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Abstract

As efficient alternatives to softmax Attention, linear state-
space models (SSMs) achieve constant memory and linear
compute, but maintain only a lossy, fading summary of the
past, often leading to inferior performance in recall oriented
settings. We propose Gated KalmaNet (GKA), a layer that
reduces this gap by accounting for the full past when predict-
ing the next token, while maintaining SSM-style efficiency.
GKA is inspired by the Kalman Filter and solves ridge re-
gression problems online at test time, with constant memory
and linear time in the sequence length. An insight is that
standard Kalman filter equations are numerically unstable
in low-precision environments (e.g., bfloat16) and difficult to
parallelize on modern GPUs. We address both challenges
via two innovations: (1) an adaptive regularization strat-
egy with input-dependent gating that controls the condition
number of the problem, ensuring numerical stability and bal-
ancing memory retention; (2) the use of Chebyshev Iteration
instead of conventional iterative solvers, which we show to
be more stable in low-precision settings. To improve scalabil-
ity, we implement Chebyshev Iteration in a hardware-aware,
chunk-wise manner, along with custom kernels for back-
propagating through our adaptive regularization and gating
mechanisms. On short-context tasks, GKA shows strong lan-
guage understanding capabilities and outperforms existing
SSMs (e.g., Mamba2, and Gated DeltaNet). On long-context
tasks, GKA excels at real-world RAG and LongQA tasks up
to 128k tokens with more than 10% relative improvement
over baselines. Finally, we show GKA outperforms Mamba
when extended for ImageNet classification.

1. Introduction
Large Language Models (LLMs) powered by (softmax) At-
tention mechanisms [61] have revolutionized sequence mod-
eling through their ability to form rich associations within
their context window. However, a fundamental challenge
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that LLMs face is that their time complexity scales quadrati-
cally and storage grows linearly with their input length.

Recent years have seen intense efforts to develop Atten-
tion alternatives. Among them, memory layers based on
linear State-Space models (SSMs) have grown popular for
their linear-time computation and constant storage cost in the
sequence length [9, 68]. These SSMs find inspirations from
classic techniques in adaptive signal processing, and integrat-
ing them into modern SSMs leads to principled layer design
and enhanced performance [38, 70, 75]. However, pure SSM
models still underperform Attention in many settings, espe-
cially on long-context tasks. This gap is a consequence of
their different memory mechanisms: SSMs have a fading
fixed dimensional lossy state of the past, while Attention has
an eidetic ever increasing KV-cache state [75].

To bridge this gap, we aim at designing a memory layer
that enjoys the efficiency of linear SSMs while performing
computation conditioned on the exact past. Towards this
goal, we first draw insights from the Kalman filter (KF) [30].
In signal processing terms, KF computes the most recent
state conditioned on all data seen thus far, and, under mild
assumptions, KF is optimal in the Maximum A-Posteriori
(MAP) sense. In the LLM context, we use KF to update
the state of an SSM layer and predict its output based on
all past inputs. However, integrating KF into such a layer is
non-trivial and faces two challenges:
• Parallelizable Training. KF is an online algorithm and

needs to be parallelized to fully utilize modern hardware
that is highly optimized for large-scale LLM training.

• Numerical Stability. KF involves matrix inversion, which
can be numerically unstable in low precision arithmetic.

In this work, we propose Gated KalmaNet (GKA), a memory
layer that incorporates KF into its design and is both numeri-
cally stable and trainable on highly parallelizable hardware.
We start by observing that the KF recursion solves a test-time
ridge regression problem. Then, to solve such a regularized
problem stably, we make the following choices:
• At the modeling level, we adaptively choose the regular-

ization strength of our test-time objective function based
on the Frobenius norm of the regularized data covariance.
With this choice we can easily upper bound the condition
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number of the optimization problem.
• At the algorithmic level, we note that exact solvers (e.g.,
torch.linalg.solve) are hard to parallelize (in a
chunk-wise manner), so we resort to the classic Chebyshev
Iteration (CH), which we show has high numerical accu-
racy and fast convergence compared with alternatives such
as (accelerated) gradient descent and conjugate gradient.

To make GKA scalable and efficient, we implement CH
with adaptive regularization in Triton in a hardware-aware,
chunk-wise manner. Our technical novelty here includes
deriving a chunk-wise implementation that back-propagates
through the Frobenius norm, for which the difficulty is the
presence of a nested recurrence. Furthermore, we combine
CH with a gating mechanism that decides the regression
residual weights in an input-aware and time-varying fashion,
enhancing the contribution of recent inputs and smoothly
fading out distant contexts. Overall, to the best of our knowl-
edge, this is a first adoption of the CH method for training
sequence modeling layers in LLMs stably at scale.

