1,...,Aq be the eigenvalues of the state poyut, with Ay = 1 — ) the principal eigenvector. They satisfy
Z‘;Zl Aj =1, s0 E?ZQ A; = 1. The operator pou, — |E)E| has the same eigenvectors as pout, and the eigenvalues
are —1, Ao, ..., Ag. The sum of the singular values is thus equal to 27, which completes the proof. O

4.4.1 Distillation with the iterated swap test

In this subsection, we drop the overlines in our notation, and speak generally about the task of quantum purity
amplification. We first consider the iterated swap test, a quantum purity amplification procedure studied in detail in

23



Ref. [67] (a similar procedure was discussed in Ref. [70]), although there the analysis assumed that the input states
pin are a mixture of a rank-1 pure state and the maximally mixed state, that is, of the form pqep = (1—9)|EXE|+ %H,
with d the Hilbert space dimension and I/d the maximally mixed state. We do not make this assumption here. See
also Ref. [69] for an analysis of the iterated swap test without this assumption.

The basic ingredient of this distillation procedure is the swap test (which in our application would be performed
fault tolerantly using fault-tolerant gadgets for controlled swap, Hadamard, and measurement).

|0X0]

Pin / Pout (50)

Pin

trace

We say that the swap test passes if the first qubit is measured in |0) at the end of the circuit. Acting on two copies
of the trace-1 state pj,, the probability of the swap test passing is given by

1+ Tr(p?n)

Pr[swap test passes| = 5 , (51)
and the state one obtains conditioned on the swap test passing is
Pin p12n
Pout 1 + Tr(p?n) ( )
If the principal eigenvalue of pi, is 1 — i, then we can bound
1+ (1 —mn)?
Pr[swap test passes| > L (=) >1— in. (53)

2

It is easy to verify that pout and pi, commute, and they also have the same eigensubspaces since [0,1] 3  — . + 22
is strictly monotone. Moreover, denoting the principal eigenvalue of pout by 1 — 1out, we have

(1 —min) + (1= 77in)2
1+ Tr(pf,)
_ (1= nin) + (1 = 7n)?
- L (1= 1n)? + 15,
Min 1 + Min
(i), -

1 — i + 12

Nout = 1-—

which is about 7, /2 for n, < 1.

The idea of the distillation protocol studied in Refs. [67, 69, 70] is to iterate the swap test by feeding two copies
of pout that both passed the swap test back into the swap test as pi,, and repeating. Each time we successfully pass
the swap test, the output state has higher purity and also the probability that the swap test passes at the next level
is closer to 1. By continuing this process for sufficiently many iterations and consuming sufficiently many copies of
pin, We can produce a state with purity arbitrarily close to 1.

For small 7;, (i.e., the regime of high input fidelity), the number of copies needed scales as O(7in/Eaist)-
Circuit (47) depicts creating all copies of the input state at the beginning of the protocol. For the swap test
approach, if swap tests on disjoint pairs can be performed in parallel, the overall depth of the protocol could be
O(log(nin/caist))- However, as described in Ref. [67], the swap test approach can also be implemented in a streaming
fashion, allowing one to reduce the space requirements to O(log(nin/€aist)) at the expense of requiring O (7, /€dist)
depth. We now give the formal statement of performance and costs for this type of distillation when n;, < 1/4, for
general input states.

Proposition 7. Consider a qudit in a mized state piy, with its principal eigenvector |Z) having eigenvalue 1 — ny.

After k successful iterations of the swap test procedure we obtain a state py such that [pin, pr] = 0 and if min < 1/4,
—k

then (Z|px|Z) > 1— 3_4:7; . The expected number of copies of pi consumed is upper bounded by 2% //T — 4ni,, and

n
in
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the expected number of required individual swap tests is upper bounded by (2F —1)/\/T — 41, moreover the protocol
needs to store at most 1 qubit and k + 1 qudits for preparing py.

Proof. Let pg = pin and 19 = 1. The fact that [pg, px] = 0 follows directly from Eq. (52). For the stated
space-efficient implementation, observe that until py is prepared it suffices to store at most one copy of each of
00, P1, - -+ Pr—1, €xcept for a single p; where a swap test is performed, see Ref. [67, Algorithm 3].

Our proof is inspired by the calculations of Ref. [67]. Let us define n; := 1 — (Z|p;|=). We can verify by

induction that n; < 2 "o (S 2 ) This trivially holds for ¢ = 0 and the induction step can be verified as

1—47]0+22_7’7]0 1— 4
follows:
i L+
i < 2 —— by (54
mor < 5 (22 (by (51)
< 5 _7714771 (since (1+n;)(1 —2m;) <1 —mn; +n?)
< Q_iﬁo : (by monotonicity of 5~ is)
T 2(1 — dmo + 227m) — 227 g 2
27172'770
= — . 55
1— 4ng + 21— (55)
v(p?
Let us denote by p§*“® = M the success probability Eq. (51) of the swap test on p;—1. The expected number

¢; of copies of py needed for preparing p; is ¢; = 2° ]} which is easy to verify by induction. The i = 0 case

] 1 paucc7
is trivial, and the mduction step follows from the observation that to obtain pi+1 we need to repeat the swap test
an expected number of pewee Inany times on two copies of p;, i.e., ¢;11 = 2= sm.

Piya

1

We can bound ¢; by deriving the bound H o1 D3¢ = V1 — A as follows

WEE I -7 (by Fq. (53))

1 —dno +23~Ing

> H 1—2n;_1) > H( 2o — ) (by Eq. (55))

: : e —i —i
=1 —4ng + 2% . (by induction: (1 — %_72’72",%)(1 —4no +227ng) = (1 — 4no + 21 np))
The expected number s; of swap tests used for preparing p; can also be bounded by (2¢—1) H; 1 pb},cc via induction:
1 + 2 . (2 1) H g};cc i+1 1 - H slllcc
1 + 251' j=1 p; i+1 1 j=1 p; i+l /
S/L-l_l = sSucc S sSucc (2 - 1) H succ + succ 2 / 1 - 4770 D
Dit1 Pit1 1 P; Pit1

Proposition 7 only applies when 7, < 1/4, but the iterated swap test can still be successful even when the
input fidelity is lower. We now consider what happens when 7, > 0. Let v, := 1 — nin = (Z|pin|Z) = M1 (pin)
denote the principal eigenvalue of p;,, where the notation \;(¢) denotes the i-th largest eigenvalue of o. Let us
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3 A2 (pin)
assume that N (o)

< « for some value a < 1, then we get the following guarantee on Yout := (E|pout|=)
Vin + 712n
1+ Te(pf,)
Yin + 'Ym
1 + lym + Ol’Ym(l ’Vin)
_ ’)ﬁn(l + 'yin)
1 + Yin + (a - 1)’71n(]- - ’yin)
“Yin
T = P(Yin) (56)

a)Yin 14+in

Yout =

T1o(1-

L. A2 (pou A2(pin)  14+A2(pin : ;
which is always greater than ~;, when i, € (0,1). Moreover )\fgzou:g = /\fEZ;n; . li/\jgzing < «. Finally, by computing

the derivative of Eq. (56) in vin, we get

1+ FYin(2 — %Yn + 20/}/111)
(1 + 7y (a+ (1 = @)yin))?

>0,

which means that p(7in) in Eq. (56) is monotonically increasing in 7iy,; therefore, if we replace 7, with a lower
bound on ¥, we still get a valid lower bound on vou¢. Let’s assume that we have an “easy” scenario, where o < 1073;
a direct calculation shows that if 45, > 0.2, then p(71,) > 0.23, p°2(vin) = p(P(Yin)) > 0.26, ..., 0% (Vin) > %. By
using Eq. (53), similarly to the proof of Proposition 7 we can see that the expected number of copies for successfully
completing the 9 iterations of the swap test is at most

9H1+

18

2
18
< < 11600. 57

H 1T+ (p°7 ()2 226 (57)

9 (Vin))

Therefore, one can see that in the v, = 1 — n, < % regime the iterated swap test still works, but its efficiency
degrades rapidly [69, Theorems 15 & 30]. In fact, even if we assume that all non-principal eigenvalues are the same,
the protocol incurs an exponential cost in 1/, because the initial swap tests make only a small increase in Yout
while they succeed with probability about %; see, for example, Ref. [67, Theorem 9]. Nevertheless, when iy, = 1—mi,
is lower bounded by a constant we get the desired asymptotically optimal complexity (see Section 4.4.2), by first

magnifying ~;, to at least % as in Eq. (56)—(57), and then applying Proposition 7, stated formally as follows.

Proposition 8. In the setting of Proposition 7, suppose that py, has principal eigenvalue 1 — ny,, where 1 — ny, is
greater than Q(1). Furthermore, suppose that all other eigenvalues of pi, are bounded above by a(l — ny,) for some
constant a < 1. Then the expected number of copies consumed and the expected number of swap tests is the same
as stated in Proposition 7, up to a multiplicative O(1) constant.

Proof. This follows from a generalization of the example above to arbitrary a < 1. O

4.4.2 An asymptotically optimal distillation protocol with simultaneous use of all copies

Ref. [68] describes a state-agnostic quantum purity amplification protocol based on the Schur transform, which pro-
cesses all copies in parallel. The authors prove [68, Theorem I1.3] that for a generic quantum state p;, with principal
eigenvector |Z), their protocol’s sample complexity for outputing a quantum state poyt such that (Z|pout|Z) > 1—eqist
is asymptotically optimal in the £qi5; — 0 limit® and their protocol has sample complexity

d
Ai (pin)
+ O(1). 58
Edlst_>0 Edist ZE:; >\1 Pm _)‘z(pin))2 ( ) ( )

When Ay (pin) = 1 — 7in, the above expression is maximized by Ay(pin) = 7in, resulting in complexity

1 Tlin
~ — = O 1 ’
edist—0  Edist (1 - 27711"1)2 - ( )

8This means that for any fixed spectrum S = (A1, A2, ..., \q) the optimal sample complexity is ﬁ ZfZQ O\lii&l)z + O(1) given
that pi, has spectrum S. However, this does not say much about what happens for, say, constant eq;s; = 1, see Ref. [68, Appendix D].
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which is rather close to the complexity achieved by Proposition 7.
If we only assume that A2(pin) < aXi(pin), then the expression in Eq. (58) is maximized when all nonzero,
non-principal eigenvalues equal a\;(pin), giving rise to the complexity expression
N 1 1-— Yin
caii—0  Eqist (1 — )27,

+O(1). (59)

As noted in Ref. [68], this is exponentially better in the 7, — 0 regime (i.e., low input fidelity) than the
iterated swap test protocol described in Section 4.4.1. However, a major drawback of the corresponding protocol
of Ref. [68] is that it requires storing and processing all copies in parallel, resulting in a large space complexity.

The authors of Ref. [69] note that there is no known protocol that can be applied in a streaming fashion but
gets close to the complexity of Eq. (59) in the 43, < 1 regime. In the following subsection we derive such a protocol
that uses only two qudits of memory while matching the above asymptotically optimal sample complexity.

4.4.3 Improved distillation in the regime of small input fidelity via quantum PCA

Now we show that a gate-efficient procedure inspired by quantum principal component analysis (PCA) [71, 72]
requires only two qudits plus three qubits of storage to output the top eigenstate with fidelity at least 1 —eg;s4 using

1 1 1 — Yin
o L))
( €dist  Yin/ (1 — 0‘)2%211

copies of pi, in expectation, which matches the optimal asymptotic complexity of Eq. (59) up to a constant factor.

Intuitively speaking, the additional 1/4;, term next to 1/eq4;st comes from the fact that we need to find the top
eigenstate within the states stored in memory. Since the protocol of Ref. [68] stores and processes all of the required
copies in parallel, a tighter analysis might reveal that it performs better in the egist > i regime. However, once
we pay the 1/, price of postselection, we can very efficiently distill further, so the overhead does not multiply with
the high-precision-induced 1/eq;st cost. We expect that in the single-pass constant-storage setting, our protocol is
essentially optimal, but we leave this problem of optimality as an open question. Finally, we speculate that one
may be able to improve this protocol’s sample complexity in the following way: if an attempt of locating the top
eigenstate failed, one may reuse the earlier copies that were used for density matrix exponentation in earlier rounds.

Density matrix exponentiation. Quantum PCA [71, 72| is based on the core primitive of density matrix
exponentiation using a fractional swap operation exp(—iSt) = cos(¢)I — isin(¢)S, where I denotes the identity
operation on a two-qudit system, and S denotes the swap operation of two qudits. Suppose that we have a density
operator ¢ on systems A and S, and we get a copy of ¢ on system S, matching the dimension of S;. The Lloyd—
Mohseni—Rebentrost (LMR) density matrix exponentiation primitive applies a fractional swap of Sy and Ss, then
discards So, and the resulting state can be described as follows [72]:

Trg, {(HA ® exp(—iSt)) (s ® o) (Ia ® exp(iSt))} (60)
= Trg,[cos?(t)s@p + icos(t) sin(t)(s®0) (14 ®S) — icos(t) sin(t) (T4 ®@S)(s@0) + sin? (1) (IS) (s 0) (14 ®S)]
= cos?(t)s +icos(t) sin(t)s(I4 @ o) — icos(t)sin(t)(I4 @ o)s + sin?(t) Trg, [s] @ o. (see Fig. 3)

This can be viewed as density matrix exponentiation since it represents the map ¢ — (I4 ® e™'¢)¢(I4 ® e'¢’) up
to corrections of order O(¢2). The procedure consumes one copy of ¢ in order to approximately implement the
unitary evolution generated by the Hermitian operator g for a short time ¢. One can also approximately implement
controlled density matrix exponentiation ¢ — (I ® (|0)}0| @ I+ 1)1 ®e~1¢'"))¢(Ia @ (|0X0] @ T+ [1)(1]| ®@ei€t)) by
choosing ¢ = |1)1| ® ¢'; see Ref. [72, Appendix C|. We will exploit this trick in our protocol below.

For an efficient implementation of the fractional swap operation, note that the unitary ('Y @1)CS(e™ -~ @1)
is a block-encoding of the operator exp(—iSt)/2, with 61 defined below and CS the controlled swap gate with the
first register acting as the control; thus, the fractional swap gate can be implemented using 3 CS gates and 4
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Trs, [ ® o]: Trs,[(s ® 0)(Ia ® S)]: Trs, [(I4a ® S)(s ® 0)]: Trs, [(Ia ®S)(s®0)(Ia ®S)]:

A A A A A A A 1 A
S| S 15 S| ¢ S1 S1 S 15 Sh S S1
Ay @y @ B
A A A A A A A A
Si|s15; Si| ¢S S S1 S S S

Figure 3: Diagrammatic representation [98]|, and simplification of the four terms in Eq. (60). For a derivation
by direct computation consider that Trg,[(¢ ® 0)(Ia ® S)] = >, (Ias, ® (i])(¢ ® 0)(Ia ® S)(Ias, ® |i)) which is
2i(sLa@li))) @ ((ile) = 225 (La @ [i)ilo) = <(La @ o).

single-qubit gates

|0X0| @ (cos(t)I — isin(¢)S) + |1X1| ® (isin(t)I + cos(t)S)
= —(em*Y ®ID)CS (e_iH*XZeiH*X ®I)CS (e_w*YZeie*Y ®I)CS (e_iG*X ® 1),
arccos ( cos(t);sin(t) ) + arccos ( cos(t);rsin(t) )

where 0. = 5 ,

which corresponds to one iteration of oblivious amplitude amplification. As elsewhere in the paper, X, Y, and Z
refer to the single-qubit Pauli operators.

A simple (suboptimal) protocol for the case Az(pin) < A1(pin)/A1(pin)edist- We now show how to use a
simple version of Kitaev’s phase estimation [99] to distill the top eigenstate of pi, when we are promised that
A (pin) € [7,37], edist < (1 —7) and A2(pin) < vv/7edist/ (1 — ), for a known value of 7. Specifically, the protocol
aims to implement the following circuit involving controlled density matrix exponentiation, which may be viewed
as phase estimation to one bit of precision.

With the right choice of 7, if density matrix exponentiation is performed in small enough steps ¢, then there is a
substantial chance of measuring the first register in |—)—|, and when this occurs, the non-principal eigenstates of
the input state p;, are appropriately suppressed in the output.

The controlled density matrix exponentiation in circuit (61) is approximated with r = + applications of the
LMR procedure, giving the circuit in Fig. 4. Namely, consider the effect of the LMR protocol of Eq. (60) in
the special case when the system A is not present, and the protocol is repeatedly applied on the initial state
¢ = p@ := [4)+| ® pin on system S, using copies of the amended mixed state o = |1}(1| ® pi, on system Sy.

