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Abstract

Off-policy evaluation can leverage logged data to
estimate the effectiveness of new policies in e-
commerce, search engines, media streaming ser-
vices, or automatic diagnostic tools in healthcare.
However, the performance of baseline off-policy
estimators like IPS deteriorates when the logging
policy significantly differs from the evaluation
policy. Recent work proposes sharing informa-
tion across similar actions to mitigate this prob-
lem. In this work, we propose an alternative esti-
mator that shares information across similar con-
texts using clustering. We study the theoretical
properties of the proposed estimator, character-
izing its bias and variance under different con-
ditions. We also compare the performance of
the proposed estimator and existing approaches
in various synthetic problems, as well as a real-
world recommendation dataset. Our experimen-
tal results confirm that clustering contexts im-
proves estimation accuracy, especially in defi-
cient information settings. '

1 INTRODUCTION

The contextual bandit process models many real-world
problems across industry and research, including health-
care, finance, and recommendation systems (Bouneffouf,
Rish, and Aggarwal, 2020). In this setting, an agent ob-
serves a context, chooses an action according to a pol-
icy, and observes a reward. Off-policy evaluation (OPE)
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methods aim to estimate the effectiveness of a policy with-
out empirically testing it, which can be particularly useful
when A/B tests are costly, or if there is an inherent risk as-
sociated with poor policy performance, as is often the case
in healthcare (Bastani and Bayati, 2019). Existing OPE
methods can be broadly divided into parametric methods
based on the direct method (DM), non-parametric methods
based on inverse propensity score weighting (IPS, Horvitz
and Thompson, 1952), and a combination of the two, such
as the doubly robust method (DR, Dudik, Langford, and Li,
2011). When every action with non-zero probability under
the evaluation policy also has a non-zero probability un-
der the logging policy, IPS is unbiased. This condition is
rarely satisfied in real-world problems, however, so IPS is
typically biased in practice, especially for actions that vio-
late the condition, or have close-to-zero probabilities in the
logging policy (Sachdeva, Su, and Joachims, 2020; Dudik,
Langford, and Li, 2011; Saito and Joachims, 2022).

Recently proposed Marginalized Inverse Propensity Score
estimator (MIPS, Saito and Joachims, 2022) improves upon
IPS in large action spaces by pooling information across
action embeddings. At the same time, MIPS suffers from
the same problem as IPS for contexts in which a signifi-
cant proportion of actions have low probability under the
logging policy. In this case, MIPS lacks information about
the actions to accurately estimate the importance weights,
resulting in additional bias. In our work, we hypothesize
that closeness at the context level should translate into sim-
ilar behaviour for actions and rewards (for example, two
movies of the same franchise in a recommendation sys-
tem). Based on this hypothesis, we propose an estima-
tor that clusters the context space, and pools information
across all the contexts within a cluster. Informally, the pro-
posed method solves the problem of deficient action infor-
mation for a particular context by leveraging the informa-
tion from all other contexts within the same cluster.

We define and analyze the theoretical bandit setup with
context clusters in Section 3, which leads to the formal
derivation of the CHIPS estimator, for which we analyze
bias and variance. In section 4, we compare the estima-
tor’s performance to the baselines on several synthetic and
real-world datasets, verifying the theoretical findings, and
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demonstrating its effectiveness. Finally section 5 explores
future lines of work and CHIPS’ limitations.

2 BACKGROUND ON OFF-POLICY
EVALUATION AND RELATED WORK

The off-policy evaluation problem (OPE) is usually framed
inside the general contextual bandit setup. Given an agent,
determined by the policy 7 : X x A — [0,1], the ban-
dit’s data generation process is defined as iterative logging
of the agent’s behavior when presented with different con-
texts. In each iteration, a context z € X € R% is drawn
iid. from an unknown probability distribution p(z) over
the context space, an action a ~ 7(a|z) is selected from a
finite action space A, and a bounded reward r € [0, Ryax]
is observed as a sample from an unknown conditional dis-
tribution p(r|a, ). The off-policy evaluation problem has
been extensively studied from both a theoretical (McNel-
lis et al., 2017; Saito et al., 2021; Dumitrascu, Feng, and
Engelhardt, 2018; Irpan et al., 2019; Wang, Agarwal, and
Dudik, 2017) and a practical point of view given its appli-
cations in fields such as recommendation systems (Li et al.,
2011; Bendada, Salha, and Bontempelli, 2020; Saito et al.,
2020) or healthcare (Varatharajah and Berry, 2022).

We measure the performance of a policy m through its
value, that we define as:

V(?T) = Ep(z)‘n’(a|z)p(r|a,w) [T] = Ep(w)ﬂ'(a|w) [Q(avx)] (D

Here q(a,z) = Ep(rla,z) [r] denotes the conditional ex-
pected reward given an action a and a context x.