Finally, we demonstrate the efficacy of GKA on sev-
eral benchmarks. On synthetic recall tasks (MQAR) [1],
GKA achieves the highest recall among state-of-the-art linear
SSMs including Mamba2 [9] and (Gated) DeltaNet [70, 71].
Also, GKA outperforms existing SSMs on several short-
context tasks (from LM-Harness [16]) and long-context tasks
(from RULER [27] and HELMET [72]). Specifically, GKA
improves upon SSM baselines by at least 10% on real-world
long-context tasks like Retrieval-Augmented Generation and
Long Question-Answering tasks up to 128k tokens.

2. Prior Work and Preliminaries
In this section we briefly review prior work and preliminaries
that will set the stage for motivating our work. For a more
detailed exposition of related work see Section A.
(Softmax) Attention. At each time t, Attention [61] linearly
projects the t-th input token to obtain three vectors, named
query qt, key kt, value vt respectively. Then, it outputs a
vector yt 2 RD as a convex combination of all values seen
so far, with coefficients c1, . . . , ct given by inner products of
current query qt with all seen keys and a softmax mapping:

yt =
tX

i=1

civi, ci :=
exp(k

>
i
qtp
D
)

P
t

i=1 exp(
k
>
i
qtp
D
)
. (Attn)

From an optimization perspective, (Attn) can be viewed as
solving the following regression objective1,

yt = argmin
v

tX

i=1

exp

✓
k>
i
qt

p
D

◆
· kv � vik

2
2. (1)

1Concretely, for keys and queries of unit norm, Attention is precisely
the Nadaraya-Watson estimator [43, 66] with the Gaussian kernel to ap-
proximate the conditional expectation of the value given a query; cf. [4, 62].

The success of (Attn) is often attributed to its ability to per-
form verbatim retrieval of relevant context from the entire
past. Here, the past refers to the entire key-value pairs ob-
served thus far, also known as the KV-cache, which grows
linearly with time t. Moreover, the computation is also linear
at each time t, and doing so for all t results in a quadratic
time complexity. This high computation and storage cost of
Attention makes its use prohibitive in long context scenarios.
Linear State-Space Models (SSMs). The high computation
cost of (Attn) has motivated a flurry of work developing new
LLM layers, like SSMs, with linear rather than quadratic
cost. Most SSMs maintain a state matrix St 2 RD⇥D and
update it at each time step via a linear recursion of the form

St = �t · St�1 + �t · vtk
>
t
, yt = Stqt, (Linear-SSM)

where �t,�t are typically in [0, 1]. Unlike the verbatim
lookup of (Attn), here (Linear-SSM) essentially compresses
the entire KV-cache into a fixed-dimensional representation
St. Subsequent computation of the output yt relies on St

and no longer on the exact past. This results in a constant
cost of storage and computation at every timestep.

In many linear SSMs (e.g., RetNet [59], Mamba2 [9]),
the use of �t and �t is often heuristic and finds inspirations
from nonlinear recurrent neural networks [25]; in that light,
�t and �t are called forgetting and input gates, respectively.
This basic form of (Linear-SSM) has been generalized by
replacing �t with a diagonal matrix (GLA [68], RWKV-6
[48], Longhorn [38]) or low-rank-plus-identity matrix (Gated
DeltaNet [56, 70, 71], DeltaProduct [58], RWKV-7 [49]).

Similarly to that of (Attn) the case with low-rank-plus-
identity matrices can often be justified from an optimization
perspective. For example, Gated DeltaNet [56, 70] updates
the state via (I is the D ⇥D identity matrix)

St = �t · St�1

�
I � �tktk

>
t

�
+ �t · vtk

>
t
, (GDN)

which can be viewed as applying one gradient descent step
with step-size �t and initialization �tSt�1 to the objective

min
S

kSkt � vtk
2
2. (2)

The objectives of (GDN) (2) and (Attn) (1) are prime exam-
ples that expose a general distinction between linear SSMs
and (Attn): The former updates its state based on a regres-
sion objective that considers only the previous lossy state
and the current time step, whereas the latter uses the entire,
exact KV-cache to solve its regression objective (1).

We hypothesize this myopic view of SSM objectives re-
sults in their lower performance and limited long-context
abilities. We then ask: What is an objective or, equivalently,
a recursion that considers the entire past as (Attn) while still
being solvable in linear time as in (Linear-SSM)?
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3. A Linear SSM Inspired by the Kalman Filter
In Section 3.1 we show how the Kalman Filter (KF) gives
insights into a new linear SSM layer that takes all past time
instants into account. In Section 3.2 we explain the numeri-
cal and efficiency challenges of building such a layer.