Denote the state (on system Sp) after r iterations of the LMR protocol by p"), which can be written as

20 = 308 & 0 ), )
J
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Iterate r times

|0> _ o i0-X aiY | 7 LY ¢i0-X | 7 Gl X
|[+)X+|® pin

1 \ & Pin trace

L ——|0)
[EX£ T

: =X~ ®pout

Figure 4: A simple procedure based on density matrix exponentiation for extracting the top eigenstate of an
unknown density operator piy,. The procedure approximately implements one step of Kitaev’s phase estimation
of circuit (61). The parameters 6 = %arccos(M) + %arccos(M) determine the length ¢ of the
approximated density matrix evolution-time segment per iteration. Each iteration consumes a fresh copy of p;, and
the first ancilla qubit returns to state |0) after each iteration. After all iterations are completed, the second ancilla
qubit is measured in the |+) basis and we only accept the |—) outcome.

where pi, = Z )\ i1 )1;] is the eigendecomposition of pi, and O'J(-T)

for example, 0' = |+X+|. According to Eq. (60), we find that

is a normalized single-qubit density operator,

Pt = cos(£)p™) + i cos(t) sin(t)p" ([LNL] @ pin) — i cos(t) sin(t) (|1)L] © pia)p™ + sin®(E)([LNL| @ pin),

in particular p("+1) = > CT;TH) ® AjlYhj)eb;] where

r+1 r . T . r
oY = cos?(1)0'") + i cos(t) sin(t)o' (A 1X1]) — i cos(t) sin(e) (A [1)(1])o'") + sin®(¢) Tr[o§ q 1. (63)
This means that U(TH) =9; [0’§T)] for a quantum channel ®; with Choi matrix
cos?(t) 0 0 cos®(t) +i); sin(t) cos(t)
0 sin?(t) 0 0
; (64)
0 0 0 0
cos?(t) — i\, sin(t) cos(t) 0 0 1

which is indeed positive semidefinite for all A; € [0,1]. The vectorization of the superoperator ®;[] is

cos?(t) 0 0 0
0 cos?(t) + isin(t) cos(t)\; 0 0
0 0 cos?(t) —isin(t) cos(t)A; 0
sin?(t) 0 0 1
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The difference from the desired time-evolution superoperator e At []eirstX jg

sin?(t) 0 0 0

0 ettt — cos?(t) —icos(t) sin(t)A; 0 0
(65)

0 0 e Nt — cos?(t) +icos(t)sin(t)A; 0

— sin’(t) 0 0 0

For all ¢ € [0,7/2] the operator norm of the matrix in Eq. (65) is v/2sin?(t), since

et — cos?(t) — icos(t) sin(t)\;| = \/(cos()\jt) —cos?(t))? + (sin(\;t) — cos(t) sin(t)\;)? (66)
< /(1 — cos?(t))? (monotonically decreasing in ;)
= sin?(t). (67)

In the above inequality we used that Eq. (66) is monotonically decreasing for all A\; € [0,1] when t € [0,7/2].
Indeed, the derivative of the square of Eq. (66) in A\; can be computed as follows:

2cos(t) | (tcos(t) —sin(t)) sin(tA;) + A; sin(t) | sin(t) cos(t) — tcos(t;) <0.

= [y —tsin(¢)dt<0 >cos(t)

<0

Let us now consider superoperator norms induced by Schatten p-norms [100] for some p € [1,00]. By norm
conversion and the observation that the operator norm of Eq. (65) is v/2sin®(t) due to Eq. (67), we directly get
that

[[e AL ]eirat X D[ < V2|Je PRI eiA DT D[22 = 2sin’(t) < 2t%, (68)
Due to the contractiveness of quantum channels in the Schatten 1-norm we get that after r iterations

HUJ(T) _ efir)\jt\1><1|[U§0)]eirAjt\1)(1\ I < 92 (69)

Proposition 9. Suppose we are given real numbers 7y, eqist € (0,1), and copies of a qudit density operator pi, such

that A1 (pin) € [7,37], €aist < 1 — 7 and Aa(pin) < 74/ ;Z(Eldfﬁy), Choosing r = [3;;(;;1)—‘ and t = ﬁ the protocol

o'
37
<E|p(_7)|E> > 1 — eqist, where |Z) is the principal eigenvector of pin. The protocol uses an expected number of copies
of pin which is at most 3(r + 1), and the same order of controlled qudit swap and single-qubit gates. The space

complezity is two qudits and three qubits of storage.

of Fig. 4 succeeds with probability at least and upon success produces a state p(_r) such that [pin,p(_T)] =0, and

Proof. The expected complexity bound follows from Fig. 4 and the success probability bound > I, so it suffices
to prove this latter bound. By Eq. (69), we get that projecting down p(™) to the |—)—| ancilla state we get the

subnormalized state

(~leDp (=)@ 1) = > (~oi"” =) @ Al )] (70)
J
=3 Ml ([(—le AU 2 4+ x; ). (71)
J (_leir)\jt,2<|7.>\jt2 |\;:Z2)
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Let p(f) = ((—|®@Dp"(|-) 1)/ Tr[({(—| @ [)p) (|]—) ® I)] be the state we get by postselecting on the |—) outcome

of the ancilla measurement in the |+) basis. From Eq. (63) it is evident that p(f) commutes with p;,. Since
A1(pin) € [7,37] and 7t = = we get that the probability that we measure the ancilla qubit in the [—) state is

Te[(—| @ Dp™ (|-} @ 1) 2 Mol =) = 1(~Jo{"|-) (72)
- 1— —irAit|2 1 2
where (—|a§ )|—) > (% . rtz) > (5 — 4227")' (since Ay € [7,39] and 7t = %)
By our choice of r we get that 4:—; < Gﬁfj) < & and (recalling the principal eigenvector |Z) is denoted |11))
M(=loy”]-)
<7/}1|p(—r)|'¢)1> = 0) : )
Ar(=lor =) + 22550 Ai (=loy =)
—
< \7'>\Zt|2+”2
M(=loi”|-) 8
> 1 5 (since 1t = 4&, A3 < pb5dist)
r) 7TA2 2 s Y w2 (1—7)
M=oy |—>+(1—)\1)(’H m)
2iby () ST T
—=3(1-7)
M{-le”15) 1

> _
(14 eaise) M (—|oi7 =) 1+ Eaist

> 1 — edist- O

Note that if we only know that Ay > v and Ay < v,/ %, but don’t know whether \; < 3~, we can still

perform the distillation using the above protocol through combining it with standard techniques, such as exponential
search to guess the right order of % The resulting protocol shall even have the same asymptotic complexity up to
constant factors.

An improved protocol for the general case. We can improve the overhead in the previous protocol by
recursively filtering the smaller eigenvalues in a similar fashion to Ref. [101]. As we show, it suffices to filter a
constant fraction of the unwanted eigenstates in each iteration. This relieves the burden of error magnification due
to the postselection on a small probability &~ \; event hindering the previous simple variant described in the proof
of Proposition 9. For this purpose, we can use Kitaev’s phase estimation [99] combined by standard error reduction
techniques, which requires a total simulation time of @(%) in controlled density matrix exponentiation to
output, with probability at least 1 — €, a phase estimate that is less than § off [102]. For practical considerations
one might also consider using improved iterative phase estimation variants [103] or eigenstate filtering techniques
via quantum singular value transformation or quantum signal processing [104, 105].

The controlled Hamiltonian simulation can be performed using the same circuit as before (Fig. 4), however the
subsequent applications of the protocol require a slightly adapted analysis because we need to track the state of
multiple qubits and/or the entire measurement history.

Proposition 10. Suppose we are given real numbers 7y, eqist, @ € (0,1), and can request copies of a qudit density
operator piy, such that A1(pin) > 7, €aist < (1 —7) and Ao(pin) < ay. By iteratively applying the circuit of Fig. 4
with appropriate choices of v and t we can prepare a state pous such that [pin, pout] = 0, and (E|pout|Z) = 1 — £dist,
where |Z) is the principal eigenvector of py. The protocol uses an expected number of copies of pin which is at

most O(ﬁ (Edl, -+ %)), and the same order of controlled qudit swap gates and single-qubit gates. The space

complexity is two qudits and three qubits of storage.

The core of our analysis is to understand what happens when we apply the LMR, controlled density matrix
exponentiation protocol to a mixed state whose reduced density matrix commutes with pi, = Zj AjliXabs], where
2) = l¢1).

Lemma 2. Let A label a system of arbitrary finite dimension, and let C' label a two-dimensional (qubit) system.

Suppose that we have a quantum algorithm that receives as input a normalized state p(5tart) .= poP U](»Start) ® |5 X151,

(start)

where o are subnormalized quantum states on the AC register and |¢;)(1;| are the eigenstates of pin. If the
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algorithm only interacts with the final register through controlled Hamiltonian simulation 14 ® [0)0]c @ I+ 14 ®

|1)(1|c ® e~ "Pin™  then the output state can be written as p®*d = > a](cnd) ® |Y;)¥;|. Moreover, if the total
simulation time is T =Y, 1, and we approzimate each such controlled Hamiltonian simulation step by the LMR

5\ @ |y N, where

protocol with step size at most t < 5, then the output state can be written as plend) .= Zj 0

it holds that ||6](-end) - U](-end) |1 < 3Ttmax(Tr [aj(-swrt)] JAj)-

Proof. Operations that do not touch the final register clearly preserve the diagonal form } -, 0;®|1;)X¢);| of quantum
states. Controlled Hamiltonian simulation can be equivalently described as an operation controlled by eigenstates
on the final register, that is, |0X0|c @ I + [1)(1|¢ ® e~ "Pin™ = > NI @ [4h,) (15|, which therefore also preserves

the diagonal form, proving that we can write p(e"d) = > a](-end) ® | X1l

Now consider what happens when we apply a density matrix exponentiation step of Eq. (60) on ¢ = p(") :=
>, &§T) ® | )] using mixed state o = |1)1|c @ pin. According to Eq. (60) we get that

P = cos? (1) p") + i cos(t) sin(t)p™) (La @1 1]e @ pin)
— icos(t) sin(t)(Ta@ |1} 1|c @pin)p")+ sin® (£) (6D 1)1 c @ pin) ,

where (") is a normalized state on the A register defined by
6 =Tre | Y687 | =3 (14 ® (01c)5” (Ia @ [0)c) + (14 ® (1]c)5" (e @ [1)c) .
J J
From this we can see that p("+1) := > 55,’""'1) ® |1 X1;| where

G\ = cos?(1)5\" +icos(t) sin(t)A;5 " (La@|1)1|c) —icos(t) sin(t)A; (La@ 1)1 )&\ + sin(£)A; (6 @[1)1]c).

3,5 :=
(73)
Since p"t1 = 0 we immediately get that &§T+1) = 0. We also get that
Eiamie= n«[&j(’”“)} = cos2(t) n[(};”} +sin?(t)A; < max(Tr [aﬂ : Aj) . (74)

If we start the procedure with p(®), consequently by induction we get that after r iterations we have

T&.«[a—y)} < max(Tr [a—gﬂ : Aj) .

Note that the channel &)j defined in Eq. (73) may be written as &)j =TA® 6;0)7 where Z,4 is the identity channel
on system A and

& ] = cos(t)[] + icos(t) sin(t)A; []| 11| — icos(t) sin(t)A; [L)1|[] . (75)

Let us now consider the difference of ®;[-] and Za[-] @ e~ AstDAI[]eirstIX1,

—iA;j i\ & —i\; i\ = (C
1 Za]] @ e Rt [t _ @ ][l < [Je” Rt []eiratiNl q)g, Ml
< 2fje A tINI []eirstIX] Z;E;C)[.]HH
= 2sin?(t), (76)
where the first inequality follows from the definition of the diamond norm, the second inequality follows from norm

conversion from the diamond norm to the 2-2 norm for superoperators on 2-dimensional systems [106, Appendix
Cl, and the last equality follows by applying Eq. (67) to evaluate the operator norm of the matrix representation
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RYLARVSN [.]ei/\jt\lxl\

of the superoperator e~ — <T>;C) [[], given by

sin?(t) 0 0 0
0 et — cos?(t) —icos(t) sin(t)\; 0 0
’ (77)
0 0 e it — cos?(t) +icos(t) sin(t); 0
0 0 0 sin?(t)
It follows (dropping the subscripts A and C for brevity) that
H&;” — e‘imit(ﬂ@‘lxl‘)&;O)eiT’\jt(H@ll)(lD||1 <3r Sin2(t) max(Tr {5§0)} , )\j).
Indeed, this trivially holds for » = 0, and we can prove it by induction for » > 1 as follows
||5(7'+1), *i(r+1)>\jt(ﬂ®ll><1|)~(0) el (r DA ABIXLD) |
J
<168 5 + 17 - DA 0 D
< sin ( ) 4 ||(I) [ (r)] —1AJt(]I®\1)(1\)&j(r)ei)\jt(]l®|l>(1|)||1 (by Eq. (73))
e t(]I®\1)(1\)[ ]( ) _ e—imjt(ﬂ®|1><1I)&§0)eimjt(ﬂ®|1><1|)]eikjt(ﬂ®|1><1\)||1
< sin?(t)x; + 2sin?(t)[|67 ]y (by Eq. (76))
+||0(r) efirAjt(H®|1)<1\)5_§0)eir>\jt(ﬂ®|1)<l|)Hl
< 3(r+ 1)sin®(t) maX(Tr {6;0)} ) )\j). (by Eq. (74) and induction)

Thus, when approximating controlled Hamiltonian simulation I4 ® e '*(1X1®pn) with ¢ < t step size we

Tk

need r = o

steps, inducing an overall error in Schatten 1-norm upper bounded by 3% "2 max (Tr[ (0)} /\j) <

3Tt max(Tr[ (o )} )\j). Other steps that do not depend on the final register can be described by quantum

channels, which are contractive with respect to the l-norm. We can conclude that ||&J(-end) — Uj(-end)Hl

3> Tt maX(Tr[ (Start)} ,Aj), as claimed. O

Proof of Proposition 10. The protocol will proceed through a sequence of ¢ iterations, each of which aims to make
progress on amplifying the principal eigenstate, but has some probability of failure. If a round fails, the procedure is
restarted from the beginning. First, we establish some properties of the starting and ending state for an individual
iteration.

Suppose that at the beginning of an iteration, we have a quantum state p(tart) .= >, (Stdrt)wj Xj|. Per-

forming Kitaev’s phase estimation with precision § and success probability at least 1 — € requires T = @(bg 51 [e ))

controlled Hamiltonian simulation time [102]. Kitaev’s phase estimation is accomplished using only 1 ancilla qubit
(denoted system C'), through a sequence of circuits like circuit (61) for different values of 7 = r - ¢, which result in
a single-bit measurement outcome stored in classical memory. We may equivalently view the system A as initially
holding a set of fresh ancilla qubits in the state |+), and for each application of circuit (61), one of these ancilla
qubits is swapped into register C' and then swapped back after being measured. The swapping in of these fresh
qubits and the postprocessing of measurement outcomes is entirely classical and does not incur any additional quan-
tum gates. Viewed this way, it is clear that the full (boosted) Kitaev phase estimation procedure only interacts with
the register holding p®***) through controlled Hamiltonian simulation and thus, when the controlled Hamiltonian

simulation is implemented via the LMR density matrix exponentiaton protocol, Lemma 2 applies. If the stepsize

ist = % < 7/2, then a total of @(log;f‘\#) copies of pj, are consumed via the protocol of Fig. 4. The gate

complexity is 4 single-qubit gates and 3 controlled qudit swap gates per copy consumed (with no additional gate
complexity associated to the input state); this tells us that it suffices to bound the number of consumed copies.
We will set the precision of the phase estimation to § = (1720‘)7, and say that the round succeeds if the energy

estimate register (a classical register) is greater than H—a’y (in order to distinguish A\; > v from A2 < a7y with
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failure probability at most €). Let p®) =3 ; p§pmj) |1;(1;| be the subnormalized output state of the LMR-based

1+a

algorithm when projected down to the energy estimate register being greater than v and tracing out all ancilla

registers. If p(gtart > A\1/2, then according to Lemma 2, we get that
pgprOJ) > (start)( 3Tt) (start)(1 6 C) 7 (78)
and for j > 1, pg-proj) € [O,ep;Start) + 3Tt max(p; (star) '\:)/2)] € [0, (e + g) (start) | g/\j]. (79)

The probability that the round succeeds is denoted by

(succ) Z pJPTOJ (80)

and the output state conditioned on success is denoted by

p(end) p(proj)

=P\ Xy (81)

(succ) °
p i

From Eq. (78), this state satisfies

(p oj)
(end) _ 1—€—C( (start)
1 p(succ) Z p(succ) 1 ’ (82)

This equation shows how performing (approximate) phase estimation and postselecting on energy estimates above
HO‘V can lead to magnification of the overlap p; with the principal eigenvector, depending on parameters € and (.

