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ABSTRACT
Structured prediction, where outcomes have a precedence order,
lies at the heart of machine learning for information retrieval, movie
recommendation, product review prediction, and digital advertising.
Ordinal ranking, in particular, assumes that the structured response
has a linear ranked order. Due to the extensive applicability of these
models, substantial research has been devoted to understanding
them, as well as developing e�cient training techniques. One popu-
lar and widely cited technique of training ordinal ranking models is
to exploit the linear precedence order and systematically reduce it to
a binary classi�cation problem. This facilitates the usage of readily
available, powerful binary classi�ers, but necessitates an expansion
of the original training data, where the training data increases by
K � 1 times of its original size, with K being the number of ordinal
classes. Due to prevalent nature of problems with large number
of ordered classes, the reduction leads to datasets which are too
large to train on single machines. While approximation methods
like stochastic gradient descent are typically applied here, we inves-
tigate exact optimization solutions that can scale. In this paper, we
present a divide-and-conquer (DC) algorithm, which divides large
scale binary classi�cation data into a cluster of machines and trains
logistic models in parallel, and combines them at the end of the
training phase to create a single binary classi�er, which can then be
used as an ordinal ranker. It requires no synchronization between
the parallel learning algorithms during the training period, which
makes training on large datasets feasible and e�cient. We prove
consistency and asymptotic normality property of the learned mod-
els using our proposed algorithm. We provide empirical evidence,
on various ordinal datasets, of improved estimation and prediction
performance of the model learnt using our algorithm, over several
standard divide-and-conquer algorithms.
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1 INTRODUCTION
Structured prediction involves predicting structured objects, rather
than scalar discrete or real values. One of the earliest structured
prediction problem consists of ordinal labeled data, that is, scalar
outcomes which have a ranked order. Learning to rank ordinal
outcomes has proven e�ective in search-based advertising, web
search, ratings, and other applications where outcomes are both
categorical and ordered in nature [1, 3, 4, 8, 13, 14, 17, 22].

Recognizing that nearly all ordinal regression algorithms are
built upon binary classi�cation algorithm, we seek an e�cient
ordinal approach to use as a black box for our proposed binary
classi�cation algorithm [2, 6, 7, 12, 19, 23, 26]. We use the technique
discussed in [15] in which the authors reduce ordinal regression to
multiple binary classi�cation problems and then solve them jointly
as a single binary classi�er. A simple step is then used to convert
the binary outputs to an ordinal rank, which also leads to an imme-
diate generalization analysis. The main advantages of the proposed
scheme is that reduction technique is e�cient and only one binary
classi�er needs to be trained on the expanded classi�cation data;
see for example, applications in online advertising [1, 3].

This well-known reduction technique introduces a scalability
challenge. Reducing ordinal regression to binary classi�cation ex-
pands the instance space by K � 1 times of its original size, where
K is the number of ordinal outcomes. In the modern era of extreme
class problems, where large number of ordered classes is preva-
lent, the reduction leads to datasets which are too large to train on
single machines. Applying this reduction to large-scale modeling
problems such as search-based advertising or web search, makes
training binary classi�cation models harder. This motivates us to
investigate large scale binary classi�cation training algorithms.

The problems outlined above for ordinal regression falls under
the “Big Data" regime. Big Data has led to approximation algorithms
to cope with data so “big" in dimensions or, as in our case, training
instances, that it cannot �t into main memory on a single machine.
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Algorithms handle big data by relying on distributed hardware ar-
chitectures and approximate optimizationmethods [9, 21, 24, 25, 30].
By distributing computation across a large cluster of machines with
increasingly cheap SSD storage and mini-batch computation frame-
works such as GPUs, they are able to run multiple passes over the
data to eventually arrive at an appoximately close-enough solution.
Since these are approximations, they are not guaranteed to solve
for the ordinal regression problem. We observe anecdotally that
down-sampling, applying the reduction in [15], and then training
with a good in-memory batch method such as [11] leads to better
and more consistent performance despite the fact that there may
be information loss and weak theoretical results.

We seek a large scale exact solver for the convex binary clas-
si�cation optimization problem to use in ordinal regression. We
propose a divide-and-conquer strategy called the robust inverse
variance weighted average (RIVWA) that is ideally suited to ordi-
nal regression and, we believe other structured prediction problems.
It provides an exact solution to the binary classi�cation problem,
scales to large problems, and involves only a single pass over the
data. Solving the problem exactly means that we can obtain ordinal
regression models using the reduction described in [15].