3.1. Motivation from Kalman Filter
KF is an established online approach that takes the exact past
into account to optimally solve a weighted ridge regression
objective (e.g., see [50, Proposition 2 & Lemma 3]). In our
context, this means that the optimal state

St = argmin
S2RD⇥D

� · kSk2F +
tX

i=1

⌘i · kSki � vik
2
2 (3)

can be computed by the KF recursion

St = St�1 �
(St�1kt � vt)k>t �t�1

1/⌘t + k>
t
�t�1kt

, (KF)

where ⌘t is the weight for the t-th key-value pair, and �t�1

is the Hessian inverse of (3) at time t� 1 (�t�1 itself can be
continually updated via the Woodbury matrix identity). It is
now clear that objective (3) takes the entire KV-cache into
account, similarly to (Attn). It is also clear that (KF) is an
efficient update scheme similarly to (Linear-SSM); indeed,
(KF) is also a low-rank-plus-identity form (cf. (GDN)).

While (Linear-SSM) relies on instantaneous objectives
akin to (2) (cf. [70, Table 2]), (KF) leverages second-order
information from �t�1 to solve (3) optimally. It is in this
sense that we say (KF) is more expressive than other (Linear-
SSM) or (GDN) (see also [51, Sec. 6]). We now detail the
differences in the objectives of (KF) and (Attn):
• (KF) computes a parametric linear estimator that en-

ables a constant-sized memory, while (1) computes a non-
parametric point estimate that entails storing the full cache.

• In (1), the weights of the same residual vary over time as
the queries differ at each time, while in (3) i-th weight
⌘i is constant once observed at time i. The former re-
sults in quadratically many weights—thus a quadratic time
complexity—and the latter linearly many.

• In (3), the regularizer �·kSk2F prevents overfitting our state
to key-value pairs, as only a finite amount of “information"
can be stored in a constant-sized memory beyond which
will result in “fuzzy" recall. In this light, � can be thought
of as controlling the memorization “capacity" of the state.

3.2. Hurdles Towards Scalable Kalman Filter SSMs
Despite its optimality and (sequential) efficiency the (KF)
recursion lacks a hardware-aware implementation that lever-
ages parallelism in modern Tensors Cores. Moreover, for
long sequences it can lose numerical precision due to divi-
sion (and due to how �t is updated). The final hurdle is

conceptual: Fixing weights ⌘i and regularization � over time
as in (3) might make a layer less expressive.

We are aware of the use of (KF) or (3) in neural network
training three decades ago [57] or in deep continual learning
recently [40, 52, 76]. We are also aware of the recent men-
tioning of (3) or efforts towards solving it, which go by the
name test-time optimization [63, 65]. However, to the best of
our knowledge, none of the prior work has fully addressed
the above hurdles that need to be solved to design an SSM
layer that is trainable in parallel, numerical well-behaved,
and sufficiently expressive. In particular, both [63] and [65]
have overlooked a basic numerical concern: The worst-case
numerical error in solving (3) can be ✏ ·  [20], where  is
the condition number of the Hessian in (3) and ✏ the machine
precision; since ✏ ⇡ 0.007 (bf16), (3) has to be regularized
strongly for  and the worst-case error to be small, regardless
of algorithmic choices to solve (3). Indeed, the regulariza-
tion enforced in [63] sets � to be lower bounded by 0.25,
but this is not sufficient: Their  is as large as 500 [63, Fig.
13], implying a worst-case error of 3.5 (The implementation
of [63] available on GitHub is numerically vulnerable; we
failed to train it without NaNs in various settings.). Also,
the regression objective in [65] has no regularization, which
makes it numerically ill-posed for low-precision training.

4. Gated KalmaNet (GKA)
We propose Gated KalmaNet (GKA) to address the above
hurdles: We enhance numerical stability via adaptive regu-
larization and the classic Chebyshev Iteration (CH), increase
expressivity of KF via a standard gating mechanism, and
improve parallelism via a hardware-friendly implementation.

4.1. CH with Adaptive Regularization & Weighting
Motivation. As alluded, solving (3) via (KF) is sequential
in nature, and here we consider alternatives amenable to
parallelizable training. Our first step towards this is to write
down a closed form solution to (3) and compute the output

yt = Stqt =

 
tX

i=1

⌘ivik
>
i

! 
tX

i=1

⌘ikik
>
i
+ �I

!�1

qt.

With the weighted covariances Ut :=
P

t

i=1 ⌘ivik
>
i

and
Ht :=

P
t

i=1 ⌘ikik
>
i

, we note that yt can be computed via
first solving (Ht+�I)x = qt for x and then left-multiplying
Ut. An exact solver (e.g., torch.linalg.solve) can
do so with high accuracy by parallelizing over the batch
dimension. However, it is inefficient for two reasons. First,
it takes O(D3) time for every t. Second, it requires ex-
plicitly forming and materializing all Ht’s, which entails
large I/O costs. In light of this, we resort to first-order itera-
tive methods. These methods use matrix-vector products to
enable chunk-wise parallelism over batches without materi-
alizing all Ht’s. Furthermore, they often take O(D2) time
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Algorithm 1: Chebyshev Iteration to solve H⇠ = q

1 Input: H 2 RD⇥D, q 2 RD, eigenvalue bounds
L, µ with L � µ > 0, number of iterations r;

2 Initialize: ⇢ L�µ

L+µ
; !0 = 2; the first two

iterates ⇠�1  0, ⇠0  
2q

L+µ
;