In practice, we are interested in finding a policy maximiz-
ing the expected reward observed in the bandit process. A
vital part of this process is the off-policy evaluation prob-
lem, in which we estimate the value of a policy 7 given
a dataset D := {(w;,a;,7;)}¥, collected under a logging
policy o (i.e. D ~ [1Y, p(z)mo(alz)p(r|a,z)). We use
the mean squared error (MSE) to quantify how well the es-
timate V() approximates the real policy value V (r):

MSE(V) =Ep [(V(r) - V(m;D)?)]
= Bias (V(W; D))2 +Vp [V(W;'D)]

A wide variety of approaches have been proposed in the lit-
erature to estimate V' (7). From them, three can be distin-
guished for being commonly used as starting points for de-
veloping new estimators. The first one is the Direct Method
(DM), which tries to estimate g(a, x) directly from Equa-
tion (1):

. 1 X
VDM(TF;Da(j) = N Z Z (j(a7xi)
i=1lacA

The bias of DM depends on the accuracy of the §(a,z) ~
q(a,x) approximation, but the variance is usually lower

than in other approaches. Supervised learning in the DM’s
approach can be particularly useful when generalization of
an agent’s behaviour is needed due to limited information
in the logging data (Sachdeva, Su, and Joachims, 2020).
However, when the reward function has a high variance, or
the representation capacity is limited for the context-action
pairs in the evaluation policy domain, §(a,z) could fail
to accurately approximate g(a,z) (Farajtabar, Chow, and
Ghavamzadeh, 2018; Beygelzimer and Langford, 2009;
Kallus and Uehara, 2019). This problem, known as re-
ward misspecification, can be quite difficult to detect in
real-world examples (Farajtabar, Chow, and Ghavamzadeh,
2018; Voloshin et al., 2021), and is the reason why DM is
generally regarded as a highly biased estimator.

The second base approach is Inverse Propensity Scoring
(IPS, Horvitz and Thompson, 1952), which approximates
the policy value by reweighting the rewards to correct the
shift in action probabilities between the logging and evalu-
ation policies:

~ 1 N ™ (al|gcz) 1 N

Vies(m;D) = — ), ———51i= = ) wlai,xi)r;

N ; mo(agzi) N z;

As per this definition, the context-action pairs selected by
7 in which 7y (alz) = 0 could be problematic, which moti-
vates the following assumption:

Assumption 2.1. (Common Support) Given an evaluation
policy 7 and a logging policy g, the latest has common
support for 7 if

mo(alz) >0 VYaeAxeX : m(alz)>0

The IPS estimator is unbiased under Assumption 2.1. How-
ever, even when assumption 2.1 holds, IPS can present ex-
cessive variance due to the weights w(a;, x;) taking larger
values (Dudik, Langford, and Li, 2011; Saito and Joachims,
2022). This case is especially notable when my and 7
are significantly different or when trying to achieve uni-
versal support (mo(alz) > 0 Va € A,z € X) in large ac-
tion spaces (Saito and Joachims, 2022; Peng et al., 2023;
Saito et al., 2021). Controlling the scaling of the propen-
sity scores has motivated many approaches based on IPS,
using techniques such as weight clipping (Su et al., 2020;
Su, Srinath, and Krishnamurthy, 2020; Swaminathan and
Joachims, 2015a) and self normalization (Swaminathan
and Joachims, 2015b; Kuzborskij et al., 2020). The Dou-
bly Robust (DR) estimator combines DM and IPS, aiming
to obtain a low-bias, low-variance estimate:

Vor(7; D, ) = Vom(m; §)
1 N
TN Y w(ag, x;)(ri — G(ai, z;))

i=1
The DR estimator has been the cornerstone of multiple ap-
proaches that modify the base estimator to address prob-
lems such as low overlap between 7 and 7y (Wang, Agar-
wal, and Dudik, 2017; Metelli, Russo, and Restelli, 2021;
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Zhan et al., 2021; Guo et al., 2024), reward misspecifica-
tion (Farajtabar, Chow, and Ghavamzadeh, 2018), and lim-
ited samples in logging data (Su et al., 2020; Felicioni et al.,
2022). Unfortunately, the DR estimator can still inherit
the large variance problem from IPS, for example, when
dealing with large action spaces (Saito, Ren, and Joachims,
2023; Saito and Joachims, 2022; Shimizu and Forastiere,
2023; Sachdeva et al., 2023; Taufiq et al., 2023). The prob-
lem of dealing with large action spaces was recently stud-
ied, resulting in the Marginalized Inverse Propensity Scor-
ing (MIPS) (Saito and Joachims, 2022) estimator, in which
the authors pool information between similar actions given
some embedding representation e € £ c R? of them to ad-
dress deficient actions in the logging policy. For this pur-
pose, they introduce an IPS-based estimator marginalizing
the probability over the action space:

Z p(ei|zi,m)

n = 1p(€z | :Uzaﬂ—())

=ﬁ;w($i,€z‘)7’io )