We list our contributions below:

• We �rst outline the reduction step to convert ordinal data to
binary data, and the conversion of the trained binary classi�er
into an ordinal ranker. We then propose a method to divide large
binary classi�cation dataset into chunks, train individual reg-
ularized logistic classi�ers on the blocks of data, and combine
the classi�ers in an e�cient way to get single binary classi�er.
Our method requires no synchronization between learning al-
gorithms on the data blocks and thus, the learning algorithms
can run in parallel, on distributed data frameworks like Hadoop.
Moreover, our method is a single pass method, that is, the divi-
sion step and combinations step are executed only once, and do
not need to be repeated. We note that once the data is divided,
the actual training of classi�ers on individual blocks can mimic
any feature of training on the full dataset (assuming feasibility).
Thus, the blocks can be loaded from fast SSDs, trained on CPU
or fast GPU and use standard optimization algorithms, neural
networks etc.
• We prove that the model coe�cients from our method is con-
sistent with the true underlying parameter and asymptotically
normally distributed.
• We compare our model on multiple datasets (public and pro-
prietary), and show improvement in estimation and prediction
performance, as well as reduction in training time in some cases,
over several competing divide and conquer methods.

2 RELATEDWORK
Here, we give an overview of related work in divide-and-conquer
paradigm for �tting logistic classi�cation models. DC algorithms
for logistic classi�cation mainly refer to methods of partitioning the
full dataset intoM separate parts (splitting), obtaining coe�cient
estimates from each part, and combining theM sets of estimates to
get the �nal result (merging). A DC algorithm is more e�cient if no
synchronization is required between individual learning algorithms,
leading to true parallel learning. Although there are many relevant

work that studies DC algorithms from various perspectives, we
speci�cally emphasize the estimation consistency and asymptotic
normality properties of a DC estimator . Thus, we only include
variance dependent methods that we are aware of in the literature.

The most straightforward DC method is to take the simple aver-
age (SA) of the estimates as:

SA: �̂ = 1
M
PM
m=1 �̂m

where �̂m is the logistic classi�er coe�cient estimate from them-th
data partition. This method has been studied by others and shown
to produce high variance in the combined estimator [18, 30].

Another popular DC method that has been studied extensively
under the topic of meta-analysis [27] is to take the inverse variance
weighted average (IVWA) of the separate estimates as

IVWA: �̂ = (
PM
m=1 �̂

�1
m )�1

PM
m=1 �̂

�1
m �̂m

where �̂m is the estimated variance-covariance matrix of �̂m . For
logistic regression, �̂m = {X>mVm (�̂m )Xm }�1, where Xm is the
m-th block feature matrix, and Vm (� ) is a diagonal matrix with
diagonal element �m (� )i,i = � ((X>m� )i ){1 � � ((X>m� )i )}, where
� (x ) = 1/(1 + e�x ) is the sigmoid function. This estimator guar-
antees theoretical e�ciency in the sense that the DC estimator
can achieve the smallest variance possible, which is the variance
achieved by the benchmark of directly training on the full data.
However, because of over�tting issue, due to lack of regularization,
the empirical results usually show larger variance (and hence worse
performance) than the benchmark. Although for ordinal regression
there are many established methods (for example [16]) that can be
used as baseline, we speci�cally choose to compare with the full
data maximum likelihood estimator since we are interested in not
only the prediction, but also the e�ciency for inference.

To enforce sparsity, a majority voting (MV) method was pro-
posed to select the most frequently identi�ed features from lasso re-
gressions across all data divisions [5]. This method returns nonzero
weights only for features that are identi�ed by lasso regression
across a majority of data parts, and lets the rest be zero. The combi-
nation step takes the form

MV: �̂ = A(
PM
m=1A

>�̂�1m A)�1
PM
m=1A

>�̂�1m AA

>
�̂m

where A is a column-wise slicing of an identify matrix ID , selecting
columns {j : PM

m=1 1[�̂m, j , 0] > �} for some voting threshold� (D
is the feature dimension). Here, �̂m are lasso regularized estimates
obtained from each data blockm, unlike in SA and IVWAmethods,
where the estimates are not regularized. Due to the sparseness of �̂m ,
this method is numerically robust. However, it requires tuning of
two parameters, the lasso regularization parameter and the voting
threshold � . Additionally, the combined estimator �̂ is biased due
to the biasedness of �̂m ,m = 1, . . . ,M .

As aforementioned, a major challenge for regularized estimators
is that they are biased. Thus the combined estimate often lack
theoretical guarantees in terms of consistency. Previous work has
been done using the bootstrap subsampling idea [10] to estimate
and correct the bias of DC estimators [30]. However, in this paper,
we derive the closed-form expression of the bias of `1 regularized
logistic regression, and directly correct the bias within each data
part before combining the results. The importance of correcting



for bias will be highlighted in the section discussing the theoretical
merits of our method.