3 For Loop (i = 1, . . . , r):

!i  
4

4� ⇢2!i�1
(weight schedule)

⇠i  ⇠i�1 �
2 · !i

L+ µ
(H⇠i�1 � q) (grad descent)

⇠i  ⇠i + (!i � 1)(⇠i�1 � ⇠i�2) (momentum)

4 Output: ⇠r

complexity per iteration and can converge quickly in a few
iterations. The iterative method we choose is the Chebyshev
Iteration (CH); we proceed to describe its basic idea, with
the justification for using CH deferred to Section 4.2.3.
Chebyshev Iteration (CH). CH is an accelerated gradi-
ent descent method (AGD) that applies (grad descent) and
(momentum) to the quadratic objective 1

2⇠
>H⇠ � ⇠>q, that

is to solve H⇠ = q (Algorithm 1). Different from vanilla
AGD, CH incorporates a (weight schedule) and makes spe-
cific choices of different parameters; these choices make
CH optimal with the fastest convergence among first-order
methods [47]. We replace the above exact solver with CH:

x̂t = CH(Ht + �I, qt, r), yt = Utx̂t.

Here, CH(Ht + �I, qt, r) means r iterations of CH to ap-
proximately solve (Ht + �tI)x = qt. To improve stability
and expressivity, next we allow regularization � and weight
⌘i to be time-varying and chosen adaptively. We write �t

and ⌘t,i to make their dependency in time t explicit, with
⌘t,i being the weight of the i-th token at time t.
Adaptive Regularization. As mentioned, the condition
number t of Ht + �tI has to be controlled for any method
to be numerically stable. We choose �t to be proportional to
the Frobenius norm kHtkF, that is to set �t = a · kHtkF for
some constant a > 0. An upper bound on t now ensures:

t =
�max(Ht) + �t

�min(Ht) + �t


kHtkF + �t

�t

=
a+ 1

a
. (4)

Here �max(Ht),�min(Ht) are the maximum and minimum
eigenvalues of Ht, respectively. Given this choice of �t, we
set L = kHtkF + �t and µ = �t for Algorithm 1.
Adaptive Weighting (Gating). We use weights ⌘t,i that are
exponentially decaying in time: For all t � i, we parameter-
ize ⌘t,i =

Q
t

j=i+1 �j , with each �j 2 [0, 1] learnable. The
fading weights encode the “prior" of recency bias that has
been shown to exist in LLMs [14] without even explicitly

computing the weights from the query-key dot products as in
(Attn). Similarly to (Attn), the weights on the residuals are
now time-varying, but differently, the exponentially decay
parameterization allows for linear-time implementation.
Forward Recurrence. We now summarize our recurrence
which arms CH with adaptive regularization and weighting:

Ht = �t ·Ht�1 + ktk
>
t
, Ut = �t · Ut�1 + vtk

>
t
,

yt = Utx̂t, x̂t = CH(Ht + �tI, qt, r).
(CH)

4.2. Chunk-wise Implementation
Here we describe our implementation for the forward + back-
ward passes for (CH). For more details, see Section D.

4.2.1. Forward Pass
Similarly to [9, 68, 70], we now describe a chunk-wise im-
plementation for (CH). In (CH), given Ut and x̂t, computing
yt = Utx̂t in a chunk-wise fashion is similar to that of
(Linear-SSM); also similar is the calculation of Ht⇠i�1 as
needed in (grad descent). For these we refer the reader to
[68, 70] for details. Our algorithmic novelty here is a chunk-
wise computational formula for kHtkF, presented next.

Let T be the sequence length and C the chunk size such
that N := T/C is an integer. For t = 0, . . . , N � 1, write
[t] := tC. The core idea of a chunk-wise implementation
is as follows. First, we compute and store the initial state
H[t] of every chunk. This gives us implicit access to H[t]+c

via unrolling the recurrence of Ht for c steps and therefore
allows us to carry out computation with H[t]+c; for exam-
ple, we can compute the matrix-vector product H[t]+1⇠ via
H[t]⇠ + �1k[t]+1k

>
[t]+1⇠. This is without forming H[t]+1 ex-

plicitly, thereby reducing the number of states to materialize
on chip. To implement such a scheme, we need to precom-
pute all H[t]’s sequentially, and then do the computation with
parallelism over chunks and within each chunk.

We now make this idea precise for computing all kHtkF’s
within a chunk. Since the computation of each chunk is
the same, we simplify by working with the first one where
we have access to initial state H0, gates �1, . . . , �C , keys
KC = [k1, . . . , kC ] 2 RD⇥C ,and we aim to compute
kH1kF, kH2kF, . . . , kHCkF. With these notations, we first
compute the C-dimensional vector ⇣ = [⇣1, . . . , ⇣C ]> of
cumulative products of �i’s, with ⇣c =

Q
c

i=1 �i. Then, form
the C ⇥ C upper triangular matrix M whose (i, j)-th entry
Mj,c is ⇣c/⇣j (8c � j). Now, unroll the recurrence of Hc:

Hc = ⇣cH0 +
cX

j=1

Mj,ckjk
>
j
= ⇣cH0 +

CX

j=1

Mj,ckjk
>
j
.