Varps (3 D) =

i

Where p(e|z,n) = Y eap(elr,a)m(alz). The idea of
estimating deficient items’ behaviour by closely observed
ones inspired new approaches, like partitioning the ac-
tion space in clusters (Peng et al., 2023; Saito, Ren,
and Joachims, 2023), or an adaptive method for ranking
policies by optimizing user classification into given be-
havioural models and estimating independently for each
group (Kiyohara et al., 2023). The MR estimator (Tau-
fig et al., 2023) diverged from the action space transfor-
mations and proposed marginalization over the rewards
density through a regression estimate of the importance
weights:

VMR Ty D) = Zw(/rz)rz (3)

Where w(r) is defined as:

w(r) = fp+(r) :==argminE, [(w(a,x) - f¢(r))2]
f¢e{f¢:R—>R‘d)€@}

“

Motivated by these approaches, as well as the fact that es-
timating from similar actions or make a regression over re-
wards could prove challenging if a significant proportion of
these actions are missing for a given context, we propose
the Context-Huddling Inverse Propensity Score (CHIPS)
estimator that we introduce in the next section.

3 THE CHIPS ESTIMATOR

The CHIPS estimator is based on the idea of partitioning
the context space into clusters to extrapolate the behaviour
of an agent when presented with a previously unseen or un-
derrepresented context . The assumption needed for this

approximation to the OPE problem is that, given a policy,
all contexts belonging to a cluster ¢ should have a similar
probability of observing an action a and will observe sim-
ilar rewards when that action is chosen. Formally, we will
consider a finite partition of the context space as the cluster
space C := {C;} X, with C; ¢ X and ¢;nC; = @. We assume
that we are given a c € C for each context x € X', where we
assume that c is drawn i.i.d from an unknown distribution
p(clx). Thus, given a policy 7, we can compute its value
by refining Equation (1):

V() = Ep(a)p(cla)m(alz)p(rla,cz) [7]
= Ep(@)p(cla)m(ala) [4(a; ¢, ) ]. ®)

Where we denote q(a,c,x) = Ep(pjaca)[r] and it
is important to note that E,iz)x(ale) [¢(a,c,7)] =
Er(alz) [¢(a, )], and therefore the refinement is consistent
with Equation (1). Similar to the common support con-
dition in IPS, we formulate the following property as the
equivalent for the CHIPS estimator of Assumption 2.1.

Assumption 3.1. (Common Cluster Support) Given an
evaluation policy 7 and a logging policy 7y, the latest has
common cluster support for 7 if

p(ale,m0) >0 VaeAceC : plale,m) >0
Where we denote

p(a|c,7r)zL¢r(a|a:)p(x|c)dx

Assumption 3.1 is weaker than Assumption 2.1 since for a
given triplet (z,c¢,a) € X x C x A, the fact that 7o (alz) =
0, w(alx) > 0 does not ensure the same holds for every con-
text within c. The idea of a homogeneous behaviour for ev-
ery context inside a given cluster would make the CHIPS
estimator circumvent the bias increase when Assumption
2.1 is not met for the IPS estimator (if Assumption 3.1
holds). Regarding the reward, this concept is formalized
in the following assumption.

Assumption 3.2. (Reward Homogeneity) We say that we
observe reward homogeneity if the context x does not affect
on the reward r given some action a and some context ¢
(i.e., riz|c, a).

The reward homogeneity assumption eliminates the depen-
dency of the context on the reward when provided with the
cluster and the action. Note that complying with Assump-
tion 3.2 implies ¢(a,c,z) = q(a,c,y) = g(a,c), where
x,y € X, which together with Assumption 3.1 gives an al-
ternative expression for the policy value in the following
proposition:

Proposition 3.3. Given a policy «, if Assumptions 3.1 and
3.2 hold, then we have that

V(ﬂ—) = Ep(c)p(a\c,ﬂ) [Q(avc)] (6)

Please refer to Appendix A.1 for a complete proof.
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Considering the similarity of Equation (6) with the origi-
nal policy value definition (Equation (1)), Proposition 3.3
naturally motivates the analytical expression of the CHIPS
estimator:

1 & plailes, 7T)

Verps (3 D) = N Z il 7To)
i=1 i|Cis

N
Z (@i, ci)ri
i=1

3.1 Theoretical Analysis

First, we characterize the bias of the CHIPS estimator de-
pending on the compliance with Assumptions 3.1 and 3.2.

Proposition 3.4. Under the Common Cluster Assumption
(3.1) and the Cluster Homogeneity Assumption (3.2), the
CHIPS estimator is unbiased for any given policy 7:

Ep [VCHIPS(W; D)]=V(r)
Please refer to Appendix A.2 for a complete proof.