3 ORDINAL TO BINARY CLASSIFICATION
REDUCTION

We outline the critical points of the method of reduction from ordi-
nal ranking to binary classi�cation given by a previous work [15].
Ordinal outcomes naturally inspire a binary classi�cation approach
for training models. As an example, consider the satisfaction level
of a user for a product, with �ve possible levels. By asking the
question “is the satisfaction level for the user greater than level k",
one can get a binary classi�cation problem for a �xed k , since the
answer would be yes or no (1 or 0). By varying k = 1, 2, 3, 4, for
each user, one can get 4 di�erent binary classi�cation problems.
The approach then reduces to a question of how the classi�ca-
tion models be trained and combined to obtain an ordinal ranking
model. The main advantage of reducing ordinal ranking problem
into binary classi�cation problem is that it facilitates the usage of
well-tuned binary classi�ers available with standard libraries. We
focus on logistic loss as the classi�cation objective function since
our theoretical results are derived for the same.

For a binary logistic regression, with instance x 2 RD and label
� 2 {0, 1}, the binary classi�er f (x ) to be learnt is parameterized by
� 2 RD , i.e., f (x ) = x

>
� . The loss (or the negative log likelihood)

function of a training dataset is
PN
i=1

(
log
⇣
1 + ef (xi )

⌘
� �i f (xi )

)
(1)

where N is the training sample size, and the estimated coe�cient
vector �̂ is the minimizer to (1).

A K class ordinal ranking problem is de�ned by an instance x 2
X ✓ RD and label � 2 Y = {1, 2, . . . ,K }, where 1  2  . . .  K .
The objective is to learn a ranking rule r : X 7! Y , which will
minimize a weighted point-wise loss function with weights de�ned
by some costC�,r (x ) . Each instance and label pair (xi ,�i ) is reduced
to a binary classi�cation pair (along with introduction of a weight)
by the following technique:

x

k
i =(x

>
i , e
>
k )
> 2 RD+K�1,

�

k
i =1[k < �],

w

k
i =|C�i ,k �C�i ,k+1 |,

(2)

for k = 1, . . . ,K�1, whereC�,k is the cost for assigning an outcome
of k when the actually value is �, and ek is the standard basis vector
in dimension K � 1. As a result, the original sample size expands
from N to (K � 1)N . Then, a logistic classi�er f (·) can be trained
on the expanded training set by minimizing the new loss function

PN
i=1
PK�1
k=1 w

k
i

⇢
log
✓
1 + ef (x

k
i )
◆
� �ki f (xki )

�
. (3)

This can be viewed as the loss (negative log likelihood) of a training
datawith sample size Ñ = (K�1)N , feature dimension D̃ = D+K�1,
and sample weights speci�ed bywk

i . The solution to (3) would lead
to a classi�er f (·) of the form f (·) = (�(·),b1,b2, . . . ,bK�1), where
� is de�ned by a parameter vector � 2 RD ( �(x ) = x

>
� 7! R) and

{b1, . . . ,bK�1} are bias terms. Thus, f (·) can be represented as a
linear function with parameter � 2 RD̃ as � = [� ,b1, . . . ,bK�1]>,
with f (xk ) = x

k>
� = x

>
� + bk . The authors guaranteed (Thm.2,

[15]) when C�,r (x ) is convex, the bias terms are rank monotone
such that b1 � b2 � · · · � bK�1, therefore f (x1) � f (x2) � · · · �
f (xK�1). This justi�es the ranking rule of predicting the ordinal
class of a new instance x⇤ 2 RD by

r (x⇤) = 1 +
PK�1
k=1 1[f (xk⇤ ) > 0]. (4)

In this paper, we consider the convex absolute loss C�,r (x ) =
|� � r (x ) | in the reduction to binary classi�cation to ensure the
biases to be rank monotone as described by the authors. As a result,
w

k
i = 1 for all i,k .

4 DIVIDE AND CONQUER ALGORITHM FOR
LARGE SCALE LOGISTIC CLASSIFICATION

The critical part of the reduction technique is the expansion of the
training set, as evidenced in (2). The training set increases by K � 1
times its original size. Even for moderately large datasets, such ex-
pansions can lead to greater computational burden. It might become
impossible to store the expanded dataset in a single machine, or at
least, load it into the main memory, which would lead to substantial
increase in training time.A natural technique might be to partition
the full training dataset and learn a classi�er coe�cient on the
individual parts and somehow combine the coe�cients to get a
�nal, global coe�cient. However, each part may have insu�cient
sample size to yield a stable coe�cient estimate due to over�tting.
Additionally, regularized methods that prevent over�tting usually
give biased estimates such that the combined estimate is also biased.
In this section, we propose the robust inverse variance weighted
average (RIVWA) method to address these challenges.