The full protocol iterates this process over £ rounds, indexed by i = 1,2, ..., £. Let p®%r%9 denote the starting
state for iteration i and p(®®) the ending state, which is taken to be the starting state p®tarti+1) at the next
iteration. For brevity of notation, let p(® = p(end9)  with the starting state at iteration i = 1 taken to be p(®) =

ptartl) — 5 In the 4-th iteration, we set the failure probability in Kitaev’s phase estimation to ¢; and the stepsize

to t; = which determines the success probability p®uc©?) of the ith iteration. The overlap with the principal

3
eigenvector—the key figure of merit—after the i-th round is denoted pgz) = pgend’l) = pgsmrt’zﬂ) = (1] pD)ah1). As
long as we maintain py) > A1/2, the bound in Eq. (82) holds, and for any value of i, we derive the following bound
on the inverse overall success probability of all iterations ¢ + 1,7 +2,...,¢:

1 1 1 1 1
1>p9 > Epl) —s < — . (83)
kllrl p(succ k) k1:[+1 plueet) = p(f) kEA 1—er— Gk pﬁ” 1- Zi:i+1(6k + (k)

On the other hand, note that by Eq. (78) we have that for all i =1,...,¢,

(proj,i) (start,i)
(i) _ Pi P (1—e—G) . .
2 — — > ——  (by monotonicity of - and Eq. (78))
pgp J7)+Zj>lp_§p jyi) pgt t’)(l—fi—Q)‘f’ijpgp j%) c
(Start,i) (i—l)
(84)
start,s ei+Ci i—1 e+
P} )+1 :CCI pg )+1:C<z
(proj,i)

where in the last line we have used that Zj>1pj
note that the function # in Eq. (84) is monotone increasing on the interval p € [0, 1] for all fixed ¢ Z 0, that is,

< € + (; as a consequence of Eq. (79). Let ¢ := += +<’<, and

when €; +(; < 1; and also monotone decreasing in ¢ > 0 for all fixed p € [0, 1]. For p = % and €;+(; = % it evaluates

p_H = % > %7 so we can conclude that if €; + ¢ < % and pgi_l) > %, then p() > % If pgi_l) < % and ¢; + (; < %,
(i—1)

then we also have that p(¥ > 2pi'"~ ", so that pgo) > min(\y, 3) implies that pgi) > A1/2 holds for all 4 > 0.

to

The eqist > % case. Note that this is a subset of the case v < % Here we will conveniently set (; :=¢; < % so that
starting with p(®) := p;,, for which p(lo) > ~ by assumption, we get that £ := ﬂogz(%ﬂ + 1 successful iterations of

the procedure suffice to achieve p( ) . This follows by noting that pgi) > 2% holds for every i € {0,1,...,0—1},
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a fact that can be shown by induction and Eq. (84), which implies p=b >1 /3, and thus via the observation above
also that p®) > 2/3.

We choose the failure probability and step size parameters to decrease with i as ¢; = (; := 2(1;;)/2, so that

L V4 . 4
21':1 € = Zi:l G < i» and Eq. (83) glves Hk:i+1 p(siu%‘.c,k:) < 7(27‘,)'
1

Let CY) denote the expected copy complexity to successfully complete the procedure up to and including the
C(i)_,’_@(log /e ))
52

€3

i-th iteration. We have C(® =1 and ¢+ =

Py , from which we can see by induction that

14 14 2 J4 4 2 2 2
1 log”(1/¢;) 1 1 log*(1/¢;) 2 i/ 1
0 —
= @<H (succ,t) +Z 02¢; ]g p(succ,k) <0 (0) +Z 52¢ (i—1) +Z 52

=1 P i=1 P i=1 97€iPq

We can conclude that for v < 2 we can prepare a state poy = p) such that (¥1|pous|tr) > 2 Wlth an expected
0(52 )= O(W) copy CompleX1ty

The cg4ist < % case. If vy < % we first run the above protocol which produces a state with p; > %, that we will
call p(® for the purposes of this subcase analysis. If v > % we can simply set p(?) to be pi,. In both cases, we can
say that the preparation of p(®) has complexity C' = O(W), since in the y > % case, it holds that (1 —«) > %
without loss of generality.

Let () = plendi) .— 1 _ pgend’i) =1- p(li) and ptarti) .— 1 _ p(lsmrt’i) =1—pt=1. Similarly to Eq. (84), by
Egs. (78) and (79) we get for ¢ = 1,..., ¢ that

n(l) _ pgpro_] z) < L pgstart,l)(l R Cz)
(pI‘O_],’L) + Z]>1 Spro_],l) p(lstart,z)(l Cz) + Z]>1 Spro_],l)

( - (78))

(stalt 1,)( C )
S 1— start,? Zg art.i (by Eq (79))

PP (=6 = G) + (e + @-)( —p§t M)+ G =N
_ (e + onttartD) 4+ G(1 = Ay)
(1 _ n(start,i))(l —€ — CZ) + (Ei + Ci)n(start,i) + Cz(l _ >\1)
GG + G- M) (@G0 + G0 = M)
(1 =t D)(1 — & — ) A=nt=NA-ea—-G)
Therefore,
) (i-1) (1= . 1 1

n® < N Jri( ) aslong as 7Y < 3 and €; + ¢; < 3 (85)

We choose £ := [logy(£=2)], ¢ := 27377, and €; := 2747 Since 7(®) < 1 — v, using Eq. (85) and induction

Edist

we see that n(?) < 2~ (1 — ) and therefore 77( ) < egist-

As ZZ 1€+¢ < 5, we get by Eq. (83) that the sequence of iterations succeeds with probability Hle plsucei) >
%pgo) > % Therefore, the expected complexity can be bounded up to a constant factor by

l P . -1
loga(1/€;) 21T3(4 + £ — )2 2+3 i ) 1 11—
= _— = _— 27" 4) = — . O
C+Z D D & o+ e =0 (5 )

4.5 Resource state teleportation

Once we have prepared the resource state |¥(g)X¥(g)| (up to low error), the next step is to consume this resource
state to enact a transformation on the encoded address qubits. Suppose the n-qubit encoded register on which we
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want to apply the operation V'(g) is in an arbitrary pure state
@)= ), Do lewlf=1. (86)
we{0,1} w

The teleportation procedure calls for applying a set of n disjoint logical CNOT gates, each controlled by one of
the logical qubits in the register holding @) and targeting one of the logical qubits in the resource state, and then
measuring the resource state. This was depicted in circuit (10), which is reproduced more compactly as

)| —# V(g®™)[a)alV(g°™)

(g (g)| B A= m

On the output label of the circuit, we have used the notation g®™ to represent the Boolean function defined for
any x by the equation

(87)

9¥"(z) = g(z &m). (83)

To verify the circuit’s output and the assertions in Section 2.3, note that the CNOT gates enact the transformation

1 B L 1 . | —
@Y (9) = 5o > (1) B,z — /3 > ()P m)wEz) (89)
w,z€{0,1}" w,z€{0,1}"
1 whm =\ |7
= on2 Z (—1)9( @ )aw|w>\m>. (90)
w,me{0,1}"

A logical measurement is performed on the resource state register, obtaining outcome m. Regardless of the state
|@) and the function g, the distribution over measurement outcomes m is the uniform distribution, and the post-
measurement state on the first register is

(MmN |~ 1 e — 1 wdm —
VTNE) = 5o Y. DT Waum = o Y (-0 ay ). (91)
we{0,1}m we{0,1}m

Examining the definition of ¢g®™, we can see that it is defined by the same underlying table of data that defines
g; however, the addresses to which the data items have been assigned are scrambled by adding (modulo 2) the
random measurement outcome m to each address. Nevertheless, we may conclude that the teleportation procedure
successfully inserts information about g into the phases of the state |@), albeit in an obfuscatedured way, due to
the fact that the phase applied is (—1)9(*®™) rather than the desired (—1)9(*), where m is uniformly random.

We now wish to understand what happens in the teleportation step if we use the state ¢(g)aist (discussed in
Section 4.4) as our resource state, which is an imperfect approximation to |¥(g)X¥(g)|. First, we define the ideal

teleportation channel 7 (g) as the procedure that perfectly prepares |¥(g)}X¥(g)|, applies the logical CNOTs, and
measures the resource register (equivalently, applies a completely dephasing channel). This has the action

T =5 > Va7l @ miml (92)

me{0,1}n

where we have used the channel definition V(h)[p] = V(h) pV (k)" with the overlined version V(h) denoting the
logical version of the channel.

We may now argue that as long as the error of ¢(g)aist is low, relative to |¥(g)}¥(g)|, the channel enacted is
close to T (g).

Proposition 11 (Teleportation with approximate resource state). Let T (g)appr be the channel realized by using
the state ¢(g)aist in place of [V(g)X¥(g)| in the teleportation protocol depicted in circuit (87). Then, we have

ST~ T(@hperlle < 5| F@NT@)] ~ G (93)
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where ||-||o indicates the diamond norm distance between channels.

Proof. Define the quantum operation C as the operation on 2n logical qubits enacted by the CNOT gates and
measurements (i.e., completely dephasing channel) in circuit (87) Thus, for arbitrary n-qubit state & in the codespace
of the first register, we have

Now, introduce an environment register of a qubits, and consider an arbitrary state p on a+n logical qubits (whose
reduced density matrix after tracing out the environment is in the codespace of the n-logical-qubit code). Let Z
be the identity channel on the environment register. The diamond norm distance is defined as the supremum (over
p for all possible sizes a of the environment) in the trace distance between the action of the two channels

3 178) = T(@haopslo = mascsup 5T & TG~ (T & T Pl (96)
= maxsup 2T © O)p @ (FNT@| — Ao (97)
< maxsup 3 76 ([F@HTG] — 201w (98)
= maxsup 3 T@) @ - 5ol = 51 [FDHT@| — Tt (99)

where the inequality follows from monotonicity of the trace distance under quantum channels. This completes the
proof. O

4.6 Adaptive correction and classical update rule

Recall that the goal is to implement the diagonal logical QRAM unitary V (f), given a data table (Boolean function)
f. The previous section established that for any function g, the teleportation channel 7 (g) receives a uniformly

random measurement outcome m, and then, conditioned on m, enacts the unitary transformation [@) — V (¢%™)|a).

Our protocol repeats the teleportation process over a sequence of n rounds. In each round, the function g will
be different, and the measurement outcome m will be sampled independently and uniformly at random. The value
of g used in round j will be denoted ¢, and the value of m denoted by m(?).

We begin in round 1 setting g = ¢g") = f, receiving measurement outcome m = m(") € {0,1}", and enacting

logical unitary V(g®™). The key observation is that V (g®™)? = I, the logical identity operation, and hence

Vig)=V(g) V(g"") V(§"™) =V(g® g™ V(¢®™), (100)

where we have invoked the composition rule V(h)V (k') = V(h@h'). Thus, given that we have already implemented
V(g®™), we must now implement the correction unitary V(g @ g®™), which is also a member of the family of
diagonal (logical) QRAM operators. We thus compute a new Boolean function by the classical update rule UR,
which takes as input a data table g and a bit string m € {0,1}" and outputs a new data table

UR(g,m) = g & g*™, (101)
which is depicted as a circuit as
m #’nll
(102)
271, 271,
g =~ [UR | g @ ghm

and we update g < ¢(?) = UR(g(l), m(l)) to use for round 2. Consequently, the correction unitary is now equal to
V(g) and the goal of round 2 is again simply to implement the unitary V(g), just as it was in round 1. As before,
we receive a new measurement outcome m = m(?, we compute g3 = UR(¢®,m®), and we update g + g for
round 3.
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We then iterate this process a number of times. We note that, if after applying the update rule we ever obtain
g = 0, the zero function, then we may terminate the procedure, because the correction unitary will be V(0) =T at
the next round. Moreover, g = 1 (the constant function that outputs 1 on all inputs), then the correction unitary
is —I, which is equivalent to I up to an unphysical global sign. We claim that after at most n rounds, we will be
certain to obtain g € {0,1}, based on the following proposition.

Proposition 12. Let g be an n-bit Boolean function. Define deg(g) to be the degree of g when it is expanded as a
polynomial of its input bits over the field Fo. Suppose that deg(g) = d. Let m € {0,1}", and let h = UR(g,m), as
defined in Eq. (101). Then, we have

deg(h) <d-1. (103)

Proof. This is a consequence of the reasoning in Appendix D, specifically the cancellation in Eq. (233) and the
reasoning underneath. O

The proposition establishes that each application of the update rule g < UR(g,m) decreases the degree of ¢
by at least 1. Recall that in round 1, we have deg(g) = deg(f) < n, simply by virtue of the fact that f is an n-bit

function. Thus, we may assert that in round j we have ¢ = ¢\9) and
deg(¢W) <n+1-—3. (104)

In particular, after applying the update rule in round n with ¢ = ¢ and m = m(, we are guaranteed to obtain
h = UR(g, m), which leads to a degree deg(h) = 0. If the degree of h is 0, this implies that either h =0 or h = 1.

4.7 Total complexity of protocol

We have now explained the action of each component of the protocol, and may we state its overall complexity.

Theorem 2 (Main result). Let f be an arbitrary dataset (n-bit Boolean function) for which we wish to implement
the fault-tolerant diagonal QRAM wunitary V(f) of Eq. (1), and let € be an error parameter. Suppose that we
have access to a noisy physical QRAM device subject to dataset-independent noise (Definition 1) which on input
g produces state P¥(g) on n physical qubits achieving fidelity (¥(g)|¥(g)|¥(g)) > F for all g. Suppose further that
we have the capability to reload the QRAM device with a new dataset, and that we have the capability to move the
n-qubit output state to a fault-tolerant quantum processor subject to circuit-level stochastic noise (Definition 2) with
error rate p. If p is below a constant threshold py determined by the QEC code family, and separately if pn? is
below a different constant threshold related to the fault-tolerant encoding procedure, then there exists an adaptive
distillation—teleportation procedure that implements a quantum channel Ppr for which

S IPor ~ VLV e < <. (105)

The protocol uses (in expectation over internal randomness) Q queries to the noisy physical QRAM device, Q
applications of the encoding process Epr (Corollary 1), and Q' additional fault-tolerant operations (controlled-SWAP,
Hadamard, CNOT, single-qubit logical state preparations, and single-qubit logical measurements), where

Qo(w<:+;>) (106)
Q' =0(r’Q). (107)

Additionally, the protocol applies the classical update rule (Eq. (101)) at most n times, and the classical partial
Clifford twirling operation g — go (Eq. (35)) Q times, each time on a data table of size 2™ classical bits.

Proof. The protocol is depicted as a quantum circuit in Fig. 2. We begin with correctness. In each of the n rounds

indexed by 7 = 1,...,n, it implements a channel ’T(g(j)). As discussed in Section 4.6, if all resource states are
prepared perfectly, the procedure is guaranteed to implement the unitary V' (f), up to a global sign which does not
impact the channel V (f)[-]V (f).

However, the teleportation channel ’T(g(j )) is not implemented perfectly by the protocol. To ensure the overall
diamond norm error is ¢, it suffices to choose parameters such that 7 (g) is implemented up to £/n diamond distance
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for all g, since the errors from each of the n channel applications add linearly in the worst case, when performed in

succession. By Proposition 11, it suffices to distill resource states ¢(g)aist that satisfy

ST~ 3T 1 < i (108)

with distillation error eqiss = €/n. Meanwhile, by Proposition 6, this is accomplished by the distillation protocol
using O(%(i Fim)) copies of the input states ¢(g)iwir1, defined in Eq. (43), provided that for all g
(U(g)|6(9)[¥(g)) = Fin for some Fi,. We are guaranteed from Corollary 1 that Fini, > (1 —O(np) — O(ny/p))F,
which can be replaced by Q(F) as long as pn? is below a certain constant. The number of gates required by

distillation is a factor of O(n) larger than the number of copies.

Since there are n rounds, we require n calls to the distillation procedure. Thus, the total number of queries to
the noisy QRAM device and the poly(n)-cost encoding procedure Epr is

Q:O(W(Z—i—;)) (109)

The total fault-tolerant gate complexity from distillation is O(n@Q). The teleportation procedure also requires n
fault-tolerant CNOT gates in each of the n rounds. Finally, the Clifford twirling step requires the application of
O(n?) fault-tolerant Clifford gates for each of the @ copies. In total, these Clifford gates dominate the fault-tolerant
gate count, which is Q' = O(n?Q). Each round requires only one call to the update rule, and each of the Q copies
requires classically applying a partial Clifford update g — gco. This completes the proof. O

5 Complexity of the classical update rule

The classical update rule calls for updating a data table g to the data table h = UR(g, m) = g ® g®™, for a certain
fixed measurement outcome m € {0,1}", as in Eq. (101). That is, the entry at address z in the data table should
be updated from g(x) to g(x) ® g(z ® m). In this section, we analyze the complexity of this transformation under
several different frameworks. The guiding question is to understand the ways in which the classical update rule is
a more complex operation than a RAM query.