We note here that Proposition 3.4 implies that even when
the Common Support Assumption (2.1) fails to ensure the
unbiasedness of the IPS estimator, the CHIPS estimator
can still use the more permissive Common Cluster Sup-
port (3.1), and the Reward Homogeneity (3.2) Assumption
to ensure an unbiased estimate. Although Assumption 3.2
guarantees homogeneity at the reward level, a completely
homogeneous behaviour would also eliminate the context
dependency at the action level, implying a deterministic
policy given cluster, i.e. p(alc,7) = w(a|z) Yz € c¢. Both
homogeneity conditions present a desirable scenario for the
CHIPS estimator; however, they rarely occur when work-
ing in real-world data environments, which motivate the
following assumption as a relaxation of the action-context
independence:

Assumption 3.5. (5-Homogeneity) Given a policy w, we
say that the policy presents d-homogeneity if for any given
action a € A, and any given cluster ¢ € C, there exist
0rca<landdy ., >1such that:
m(alx
7_r,c,a < p(((l|C,73) < ;,c,a VeekX

It is worth noting that if p(ale,7) # 0V(x,c,a) € D
then it is always possible to find 6 . ., 65 ., satisfying
d-Homogeneity. The following proposition gives an upper
bound for the bias of the CHIPS estimator when Assump-
tion 3.2 cannot be ensured:

Proposition 3.6. Given the logging data {(x;,a;,7;)}Y,
observed under some logging policy my, and an evaluation
policy 7 if the latest has common cluster support over the
earliest, then we have that

[Bias (Vorrs(7) )| < [Ep(eyp(aleyp(alem [9(as ¢, 2) - Ac ]|

Where by Assumption 3.5 we have bounds (0
for m, (07

™,c,a’ 7\'6(1

o, 7r0,c,a) for m, and we denote Ac,a =

max{67TC(Z76+0 ca} mln{(s’ﬂ' ca76
Appendix A.3 for a complete proof

ro.c.a)- Please refer to

Proposition 3.6 formalizes the intuition on how the bias
of the estimator under Assumption 3.1 depends on the ex-
tent to which the contexts inside a cluster behave homoge-
neously under a given policy. Formally, the gap 0} - ¢
determines how close the CHIPS is to being unbiased, be-
ing the case 6, ., = 0y ., = 1 the perfect scenario. In
this case, we have that 7r(a|x) = p(ale, ), which means
that the weights in IPS w(a,z) = w(a,c), and we could
in theory substitute any context for any other within the
same cluster for calculations, mitigating the problems that
arise when Assumption 2.1 does not hold. Additionally, we
can also provide an expression for the difference in mean
squared error with respect to IPS in the same conditions as

Proposition 3.6:

Proposition 3.7. Under the same conditions as in Propo-
sition 3.6, the difference in mean squared error between
CHIPS and MIPS can be expressed as

MSE (V,ps(ﬂ)) - MSE (VCHIPS)
=Vp [Vies(m)] = Vo [Vemps(m; D)]
— Bias (‘A/vC[-Hps(’IT))2

Please refer to Appendix A.4 for a complete proof.

It is also worth studying the bias of the CHIPS estimator
when the Common Cluster Support assumption does not
hold, while the Assumption 3.2 holds. For this purpose, we
acknowledge that the bias of the IPS estimator when As-
sumption 2.1 is not met can be given in terms of the actions
violating such assumption (Sachdeva, Su, and Joachims,
2020):

|Bias(‘7IPS(7T;D))’ = Ep(z) Z W(Q‘I)Q(aacvx)

U(z,mo)

Where U(x,mp) = {a € A|mo(a,z) = 0} are known as
the deficient actions. Following a similar approach we in-
troduce the following proposition:

Proposition 3.8. Given the logging policy mg and some
evaluation policy m, the absolute bias of the CHIPS esti-
mator when Assumption 3.2 holds can be expressed as

>, plalr,c)q(a, C)]

|Bias(VcH1Ps(7T;D))| =EBp(o) l
U(c,mo)

Where U(c, o) := {a € A| p(a|my,c) = 0}. Please refer to
Appendix A.5 for a complete proof.

Corollary 3.9. Under the conditions of Proposition 3.8, we
have that

|Bias(‘71p5(7r; D))| - |Bias(VCH1pS(7r; D))|
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=Ep() >

U(x,mo)\U(c,m0)

p(a|m c)q(a,c)].

Please refer to Appendix A.5 for a complete proof.

Note that in this case, the CHIPS’ reduction in absolute bias
depends directly on the number of actions that violate As-
sumption 2.1, but still comply with Assumption 3.2. Thus,
the greater the number of deficient actions by Common
Support condition covered by the Common Cluster Sup-
port, the more significant the bias reduction with respect to
IPS. In this conditions, its also interesting to study the dif-
ference in bias with respect to the other two transformation-
based methods (MR and MIPS), a result given by the next
proposition:

Proposition 3.10. Let fy+ be defined as in Equation (4)
with fg = w(a,x) + € for some € € R and e € £ give action
embeddings. Under the conditions of the Proposition 3.8,
we have that:

|Bias (Vir; D)| - [Bias (Vewps: D)|

e ) l q(a,c)p(al W,C)]
ae(U(c,mo)\U(c,m0))

+ €Ep(c) [%q(a, c)p(al 77076):|

|Bias (VMIPS§ D)| - |Bias (VCHIPS§ D)|

=E

p(x)

>, plel I,W)q(r,e)l

el (e,mo)

-Epo) [ >

ael(c,mg)

plale,mq(a, 0)] :

Please refer to Appendix A.6 for a complete proof.