First, we divide the full ordinal data intoM parts. For ease of expo-
sition, we assume data is divided equally, with each part containing
n = N /M of the original training set (Note that the algorithm can
handle data parts that are not equally sized; smaller parts will have
smaller inverse variance weights; thus smaller contribution to the
�nal result. The equal division is for technical convenience). We
assume that the feature dimension D is �xed so that coe�cient es-
timates from separate parts can be combined. We advise to choose
M not too large to ensure n > D, and M not too small to ensure
bene�ting from DC.

Let (Ym ,Xm ) denote the m-th part after the expansion by (2),
with instance space dimension being ñ = (K � 1)n and feature
space dimension being D̃ = D + K � 1. Thus Xm is an ñ ⇥ D̃

matrix where each row is an expanded instance x

k
i , i.e., Xm =

[x1m,1, . . . ,x
K�1
m,1 , . . . ,x

1
m,n , . . . ,x

K�1
m,n ]>, andYm is a vector of length

ñ, i.e., Ym = [�1m,1, . . . ,�
K�1
m,1 , . . . ,�

1
m,n , . . . ,�

K�1
m,n ]>.

For convenience of representation, we use iterator l = 1, . . . , ñ to
iterate through Xm and Ym . For each of the data block, we consider
the `1 regularized logistic regression [29] which employs the lasso
penalty on the loss function to learn the coe�cient vector � :

�̂m = argmin� 2RD̃ {
1
ñ
Pñ
l=1

(
log
⇣
1 + exm,l

>�
⌘
� �m,lxm,l

>
�

)
+� | |� | |1},
(5)

where | | · | |1 is the `1 norm and � is the penalty factor. From (5),
we get a sparse estimate of regression coe�cients �̂m for them-th
block. In our experiments, we use the Python library sklearn with
the liblinear solver to obtain �̂m [11].



Next, we obtain the robust inverse variance by

�̂�1m (�̂m ) = X

>
mVm (�̂m )Xm , (6)

where Vm (�̂m ) is an ñ ⇥ ñ diagonal matrix with diagonal elements
�l,l = � (x>m,l �̂m ) (1 � � (x>m,l �̂m )), l = 1, . . . , ñ.

The de-biased coe�cient vector is obtained by

�̂

c
m = �̂m + �̂m (�̂m )X>m (Ym � Ŷm ), (7)

where Ŷm = [�̂m,1, . . . , �̂m,ñ]> with �̂m,l = � (x>m,l �̂m ), l = 1, . . . , ñ.
The de-biased coe�cient vector �̂cm is an approximation to the co-
e�cient estimated when � = 0. Eq. (7) provides a convenient way
to quickly compute �̂cm instead of solving (5) again at � = 0. We
obtain �̂

c
m and �̂�1m (�̂m ) for each of the data part,m = 1, . . . ,M , in

parallel. Finally, we get the combined RIVWA estimate:

�̂ =
(PM

m=1 �̂
�1
m (�̂m )

)�1 (PM
m=1 �̂

�1
m (�̂m )�̂cm

)
. (8)

Note that when estimating the inverse variance weights, we
plug in the sparse regularized estimates �̂m to avoid over�tting
and ensure numerical robustness of {�̂m }Mm=1. The computation of
�̂m is mainly for the purpose of stabilizing the robust inverse vari-
ances. However, the average is taken across the de-biased estimates
{�̂cm }Mm=1 to ensure unbiasedness and consistency of �̂ . Eq. (7) gives
a direct and simple way to use the penalized �̂m to compute the
unpenalized counterpart �̂cm when � = 0.

In contrast, the classic inverse variance weighted average (IVWA)
(see related work section) uses the unregularized coe�cient esti-
mates in calculation of the inverse variance weights, which often
leads to over�tting in individual data parts, resulting in predicted
class probabilities being very close to the boundary (i.e., 0 or 1).

5 THEORETICAL RESULTS
In this section, we provide the consistency and asymptotic normal-
ity properties of the RIVWA estimator �̂ in (8). First, we establish the
asymptotic properties of the de-biased estimators {�̂cm }Mm=1 from
individual parts to show that the bias correction recovers the loss of
asymptotic due to regularization. Then, we show that the combined
estimator �̂ achieves asymptotic normality with the most e�cient
variance. Let �0 be the unknown true underlying coe�cient, which
is the limiting value of the benchmark coe�cient �̂BM (obtained
from training on the entire, undivided dataset), as Ñ ! 1.