We note that the partial Clifford twirling step also requires substantial classical computation to randomly
transform the dataset. We do not specifically analyze this step here, because we view it as less fundamental to our
protocol. For example, if the physical QRAM device and encoding step were error free (or if they have errors but
the principal eigenvalue of the resulting state is correct), then partial Clifford twirling is not necessary, but the need
for the update rule remains.

5.1 Classical circuit complexity

The update rule takes 2" + n bits as input and produces 2" bits as output, as in circuit (102). It is straightforward
to see that a classical circuit built from elementary gates (NOT, AND, NAND, etc.) would require (2") gates to
implement the update rule. Observe that for any fixed nonzero value m # 0", we have for every x

h(z) =h(z@®m) = g(z) ® glx ®m) (110)

That is, the 2" addresses are partitioned into pairs {z,z @ m}, where h takes the same value on both elements of
the pair, and its value is equal to the parity of the input bits at locations 2 and = ® m. Each of these 27! parity
calculations is independent and requires at least one elementary gate.

5.2 Complexity in a classical RAM model

The need for 2(2") circuit complexity does not alone entail that the update rule is an expensive classical calculation.
After all, the standard RAM operation also has (2™) circuit complexity, but it is commonplace to consider a model
of classical computation where RAM has unit cost.

However, the single-bit RAM operation takes as input n bits (an address) and returns just 1 bit, so it appears
to be a much simpler operation than the classical update rule. Since (i) the output of the update rule has 2"
bits, (ii) the output depends on all 2™ input bits g(z), and (iii) each RAM query can access only 1 of the bits, we
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conclude that, in a model where the input data g can only be accessed via RAM queries, implementing the update
rule requires (2") RAM queries.

5.3 Classical circuit depth in an all-to-all model

The structured nature of the update rule suggests it may still be amenable to some degree of parallelization. Ideally,
one could design a specialized shallow circuit that directly implements the update, rather than relying on RAM.
Indeed, if one imposes no restrictions on spatial layout of the 2™ + n input bits and 2" output bits (i.e., one allows
all-to-all gates), then one can perform the update rule with a classical circuit of depth O(n) comprised of elementary
gates each acting on only O(1) bits.

We provide one possible way to accomplish this. The construction requires O(n2") ancilla bits and has the
following steps; we provide an n = 3 example to assist with understanding each step in Fig. 5 (and in the description
of each step, we reference the colors in that figure for clarity of explanation). Let e; refer to the length-n bit string
with a 1 in the i-th position and 0 in the other n — 1 positions.

1. For each = € {0,1}" in parallel, the (blue) bit holding g(x) is copied into a (yellow) ancilla bit, accomplished
in depth 1.

2. For each i = 1,...,n in parallel, the (green) input bit holding m; is copied into 2"~! — 1 (gray) ancilla bits,
accomplished in depth n — 1 (using a tree-like approach, the number of copies of m; can be doubled with each
additional circuit layer).

3. For each i = 1,...,n in series, and for each of the 2"~! address pairs {x,z @ ¢;} in parallel, if m; = 1 then
the (yellow) ancilla bit which held the copy of g(z) at the beginning of this step is swapped with the (yellow)
ancilla bit which held the copy of g(x @ e;) at the beginning of this step. Each value of ¢ requires depth 1:
the availability of 2"~! (green and gray) copies of the m; bit created in step 2 allows parallelization of the
my-controlled {z,z @ e;} swaps. Thus, the overall depth of this step is n. Over the course of the n steps, the
(yvellow) ancilla bit that originally held g(x) before this step undergoes the transformations

=2

= gz ® mie; ® maes) = E gz ® @miei) =glzd®m), (111)
i=1

i=1
9(2) = g(z ® myer)

that is, for each z, the (yellow) ancilla bit originally holding g(x) now holds g(x ® m).

4. For each x € {0,1}"™ in parallel, the (yellow) ancilla bit that originally held the copy of g(x) after step 1
(which now holds g(z @ m)) is added modulo 2 into the (blue) bit holding g(x), incurring depth 1.

5. The original 2" (blue) input bits are taken to be the 2" output bits; the ancilla bits are discarded.

The registers (blue) holding the original bits g(x) have now been updated to h(xz) = g(z) ® g(x ® m), which is the
desired output of the update rule.

5.4 Classical circuit depth in a spatially local model

If the input and output bits of the shallow circuit are embedded into d spatial dimensions, then the O(n)-depth circuit
above requires spatially nonlocal gates. For example, we may recognize the action of step 3 as a re-arrangement of
the 2™ (yellow) ancilla bits by traversing edges of the n-dimensional Boolean hypercube. In d = n spatial dimensions,
this could be done using spatially local gates, and each (yellow) classical bit need only interact with O(n) of the 2"
other (yellow) bits (its neighbors on the hypercube). Unfortunately, real classical circuits must be embedded into
d < 3 spatial dimensions. In this case, step 3 cannot be performed exclusively with spatially local gates for more
than d of the values of i € {1,...,n}.

In fact, we can show that if gates are local in d spatial dimensions, then the depth required is at least Q(2”/ 4,
This follows from the fact that without knowing the value of m, the circuit must be prepared to connect the bit at
address z to all 2" — 1 of the other bits; for any pair x,y € {0,1}", if m = z & y, then the circuit must be able to
compute the parity of g(z) and g(y). If the bits storing g(x) and g(y) live on opposite sides of the d-dimensional
array, computing this parity will require a classical circuit with depth at least Q(Z”/ 4), Ultimately, this essentially
amounts to a speed of light—type restriction, where depth is restricted due to the fact that information can only
move so quickly through space. This kind of argument could also be used to show that classical RAM requires a
circuit of depth Q(Q"/ 4) in a local model, in d spatial dimensions, so it does not represent a fundamental limitation
that is unique to QRAM.
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Figure 5: Step-by-step action of the O(n)-depth classical circuit that implements the update rule g — h = g® g™,
for a particular n = 3 example input with m = (1,0,1). Each box stores one bit of information, and each step
modifies some subset of these bits with parallelized layers of local gates (note that step 2 requires n — 1 layers to
create all 2! — 1 copies of each m;). The inputs to the update rule are the n bits of m (green) and the 2" bits in
the classical data table storing g (blue). The circuit utilizes 2" 4+ n(2"~! — 1) ancilla bits (gray and yellow).

5.5 Wire density

While speed of light—type restrictions can be relevant for RAM at large scales, they are not a factor in practice at
small or intermediate scales. If one ignores the speed of light, one can simply build long wires into the circuit and
enable all-to-all connectivity. These long wires should not be thought of as completely free, however. For example,
electronic ciruits typically dissipate energy and lead to heating in proportion to their total wire length. The need
to cool electronic chips is a key limitation in practical computer systems. Thus, a cost metric worth considering
[8] is the wire density of the circuit, which we define as the total wire length divided by the total spacetime of the
circuit, where the spacetime is defined as the number of bits the circuit uses (henceforth referred to as the circuit
width) multiplied by the circuit depth.

Classical circuits for RAM can have depth O(n), width O(2"), and total wire length O(n2™) [8], even when
embedded in one spatial dimension. Thus, the wire density is a constant with respect to n, suggesting the circuit
can be scaled without causing heating issues.

We now examine the circuit for the update rule described in Section 5.3. It has depth O(n) and width O(n2™).
Steps 1 and 2 perform copying of the bits and contribute wire length O(n2™). If the circuit is embedded in n spatial
dimensions, then step 3 can also be accomplished with total wire length O(n2™), as each gate is local and has O(1)
wire length. However, in d < 3 spatial dimensions, the wire length is asymptotically larger. To implement step 3,
the (yellow) ancilla bits storing the copy of g(x) must be connected to the (yellow) ancilla bits initially storing the
copies of g(z @ e1), g(x ® ea), ..., g(x @ e, )—essentially, an embedding of the n-dimensional Boolean hypercube
into d dimensions. Consequently, the total wire length of gates acting on each (yellow) ancilla bit will be at least
Q(27/%). Since there are 2" (yellow) ancilla bits, the overall wire length of the circuit is at least Q(2"(**%/®) and
thus the wire density grows with n as ©(2"/¢/poly(n)), a fundamentally different outcome than the case of classical
RAM.

5.6 Relation to matrix-vector multiplication and the Walsh—-Hadamard transform

matrix-vector multiplication for 2" x 2™ matrices is an operation with 2™ inputs (the entries of the input vector) and
2™ outputs (the entries of the output vector). This feature is similar to the update rule, although the inputs and
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outputs for matrix multipliation would typically each be multiple bits (e.g., an integer or floating point number),
rather than just a single bit. Moreover, the analysis of Ref. [8] demonstrated how classical sparse matrix-vector
multiplication requires a growing wire density, consistent with the observation above for the update rule.

Here, we will argue that the update rule is in a certain sense equivalent to a sparse matrix-vector multiplication,
and specifically it is equivalent to the Walsh-Hadamard (WH) transform up to factors of poly(n). This equivalence
holds under a parallel model of computation. Namely, we assume that we have 2™ classical co-processors, each
with poly(n)-size local memory, which may perform local arithmetic on their memory in parallel, but cannot
communicate with one another, except through joint application of the update rule or through joint application of
a sparse matrix-vector multiplication. When jointly applying the update rule, each of the 2™ processors supplies
one entry ¢g(z) and receives the output h(z) = g(x) ® g(x ® m) for a fixed global m. When jointly applying sparse
matrix-vector multiplication, each processor provides one of the 2" entries of the input vector and receives one of
the 2™ entries of the output vector. The remainder of this subsection aims to justify this claim of equivalence.

5.6.1 The (fast) Walsh-Hadamard transform

The WH transform is the multiplication of a length-2" vector by a 2™ x 2™ matrix denoted by H, where the matrix
element associated with the transition from n-bit input address y to n-bit output address x is given by

1 .
Hyy = 5o (1) (112)

We can see that H,, is a dense matrix—all of its entries are nonzero—however, it can be shown that it is the
product of n sparse matrices. Specifically, let H(®) be defined as’

1 fr=yde;
HY) = ¢ (~1)%% ifx=y (113)
0 otherwise
Then, it holds that
1
— g gh-1) g@ g
= 271/2H H HYHY (114)

This fact can be verified by noting that the nonzero offdiagonal entries of H(Y) are matrix elements Hffv) where u

and v differ only on the ¢-th bit. Thus, any offdiagonal transition element H,, can only be obtained in the product
H® ... HM by choosing the corresponding offdiagonal entry of H*), (equal to 1) whenever z; # y; differ, and the
diagonal entry (—1)*¥ of H® whenever z; = ;. This gives precisely the quantity (—1)2: ¥ = (—1)*¥,

Matrix multiplication by H® requires only O(2™) arithmetic operations, since each row of H () has only 2
nonzero entries. The fast WH transform utilizes this decomposition to implement multiplication by H in classical
time poly(n)2", much smaller than the ©(2?") time required to multiply general dense matrices that do not have
this kind of decomposition.

5.6.2 Reduction from update rule to Walsh—Hadamard transform

Now, we show how the update rule can be accomplished with two applications of the WH transform and parallel
local arithmetic. Let g denote the length-2" vector with entry g(z) at index x, and let h denote the length-2™
vector with entry g(x) + g(@ @ m) at entry x. Note here that we are using normal addition +, rather than modular
addition @, and we allow h to take integer values in {0, 1,2}. We have that the z-th entry of the matrix-vector

9We note that the matrix H(?) is proportional (by a factor \/5) to the transformation applied to the amplitudes of a quantum state
when a single-qubit Hadamard gate is applied to the i-th qubit, and identity is applied to the other n—1 qubits. The full WH transform
is the product of the H(®) matrices, that is, the Hadamard gate on all n qubits.
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product Hh is

(Hh)w:2Tl/2 Yo )T (y) + gy © m)) (115)
ye{0,1}n
=g X U)o s S (C)reEmgy e m) (16)
ye{0,1}" ye{0,1}"
= (He). + (-1)"* (Hg). (117)
S 2

That is, the WH transform Hh of the update rule output h can be easily computed from the WH transform Hg of
the update rule input g.

Let M (™) be the diagonal matrix for which Mé;”) =2ifm-x =0 and MJE?) =0if m-2x = 1. Then, we may
use the equation above to say that Hh = M Hg. Since H? = I, we then have

h=HHh=HM"™ Hg (119)

This gives a straightforward way to transform g +— h in the model where 2" classical co-processors can perform
local arithmetic in parallel or jointly perform the WH transform. First, we assume that 2" processors each locally
store the bit g(x) for one address z, and an n-bit copy of m (note that a copy of m could be pre-distributed to
each of the 2" processors via a tree-like circuit of constant wire density, as in step 2 of Section 5.3). Then, g — h
is accomplished by applying the WH transform, applying the diagonal transformation M (™| and finally applying
the WH transform again. The z-th entry of the diagonal matrix M) can be computed in O(1) depth locally by
the z-th processor acting on its internal memory. We recall that h may have entries in {0, 1,2}; to recover binary
entries, we simply take every entry modulo 2 via parallel local arithmetic, which does not discard any important
information, owing to the fact that (—1)9(®)+9(=®m) — (_1)9()®g(xdm)

The conclusion is that O(1) applications of the WH transform, along with parallel local arithmetic, is sufficient
to implement the classical update rule, or in other words, the classical update rule is no harder than the WH
transform.

5.6.3 Reduction from WH transform to update rule

Now, we show the converse: that the WH transform can be implemented using poly(n) applications of the update
rule along with parallel local arithmetic. Specifically, we aim to implement the matrix transformation H*). Suppose
we are given a vector g of integers each represented by at most n bits.!0 Let g(x) denote the integer corresponding
to the entry of g at address =, which is stored in the local memory of one of the 2™ processors. Let g;(z) denote
the j-th bit of the integer g(z). We perform the following steps

1. For each address x, the co-processor storing g(x) makes a copy of g(z) in its local memory.

2. We fix global n-bit string m = e; (known by all processors) and for each j, the 2" co-procesoors jointly apply
the update rule UR(g;,e;) onto the set of 2" bits g;(x) (i.e., bit-wise application of update rule). For each
x € {0,1}", and each j, the co-processor at address  now has in its memory the value g;(z) and the value
9i(x) ® gj(z @ e;).

3. For each x and each j, the co-processor at address x performs local arithmetic to add (modulo 2) the local
register holding g;(z) into the local register holding g;(z) @ g;(z ®e;) so that the two registers now hold g;(x)
and g;(z & e;). Effectively, this step and the previous step have together performed a swap g(z) + g(z & e;)
between the various co-processors.

4. For each address z, the co-processor at address = takes the local register holding integer g(z) and flips it to
—g(x) only if x; = 1.

5. Finally, for each address x, the co-processor at address x adds the local register holding (—1)*g(x) into the
local register holding g(z & e;), such that the latter register now holds g(x @ e;) + (—1)%ig(z).

10The assumption of integer entries is without loss of generality. If the entries are not integers but rather non-integer numbers
expressed in binary with a finite number of bits of precision, then we can always multiply by a power of 2 so that all the entries are
integers, and divide by that power of 2 after performing the calculation.
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The latter register in the local memory of co-processor x now holds precisely the value (H (i)g)z, indicating that the
co-processors have successfully managed to apply one step of the fast WH transform. Accomplishing this required
one application of the update rule for each bit of the entries of the vector. Assuming the integer entries have at
most poly(n) bits, this means H®) can be accomplished with poly(n) applications of the update rule, and local
arithmetic, specifically, copying (step 1), bit-wise addition mod 2 (step 3), negation (step 4), and integer addition
(step 5).

Since H is the product of n matrices H® up to a proportionality constant, we conclude that poly(n) applications
of the update rule are sufficient to implement the WH transform in this model of computation; in other words, the
WH transform is no harder than the update rule, up to a factor of poly(n).

5.6.4 Performing general sparse matrix-vector multiplication using the update rule

Multiplication by H() is in some sense easier than multiplication by an arbitrary sparse matrix, since (i) the
location of the nonzero entries is highly structured and (ii) all entries are +1, avoiding the need for any integer or
floating-point multiplications. The only arithmetic required is addition and subtraction. Here we discuss how the
update rule can also be used for arbitrary sparse matrix-vector multiplications.

Lemma A.3 of Ref. [8] examines performing general sparse matrix-vector multiplication using parallel classical
co-processors, each capable of local addition and multiplication. If the parallel processors can communicate with
each other via links that form a sorting network, then the sparse matrix-vector multiplication can be accomplished
in roughly the time required to perform a sort using the sorting network. As shown in steps 2 and 3 of the procedure
in Section 5.6.3, the update rule and parallel bitwise xor together allow a swap of data at location x and location
x @ e; for all z in parallel. By copying the data before performing the swap, and then choosing whether to discard
the original copy or the swapped copy, one can use the update rule to swap in parallel any subset of the location
pairs (z,x @ e;). Thus, the ability to perform the update rule enables access to parallel swaps along a Boolean
hypercube connectivity in n dimensions, a model for which it is known that sorting can be completed in poly(n) time
[107, 108|. Together with Ref. [8, Lemma A.3] this shows how poly(n) applications of the update rule and poly(n)
rounds of parallel local arithmetic on the database entries enables arbitrary sparse matrix-vector multiplication.