When studying homogeneity at an action level, we have
focused on the probability of observing an action for a par-
ticular context x within a cluster ¢ (i.e., w(alz)). Con-
versely, we can also study the predictability of a context
given an action and a cluster under a policy m, which we
denote as p(z|a,c) = m(x|a,c). Ideally, we would have
that the conditional probability distribution of the context
given the action and the cluster is uniform (i.e., 7 (z;|a, ¢) =
m(xjla,c) ¥ x;,z; € c). Predictability is used in the fol-
lowing proposition, that characterizes the relation between
the reduction in variance of the CHIPS estimator with re-
spect to IPS:

Proposition 3.11. Given a logging policy mg, under the
Common Support Assumption (2.1) and the Reward Homo-
geneity Assumption (3.2) we have that

N (VD [f/,pS(Tr;D)] -Vp [VCHIPS(ﬂ';D)])

= Ep@pale.mo) Vo (alare) [0 (@, 2) ] Epgria,cy [1]] -

Note that this quantity is always positive, implying that
CHIPS always reduces the variance of IPS. Please refer
to Appendix A.7 for a complete proof.

Proposition 3.11 indicates that when Assumptions 2.1 and
3.2 hold, the variance reduction of CHIPS compared to
IPS corresponds to the total decrease in mean squared er-
ror when approximating the actual policy value V (7r), as
both estimators are unbiased under these conditions. This
mean squared error gap is influenced by two factors: First,
Ep(rla,e) [7"2], reflecting the noise in rewards for actions
within the same cluster (related to Assumption 3.2). Sec-
ond, the variance of IPS weights conditioned on the pre-
dictability p(z|a, c), which increases when w(a, ) varies
widely (e.g., when logging and evaluation policies differ)
or when 7(z|a,c) is uninformative (contexts behave uni-
formly given the cluster and action). Thus, the variance re-
duction in CHIPS is particularly pronounced when IPS ex-
hibits high variance and contexts within a cluster are simi-
lar. Furthermore, if MIPS and CHIPS are in the same space
(considering contexts ¢ € C as described and action embed-
dings e € &), Proposition 3.11 can be extended to show that
CHIPS has less variance than MIPS:

Proposition 3.12. In context-action-embedding joint space
(X >C > A—>E& - [0,Rnaz]) if Assumptions 3.1 and
3.2 hold, as well as their MIPS counterparts (Common Em-
bedding Support and No Direct Effect), then we have that

VD(VIPS(W)) > VD(VMIPS(W)) 2 VD(VCHIPS(W)) 20

Please refer to Appendix A.8 for a complete proof.

3.2 Empirical Calculations

The alternative analytical expression for the policy value
given in Equation 6 eliminates the dependency on the orig-
inal definition of policy value and motivates the CHIPS es-
timator under assumptions 3.1 and 3.2. However, in prac-
tice, assessing if such conditions hold is complicated, par-
ticularly if we have limited logging data. To mitigate this
problem and justify using CHIPS in real-world settings, we
need to make an approximation to context-homogeneous
behavior on both action and reward levels within a cluster.
In practice, we have a clustering method £ : X — C, and we
use the transformation:

T (X’ Aa [07 Rmax]) - (X767A7 [0» Rmam])
(z,a,7) ~ (x,&(x),a,r).

Given a policy 7 and a cluster ¢, we use the definition to
estimate p(ale, 7):

p(a|c,7r)z£(7r(a|:1:)p(:c|c)dx
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zﬁecﬂ(a\x)p(x|c) dx
L Z m(alz), @)

~
|DC| xeD,.

Here, we denote D, = {(z,¢,a,7) € 7(D) : ¢ =c}. In
Equation 7, we used that p(z|c) = 0 if ¢ # £(x). Since
this equation is essentially E () [7(alz)], we approxi-
mate this value by averaging 7(a|x) over all contexts inside
the given cluster.