Expanding kHck
2
F gives the following sum of three terms:

⇣2
c
kH0k

2
F + 2⇣c

CX

j=1

Mj,ck
>
j
H0kj +

���
CX

j=1

Mj,ckjk
>
j

���
2

F
.
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With ⇣ , the first term ⇣2
c
·kH0k

2
F is easily computed in parallel

for all c. For the second term, we first compute the vector of
quadratic forms k>

j
H0kj for all j in parallel, broadcast it and

multiply it with M element-wise, sum over each column, and
multiply the result with 2⇣ element-wise. Finally, with Gram
matrix GC := K>

C
KC , one verifies the third term can be

computed in parallel for all c via the following pseudocode:

column-sum(((GC �GC)M)�M). (5)

Here � denotes element-wise multiplication and the sum is
over each column. Summing the three terms and taking the
square root, we obtain kH1kF, . . . , kHCkF, as desired.

4.2.2. Backward Pass
Motivation. Typically, the backward pass is done automati-
cally via torch.autograd. However, for iterative meth-
ods such as CH (Algorithm 1), torch.autograd would
store some activations or intermediate iterates, entailing
large storage cost. While in principle we can back-propagate
through CH without storing any intermediate activations or
iterates (by our trick of reverting the CH iterations, cf. Sec-
tion E.1), under this trick it is difficult to compute all the
gradients in a chunk-wise fashion. Therefore, we resort to
the implicit differentiation trick, which is practically effi-
cient and chunk-wise implementable, for backpropagation
through the linear equations that CH approximately solves.
Implicit Differentiation. We derive the backward pass for
our method with the standard implicit differentiation trick.
It assumes we find an exact solution x⇤

t
to the equations

(Ht + �tI)x = qt. In the backward pass, we are given the
gradient dx⇤

t
:= dL

dx
⇤
t

of some loss function L, and need
to compute the corresponding gradients at qt, kt, �t. For
example, via the chain rule we obtain dqt :=

dL
dqt

via

dqt = (Ht + �tI)
�1dx⇤

t
, (6)

that is to solve linear equations similarly to the forward pass.
Since the forward pass computes an approximate solution x̂t

via CH, we receive an approximate up stream gradient dx̂t

(not exactly dx⇤
t
). Thus we employ CH to obtain an approxi-

mate gradient dq̂t = CH(Ht + �tI, dx̂t, r); cf. Table 1.
Backward Recurrence. Besides dqt, we need to compute
dHt from which we obtain dkt and d�t via the chain rule.
We describe d�t in the Appendix. Here we analyze dkt:

Lemma 1. With �t = akHtkF, wt =
2a·(x⇤

t
)>dqt

kHtkF
, we have

dki =
X

t�i

Mi,t

�
�dqt(x

⇤
t
)> � x⇤

t
dq>

t
� wtHt

�
ki. (7)

With Ai :=
P

t�i
Mi,t · dqt(x⇤

t
)>, we can compute the

first two terms�Aiki and�A>
i
ki in (7), similarly to (Linear-

SSM). Specifically, Ai satisfies the recursion

Ai = �i+1Ai+1 + dqi(x
⇤
i
)>, (8)

thus calculating Aiki amounts to calculating Utqt in (Linear-
SSM); a difference is that the recursion here runs backwards.

Similarly, with Bi =
P

t�i
Mi,twtHt, the third term in

(7) can be written recursively as

Bi = �i+1Bi+1 + wiHi, oi = Biki. (9)

Chunk-wise Recurrence. As indicated, a chunk-wise im-
plementation for computing Aiki is known. On the other
hand, computing Biki is more challenging than Aiki, as the
additive term wiHi in the backward recursion (9) is not nec-
essarily rank-1; rather, Hi itself is defined via the forward
recursion in (CH). Our contribution here is a derivation for
computing Biki efficiently in a chunk-wise manner.

We begin by unrolling Bi to BC+1:

Bi =Mi,C · �C+1BC+1 +Bintra
i

Bintra
i

:=
CX

c=i

Mi,c · wcHc

(10)

We next discuss the intra-chunk term Bintra
i

ki and cross-
chunk term Mi,C · �C+1BC+1 in succession.
Intra-chunk Computation. We now unroll Hc and obtain
an expression Bintra

i
more amenable to parallelism:

Bintra
i

=
CX

c=i

Mi,c · wcHc

=
CX

c=1

Mi,cwc

⇣
⇣cH0 +

CX

j=1

Mj,ckjk
>
j

⌘

= H0

CX

c=1

Mi,cwc⇣c +
CX

j=1

kjk
>
j

CX

c=1

Mi,cwcMj,c.