Unlike for the WH transform, this procedure for arbitrary sparse matrix-vector multiplication also requires the
local arithmetic to include multiplication, rather than just addition. However, poly(n)-bit integer multiplication can
be accomplished with only poly(n) integer additions. In any case, this suggests that the update rule is essentially
equivalent to a general sparse matrix-vector multiplication, at least in this model where parallel local arithmetic is
possible. We note that it could still be possible that in practice that the constant and poly(n) prefactors for the
update rule are substantially better than those for general sparse matrix-vector multiplication.

5.7 Concluding comments on parallelization of the update rule

The above arguments establish that the update rule can be parallelized to O(n) depth, but only in a model where
all-to-all gates are possible. Embedding this all-to-all circuit into a finite number of spatial dimensions causes the
circuit to have wire density that grows exponentially with n, a feature that suggests the parallelized update rule is
less scalable than classical RAM. It is unclear whether this growing wire density is problematic for practical sizes
of n.

Relatedly, we have shown that in a parallel model of computation, the ability to apply the update rule is
roughly equivalent to the ability to apply a sparse matrix-vector multiplication, and there is a particularly close
connection to the WH transform. In many instances, sparse matrix-vector multiplication can be parallelized very
successfully in practice, for example, by leveraging graphics processing units (GPUs), where the parallelization is
hardwired into the chip. This comes despite the fact that, asymptotically speaking, the wire density of a sparse
matrix-vector multiplication would increase exponentially with n [8]. Since the classical update rule seems to be an
operation that is no harder than a sparse matrix-vector multiplication, we are hopeful that it would be possible to
effectively parallelize the classical update rule in practice.

However, this argument also clarifies the opportunity cost of the classical resources dedicated to performing
the update rule. For example, if the quantum algorithm requiring fault-tolerant QRAM aims to solve a certain
linear algebra problem, one must consider whether the classical device that performs the classical update rule is
capable of solving that problem on its own, without the need for a quantum computer at all. After all, many linear
algebra problems, such as solving sparse linear systems, can be solved using a small number of sparse matrix-vector
multiplications; see Section 6.2 and Ref. [§].
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6 Applications

In this section, we make a coarse attempt at estimating the resources required by our protocol in several applications.
The goal is to shed light on which aspects of our protocol are most in need of improvement for it to be useful.

Generally, these applications come in two flavors—first, there are big-data appliations that heavily rely on
QRAM and require the cheap QRAM assumption from Section 1 to have a significant quantum speedup. For
these applications, conceptually speaking, the limiting aspect of using our protocol is the exponential classical
computation required to do the update rule (and the Clifford twirling), as this prevents a true exponential speedup
and full justification of the cheap QRAM assumption. One must always consider that the classical resources required
to perform the update rule could be re-purposed directly toward solving the computational problem; in Section 5, we
discussed how the classical update rule is in a sense equivalent in complexity to a sparse matrix-vector multipliation.

The second flavor of application are those where the QRAM operation of Eq. (1) (or its b-bit generalization, dis-
cussed in Appendix A) is required, but the cheap QRAM assumption is not essential—cryptanalysis and chemistry,
below. In fact, in these applications, the fault-tolerant QRAM operation is typically compiled as a space-efficient
quantum circuit, requiring only O(n) logical qubits and ©(2") depth—in this context, the operation is often referred
to as QROM (quantum read-only memory) [74], rather than QRAM. Assigning QRO(A)M cost £2(2") does not nec-
essarily jeopardize the possibility of quantum advantage. This is an appealing place to apply our protocol, because
it may be viewed as offloading exponential resources from the quantum processor to the classical processor, which
is typically a favorable trade. The issue we face here is that the O(1/e) overhead for distillation in our method
compares unfavorably to the polylog(1/e) overhead achieved for distillation of T" and CCZ magic states, and £ may
need to be taken quite small if QRAM is applied many times. Furthermore, the values of n encountered in practice
may not be sufficiently large for the asymptotic advantage of our method to kick in, although future improvements
could cut down on the overhead of our protocol.

6.1 Arbitrary quantum state preparation

Our protocol for fault-tolerant QRAM could be used to prepare an arbitrary n-qubit state, given a list of its 2"
amplitudes stored in classical memory. This subroutine could be useful for preparing initial states for the simulation
of the dynamics of many-body systems or ansatz states for quantum phase estimation or variational algorithms. It
would also be useful in certain algorithms for quantum machine learning or solving differential equations.

The process for creating an arbitrary state with QRAM goes roughly as follows [14]. First, one classically
pre-processes the 2" complex amplitudes that define the state (comprising 2"*! — 2 independent real degrees of
freedom, accounting for normalization and an unphysical global phase) to compute a list of 2"*1 —2 rotation angles.
The arbitrary state can be prepared through a sequence of steps labeled by ¢ = 1,...,n. On step ¢, a single-qubit
rotation is performed on qubit i by one of 2¢~! angles; which angle to use depends on the setting of qubits 1,...,i—1.
If the angles are accessible via QRAM, the quantum algorithm can compute the angle with a single query by using
qubits 1,...,7 — 1 as the address. Once the angle has been read in, the single-qubit rotation on qubit ¢ can be
efficiently performed, and then a second query to the QRAM can be made to uncompute the angle. For more details
on this strategy, see for example Refs. [11, 14, 38, 109]. At most 2n fault-tolerant QRAM queries would be required,
two queries each to datasets of sizes 1,2,4,...,2" angles. These O(n) queries could be implemented fault-tolerantly
by our protocol—by Theorem 2, each of the n fault-tolerant queries can be implemented up to error £/n (so that
the total error is €) using O(n?/e) queries to the physical QRAM device that can coherently access datasets of size
up to 2", giving a total of O(n*/e) physical queries. However, we note that it is possible the n dependence could
be improved by leveraging the fact that only a small fraction of these queries truly require the full 2"-size QRAM.

Thus, our protocol could represent a great improvement over the 2(2™) fault-tolerant quantum gates (of which
at least Q(\/ﬁ) must be non-Clifford gates [38]) required by a standard circuit approach to state preparation.
Since state preparation is typically only one component of a larger algorithm, whether this would be a worthwhile
approach within end-to-end applications may depend on the details of the application.

6.2 Quantum machine learning

The quantum linear system algorithm [21] prepares a quantum state |x) encoding the solution to a well-conditioned
2™ x 2™ linear system Ax = b using only poly(n) queries to data access oracles for the entries of the matrix A and
the vector b. Thus, remarkably, the number of queries needed can be exponentially smaller than the size of the
matrices and vectors themselves, due to the ability of the quantum algorithm to explore the exponentially large
Hilbert space in superposition. This insight, and the broader framework of quantum linear algebra [31, 104, 110],
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has led to a number of quantum algorithms in the realm of machine learning [9, 10|, where linear algebra problems
are ubiquitous.

When the entries of A and b have succinct formulas, the data access oracles can be implemented with poly(n)
gate complexity directly on a fault-tolerant quantum processor. However, in big-data applications, it is more relevant
to consider A and b as having arbitrary entries determined by the data, which is stored in classical memory. In
these cases, the data access oracles, for example, a unitary block-encoding of A [104, 109, 110] or a state-preparation
unitary for |b) (see Section 6.1) can be implemented with poly(n) QRAM queries. Since these algorithms will require
many quantum gates and many calls to the data access oracles to solve an end-to-end machine learning problem, they
will only be possible once fault-tolerant quantum computers are available, and furthermore, to potentially provide
exponential speedups, they will require the ability to perform QRAM fault-tolerantly at cost poly(n) (cheap QRAM
assumption from Section 1).

It is worth briefly mentioning that many of these quantum machine learning algorithms have been dequantized
[111-116], in the sense that quantum-inspired classical algorithms can also achieve poly(n) complexity for problems
involving datasets of size 2", using the ability to query individual entries of the dataset (e.g., via RAM) and also to
sample an entry with probability proportional to its magnitude (a classical analogue of arbitrary state preparation).
In these cases, the quantum algorithm cannot provide an exponential speedup. Polynomial speedups may still
be possible if the cheap QRAM assumption holds. Moreover, these classical methods do not apply in every case;
notably, when the matrices involved are sparse and high rank, the possibility of exponential quantum speedup
persists [117], provided that the cheap QRAM assumption is true.

To see how our protocol impacts the outlook of these applications, we suppose generically that a quantum
machine learning algorithm requires poly(n) fault-tolerant quantum gates and poly(n) fault-tolerant queries to
QRAM to complete its task. By implementing QRAM using our fault-tolerant QRAM protocol with error parameter
e = 1/poly(n), the problem can be solved with poly(n) fault-tolerant gates and poly(n) calls to the faulty physical
QRAM device, which keeps open the possibility of superpolynomial speedup in quantum resources, here assuming
that the computational cost of the physical query is also poly(n).

However, our protocol also requires classical computations of complexity O(2") to perform the update rule.
Although this classical complexity may be parallelized, as we discussed in Section 5, it is essentially equivalent to
the ability to perform a sparse matrix-vector multiplication for a vector of size 2. This is a crucial caveat for
machine learning, since sparse matrix-vector multiplication often suffices to efficiently solve the problem in the first
place (see discussion in Ref. [8]). For example, the classical conjugate gradient method [118, 119] can invert well-
conditioned, sparse linear systems Ax = b with poly(n) sparse matrix-vector multiplications. In fact, the number
of sparse matrix-vector multiplications required by conjugate gradient has better asymptotic complexity (scaling
as the square root of the condition number for positive semidefinite A) than the number of QRAM calls required
by the quantum linear system algorithm (scaling at least linearly in the condition number [120]). This suggests
that in a generic instance of the sparse linear system problem, it would be more efficient to apply 2(2") classical
computational resources directly toward solving the linear algebra problem, rather than to perform the update rule
required by our protocol.

That said, a few opportunities remain. For instance, one can consider the case that the sparse 2™ x 2" matrix A
has repeated entries or some other kind of high-level structure, such that the number of classical degrees of freedom is
asymptotically less than 2”. For concreteness, suppose that the size of the dataset determining A is only v/2". Then,
the QRAM operation needs only to be applied for size-1/2" datasets, and the classical complexity of the update rule
is only O(v/2"), quadratically cheaper than the number of arithmetic operations required for a full matrix-vector
multiplication by the matrix A. In this situation, our protocol may enable an end-to-end solution with poly(n)
quantum cost and O(y/27) classical cost, which could represent a quadratic speedup in terms of classical complexity
and an exponential speedup in terms of quantum complexity. While quadratic quantum speedups are typically
thought of as insufficient to overcome the large disadvantage in constant prefactor for quantum computation [73],
a quadratic classical speedup faces no such obstacles, and could be considered quite large. Generalizing this line of
thinking, we may expect to find end-to-end speedups in situations where the best achievable classical complexity is
asymptotically greater than the number of classical degrees of freedom of the problem. Toward this end, another
example worth exploring may be the inversion of dense matrices with O(2%") degrees of freedom, which generally
requires 2“" classical arithmetic operations with w > 2. It remains to find concrete end-to-end examples where
quantum advantages of this kind may come to fruition.
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6.3 Cryptanalysis

Shor’s algorithm for factoring or computing the discrete logarithm relies on performing coherent modular arithmetic.
Gidney’s windowed quantum arithmetic [121] has been used to reduce the cost of Shor’s algorithm by replacing some
of this costly arithmetic with coherent reads from a quantum lookup table of classically precomputed values [122,
123]. The algorithm can be expressed as repeated blocks of a coherent lookup table read, each followed by a coherent
addition.!’ We investigate the performance of our distillation-based QRAM scheme for implementing the coherent
lookup table reads in Shor’s algorithm. Elliptic curve cryptography (ECC) is a more attractive target than factoring
because of the smaller number of calls to the lookup table, which allows a less stringent target e, as well as the
high cost of elliptic curve addition compared to modular addition. We follow the presentation of Ref. [124], where
Shor’s algorithm for ECC is presented as two applications of quantum phase estimation on unitaries of the form:

Ux|R) = |R + X), (120)

where R = (x,y) is an elliptic curve point, and X denotes either the base point P or the public key Q). The goal is to
compute integer j such that @ = [j]P, where the notation [j] indicates that we are performing elliptic curve scalar
multiplication of the point P j times (see Ref. [124] for full definitions of the addion and multiplication operations).
Quantum phase estimation uses controlled unitaries of the form Ufg for 0 < j < k—1, where k denotes the number
of bits in the ECC scheme (e.g., ECC-256). In Ref. [124], windowed quantum arithmetic is used to replace blocks
of 16 controlled unitaries with a single QROM load of 2'¢ classically pre-computed values. The load is followed
by an elliptic curve addition operation. The cost of loading N pieces of classical data from a QROM is N Toffoli
gates. For N = 216, this is approximately 6.5 x 10* Toffolis. We note that this is much smaller than the cost of the
elliptic curve addition operation, which is approximately 8.34 x 10%. The minimum Toffoli cost of the algorithm is
obtained by loading groups of 2!° values, while the minimum active volume cost is obtained at 2'¢ values.

For the sake of calculation, we suppose that the physical QRAM device produces states with minimum fidelity
of F = 50%, and we seek to achieve error eyt = 0.1 (Where g4t is the sum of the errors of all QRAM loads in the
algorithm). We use the generalized b-bit version of our protocol from Appendix A. If we choose the iterated swap
test distillation protocol for its simplicity (each swap test requiring exactly n + b non-Clifford Toffoli gates), for
non-vanishing F, the number of non-Clifford gates for distillation scales roughly as O((1 — F)n?(n + b)/e)) with e
the error per fault-tolerant QRAM query (note that the twirling and teleportation steps are entirely Clifford). For
F ~ 50%, and assuming for simplicity a constant prefactor of 1, we estimate the non-Clifford cost as n?(n+b)/(2¢).
We use this expression to calculate that the QRAM-based approach achieves its minimum Toffoli and active volume
cost at a group size of 264 values, which is impractically large for the classical update step of our scheme. A more
realistic size of 232 values only increases the costs by approximately 10%. Nevertheless, both the minimum Toffoli
and active volume costs of the existing QROM-based approach are approximately a factor of 1.8x and 1.6x lower
than the minimum costs of our QRAM-scheme, respectively, and we have not even considered the computational
cost of applying the QRAM device itself. A major contribution to the cost of our method stems from the large
amount of data to be loaded (b = 512), which features multiplicatively in our Toffoli costs. In contrast, the Toffoli
cost of the QROM scheme is independent of the value of b. Improved methods for distillation, especially when b is
large, could make our scheme more competitive in this application.

6.4 Chemistry

Coherent data access using a quantum lookup table has become a key subroutine in modern algorithms for quantum
chemistry [74]. These algorithms assume access to a block-encoding of the Hamiltonian. This block-encoding is
typically implemented by writing the Hamiltonian as a linear combination of unitaries H = Zf;ol ¢;U; and using
oracles of the form:

L—1
1
PREPARE|0g2(0)1y — _—_ cilli 121
| ) ﬁ;} |c5l17) (121)
L—1 olloga (L)1 _q
SELECT = Y |j)(j| @sign(c;)U; + Y |i}il &1, (122)
=0 j=L

11 This could be regular addition, modular addition, or elliptic curve point addition.
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where A = ) j lc;| is the normalization factor of the block-encoding. The LCU approach to block-encodings
still works if PREPARE results in each computational basis state |j) being entangled with a garbage register.
The technique of coherent alias sampling, introduced in Ref. [74], provides an efficient approach for implementing
PREPARE in this way, with a cost of O(L + log(1/4)) Toffoli gates using QROM, where § is the largest error in /[c;|.
The dependence on L can be improved quadratically using the techniques of Ref. [38]. In the most straightforward
application of these techniques (referred to as “sparse qubitization” [125]) the complexity of PREPARE dominates
the algorithm, and its cost depends on the cost to load the Hamiltonian coefficients from a quantum lookup table.