The second approximation needed involves the reward
being independent of the context given the action and
the cluster, i.e., g(a,c,x) = g(a,c). Following a sim-
ilar approach than in the previous case, for a particular
(given) action a and cluster ¢, we observe that ¢(a,c) =
Ep(alc) [7(r]a, c,z)], which motivates the idea of an av-
erage reward per cluster. In our synthetic experiments, the
reward is binary, therefore we will assume that the observa-
tions inside a cluster are observations in a Bernoulli process
(i.e., R. ~ Ber(#)) and estimate this average reward using
two different approaches:

¢ Maximum Likelihood (ML) In which we just average
the rewards observed within a cluster ¢ for each ac-
tion a as Tmean(a,c) = ﬁ YR, Tk With Re = {ry :
(xk7ck7ak7rk) € DC}

e Maximum A Posteriori (MAP). In this setting, estimat-
ing the average reward is equivalent to estimating the
most probable 6 using a beta prior, where we obtain:

. A (a-1)+ X, Tk

Poayes (4, 3 ) o+ B +|Re| -2

Where we denote «, B as the parameters of the prior Beta
distribution. In our experiments, we use non-informative
priors (o = B) (Tuyl, Gerlach, and Mengersen, 2008;
Kerman, 2011) and we explore the choosing of this pa-
rameter for arbitrary problems in Appendix D.4. Please

refer to Appendix B for the complete derivations of the
MAP and ML estimations.

4 EXPERIMENTS

4.1 Synthetic dataset

We compare CHIPS with other baseline estimators (IPS,
DM, DR, SNIPS (Swaminathan and Joachims, 2015b),
DRoS (Su et al., 2020), SNDR (Thomas and Brunskill,
2016), MR (Taufiq et al., 2023)) in estimating the evalu-
ation policy value in a cluster-based synthetic dataset in
which we can control the difficulty of the OPE problem.
A description of all hyperparameters used for generation
(e.g., @pum> Cexp --.) can be found in Appendix C. We

start by generating cluster centers C := {cj}j., inside a

d-dimensional ball B(0, cexp) = {z € R% : l|=|]* < Cexp }
using a variation of the Box-Muller transformation (Box
and Muller, 1958):

—d.
Coxp " Uk 7 - 2

[

where U = {ux}pr, ~ U[0,1] and Z = {z,}r, ~
N(0,14,). We sample S := {s}}"; ~ U[0,1], and use
the softmax transformation ¢(S) to define p(c¢;) = ¢(S);.
Then, we sample cluster centers according to this distribu-
tion w = {w; };™" ~ ¢(S), and, for each center ¢;, we uni-
formly sample points belonging to the n-ball centered on
¢;, using the same variation of the Box-Muller transform
that we used previously:

C =

X, = (.%'117 ,xh’) ~U[B(¢i,Crad)]

?

Note here that h; = 37" 1ici—w,;y- We define the context
space as the union of these generated points X' = Uy & =
{x;}7mm. We sample V = {v;};" ~ N (0,1) and define
p(x;) = ¢(V); using the ¢ softmax transformation again.
We then use these probabilities to sample the logging (Xjog)
and evaluation (Xevy) data, with [Xeya| = €jer, and [Xog| =
bien- To generate the policies, we sample y; = {yzj R
N(0,1) for every cluster ¢; (where apyy is the number of
actions) and z = {z; };™" ~ N(0,1) to define the policies
for every context in cluster ¢; as:

eyf +ozk

Anum L,y +o 2y
Zmzl €71

m(ajlei, xr) =

Bl voz)

mo(ajlei, xk) = S BT o) -1<p<1
m=

Given a context xy, both policies are determined by a term
that depends on the cluster and the action (u? ), and a term
that depends on the context itself (zg). Here 0 < o0 < 1
controls how independent a policy is from the context and
B how close the logging and evaluation policies are. For
obtaining the actions, we sample Ajg ~ 7o and Aeya ~ 7.
For generating the rewards, we create a misspecified reward
setting by defining:

.
r(ai,ci,r;) =1 {Uz <m(ailei, ;) - M},
Cexpdm

where u; ~ UJ[0,1]. The reward depends on two fac-
tors; the first one is the Manhattan norm of the context;
the further from 0, the more likely it is to observe a pos-
itive reward. The second factor is the evaluation policy
7(a;|ei, x;), which makes this a misspecified reward set-
ting when the logging and evaluation policies are differ-
ent enough. In this case, the (a;, ¢;, z;) triplets having the
highest probability of observation under the evaluation pol-
icy are more likely to observe positive rewards, resulting
in a significant difference with respect to the observed re-
wards under the logging policy for such triplets. We sample
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Figure 1: From left to right, the mean square error in the synthetic dataset experiments varying the number of clusters,
the distributional shift between logging and evaluation policy (), and the number of deficient actions in the logging data

(normalized w.r.t. IPS).

rewards using this method for the logging (Ri0,) and eval-
uation (Reya) data to obtain Digg := (X, C, Ajog, Riog) and
Devar = (X, C, Aeval, Reval ). Finally, we select a subset for
N samples from both sets. A representation of the gener-
ated structure can be found in Figure 20.