T������ 5.1. Under conditions listed in the Appendix, for the

m-th block, �̂cm in (7) is consistent, i.e., �̂cm
p
! �0, and asymptoti-

cally normally distributed, i.e.,
p
ñ(�̂cm ��0)

d! N (0, �m (�0)), where
��1m (�0) = X

>
mVm (�0)Xm .

T������ 5.2. Under the same conditions in Theorem 5.1, the com-
bined estimator �̂ in (8) has the same consistentency and asymptot-

ically normality property as �̂BM , i.e., �̂
p
! �0 and

p
Ñ (�̂ � �0)

d!
N (0, �(�0)), with ��1 (�0) =

PM
m=1 �

�1
m (�0).

Theorem 5.1 states that the de-biased estimator (7) regains the
asymptotic normality lost due to regularization of the likelihood.
Theorem 5.2 establishes that the loss of e�ciency due to lack of
communication between data parts is ignorable in an asymptotic
sense. The proofs we provide are motivated from a recent work

on divide-and-conquer in generalized linear models [28]. Here we
speci�cally focus on the logistic model, and also show that the
parameters due to data expansion enjoy the same properties, which
is crucial to outcome prediction and other applications in ordinal
ranking. In addition, using results from Theorem 5.2, we can con-
duct statistical tests on the bias terms b1, . . . ,bK�1 to compare the
mean expected probabilities of di�erent outcome levels.

6 EMPIRICAL RESULTS
In this section, we present results of extensive experiments on
public and a proprietary ordinal dataset and a public classi�cation
dataset. The datasets span the domain of insurance industry, digital
advertising, e-commerce and movie rating. Speci�cally, we compare
our method with the benchmark and state-of-the-art DC methods.

6.1 Summary of Methods
We compare the following methods (citations, wherever required,
are provided in related work section):

• Single memory training on full data with batch gradient de-
scent method (benchmark method - BM)- the benchmark method
trains a logistic classi�er on the full dataset, by solving Eq. 1,
[11].
• Single memory training on sub-sampled data with batch gradient
descent method (50% subsampling- BM 50%)- this is same as the
benchmark method, except that 50% of the data is randomly
subsampled
• Single memory training on sub-sampled data with batch gradient
descent method (20% subsampling- BM 20%)- same as above, with
even more aggressive subsampling
• Single memory training on full data with follow-the-regularized-
leader method (FTRL) [20];
• Singlememory trainingwithmini-batch gradient descentmethod
(MBGD);
• DC with simple average (SA) [18, 30];
• DC with inverse variance weighted average (IVWA) [27];
• DC with majority voting (MV) [5];
• DC with robust inverse variance weighted average and bias
correction (RIVWA), our proposed method.

Important points about the competing methods: BM (full and sub-
sampled versions) and FTRL requires in-memory access to the full
training data. MBGD, while ideally suited whenwe have in-memory
access to full data, can be executed by reading mini-batches from
secondary storage (as we have done). FTRL and MBGD are stochas-
tic methods, that requires synchronization and data access at every
iteration; thus they cannot be parallelized without paying extensive
overhead charge. For FTRL, we iterate through all instances; for
MBGD, we let the mini-batches to be 1/100 of the full training data.
BM does not involve regularization, as it will not have the limiting
distribution as shown in Theorem 5.2. Moreover, FTRL represents
the regularized version of single memory, non-divided training
method. All our experiments were conducted on machines with
SSD for fast data reading and writing, but we did not involve GPUs
due to facility limitation.



Table 1: Result on Prudential insurance dataset. Number of divisionsM = 100 for DCmethods. d1: absolute di�erences between
coe�cient estimates of other methods and the benchmark; d2: squared di�erences between coe�cient estimates of other
methods and the benchmark; change in abs_loss with respect to benchmark (%): the relative percentage change in absolute
prediction loss with respect to benchmark (the smaller the better); time: computation time in seconds. Results are averaged
across 10 repeated experiments and reported as mean ± sd. Best results are highlighted in bold.