Sparse qubitization requires O(A/A) calls to the block-encoding of the Hamiltonian, where A is the precision
on the energy estimate of the Hamiltonian. For typical A values of small molecules, in the range 102-10* Hartree,
and A = 1072 Hartree, this implies at least 10° calls to the quantum lookup table. If we were to replace the calls
to the quantum lookup table with our distillation-based QRAM scheme for the example of FeMo-co (A = 7614,
N = L = 179,498, b = 84 [125]), using the same methodology as in the previous section, we conclude that we
would require at least 2.5 x 101 Toffoli gates per call to the block-encoding, substantially larger than the value of
10* Toffolis in Ref. [125]. We note that even if the dependence of our approach on the error ¢ per query could be
reduced to O(log(1/¢)), it is unclear whether our approach would improve over existing methods, as the amount
of data (i.e., Lb) loaded for the chemistry Hamiltonian is sufficiently modest that the QROM scaling of O(v/Lb) is
comparable to the scaling of our protocol O(log?(L)(log(L) + b)) (Theorem 3).

The sparse qubitization approach has been superseded in some applications by more efficient methods [126,
127], which also use a lookup table to coherently load angles for basis rotations that are used in the SELECT
oracle. We refer to Refs. [127, 128] for a detailed accounting of the contribution of the lookup table reads to the
total gate and space complexity. It is unlikely that our aproach to implementing QRAM would reduce the costs of
these algorithms, at least in its current form.

7 Outlook on the cheap QRAM assumption

A central goal of this research program is to determine whether QRAM can be considered equally cheap as RAM—at
least in an abstract, asymptotic sense—or whether its quantum nature makes QRAM fundamentally more difficult,
preventing a justification of the cheap QRAM assumption from Section 1. The central aspect of QRAM that
differentiates it from RAM is the need to protect the quantum information about which address (or superposition
of addresses) is being queried, even when the hardware has errors. To emphasize this distinction, it is worth
noting that a fault-tolerant RAM could be easily constructed from a faulty RAM device using a simple repetition
code: by repeatedly querying the faulty RAM device on the same input address, one can efficiently boost the
probability of a successful RAM query, provided that as the device has nonzero bias in favor of the correct answer.
In contrast, this same strategy fails for QRAM because even a single query to a faulty QRAM device may leak the
address information and decohere the address register. Formally speaking, we might say that logical (Q)RAM is a
transversal gate for the repetition code, but that this is not sufficient for fault-tolerant QRAM, since the repetition
code does not protect against phase-flip errors. For fault-tolerant QRAM, a more sophisticated strategy is required.

Our protocol provides such a method for fault-tolerant QRAM, successfully protecting which address state
Y. 0 |T) is being queried without performing QEC on the £(2") components of the QRAM device. It does this
by relying on resource states (see Eq. (9)) that are equal superpositions of all 2" addresses, independent of which
superposition of addresses one wants to query—the noisy device is prevented from direct interaction with the
address information. However, these resource states have exponentially small amplitude on any individual address.
Consequently, if the data at one address is modified, the ideal resource state barely changes. This begs the question:
if these resource states are insensitive to the underlying bits in the dataset, how, then, can they be used to insert
information about the dataset into the quantum state? Our protocol achieves this by iteratively and adaptively
inserting global information about the dataset f—that is, properties of f that depend on all 2" data entries—into
the quantum state. One way to see this is by decomposing f(x) into a sum over global, oscillatory contributions of
the form (—1)**, that is, its Fourier expansion

@) =g UMW), (123)

ke{0,1}"

where f is the Walsh-Hadamard transform of f. When we teleport the resource state [T (f)), we enact the QRAM

unitary V(f®™) instead of V(f), where m is uniformly random and f®™ is defined by f®™(z) = f(z & m). While
the datasets f®™ and f are not guaranteed to agree on any of the addresses, they have a close relationship in
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frequency space. One can see from Eq. (123) that
FEm (k) = (=1)* ™ f (k). (124)

Thus, f®"(k) = f(k) for half the values of k and f®™(k) = —f(k) for the other half (except in the unlikely case
that m = 0", in which case they would agree on all values). In a sense, we may say that by implementing V (f®™),
we have successfully inserted half of the information about the function f into the quantum state, regardless of
which random m is obtained. To insert the other half of the information, the protocol updates the dataset to
f'= f® f®™. We may observe that f’ is periodic in translation by m (i.e., f'(z) = f'(z @ m) for all z), and thus
f'(k) = 0 for any k for which k-m = 1 (half the values of k). Each successive correction function will have half
as many nonzero Fourier components as the previous one (assuming the n-bit measurement outcomes in previous
rounds form a linearly independent set), until finally after n rounds there is no remaining frequency information
left to insert. This global approach to information insertion appears crucial for correctly applying QRAM on any
input state, even while not knowing or learning what that input state is.

The cost of this global approach is adaptivity and classical computation. At each iteration, we do not have
control over which half of the frequency information we insert into the quantum state; this is determined by a
uniformly random measurement outcome m. After receiving m, the protocol must adaptively update the entire
dataset to essentially remove the half of the global information that has already been applied to the quantum
state. This removal requires touching all 2" entries of the dataset, and then giving the physical QRAM device
access to the new dataset. As discussed in Section 5, this updating of frequency information is a non-negligible
classical computation, essentially equivalent in complexity to performing the Walsh-Hadamard transformation on
the dataset. While the Walsh-Hadamard transform may be parallelizable, it appears to be a harder calculation
than a normal RAM query; for example, it requires fundamentally greater wire density than RAM.

The main theoretical open question, then, is to determine if the classical complexity of the protocol can be
reduced to a quantity more similar to a RAM query, or otherwise find a way to justify that the overall (i.e., both
classical and quantum) cost of QRAM is poly(n). Our protocol makes some progress in this direction, and it offers
clear advantages over actively error corrected circuit QRAM at the practical level—enabling the usage of a specialized
low-fidelity QRAM device, and eliminating the need for massively parallel QEC. However, in a theoretical sense,
both our protocol and circuit QRAM ultimately require the same 2(2") scaling of classical resources to protect the
address information from decoherence. One is left to wonder whether this scaling of classical complexity could be
a fundamental requirement for achieving fault-tolerant QRAM.
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A Generalization of the protocol to multiple output bits

The main text provided a protocol to implement the single-bit diagonal QRAM operation of Eq. (1), where the
classical data table f is an n-bit Boolean function consisting of a single bit stored at each of 2™ addresses. The
operation applies a sign to each corresponding basis state |z) — (—1)f®)|z).

In many applications, there are b > 1 bits stored at each of the 2™ addresses in memory, and often we wish to
coherently read all b bits into a separate bus register, that is, perform the operation (cf. Eq. (1))

U
Z Z Qg u|T) 1) 'i) Z Z Oz

2€{0,1}™ ue{0,1}® z€{0,1}™ ue{0,1}°

z)u @ f(x)) (125)

We refer to the first register storing |z) as the address register, and the second register storing the data as the
bus register. Our protocol can also straightoforwardly handle this case, although it requires introducing a bit more
notation and slightly more overhead.
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A.1 Definitions

First, let F,, denote the set of n-bit Boolean functions f: {0,1}"™ — {0,1} (considered as data tables in the main
text). Next, let F¥ denote the set of n-bit functions with b bits of output f: {0,1}» — {0,1}*. We wish to
implement the QRAM operation U(f) of Eq. (125) for arbitrary data tables f € F¥,

To do so, we will need to generalize the set .7-'7(,1’) to include an extra “sign” bit. These are essentially equivalent
to n-bit functions with b+ 1 bits of output, that is, the set fr(tbﬂ), but where the sign bit plays a different role than
the other b bits. Formally, we let .Fy(lbi) = Fp X ]—'ﬁb), and we denote elements of f € .Fy(lbi) by a pair f = (fx, fo),
where fi is an n-bit Boolean function that dictates the “sign” and f, is an n-bit function with b bits of output.

For any f € fébi), we define a unique Boolean function f € Fn+b to act on inputs of n + b bits denoted by
pairs (z,u) with z € {0,1}" and u € {0, 1}":

fl@,u) = fi(z) @

b
@“z‘fi(w)l = fe(@) © (u- folx), (126)

where f; is the i-th output bit of f;, and in the final expression, - denotes the standard dot product (modulo 2)
between a pair of b-bit strings, viewed as vectors. We can see that any f obtained from f via Eq. (126) contains all
the same information as f, just represented in a different form. We can also see that

deg(f) = max <deg(fi)> 1+ max deg(fi)) <n+1. (127)

This is an important observation—since f is a Boolean function on n + b bits, one would naively expect its degree
could be as large as n + b, but due to the structure of Eq. (126), the actual degree is independent of b.

Having defined signed Boolean functions, we can generalize the standard QRAM operation U(f) of Eq. (125)
slightly by allowing the QRAM to also conditionally apply signs to the computational basis states, controlled by
another Boolean function fi. Specifically, given a signed n-bit function f = (f4, f;) € Fébi), we define

U(H)lz)lu) = (1) Da)|u @ fo(x)). (128)

We may think of f € ]-",(Lbi) as a data table storing b+ 1 bits of data at each of 2" addresses. In fact, we may think
of the main text as the special case of Eq. (128) where b = 0 and there is only a sign bit.

In this appendix, we will be working with the more general signed QRAM function from Eq. (128) and assuming
fe ]-"rsbi); we may always take f1 = 0 (the zero function) to recover the standard QRAM from Eq. (125).

A.2 Generalized diagonal QRAM

The key to implenting U(f) will be to convert it to a diagonal operation generalizing V' (f) from Eq. (1), so that

the same approach as was used in the main text can be applied. We define V(f) for f € }",(Lbi) to be equal to the
QRAM operation U(f) from Eq. (128) conjugated by the Hadamard transform on the bus register

V(f) =00 H")U(f) (1o H®). (129)

A straightforward calculation shows that V(f) is diagonal, with the diagonal entries given by (—l)f ) for z a
2"+ bt string:

V(P)z)lu) = (=1)7 )|z u) (130)

This fact is what motivated the definition of f in Eq. (126). Thus, this definition of V' (f) is seen to be an immediate
generalization of Eq. (1), with the function f replaced by f.

As one example, if b= 1 and fi = 0, then the function f(z,u) = uy fo(x) is an (n + 1)-bit Boolean function.
The operation V' (f) using the definition of V(f) from Eq. (130) is equivalent to V(f) for the definition of V(f)
from Eq. (1). Furthermore, the operation can be thought of as a controlled V(f,) operation, with the single bus

qubit acting as the control, as alluded to in Footnote 2.
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We will also need to generalize the update rule of Eq. (101). Suppose we modify the function f by adding
(modulo 2) a fixed bit string m € {0,1}"*® to the address and bus registers before evaluating the function. We
may decompose m = (ma,mp) where ma € {0,1}" and mp € {0,1}>. We observe that

b

P ui © mpi) fi(x & ma)

i=1

flx®ma,u®mp)= fe(z®dma)® . (131)

Next, for any signed n-bit function f = (fy, f1,...,fp) € }",(Lbi) and any m € {0,1}"*? we may define a unique

function fO™ = (f&™, f2", ... f™) € F by the relations
b
fEM@) = fe(w@ma) & [P mp.ifi(x S ma)
1 (132)
™ () = filzr ®ma) fori=1,...,b.
This definition generalizes the one from Eq. (88), and it was chosen to ensure that
fz@m) = fo"(2). (133)

A.3 Protocol for generalized QRAM

It is now simple to apply the ideas from the main text to fault-tolerantly implement the generalized V(f) from

Eq. (130), which amounts to applying a sign (—1)f(“”’“) to each basis state |Z)|u). The unitary U(f) can thus be
implemented by conjugating V' (f) with fault-tolerant Hadamard operations on the bus register (Eq. (129)).

To implement the sign (fl)f(‘”*“), we could simply view f as a Boolean function on n + b bits of degree at
most n + 1 (Eq. (127)). We could store all 2"*? outputs of this function f in classical memory, and apply the
protocol from the main text. The drawback of this approach is that it does not take advantage of the structure
of the function f , which has only (b + 1)2" binary degrees of freedom rather than 2"+°. If b is large it would be
classically intractable to store all 2"+? outputs of f in classical memory, and to perform the update rule directly as
g < UR(g,m) when the data table g has 2"*" classical bits.

Fortunately, we may apply our protocol without storing and manipulating 2" classical bits. Rather than
keeping track of § € F,4p explicitly and applying an update rule § + UR(g,m), we simply maintain a more
compact and natural representation of g = (g4, g,) without any redundancy. We preserve the form of the update
rule from Eq. (101)

UR(g,m) =g ® g™ (134)

except that we interpret g®™ using Eq. (132). Due to Eq. (133), this update rule ensures that if h = UR(g,m)
then h(z) = §(z) ® §(z ® m), even though we are not storing all 2"+ outputs of & in classical memory. Indeed,
by examining Eq. (132), we see that we may implement the update rule by applying the original update rule of
Eq. (101) to each of the b 4 1 bits of g using the bit string m4 € {0,1}", and then additinally updating g+ by
adding (modulo 2) the i-th bit of g, to g+ for each i where the i-th bit of mp is 1.

Due to the fact that the degree of g is at most n+ 1, the number of rounds required is at most n + 1, regardless
of the size of b.

Besides the update rule, the protocol proceeds as if the function being applied were an (n + b)-bit function,
rather than an n-bit function. The resource states created by the oracle are (n+0b)-qubit physical states (cf. Eq. (9))

o) = g Do O (~DI ) (135)

z€{0,1}" ue{0,1}*

1 g(z
= onb)2 Z (*1)9( )|Z> (136)
z€{0,1}n+v

which can be created by applying the physical unitary V(g) onto the state |[+)®("*?). The encoding protocol
must now encode n + b physical qubits into n + b logical qubits, and the encoding error grows linearly in n + b as
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€enc = O(y/P(n+0b)) or better (straightforward generalization of the results of Section 4.2). The distillation protocol
based on the iterated swap test or quantum PCA with fractional swap gates proceeds identically, except that each
controlled swap operation now requires n + b fault-tolerant controlled swap gates on qubit systems, instead of only
n. The teleportation procedure also now requires n + b CNOT gates, rather than only n. As a result, we can state
the following generalized theorem.

Theorem 3. Let f € fébi) be an arbitrary signed n-bit function with b output bits, for which we wish to implement
the fault-tolerant diagonal QRAM unitary U(f) of Eq. (128), and let € be an error parameter. The same results
hold as in Theorem 2, provided that the physical QRAM device can perform the physical version of the generalized
QRAM operation of Eq. (130) on n + b qubits with the same guarantees, and that the physical error rate of the
main processor satisfies p(n + b)2 = O(1). The complexity of the protocol is the same with an identical asymptotic
expression for Q, and

Q' =0((n+1b)%Q). (137)

Additionally, the protocol applies the (generalized) classical update rule n + 1 times (rather than only n), and the
(generalized) classical partial Clifford twirling operation g — gc (Eq. (35)) Q times, each time on a data table of
size (b+ 1)2™ classical bits.

Proof. This follows straightforwardly from the observation that the same number of resource states are needed, but
the Clifford twirling, distillation, and teleportation steps now act on states of n + b qubits rather than only n. O

B Delayed proofs for encoding error

Here we restate and provide the full proofs of the two propositions in Section 4.2.

Proposition 1 (Restated). Denote the fidelity of the physical state by F(g)pnys = (¥(9)[¥(9)|¥(g)). Suppose the
processor is subject to circuit-level stochastic noise with strength p (Definition 2), and et Efr be a fault-tolerant
encoding channel with encoding error €ene (as in Definition 3). Then, there exists another fault-tolerant encoding
channel Epr (formed by Pauli-twirling Epp ), for which

T(9)6(9)[ () = (1= )" (1 = 3eenc) F(@)pys — 27(E) ), (29)

where ¢(g) is defined from Epr as in Eq. (25), and T'(E) is a quantity that vanishes with increasing code size,
provided the physical error rate p is below a constant threshold, as discussed in Section 3.3.

Proof. There are broadly two components to this proof. First, we will define Epr based on a Pauli twirl of £ and
show that it is a stochastic channel with a large identity component, up to a small correction. Second, we will show
how the channel being stochastic implies the claimed fidelity statement.