4.1.1 Synthetic results

In this section we analyze CHIPS performance while vary-
ing parameters of the synthetic dataset. In our experi-
ments, the generation process for each parameter value is
repeated 100 times with different random seeds. The fi-
nal reported results are the average over all experiments,
with the standard deviation corresponding to the lighter
bands represented in all the figures. The basic configura-
tion for the parameters used throughout the experiments
can be found in Appendix C, along with the specifications
of the hardware used. We use Random Forest (Breiman,
2001) to obtain §(x,a) in DM-based methods and mini-
batch KMeans (Sculley, 2010) implementation in SciKit-
Learn (Pedregosa et al., 2011) as the clustering method
for CHIPS (alternative clustering methods and their per-
formance are also discussed in Appendix D). We also use
B = —1, maximizing the distributional shift between log-
ging and evaluation policies.

Number of clusters. For this experiment, we vary the
number of clusters the CHIPS estimator uses, with values
ranging from 1 to 1000. Since 8 = —1, the implementation
of CHIPS using ML reward estimation is unsuccessful (see
Appendix D.3 for a further discussion). On the other hand,
for the MAP case, we observe a v-shaped error graph (see
Figure 1 (left)), suggesting that CHIPS performance is sen-
sitive to effectiveness of clustering. In particular, we have
a highly biased estimation when assuming insufficient or
excessive clusters (see Figure 3). The reason for this bias
in the first case might be an oversimplification of the struc-
ture of the cluster space. Conversely, we progressively gain
bias when we select too many clusters according to Propo-

sition 3.8 as CHIPS converges to IPS. In this case, CHIPS
is also vulnerable to reward misspecification, which causes
an increase in variance. In practice, this parameter can be
selected by considering the possible CHIPS estimates as a
parametric family depending on the number of clusters and
use the PAS-IF technique (Udagawa et al., 2023) to choose
the optimal number of clusters.

Beta. This experiment examines the impact of the dis-
tributional policy shift between 7 and my. Lower values
in our range (i.e., m9 «— ) result in significant policy
shifts that introduce bias in IPS estimates for large context-
action spaces (Saito and Joachims, 2022; Sachdeva, Su,
and Joachims, 2020). The CHIPS estimator mitigates this
by treating all context-action samples within a cluster as if
they share the same context. However, when (3 is low, these
virtual extra samples may not suffice for accurate estima-
tion, as the most relevant (x,a) pairs (7(alx) near 1) are
underrepresented (see Appendix D.3). In such cases, ML
estimation in CHIPS is ineffective, while MAP estimation
provides some resistance by pushing reward estimates to-
wards the posterior expectation, making it sensitive to prior
choice. However, this resistance can be counterproductive
when the distributional shift is small (3 close to 1), as both
ML estimates and IPS converge faster to more accurate es-
timations (see Figure 1 (center)).

Deficient actions. In this setting we explicitly set the prob-
ability (my) of observing a variable number of actions in
the action space to 0 and evaluate CHIPS’ response in a
space with 200 actions and 8 = —1. This setting is quite
challenging as not only we have deficient actions but also a
significant distributional shift between policies. The major-
ity of baselines perform at a similar level than IPS with the
exception of DRoS (Su et al., 2020), that performs slightly
better but is still outperformed by CHIPS.

Additional experiments and discussions of results varying
other parameters, different clustering methods, and a time
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Figure 2: ECDF of the relative mean squared error with respect to IPS for the real dataset using 50000 (left), 100000

(center), and 500000 (right) logging samples.

complexity analysis can be found in Appendix G.

4.2 Real dataset

Following the literature, for assessing the capabilities of the
CHIPS estimator in a real-world environment, we compare
the performance in the Open Bandit Dataset (OBD) (Saito
et al., 2020) of IPS, DM, DR, MRDR (Farajtabar, Chow,
and Ghavamzadeh, 2018) and MIPS (Saito and Joachims,
2022), with and without SLOPE (Su, Srinath, and Krish-
namurthy, 2020). The OBD dataset was gathered using
two different policies during an A/B test: uniform random,
which we consider as logging (i.e., my), and Thompson
sampling (Thompson, 1933, 1935), which we consider as
evaluation (i.e., 7). The dataset is based on a recommenda-
tion system for fashion e-commerce. We observe user data
as contexts z, items to recommend a € A (with 4| = 240)
and rewards r € {0, 1} representing user interactions.

Following the experimental protocol of Saito and Joachims
(2022) (see Appendix F), we experiment with the real
dataset varying the number of logging samples available for
the estimation using 50 000, 100 000, and 500 000 samples
to compute the Empirical Cumulative Distribution Func-
tion (ECDF) of the normalized mean squared error with re-
spect to IPS. We increase the number of clusters for CHIPS
as more logging samples are available to try to maximize
performance, following the intuition from our earlier ex-
periments on the synthetic dataset (see Figure 12 (right)).
We use 8 clusters for 100 000 samples as a reference from
our results for 240 actions in the synthetic dataset (see Fig-
ure 12 (left)). Regarding the clustering method, we use
again mini-batch KMeans.