Change in abs_loss Time
Methods d1 (�̂ , �̂BM ) d2 (�̂ , �̂BM ) w.r.t BM (%) (sec)
Single memory
BM 0.00 0.00 0.00 63.3 ± 1.9
BM 50% 2.68 ± 0.37 0.16 ± 0.07 0.49 ± 0.21 22.7 ± 0.6
BM 20% 5.82 ± 1.00 0.79 ± 0.66 2.14 ± 0.64 6.4 ± 0.3
FTRL 5.56 ± 0.21 0.51 ± 0.03 1.72 ± 0.40 109.8 ± 1.0
MBGD 4.63 ± 0.29 0.32 ± 0.04 0.64 ± 0.18 117.3 ± 20.2
DC withM = 100
SA 11.45 ± 0.78 2.09 ± 0.29 1.23 ± 0.51 1.0 ± 0.1
IVWA 4.24 ± 0.19 0.33 ± 0.02 0.88 ± 0.15 1.0 ± 0.1
MV 4.23 ± 0.15 0.38 ± 0.01 0.72 ± 0.18 1.7 ± 0.4
RIVWA 1.60 ± 0.06 0.05 ± 0.002 0.29 ± 0.14 0.4 ± 0.1

6.2 Performance Evaluation
For performance evaluation, we report the following metrics: 1)
absolute di�erence d1 of an estimated coe�cient �̂ to that of the
benchmark �̂BM :

d1 (�̂ , �̂BM ) = | |�̂ � �̂BM | |1

2) squared di�erence d2 of an estimated coe�cient �̂ to that of the
benchmark �̂BM :

d2 (�̂ , �̂BM ) = | |�̂ � �̂BM | |22

3) absolute prediction loss of an estimated �̂ evaluated on the testing
set, de�ned by

abs_loss(Ytest , �̂ ) =
1
n

nX

i=1
C�i ,�̂i (�̂ )

=
1
n

nX

i=1
|�i � �̂i (�̂ ) |,

where �i is the true ordinal label of the i-th instance in Ytest and
�̂i (�̂ ) = 1 +

PK�1
k=1 1[xk>i �̂ > 0] is its predicted label given �̂ (this

boils down to 0 � 1 loss for binary classi�cation) and
4) computation time in seconds, including the time used to read
data from divided parts. Time of DC methods is calculated by the
maximum time across all parallel procedures plus time used to
combine the results. We also compare the above metrics at di�erent
choices ofM .

Tuning parameters are selected to maximize the absolute pre-
diction loss on the validation set such that for tuning parameter(s)
� 2 L, we select �⇤ such that

�

⇤ = argmin
�2L

abs_loss(Y�alid , �̂� )

where �̂� is the coe�cient vector obtained at tuning value �. We
use a grid search for � 2 {10�4, 10�3, . . . , 103}.

6.3 Prudential Life Insurance Data
The Prudential dataset 1 is publicly available with an 8-level ordinal
outcome of interest related to some undisclosed decision associated
with an application in Prudential Financial, Inc. The dataset contains
59,381 labeled instances and has 144 features. We randomly split
the dataset into 60% for training, 10% for validation, and 30% for
testing.

Table 1 shows extensive experiment results comparing di�erent
methods. Results are averaged from 10 repetitions of the experiment.
Our proposed RIVWA method produces the closest coe�cient esti-
mates to the benchmark in terms of d1 and d2, and achieves good
prediction performance in terms of abs_loss(Ytest , �̂ ). Additionally,
our computational time is less than 1/100 that of BM, and similar
to other DC methods. Figure 1 shows the change in d1, d2, abs_loss
and time at di�erent values ofM . We can see that performance of
RIVWA remains stable against di�erent choices ofM whereas other
DC methods show worse performance asM increases, especially
for SA and IVWA. The computation time for batch and stochastic
methods usually don’t scale well for large data, thus is not shown
in Figure 1(d). DC methods only require one pass of the entire data,
thus are much faster than the iterative methods. The time of DC
methods usually depends on the number of parallel jobs. In this
case, given N �xed, the computation time in general has a decreas-
ing trend asM increases, assumingM parallel jobs can be executed
all at once. It is also interesting to note that whenM is small, the
performance of di�erent DC methods are very similar, because the
sample size in each data division is large enough to provide good
estimates. An extreme case is whenM = 1, where all DC methods
perform as similar as BM.

6.4 Additional Data Experiments
6.4.1 MovieLens Data . This is a popular public movie rating

dataset 2 containing 20, 000, 263 movie ratings by 138, 493 users of
1Prudential Financial insurance data source https://www.kaggle.com/c/
prudential-life-insurance-assessment
2MovieLens movie rating data source https://grouplens.org/datasets/movielens/20m/

https://www.kaggle.com/c/prudential-life-insurance-assessment
https://www.kaggle.com/c/prudential-life-insurance-assessment
https://grouplens.org/datasets/movielens/20m/


(a) Absolute distance from BM, d1 (b) Squared distance from BM, d2

(c) Percentage change in absolute prediction loss, abs_loss(Ytest , �̂ ), with
respect to BM

(d) Computation time in seconds

Figure 1: Performance of di�erentmethods on the Prudential insurance dataset atM = 20, 40, 60, 80, 100 for DCmethods. Results
are averaged across 10 repeated experiments. Metrics d1, d2 and abs_loss of BM is not a�ected by the choice ofM . Computation
time for BM is not displayed because it is much larger in scale as shown in Table 1.