We begin with the Pauli twirl. Formally, we let P denote the set of n-qubit Pauli operators, that is, the subset
of the signed Pauli set P defined in Definition 5, where the sign bit s is fixed to s = 0. We define Epr to be the
procedure that (i) chooses a Pauli G € P uniformly at random, (ii) applies physical G, (iii) applies & to encode
the state, (iv) applies the fault-tolerant QEC gadget Qpr, (v) applies the fault-tolerant gadget for logical G on the
encoded state. In the absence of noise, the physical G and logical G will cancel out, and encoding will be perfect.
The purpose of including them is to be able to guarantee that in the presence of noise the overall channel is a
stochastic channel, as we will explain shortly. Let the physical channel implemented in step (ii) be denoted by G,
and let the channel enacted in step (v) on the encoded system be denoted by ng. The channel implemented by
the noisy encoding procedure is thus given by an average over all choices of G (denoted E, ), as follows

Err= E Gpr o Opr 0 EIFT 0G. (138)
G~P

Since we have assumed circuit-level stochastic noise (Definition 2) with strength p, and the physical G has n circuit
locations, we may write

G=(1-p)"G+(1—(1-p)"Ne (139)
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for some CPTP map Ng, where G[-] = G[]G! is the ideal channel (note that for G € P, we have G = GT).
Furthermore, since Ggr is fault-tolerant, we have that

%"QO@FTO§FTOQFT_§OQOQFT

<I(&), (140)

where T'(€) vanishes with increasing code size, as in Eq. (19). Let the superoperator inside the diamond norm in
the equation above be denoted by R, which satisfies ||R|, < 2I'(£). Combining the above equations, we may write

QoQprolpr= E_ {(QO Opr o Gpp 0 Opr) OEIFT OQN} = E_ {(R—&—Co Qo Opr) OE%T oG (141)
G~B GB
—(1—p)n <R1 + E Go(QoQrrodpm)o g) (1= (1= p)")Rs (142)

where R1 =E, R o g;T o G, which also satisfies ||R[|, < 2I'(£), and the term Ry is a CPTP map that collects
the contribution Mg from Eq. (139). This equation is a stochastic mixture of two CPTP channels (viewing the
term in parentheses as one channel and Ry as the other), and each contributes non-negatively to the overall fidelity.
Thus, recalling that ¢(g) = Q o Opr o Epr[Yh(g)], we can ignore the contribution of the second term and say

(T(9)lo(9)[T(9)) = (¥(9)|Q o Qrr o Errlih(9)][¥(g)) (143)

> (1=p)"(W(g)| E G(Qorr o ElGl(9)G])TT@) — (1 —p)"20(E).  (144)

since (¥(g)|R1[$(9)][¥(9)) < R[], < IRl

We may generically decompose the channel Q o Qpr o0 Eppl] = 30 p.prep XP,p PE[]P" as a sum over logical
Pauli operators acting on the left and right of the encoded state, weighted by numbers x p ps arranged into a matrix.

Now, defining the channel N'[p] = E,,_3 G(Q o Opr o Eor|GpG)) G, we have

Nlpl= > xpr E GPE[GpGIP'G= Y xpp E GPGERIGP'T, (145)
N G .

where we have noted that the physical G acting prior to perfect encoding is equivalent to logical G acting after
perfect encoding. Examining one term from this expansion, we have

where dp p/ is the Kronecker delta that equals 1 if and only if P = P’. This is true because G PG = +P for every
G, and if P # P’, then exactly 1/2 of the choices for G will lead to a net positive sign and 1/2 will lead to a net
negative sign.

Since the “offdiagonal” terms with P # P’ vanish, this establishes that the channel N is a stochastic Pauli
channel and we may write it as N'[p] = (1 —0)E[p] + - pepy 1y XP,p PE[p]P, where 1 — 4 = xq 1. Since N is CPTP
by construction, we have xp p > 0 for all P [94, Lemma 5.2.4] and ). xp,p = 1, implying 0 < § < 1. We would
now like to bound its contribution to the fidelity. We have

(TQINDIT(9) = (1 =) TQEB@T@) + > xpr(L(9)[PER(9)] PIT(g)) (147)

PeP\{I}
= (1 =)W (9T + Y. xp(¥(9)|PP(g) Pl¥(g)) (148)
PeP\{1}
> (1= 8)(T(9)[P(9)[¥(9)) = (1 = ) F(g)phys - (149)

In the second part of the proof, we aim to bound ¢ in terms of €. by using the fact that N is close to the
identity channel. By assumption, & has encoding error e, (recall Definition 3). We begin by observing that the
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twirled channel A can only have smaller encoding error than .

1 ~ ~ 1= ~ ~ .
fonc = sup 3| Q0 Qe 0 Eprlp] 7| = sup 7|[T o Qo Dpr o Errlo] TG, (150)
p 2
1= ~ ~ 1= ~ ~
— sup =[G o Qo Dpr o Erp[GpG] — pH — E sup 7Hg 0 Qo Opr 0 Enp|GpG] — pH (151)
p 2 1 Ggep p 2 1
1 _ ~ ~ 1
Z sup 5 E Go Qo Opro&pp[GpG] — 7 ZSUP§||N[P] =7l (152)
14 GeP 1 p
Then, we may substitute the Pauli form of N to evaluate
1 — 1 —_ N
enc = —||—6p PpP|| > E —|-=9 P P 153
Cenc 2 SUp 5| =07 + Z Xp.pPp o B 3| OTONPL Z xp.pPlO)D)| (153)
PeP\{I} 1 PeP\{I} 1

where expectation value denotes drawing |¢) uniformly from the Haar measure over n-qubit states. Generally, for
any Hermitian operator M and any pure state |£), we have | M| > [(¢|M|¢)|. Thus, we may write

1] — — )\ —
cnc > B S\ + Y xerPIRTP) ) (154)
|y)~Haar 2 —
PeP\{I}
1 _ o
= D DR A (D) (155)
Peb\{1} ’
_ 1 xpp 1 7}7 1 anéé
=30 Z T2n+1*25 2(2n+1)672”+1223 (156)
PeP\{I}

where we have used that the expectation over the Haar measure of [¢)1)|®? is (I® I+ S)/(d(d + 1)), with S the
swap operator and d = 2" [129]. Then, we have evaluated Tr(P ® P) = 0 and Tr(S(P ® P)) = Tr(I) = d. This
confirms that § < 3eepe.

To conclude, we combine the fact that ¢ < 3een. with Eq. (144) and Eq. (149) to say

T@BGT@) = (1 )" (1= 3een) Flg)pnys — 2T(E)) (157)

which implies the proposition statement. O

Proposition 2 (Restated). Consider a family of quantum error-correcting codes encoding n logical qubits into a
codespace, and suppose that this family has a threshold py with respect to local stochastic noise (implying Eq. (18)).
Correspondingly, for a particular instance of the family (labeled by its encoding map £), let Q be the ideal QEC
projector, Qpr be the fault-tolerant QEC gadget, and I'(E) be the logical error suppression function (see Section 3.3).
Then, there exists a fault-tolerant encoding procedure Ept of size |E] - poly(k), such that, when implemented under
the circuit-level stochastic noise model (Definition 2), the encoding error as defined in Definition 3 satisfies

1 ~ ~
Eenc = sup 5| Q0 Qrr 0 Errlp] = Elplll1 < T(E) + 2v/epn + 2/€|(ep)",
p

where C' is an absolute constant and k can take values from a sequence of geometrically increasing integers, provided
that the physical error rate p is below some constant threshold.

Proof. We will use the fault-tolerant quantum input-output framework introduced by Christandl, Fawzi, and
Goswami [59], which tells us that, intuitively, a quantum circuit can be implemented fault-tolerantly on a noisy
device except at the input and output layers of the circuit, during which correlated errors can occur with a strength
that depends on the underlying circuit-level noise model. Specifically, Ref. [59, Theorem 59| states that, given an
ideal quantum circuit of size |£| that implements map &, we can efficiently find a fault-tolerant circuit Epr of size
|€|-poly (k) with the same input and output systems, such that its noisy implementation g subject to circuit-level
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stochastic noise with parameter p (Definition 2) satisfies

Epr — ®w o (E®F)o (@N) < 4|€|(cp)®, (158)

for some absolute constants ¢ > 0, integer k > 1, and a suitable environment channel F, and where n and n’ are
the number of qubits at the input and output of £, respectively. Here, each N; and W; informally represent local
noise channels acting on the input and output qubits, respectively, each of which introduces an error rate bounded
by €9 < 2¢p for some absolute constant ¢, in the sense specified by Eq. (163) and Eq. (170) below. Therefore, we
have

1 ~
€enc — 5 sup HQ oQo EFT[,D} - 5[,0” 1 (159)
p

IN
|
)
- &
U
(O
lO
[e)
o

&S
i

®WJ (E®F)o (é%)[ﬂ]
—|—%sup QoQo ®Wj o(E®F)o <®N> (160)

1

IN

%sup Errlp ®W o(E®F)o (@N)
p

1

+ %Slll)p 0Q ®W o(E®F)o <®/\/> (161)

1

IN

2|€|(cp)* + ;sup Qo0Qo ®w o (E®F)o <®N> , (162)

Jj=1 1

where first we have used the triangle inequality, then the data processing inequality, and lastly the fact that the
1-norm is not greater than the diamond norm combined with the inequality in Eq. (158). In what follows, we bound
the second term by getting rid of the channels N; and invoking the QEC guarantee on the code £ to handle the
channels W;.

From Ref. [59, Theorem 59|, we have that each N; acts on the i-th input qubit and N; : B(A;) — B(4; @ F}),
where A; and F; are Hilbert spaces associated with the i-th input qubit and the environment, respectively, and
B(-) denotes linear operators on the Hilbert space. Note that in this notation, £ : B(Q);—, Ai) — B(@Zil A;) and
F:B(Q", F;) - B(®", F;). Furthermore, it holds that

TI‘Fi OM = (1 — EO)IAi + 5OZAN (163)

where g9 < 2¢p for some absolute constant ¢, Z4, is a CPTP map, and Zx denotes the identity map on Hilbert
space X. Intuitively, this equation tells us that the channel A; is close to the identity channel when restricted to
the i-th qubit, meaning that its action on the environment qubits must be close to a channel that appends a fixed
reference state 7. This can be formalized with the continuity theorem of Stinespring’s dilation [130, Theorem 1] as
follows. First, consider the Stinespring dilation N;[-] = Trg, (VAiﬁAiFiGi[']VL»AiFiGi)v where Vi, ,4,7,¢,; 1s an
isometry. The continuity theorem states that for two quantum channels 77, 72 : B(A) — B(B), if V; and V4 are the
Stinespring dilating isometries with the same dilating Hilbert space E, then

. 2

inf[|(Ip @ Up)Vi = VoI < [|Th = T2, < 2inf [|(Ip @ Up)V1 — Vol (164)
where Ix is the identity operator on Hilbert space X, and || - || denotes the operator norm, and the infimum is taken
over unitaries U in B(E). We apply this theorem by taking A = B = A;, E = F;G;, T1 = Trp, 0 N, Ta = Za
Vi = Va,54,r,¢, and Vo to be an isometry that for all p4, satisfies Vg,oAiVQJr = pa, ® Tr,q, for some fixed state
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Tr,q,;- Thus, the continuity theorem implies the existence of a unitary Up,q,, such that
||(]IA1 ® UFiGi)VAi_)AiFiGi - ‘/2” < || TrFi o M - IAi ||<1>/2 = \/E (165)

It follows that for each ¢ we can approximate A; with a channel R; defined by R;[pa,] = pa, ® oF,, where
op, = TrGi(U}iGiTFiGi Ur,c,) and satisfies

NG = Rillo < 2| Va,saimc: — (La, © Uk, )Vall < 2v22 < 4y/cp. (166)

Thus, we obtain

éf\fi - é Ri
=1 i=1

allowing us to get rid of the channels N; in Eq. (162). Namely, by invoking the triangle inequality and the fact that
the 1-norm is not greater than the diamond norm we obtain

<IN = Rill, < 4ny/ep, (167)

o =1

ZRl®"'®Ri—1®(M_Ri)®M+1®"'®Nn
i=1

o

1 B n' n
Eenc < 5 sup | Qo Qo QRW; | o (€@ F)o@Rilp] — Elpl|| + 2ny/ep + 2I€|(cp)*, (168)
P j=1 i=1 L
1 (X
= 5 sup QoQo ®Wj [Elp] @ a] — Elp]|| + 2n\/cp + 2| |(cp)*. (169)
p =1 )

where we defined a state 0 = F(®}'_,0F,) on the Hilbert space ®;?/=1Fj.

We now turn our attention to the channels W;. From Ref. [59, Theorem (59)|, we know that each W; acts on
the j-th output qubit and W; : B(A; ® F;) — B(A;), where A; and F; are Hilbert spaces associated with the j-th
output qubit and the environment, respectively. Furthermore, we have

W; = (1 —€0)Za, ® Trp, + 0V, (170)

where g9 < 2¢p and c is the same absolute constant from Eq. (163) and V4, is a CPTP map. We would like to use
the above form of W; and the stochastic-error decoding guarantee of the code £ to bound the first term in Eq. (169).
We have

Q00Do (ng)wj Ell@ol= > (1—e)" Bel0o 00 [ RT; @ Trry) R Y, |1l @] (171)
j=1

SC[n'] J¢s j'es
= ) (- 00 0o (Zsr @ WE)E ) (172)
SCin)
where Wg[] := <®j’€S ij,) [[] ® (Qj¢s Ter)[U]} is a channel acting on the qubits S C [n']. We now split the

above sum into two parts depending whether or not the subset S is correctable. For a correctable set S, we have
Qo Qo (Ise ® Wg)[Elpl] = £[p]- (173)

On the other hand, according to the decoding guarantee of the fault-tolerant QEC gadget QT on the code &, as
long as p (and accordingly ¢ < 2¢p) is sufficiently below a threshold value, the contribution of the uncorrectable
sets is bounded follows

Puncorrectable ‘= Z (1 - 50)nlils‘5(|)‘s‘ < F(E), (174)

S uncorrectable
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where I'(€) is a quantity that can be exponentially driven to zero by choosing larger codes from the QEC family,
as discussed in Section 3.3 (see Eq. (18)). Hence, we have that

Qo0Qo ®Wj [E]p] ® o] — E[p] (175)
Jj=1 1

< Z (1 — EO)n’—|S\E(|)S|Q o Q o (ISC ® Wg)[g[p]] — Puncorrectable * g[ﬂ] (176)

S uncorrectable 1
< 2T(E). (177)

Collecting terms, we therefore conclude that

Eene < T(E) +2y/epn + 2/E|(cp)*, (178)
which completes the proof. 0

C Delayed proofs for partial Clifford twirling

First, we state a couple of propositions used in the proofs of the claims in the main text.

Proposition 13. Suppose P, P’ € P with P # P’ and P # —P'. Let Ec.r denote expectation value over drawing
C randomly from T as in Definition 4. Then

(ﬁTCPCT®CPTﬁ:O (179)

Proof. Denote P and P’ in canonical form as P = i*?(=1)*X%Z% and P’ = i%?' (=1)* X" Z' . If P # +P’, then
it either must be the case that a # a’ or b # b’. Consider a fixed C' € T defined by (A, B, u,v). We define another
C’ € T for each case separately. If a # a’ then a®a’ # 0™ and we can find a w such that w- (a®a’) = 1 (note that
w is actually independent of C'). Then we define C’ by the choice (A4, B,u ® w,v). If b # b’ then we can find a w
such that w- (A71b® A7) = 1 (w depends on C only through A), and we define C’ by (A, B,u,v ® w). In both
cases, referring to Eq. (191) from the proof of Proposition 4, we have CPCt = +C’PC't and CP'CT = +C'P'C'T,
or in other words,

crctecpPct=-c'PC'teCc'P'C't. (180)

However, adding w to either u or to v does not change the random distribution over C' ~ T. This implies the
expectation value is equal to its negation, and therefore it is zero. O

Proposition 14. Let P € Pygq (from Definition 5). Then, for any g,

PlU(g)X¥(g)|P[¥(g)) =0. (181)
Proof. Write P in canonical form as i**(—1)*X?Z¢. Since P € P,qq, we have that a - b = 1. Hence, while P is
Hermitian, it also satisfies P = —P*, where the * denotes complex conjugation. In other words, all of the matrix

elements of P in the computational basis are imaginary. The Hermiticity of P implies that for any state |£), we
have that ({|P|€) is real, i.e., (€| P|&) = ({(£| P|¢))*. However, if the entries of |£) in the computational basis are real,
then

((E1P1€)" = {EIP7[6) = =(EIPIE) , (182)

which implies that (¢|P|¢) = 0. It suffices to observe that the entries of |¥(g)) are real. O

C.1 Proof of uniform Pauli spreading

Here we restate and prove Proposition 4 from Section 4.3.

Proposition 4 (Restated). Let C ~ T denote choosing C randomly from T as described in Definition 4. Given a
fited P € P, for any C € T, CPCt € P since C is Clifford. Furthermore, let Q € P be a random variable formed by
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choosing C' ~ T and defining Q = CPC*. Then, the distribution over Q is the uniform distribution over the subset
of P (i.e., Py, P1, Pz, Peven, 07 Poda) to which P belongs.

Proof. Recall that choosing C' ~ T means generating uniformly random A, B, u, v and defining C' = Z¥Q BMLX v,
Let P € P be a fixed Pauli string P = i%?(—1)*X%Z?. We examine the effect of conjugation by each component of
C sequentially. We leave off the i until the end since it is simply a constant.