The coefficients of H0, written as bi, are easily computed in
parallel for all i via element-wise operations, broadcasting,
and summing. The coefficient of kjk>j is precisely the (i, j)-
th entry of the matrix Mw := M diag(w1, . . . , wC)M>.
Thus [Bintra

1 k1, . . . , Bintra
C

kC ] is equal to

H0(diag(b1, . . . , bC)KC) +KC

�
(K>

C
KC)�Mw

�
.

The mask Mw is in general a full matrix with no zero entries,
as opposed to the triangular matrix in the case of (Linear-
SSM). While the triangular mask in the backward pass allows
the error feedback from future tokens to be leveraged for
learning past tokens, here our full mask Mw allows all tokens
to interact with all other tokens in the backward pass, which
facilitates the information flow and learning.
Cross-chunk Computation. In (10), both �C+1 and BC+1

are from the future chunks, thus we revise (10) into the cross
chunk recursion of eBC+1 := �C+1BC+1 which allows us
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(a) Empirical convergence (b) CG as a single layer (c) CG in 5-layer LLAMA (d) CH as a single layer (e) CH in 5-layer LLAMA

Figure 1. CH converges with smaller errors than CG and is more numerically stable. Convergence of different methods in residual
norms during the forward pass with batch size 8, sequence length 2048, 8 heads, head dimension 128 (a), and relative gradient differences
from the exact solver (torch.linalg.solve) to CG (b, c) or CH (d, e). The backward pass is via implicit differentiation (impl) or
torch.autograd (auto); cf. Table 1. In (b, d) the gradients are those of [qt, kt]; in (c, e) the gradients are those of network weights.

Table 1. Implicit differentiation for computing dqt.

forward pass backward pass

exact x⇤
t
= (Ht + �tI)�1qt dq⇤

t
= (Ht + �tI)�1dx⇤

t

CG x̂t = CG(Ht + �tI, qt, r) dq̂t = CG(Ht + �tI, dx̂t, r)
CH x̂t = CH(Ht + �tI, qt, r) dq̂t = CH(Ht + �tI, dx̂t, r)

to maintain a single term eBC+1 from the future:

eB1 = ⇣C · eBC+1 + eBintra
1 , eBintra

1 :=
CX

c=i

⇣c · wcHc.

In our intra-chunk computation, we store the intra-chunk
term eBintra

1 of all chunks, implement the above with a simple
for loop, and collect the terms ⇣C · eBC+1ki.

4.2.3. Comparison to Other Iterative Solvers
Here we validate our choice of Chebyshev Iteration (CH) by
benchmarking it against other iterative methods.
Convergence in the Forward Pass. We generate random
regression problems, which we solve via CH and 3 other
baselines: gradient descent (GD), accelerated GD with Nes-
terov’s momentum (AGD), conjugate gradient (CG). GD and
AGD are run with stepsizes that are optimal for regression
problems. Fig. 1a shows CG converges the fastest within a
few iterations, while CH reaches the same accuracy as CG
at iteration 10 and eventually attains the smallest errors.
Stability of the Backward Pass. We then proceed and mea-
sure the gradient stability of CG and CH, whose backward
passes are implemented either via implicit differentiation as
per Table 1 (impl), or via torch.autograd (auto).

In Fig. 1b, CG (impl) as a standalone layer has its gra-
dient close to that of the exact solver up to a 10�3 relative
difference. In Fig. 1c, this difference is amplified to almost 1
in a 5-layer LLAMA where (Attn) is replaced with (3). This
indicates CG (impl) completely deviates from the reference
gradient (exact), defeating its purpose of training the network
from the regression feedback. In contrast, the gradients of
CH (impl) and CH (auto) are eventually close to that of the
exact solver either as a single layer or within multiple layers
(Fig. 1c, d), up to a 10�6 difference. Moreover, the curves

for CH (impl) and CH (auto) nearly overlap, suggesting their
gradients may be close. Lemma 2 formalizes this intuition
and justifies our choice of CH over the alternatives:

Lemma 2. Let dqt be the exact gradient of qt for CH, e.g.,
computed by CH (auto). Let dq̂t be the gradient of CH (impl),
computed as per Table 1. We have dqt = dq̂t.