(a) M = 200 (b) M = 1000

Figure 2: Area under curves results of Criteo dataset across multiple DC methods in comparison to BM.



Table 2: Result on the MovieLens movie rating dataset, Criteo conversion dataset, and an E-commerce advertising funnel
dataset. Smaller the d1 (�̂ , �̂BM ), d2 (�̂ , �̂BM ) and percentage change in abs_loss, the better. Larger the AUC, the better. AUC is only
available for the Criteo dataset because it has binary (two level) outcomes. Best results are highlighted in bold.

Change in abs_loss Time
Methods d1 (�̂ , �̂BM ) d2 (�̂ , �̂BM ) w.r.t. BM (%) AUC (sec)
MovieLens
BM 0.00 0.00 0.00 — 953.2

DC withM = 1000
SA 976.5 3245.64 7.21 — 11.1
IVWA 89.22 22.17 3.12 — 11.6
MV 79.59 17.07 -0.02 — 0.8
RIVWA 8.40 0.47 0.04 — 1.7

Criteo
BM 0.00 0.00 0.00 0.81 71.1

DC withM = 200
SA 61.00 8.40 0.31 0.81 0.7
IVWA 40.30 3.13 0.19 0.81 1.0
MV 36.34 2.61 0.19 0.81 3.6
RIVWA 19.60 0.72 0.14 0.81 2.4

DC withM = 1000
SA 2850.43 15755.89 0.95 0.80 0.6
IVWA 172.53 53.08 35.55 0.70 1.1
MV 180.84 61.38 25.42 0.71 0.1
RIVWA 46.30 4.76 -0.15 0.81 1.2

E-commerce
BM 0.00 0.00 0.00 — 635.4

DC withM = 1000
SA 746.08 1979.43 -12.44 — 1.3
IVWA 73.71 36.18 199.76 — 1.8
MV 108.11 29.01 -18.96 — 1.0
RIVWA 79.09 29.75 -27.47 — 1.4

SkillCraft
BM 0.00 0.00 0.00 — 3.5

M=10
SA 4530.56 220837.20 50.75 — 7.6
IVWA 90.75 91.35 38.56 — 7.1
MV 69.36 60.41 -3.61 — 0.1
RIVWA 20.66 5.01 -0.75 — 0.2

27, 278 movies from 1995 – 2015. We use the following features for
modeling: user Id, movie Id, rate year, movie year, genre categories,
user tags and genome tags with relevance above 0.8.

Di�erent from the Prudential dataset where the feature space
dimension is �xed and small; the total number of features in this
example is much larger than N and highly sparse. In order to esti-
mate the variance of coe�cients, we apply the hashing trick so that
the features are reduced to a space of �xed dimension, which we �x
at 210 = 1, 024. Note that having a �xed feature space with lower
dimension is critical for all types of inverse variance weighted meth-
ods, i.e., IVWA, MV and RIVWA, because they need to store the
inverse variance matrix from each data division, which is a D̃ ⇥ D̃
matrix. If D̃ grows with Ñ , the challenge in storing D̃⇥D̃ weighting
matrices compromises the scalability of these DC methods. There

are DC methods that avoid using inverse variance weighting, how-
ever, they cannot achieve the asymptotic properties as presented
in our theorems.

Each movie has a score from 0.5 to 5.0 with 0.5 increments (10
ordinal levels). We use a subsample of around 1 million instances
for our experiments, which expands to 9 million binary instances.
Similarly, we split the data as training, validation and testing set,
with 60% for training, 10% for validation, and 30% for testing. We
divide the training data into M = 1000 parts. Results are shown
in Table 2 where we report similar performance metrics as before
and compare between the di�erent types of DC methods and the
benchmark. We do not show other single memory methods besides
BM because they require much longer training time and generally
do not provide better performance than BM. From Table 2, we can
see that both RIVWA and MV have predictions very close to BM,
and RIVWA has the closest coe�cient estimate to BM.