1. Conjugation by X gates: We have X“[(—1)°XbZ] X = (—1)*®(wa) xbZa,

2. Conjugation by CNOT gates: First, we note that for any computational basis state |z), we have

MIXPZoMalz) = M X" 2% Az) = (—1)A% M |Az 0 b) = (—1)* *"|z ® A~'D) (183)
_ (71)ATa-xXA_1b|x> _ XA_leATa|l,> (184)

From this, we have

M [(=1)@0) 20 XY My = (—1) @) x40 zA T (185)

3. Conjugation by CZ: The @ p gate is diagonal and Hermitian and commutes with Pauli-Z strings. We notice
for any p € F§ and any |z) that

QeXPQplz) = (~1)7 BrQpXP|z) = (—1)* BrQplz @ p) = (~1) =" Felelwon Beon] |, g ) (186)

_ (71>[xTBz]eB[(reap)TB(r@p)} XP|z) = (71)[(317693%)-4@[15310] XP|z) (187)
_ (_1)pTBpoz(Bp@BTp)|$> (188)

and thus
On (71)5@(M.Q)XA—1bzAra} Qp = (—1)°® [wa]@[pT A1 TBAT ] y A~ yATas [(BeBT) A" (189)

4. Conjugation by Z: Finally, the Z¥ gate is commuted, which only modifies the sign

A {i“'b(—l)sEB [waJe[sTam T BAT] yamt gaTes [BoBTIA™) ] z (190)
_ ia~b(_1)s® [wa]@[bTAflTBAflb]@[v-Aflb] XAfleATaEB [(B@BT)Aflb] (191)
= CPCT (192)

Now, we verify that the claims of the uniformity of the distribution over Q = CPC' when A, B,u,v are chosen
uniformly at random. We begin with the easy cases.

o If P € Py or P € Py, then the statement is trivial, as the subset has only one element, and substituting
a = b= 0" confirms that CPCT = P.

o If Pe Py, then b =0" and a # 0™. We have
CPCT — ia~b(_1>s€B [u~a] ZATa (193)

For A a uniformly random invertible binary matrix, A"a is a uniformly random nonzero element of F.
Moreover, the uniformly random choice of v € F%y ensures that the sign is uniformly random. Together, these
facts confirm that C PC' is uniformly random over P.

To handle the final two cases, we now examine the term (B @ BT)A~'b. We have defined B as a random upper
triangular matrix. Note, however, that for the matrix B @ BT, one obtains the same distribution regardless of
whether B is upper triangular or arbitrary, so long as the entries of B are chosen uniformly at random from Fs.
Furthermore, if V is an invertible matrix, then B + V T BV is a bijective map (its inverse is B + VI ~1BV 1),
Thus, if B is chosen uniformly at random from all n x n matrices in Fy then the distribution over V' BV is also
the uniform distribution over all matrices in Fy, so we may replace B with V' T BV and not change the distribution.
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For fixed A and nonzero b, we can find an invertible V such that VA~'b = e, where e = (1,0,0,...,0) € F¥ is the
string with a single 1 in its first entry. For this choice of V', we have

(V'BV eV B'V)A'"b=VT(Be B")e (194)

We observe that (B @ BT)e has a zero in its first entry, regardless of the choice of B, but the other n — 1
entires are uniformly random when B is uniformly random, that is, (B @ BT )e is distributed uniformly over
the subset of F% orthogonal to e (in the sense of having dot product zero). Letting ¢ = (B @ BT )e, we have
0=cle=(VTe)'V-le= (VTe)TA=1h, so A7'b is orthogonal to V Tc. In fact, since c is distributed uniformly
over all vectors orthogonal to e and V is bijective, V T ¢ is distributed uniformly over all vectors orthogonal to A~'b.
As noted above, since V is a bijective map, the distribution of VT BV is the same as that of B itself, so we can
replace VT BV with B in Eq. (194), and hence we see that (B&BT)A~1b = V Te. Thus, the quantity (B&BT)A~1b
is also distributed uniformly over all vectors orthogonal to A~'b. We now continue with the final two cases.

o If P € Pyqq, then a,b # 0™ (otherwise a - b = 1 would be impossible). The quantity C PCt can be written in
canonical form as ial'b/(—l)leb/ 7% where ¢, b/, a’ are given by Eq. (191). First, we immediately observe
that randomizing over u € F™ leads u - a to be uniformly random, and thus s’ is uniformly random over Fs,
independent of a’ and b’. Since A is distributed randomly over invertible matrices, b’ = A~1b is distributed
uniformly at random over F4 \ {0™}. Next, for fixed A (and thus fixed V'), the above reasoning establishes
that,

d=A"a® [(BoB")A'b|=ATa®r (195)

where 7 is distributed uniformly at random over vectors orthogonal to " = A~'b. Recall that (AT a) (A7) =
a - b= 1. This means that

d-V=[ATa)- (A7) ®[r- A =a-b=1 (196)

Since r is distributed at random among all vectors for which &’ - » = 0, the distribution over a’ is precisely the
uniform distribution over all vectors for which a’ - ¥ = 1. This confirms that CPC" is distributed uniformly
over Puqq.

o If P € Peyen, then b # 0" and a - b = 0. As before, we have CPCT = i“,'bl(—l)s,Xb/Z“,, and b = A~1b is
distributed uniformly at random over F% \ {0™}. Furthermore, since v € F% is uniformly and indepenently
chosen, the quantity v - (A71b) is uniformly random, meaning s’ is uniformly random and independent of a’
and b’. Next, we can again write

d=ATamr (197)

where 7 is orthogonal to b, and ATa is a fixed vector for which ¢’ - (ATa) = b-a = 0. Thus, the distribution
over ¢« is uniform over vectors orthogonal to ¥’, confirming that C PCT is uniform over the set Peyen.

O

C.2 Proof of correct top eigenvector

Here we restate and prove Proposition 5 from Section 4.3.

Proposition 5 (Restated). Suppose that for every g, the state ¢(g) defined in Eq. (25) satisfies (¥ (g)|p(g)|¥(g)) >
Finin, and suppose that the faulty QRAM device is subject to dataset-independent noise (Definition 1). Let C ~ T
denote drawing C randomly from the twirling set as described in Definition 4, and let E denote expectation value.

For each g, let ¢(g)twin be defined as in Eq. (43). Then ¢(g)wwin Satisfies the eigenvalue equation

(b(g)twirl"l](g» = )‘twir1|\IJ(g)> ’ (44)

with Atwirl = Fin. Furthermore, all other eigenvalues of ¢(g)swir1 are no larger than g—ntl,

Proof. From the definition of dataset-independent noise (Definition 1) and the definiton of ¢(g) in Eq. (25), we
have that

¢(g) = Qo Qpr 0 Epr 0 N2 0 V(g) o N [|+)+]®"]. (198)
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Since the ideal encdoing map & is injective and Q projects onto its image (i.e., the codespace), we may define the
channel Ny = £71 0 Qo Opr o Epr (Where £71 is well defined on inputs in the codespace) and note that

Qo Qpro&pr = E 0 Noe - (199)

Thus, we have
9(9) = € [Newe N2 [V () M [+ [V (9)]]] (200)

The 2" states {Z%|+),u € {0,1}"} form an orthonormal basis, and we may write the state N} [|—|—><—H®"} as a fixed

g-independent density matrix in this basis

MNP = Y Mzt (201)
u,ve{0,1}7

The operation V(g) is diagonal and commutes with Z* and Z?, so we have

V) Wi R [V = > Muz [ w(g)Xw(g)|2” (202)

u,ve{0,1}n

The channel Ny, o N> in general has a Pauli decomposition

Nene 0 Na[o] = Z xpp' PoP' (203)

P,P’cP

where x is some noise matrix, and P denotes the set of signed Pauli strings, as in Definition 5. Moreover, £ is the
physical-to-logical mapping which is equivalent to putting an overline on all the objects. Thus, we have

P,P’€Pu,ve{0,1}m

Now we compute the expectation over the twirled state, recalling the equality from Proposition 3.

¢(g)twir1 = C]]E’IF Z Z XPP/MM,CPZU
P,P'€Pu,ve{0,1}"

U(gc))¥(gc)|Z" P' Tt (205)

= ’ CP7Y NN (NC 7Y P OF
P,P’'cPu,ve{0,1}"
—_— ! 7771_ —_— 777/71-
= E; 3 XerCPCRGNTGCP T (207)

where we have absorbed the Z* and ZV into P and P’, leading to a redefinition of xpps to Xpp- We may move
the expectation value inside the sum. The result of Proposition 13 ensures that if P # P’ the expectation value
vanishes, leaving only diagonal terms where P = P’ (if P = —P’ then the term does not immediately vanish, but
without loss of generality we may take x'_ pp = 0 for all P by appropriately redefining the value of X'p.p). This
gives

A @i =D Xpp B CPCHU(g)T(g)[CPTT. (208)

PeP

Recall from Definition 5 that we can partition the set P into sets Py, Py, Pz, Peven, and Poqq. Note that Py and
P, each contain a single element, which differs by a sign that cancels out in the expression above. Without loss of
generality, we may assume that x’»p = 0 for P = —I and ignore the set P; henceforth. The fact that &(9)twir1 has
trace 1 means that ), p Xpp = 1; we define xq, Xz, Xbvens and Xjqq as the sum of x’»p over P from the relevant

set.

The result of Proposition 4 states that for each P, CPCT is distributed uniformly over the subset of P that
contains P. Thus, for all P in the same subset the quantity Ect C P CT|W(g)}¥(g)|C PCT is the same. We may

60



thus define

plg)z = B P[¥(g)(¥(9)P (209)
PG)even = |, B P|U(g)XL(g)|P (210)
Pg)oaa =, B PlU(g)(¥(g)|P (211)
and write
B(@ewint = X0l (O)NT(9)| + [x2p(9) 2] + [XevenP(9)even] + [Xoaar(9)oad] (212)

Next, we explicitly compute the term of Z-like Paulis.

— 1 TN TSy L ¥ (g)X¥(g)|
P9z = 5 On#ez{:o’l}n 2N Y(D|Z" = o — a1 (213)

which follows since the set of Z%|¥(g)) form an orthonormal basis for v € {0,1}", and sampling a random vector
from an orthonormal basis yields the maximally mixed state.

Additionally, we can use the fact that the Pauli matrices form a 1-design [129] to say that if we draw a P
uniformly at random from all of P, conjugating an arbitrary state |£)(¢| by P yields the maximally mixed state after
averaging over P. Weighting the different subsets by their sizes (e.g., a (2" — 1)/22" fraction of all signed Pauli
strings are in Pz), this fact is equivalent to

1 - - 2"-1 = 20 =1 e = 27— 1 R |
227|§><§| + QTP]GEPZ PIEXEIP + Wpeng|£><§lP+ WPGIIPEOM PlEXEIP = on (214)

We apply this facts to the state |¥(g)X¥(g)|, substitute Eq. (213), and rearrange to write

_ i

p(g)cvcn == 227 - p(g)odd (215)

Next, we plug this into Eq. (212) to get rid of p(g)even and say
n

2n —1

@i = (xh — 5o ) TGNT + [ o)+ [(aa — X9 hoca] (216

X/Z + 2X/even)

We are now ready to conclude. A consequence of Proposition 14 is that p(g)oad|¥(g)) = 0. Thus, we have

¢(g)twirl|qj(g)> = >\twir1|\Ij(g)> (217)
With Aiwirl = X6 + 27" X, yen- From the definition of ¢(g)twir and the relation in Proposition 3, we have
Awirt = (L(9)[¢(9)in[¥(9)) = E_(¥(9)|C ¢(90) C"[¥(g)) = E_(¥(gc)[é(g0) [¥(9c)) > Fmin - (218)

Finally, we reason about the other eigenvalues of ¢(g)twir1- We may note from their definitions in Eq. (210) and
Eq. (211) that p(g)even and p(g)oda are positive semidefinite operators. From Eq. (215), this means the eigenvalues of
0(g)odd cannot exceed 27"+ We now turn back to Eq. (216) to bound any other eigenvalue Aother of an eigenvector

[Aother) Of @(g)twir1. We have

n

P(g)twirl | Aother) = [(ﬁxlz + 2X</:vcn) Qﬁ] [Aother) + [(ngd - X,cvcn)p(g)Odd] [Aother) - (219)
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Thus, |Aother) must also be an eigenvector of p(¢)oad; assume the associated eigenvalue is C' > 0. We have,

2" 1
Aother = <2n _ 1X/Z + 2X:even> 27 + (X:)dd - X:even)c (220)

1 1
= ﬁX'Z + Xeven (2n_1 - C) + XoadC (221)
Suppose Xhven = Xbqq- I that case, the last term in Eq. (220) is negative (or zero), so we may bound
1 2
Aother < on _ 1XZ + 27Xéven' (222)

On the other hand, suppose X,yen < Xhqq- 10 that case, we have that

1 1
Aother < 57— 1Xz + Xodd (2n—1 - C) + CXoad (223)
1 1
= ﬁx/z + X;ddF’ (224)

Thus, we can combine the expressions and conclude that

1
Xz + on—1 max(xleven’ Xi)dd)' (225)

Finally, since x( + X% + Xbven + Xogq = 1 with each term in the sum non-negative, it immediately follows that no
eigenvalue Agiper can be larger than 2771, O

D QRAM is in the Clifford hierarchy

Here we show that for any f, the n-qubit QRAM gate V(f) from Eq. (1) is in the n-th level of the logical Clifford
hierarchy, C,, from Eq. (8), and can therefore be teleported via the strategy sketched in Section 2.2. This can be
seen directly as a consequence of Ref. [46, Theorem 3], but here we give a self-contained proof.

We view the classical dataset f as an m-bit Boolean function f: {0,1}" — {0,1}, which we expand as a
polynomal of its input bits over the field Fy (i.e., addition and multiplication are done modulo 2). We consider all
possible 2" monomials, denoted by z¢, where e € {0,1}" dictates the exponents of each bit

x =g ann. (226)

Then, we may uniquely write

fa,. o) = @ cat (227)

e€{0,1}"

where ¢, € {0,1} is the binary coefficient for the monomial z¢, and & denotes addition modulo 2. The degree of f
is then given by the maximum degree of any monomial that appears in this expansion, that is,

deg(f) = e celel, (228)

where |e] = 7 | e; is the Hamming weight of e.

We will prove by induction that V(f) € Caeg(f)- As the base case, we observe that if deg(f) = 1, then there is
a bit string u € {0,1}" for which f(z) = @], u;r;. Thus, we have that V(f) = Z“, where Z* denotes the (logical)
Pauli operator with Z in positions where u; = 1 and I in other positions. That is, for degree-1 functions f, the
QRAM operation is a Pauli operator, V(f) € C;.

Next, we assume for induction that for any degree-(d — 1) function g, the gate V(g) € C4_1. We consider a

degree-d function f, and we would like to show that this implies V(f) € C4. Note that V(f) = V(f), and that the
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family of QRAM operations obeys the general composition rule

V(f)V(h) =V(f&h) (229)

for any pair of n-bit Boolean functions f, h, where f @ h is the function for which (f @ h)(z) = f(x) @ h(x). Thus,
based on the decomposition in Eq. (227), we have

vih= ][] ve)* (230)
ec{0,1}™

Consider a factor V(z¢) associated with a degree-|e| monomial z¢. For any X-type Pauli string X™, we compute

X"V(z®)=V((xem))X™, (231)

and thus
V() X"V(z®)=V(@)V((zeam) ) X" =V e (xam))X™. (232)
The crucial observation is that for any fixed m, the Boolean function 2@ (z®m)®, viewed as a function of 21, ..., z,,

has degree at most |e| — 1. We see this by inspection of the expression
2° @ (x@dm)® = 27t 2] @ [(21 ®my) (w2 ®@ma)® - (zp @ my)™ ], (233)

noting that distributing the multiplication of the second term gives 2/¢! terms, one of which has degree le] and will
cancel the first term. The rest of the terms have degree |e] — 1 or lower. Since f is a sum of monomials as in
Eq. (227) and V(f) decomposes into commuting diagonal factors as V/(f) = [I.efo,1y» V(%)% from Eq. (230), we
have

VINX"V(H=| [ Veo@om)«|X"=V(gXx", (234)
e€{0,1}"

where g is a Boolean function satisfying g(z) = @.c(9,13n ce(z® © (z & m)°). Since f has degree d, g is the

sum of degree d — 1 functions, and thus has degree at most d — 1. By the inductive assumption V(g) € Cy4_1,
which implies that V(g) X™ € C4_1 as well. Furthermore, since V(f) is diagonal, it is straightforward to see
that V(f) Z™V(f) = Z™ € C4_; for any m. Finally, since any Pauli string P is proportional to X® Z° for some
a,b € {0,1}", these facts together imply V(f) X* Z°V(f) = V(g) X™ Z° € Cq_1; thus, V(f) PV (f) € Cq_1 for any
Pauli string P. By induction, we conclude that V(f) € Caeg(y) for all f. Since the maximum degree of any f is n,

we have V(f) € Cy,.
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