5. Experiments
In this section, we empirically validate the efficacy of GKA.
We first evaluate memorization ability on synthetic asso-
ciative recall tasks (Section 5.1). We then report training
throughput of GKA (Section 5.2). Next, we examine perfor-
mance on short-context language understanding benchmarks
such as commonsense reasoning and long-context modeling
abilities in Section 5.3. Finally, we demonstrate the effec-
tiveness of GKA beyond language modeling by evaluating
on ImageNet classification (Section 6). The Appendix de-
tails our experimental settings (Section F) and ablations of
various modeling choices (Section J, Section K).
Baselines. All experiments consider the following state-of-
the-art linear SSM-based fading memory layers as baselines:
Mamba2 [9], DeltaNet [70], Gated DeltaNet (GDN) [71],
and Gated Linear Attention (GLA) [68]. Each of these layers
rely on instantaneous objectives that depend on the previous
lossy state and current tokens (e.g., (2)), as opposed to the
entire history of tokens observed so far as in GKA. Finally,
we contrast our results with (Softmax) Attention, which
serves as our paragon. For our Attention-based model, we
adopt the architecture proposed in Qwen3 models [67].

5.1. GKA on Synthetic Associative Recall Tasks
We first assess the capability of our models to recall informa-
tion on the multi-Query Associative Recall (MQAR) task [1].
This task presents the model with a sequence of key-value
pairs to memorize, followed by a sequence of queries. For
each query, the model must retrieve the corresponding key
from memory and accurately recall its associated value. At-
tention based layers perform the best in this task, while
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(a) Accuracy vs. model dimension for different fading memory layers on MQAR. (b) Runtime of a single memory layer

Figure 2. MQAR results (a) Each plot corresponds to a particular sequence length and number of key-value pairs for the model to memorize.
Runtime (b) Runtimes are for a single forward + backward pass (8 heads, head dim 128, batch size 4, averaged over 20 runs).

SSM-based memory layers are known to struggle as their
memory fades away as the context length grows.

We compare GKA with Attention and other linear SSM
baselines on this task. For each memory layer type, we train
2-layer models on MQAR training data and evaluate on a
held-out test set. We repeat this experiment for 4 differ-
ent learning rates spanning from 10�4 to 10�2. As shown
in Fig. 2a, GKA improves upon every other linear SSM
baseline at all sequence lengths and model dimensions con-
sidered. Note, the complexity of the task increases with
increasing sequence length and number of key-value pairs,
while larger model dimensions improve memorization ca-
pacity through increased state size. The success of our layer
can be attributed to our modeling choice: unlike other fading
memory designs (like GDN or Mamba2), we construct states
based on the optimal MAP estimate conditioned on the entire
history, enabling better retention of remote information.

5.2. Training Throughput of GKA
In Fig. 2b we measure the running times (forward + back-
ward) of a single GKA layer together with FlashAtten-
tion [19], DeltaNet, GDN (see also Section H). Despite
having a more computationally expensive state update equa-
tion (CH), GKA has comparable running time to GDN. Note
that we compared GDN at equal state size (GDN expands
value dimension by 2 by default).

5.3. GKA on Language Modeling
5.3.1. Short-context Tasks
Setup. For this set of experiments, we construct 2.8B LLM
models for each memory layers (GKA and baselines de-
scribed in Section 5) by cascading blocks of mem + Multi-
Layer Perceptron (MLP) blocks.2 Hereby, we refer to the
2.8B models with the same name as the layer used to con-
struct them. We then train each model on DCLM [35], a
generic pre-training dataset for 100B tokens at 4K context
length using the AdamW optimizer with a peak Learning
Rate (LR) of 10�3 and gradient clipping of 1.0. We used
the cosine LR scheduler with a warmup period of 5B tokens

2For Mamba2 baseline, we consider cascading blocks of Mamba2 layer
alone since a single Mamba2 layer has the Mamba2 SSM and MLP.

with a global batch size of 2M tokens. All models employ
the GPT2 tokenizer with a vocabulary size of 50K tokens.
Tasks. Following prior works [68, 71, 75], to consider lan-
guage modeling capabilities of our model we perform zero-
shot evaluation on the following eight common-sense rea-
soning tasks from LM-Harness [16]: Arc-E, Arc-C, BoolQ,
COPA, HellaSWAG, PIQA, SciQ, Winogrande. We also eval-
uate models on FDA and SWDE, real-world recall-intensive
tasks which focus on extracting structured information like
tagged content from raw text (for example, HTML files). All
these tasks are relatively short (< 2K tokens).
Results. We report our results in Table 2. GKA outperforms
all fading memory baselines on average across all tasks ow-
ing to its ability to better manage its state via solving (3).
In particular, GKA outperforms both GDN and Mamba2
on recall-intensive tasks (FDA and SWDE) by about 10%
(rel. improvement). We note that although GKA improves
upon existing SSM layers there is still a gap with Attention-
based Transformer especially on recall-tasks owing to the
eidetic capabilities of Attention. Nevertheless, as discussed
in Section 1 this improvement comes at a quadratic cost at
training time, whereas our layer’s computational complexity
is still comparable to existing SSM layers (cf. Section 5.2).
In Section M we extend our results to Hybrid models (stack
of SSM and Attention layers) and show that the gap with
full Transformer models becomes negligible (while still ben-
efiting the SSM’s computational advantages). Finally, in
Section I we show that GKA exhibits stronger scaling with
compute than other SSM baseline models.