6.4.2 Criteo Advertisement Data . While our paper is motivated
by an ordinal ranking ranking problem (because it naturally leads
to an expanded dataset), as we have mentioned at the beginning,
the DC technique we proposed is applicable to general logistic
regression for binary classi�cation. We apply this method to a
public advertisement dataset released by Criteo 3, which only has
two outcomes, conversion versus no conversion. The dataset has 15
million instances. Due to memory limit restriction when computing
BM, we randomly sampled N = 2, 120, 698 for training, 212, 070 for
validation and 848, 277 for testing. We bucketize the continuous
features into the nearest integer of their natural logged values. Then
we apply the same hashing trick and map all features into a size of
D = 1, 024. Model tuning parameters are selected to maximize the
AUC.

Table 2 shows results for BM and DC methods atM = 200 and
M = 1000. Since the result is binary, we report both AUC and abso-
lute prediction loss. WhenM = 200, the prediction performance is
very similar for all types of DC methods. However, whenM = 1000,
only RIVWA and SA preserves comparable performance as BM.
In all cases, RIVWA has the smallest deviation from BM in terms
of coe�cient estimation. Figure 2 shows the ROC curves of the
di�erent methods atM = 200 andM = 1000. Our proposed RIVWA
method achieves identical performance in prediction as that of BM
in both cases.

6.4.3 E-commerce Advertisement Data. This dataset records on-
line advertisement from amajor internet based business. The dataset
consists of 3 ordinal levels: an ad impression on a publisher website
which did not lead to a click (k = 1), an ad impression which led
to a click but did not lead to any product purchase (k = 2) and an
ad impression which led to a click followed by a product purchase
(k = 3). Naturally, a purchase is valued more than a click, which is
valued more than an impression which did not lead to a click (thus,
a natural ordinal ranking is induced).

For training, we collected the impression, click and purchase
data over a period of 1 week (with 2 day click attribution and 7 day
purchase attribution). We took a single day’s data for validation
and another day’s data for testing. The number of instances and
features are in the millions and we apply the same hashing trick
to project the original feature space into a �xed dimensional space.
The training data are randomly divided intoM = 1000 parts.

Table 2 shows results of di�erent DC methods as well as the
benchmark. We can see that RIVWA has the best prediction accu-
racy in terms of absolute prediction loss, and its estimate is close
to that of benchmark. Although IVWA yields similar performance
in terms of d1 and d2 to ours, it has a much larger prediction loss.

3Criteo advertisement conversion data source http://research.criteo.com/
criteo-releases-�rst-public-dataset-conversion-logs/

6.4.4 SkillCra� Data. SkillCraft is a dataset 4 for users gaming
league rank prediction. The objective of this data is to predict the
league of each player using some features related to gaming behav-
iors. Including all two way interactions, we have 152 total number
of features and 3395 instances. Because the data size is small, we
report results forM = 10 in Table 2. Again, we do a train-validation-
testing split according to the ratios 60% : 10% : 30%.

7 DISCUSSION
RIVWA places heavy theoretical emphasis on coe�cient estimation
because many downstream analyses are dependent on the estima-
tion results, such as ranking prediction, calibration and estimation
of probabilities. In such cases, RIVWA is more superior than meth-
ods that purely focus on prediction. A limitation of our method,
as is for all variance-dependent DC methods, is that it requires
the feature space to be �xed in dimension. For feature space that
are not known in advance, an additional feature reduction step,
such as hashing or embedding, is needed to project the unknown
dimensional space into a �xed and lower dimensional feature space.

In the application examples considered in this paper, the num-
bers of unique class labels are small. Indeed, it is of great interest to
extend the setting of classic multi-label ordinal/multinomial classi-
�cation considered in this paper to the case where the number of
labels K could reach hundres, thousands or even more. In principle,
K being large will not compromise the computational e�ciency of
our divide-and-conquer algorithm because the number of data parts
M can also increase to accomodate the large scale data expansion.
However, challenges may arise pertaining to the issue of rare and
unbalanced labels. For example, some data parts might not contain
training samples from some of the rare classes, resulting in some pa-
rameters to be unidenti�able. Although a quick-and-dirty approach
can be to bin the rare class labels into larger classes in the divided
training steps, and then train another classi�er for the binned rare
labels on the combined dataset, a more systematic way for such
extreme multi-label classi�cation problem is worth exploring in
future works under the divide-and-conquer framework.

4SkillCraft gaming data source http://archive.ics.uci.edu/ml/datasets/skillcraft1+
master+table+dataset

http://research.criteo.com/criteo-releases-first-public-dataset-conversion-logs/
http://research.criteo.com/criteo-releases-first-public-dataset-conversion-logs/
http://archive.ics.uci.edu/ml/datasets/skillcraft1+master+table+dataset
http://archive.ics.uci.edu/ml/datasets/skillcraft1+master+table+dataset
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