5.3.2. Long-context Tasks
Setup. To enable long-context capabilities of our models,
as is common practice, we perform continued pre-training
of our 2.8B models obtained in Section 5.3.1 on 25B tokens
of long documents at 128K context length (cf. Appendix).
To the best of our knowledge we are the first to train and
evaluate SSM models up to 128K context (e.g., previous
work [71] only considered up to 4K/8K context).
Tasks. For long-context, we refrain from using perplexity
as it is known to have limitations at assessing long-context
performance of LLMs [15, 17, 44]. Instead, we turn to
recently proposed benchmarks that mix synthetic and real
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Table 2. On average GKA improves upon all fading memory baselines across all tasks. We report results for zero-shot evaluation of
2.8B language models for short-context tasks. For each task, bold indicates highest value followed by underlined.

Model ARC-C ARC-E BoolQ COPA HellaSWAG PIQA SciQ Winogrande FDA SWDE Avg
acc_n " acc_n " acc " acc " acc_n " acc_n " acc_n " acc " contains " contains "

Transformer 32.25 56.10 64.28 80.00 60.96 73.56 79.50 61.72 58.53 72.28 63.92

Gated Linear Attention 27.82 50.80 52.57 78.00 48.83 70.13 69.60 54.54 2.81 20.43 47.55
DeltaNet 32.85 58.16 42.51 81.00 61.13 73.78 43.90 61.72 11.80 46.08 51.29
Mamba2 32.24 59.64 58.72 82.00 62.23 73.78 79.80 62.19 7.71 41.13 55.94
Gated DeltaNet 32.59 60.02 62.75 82.00 62.80 74.32 80.60 62.35 8.26 44.28 57.00
Gated KalmaNet (Ours) 32.51 59.89 61.68 85.00 63.84 74.81 83.20 64.17 12.89 50.95 58.89

Figure 3. Long Context Performance up to 128k tokens. GKA outperforms baselines by 10% in relative improvement on RAG and
LongQA. There is no clear winner on Synthetic Recall. All models struggle to perform better than random chance on ICL.

datasets comprising several long-context tasks: Synthetic
Recall, Retrieval-Augmented Generation (RAG), Many shot
In-Context Learning (ICL) and Long Question-Answering
(LongQA). For Synthetic Recall and LongQA we consider
tasks from the RULER benchmark [27]. For RAG and ICL
we consider tasks from HELMET [72].

Results. Fig. 3 reports our results. GKA shows strong RAG
and LongQA capabilities, outperforming all fading memory
baselines by at least 10% (rel. improvement). Interestingly,
on synthetic recall tasks from RULER, GKA is competitive
only at 4K context length and starts to fall behind afterwards.
We attribute this divergence to the fundamental differences
between these task types. While both RAG and LongQA
can be thought of as finding relevant information in long
streams of text, they involve more realistic linguistic pat-
terns and semantic relationships that align with natural text
distributions seen during pretraining. In contrast, synthetic
recall tasks require models to find specific words, numbers,
or UUIDs verbatim from long contexts filled with random
distractors. This artificial setting does not reflect natural
text distributions. Since GKA computes MAP estimates of
the latent state based on learned representations of observed
tokens, it relies on its pretrained weights to determine which
information is important to retain. The synthetic and un-
natural structure of Recall tasks makes it difficult for the
model to identify what should be retained, as pretrained
knowledge provides little signal about importance in these
artificial contexts. This suggests that our approach excels in
realistic scenarios where pretrained knowledge about natural
language structure can guide information selection, but strug-

gles when the signal-to-noise distinction is purely artificial
(see Section G for further analysis).

6. GKA on Image Classification
SSMs have gained popularity in vision tasks [24, 37, 77].
Here, we investigate GKA as a viable alternative to other
SSMs for vision problems. Specifically, we consider the
ImageNet classification task [12] and MambaVision [24], a
state-of-the-art Hybrid Mamba-Transformer vision model
which modifies the vanilla Mamba layer with (non-causal)
convolution operations and a symmetric non-SSM branch,
resulting in about 2% improvement [24, Table 4]. We in-
troduce our variant, GKAVision, obtained by replacing the
MambaVisionMixer blocks in MambaVision with our GKA
layer. More details are provided in Section N. Our results
in Table 3, show that GKAVision outperforms MambaVi-
sion while closing the gap with a pure vision Transformer
(NextViT-S [34]) at 33% higher throughput. We did not im-
plement any vision-specific changes to GKA, which might
result in further gains. We conclude the paper in Section B.

Table 3. GKAVision outperforms MambaVision on ImageNet
classification (averaged over 5 seeds). Model sizes are ⇡31.8M.
Throughput is measured on 8 H200 GPUs with a batch size of 256.

Model Top-1 Accuracy (%) " Throughput (K img/s) "

MambaVision-T 81.18 16.25
GKAVision-T 81.27 13.72
NextViT-S 81.99 10.32
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