We observe that the CHIPS estimator using the ML approx-
imation is slightly better (+3%) than MIPS when few sam-
ples are available (see Figure 2, (left)). This performance
gap widens (+11%) as the CHIPS estimator has more sam-
ples available (see Figure 2, (center)) and starts narrowing
(+7%) as the number of samples is enough for MIPS to
also start making more accurate estimations (see Figure 2,

(right)).

Using the MAP reward estimation for CHIPS provides a
considerable advantage in all experiments since the real
dataset present severe reward misspecification, as discussed
in Appendix D.3. Similarly to the synthetic dataset, the
partition structure of the cluster space and the a parame-
ter in MAP are sensitive parameters. In particular, for the
number of clusters, we observe that using an insufficient
or excessive number of clusters can negatively impact per-
formance (see Figure 14 (left)) as we discussed in section
Section 4.1.1. Regarding the value of « for the Beta prior,
following the results from the synthetic experiment study-
ing the effect of this parameter conjointly with the distri-
butional shift between logging and evaluation policies (see
discussion in Appendix D.4 and Figure 13), we used o = 20
as the logging policy is uniform (the equivalent of 5 = 0 in
the synthetic dataset). Figure 14 (right) shows how choos-
ing a lower or higher value for « deteriorates the perfor-
mance of the CHIPS estimator, reaffirming the results ob-
served in the synthetic dataset (see Figure 13).

5 CONCLUSIONS, LIMITATIONS AND
FUTURE WORK

In this work we have explored an alternative approach to
the OPE problem by clustering contexts instead of pooling
information over actions to mitigate the problems arising
in IPS when the Common Support condition does not hold.
The proposed setup for the OPE problem using contexts led
to the CHIPS estimator, which uses a similar approach to
IPS applied over clusters instead of contexts. We have stud-
ied this estimator extensively from a theoretical and prac-
tical perspective, evaluating its performance for different
configurations in a controlled synthetic dataset and a real-
world example. The results obtained in the experiments for
both cases demonstrate that the CHIPS estimator provides
a significant improvement in estimation accuracy, outper-
forming existing estimators if the context space has a clus-
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ter structure. The accuracy of CHIPS is also influenced by
the accuracy of the clustering method and the homogeneity
behaviour of contexts inside the same cluster. Additionally,
choosing a balanced number of clusters to avoid over- and
under-simplification of the cluster structure is an impor-
tant part of the estimation process and opens the possibility
of exploring if it is possible to estimate the optimal value
for hyperparameters beyond empirical estimation or even
if combining CHIPS with pure action-embedding methods
like MIPS can improve general performance.
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1. For all models and algorithms presented, check if you
include:

(a) A clear description of the mathematical setting,
assumptions, algorithm, and/or model.
[Yes]. Justification: The mathematical setting of
both synthetic and real experiments is detailed in
Section 4, the theoretical assumptions, its analy-
sis when they don’t hold, and the main algorithm
are detailed in Section 3.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes]. Justification: A complete analysis on the
complexity of the method can be found in Ap-
pendix G, while the analysis of properties can be
found in Section 3.

(c) (Optional) Anonymized source code, with spec-

ification of all dependencies, including external
libraries. [ Yes/No/Not Applicable]
[Yes]. Justification: The code, an explanation
on how to execute it and a Poetry environment to
take care of the dependencies are included in the
supplemental materials.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of all
theoretical results.
[Yes]. Justification: The full set of assumptions,
relaxation of them and all the theoretical analysis
of the method can be found in Section 3.

(b) Complete proofs of all theoretical results.
[Yes]. Justification: For every proposition in the

theoretical analysis (Section 3), the proof is ref-
erenced and can be found in Appendix A.

(c) Clear explanations of any assumptions.
[Yes]. Justification: For every proposition in the
theoretical analysis (Section 3), the assumptions
used for the results are detailed in the introduc-
tion of the proposition.

3. For all figures and tables that present empirical results,
check if you include:

(a) The code, data, and instructions needed to repro-

duce the main experimental results (either in the
supplemental material or as a URL).
[Yes]. Justification: The code contains the nec-
essary scripts to reproduce every experiment in
the paper, as well as instructions on how to exe-
cute it.

(b) All the training details (e.g., data splits, hyperpa-
rameters, how they were chosen).
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(d)

[Yes]. Justification: The training details and pa-
rameter variations can be found in Section 4. Ex-
tra experiments varying more parameters, 2 pa-
rameters at the same time or different clustering
options can be found in Appendix D. Addition-
ally, a table with the base value of every parame-
ter can be found in Appendix C.

A clear definition of the specific measure or
statistics and error bars (e.g., with respect to the
random seed after running experiments multiple
times).

[Yes]. Justification: All deviation bars obtained
after 100 runs with different seeds for every pa-
rameter are included in the result figures as ex-
plained in Section 4.

A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider).

[Yes]. Justification: The table with the specifi-
cations of the computing infrastructure used for
the experiments can be found in Appendix C.

4. If you are using existing assets (e.g., code, data, mod-
els) or curating/releasing new assets, check if you in-
clude:

(a)

(b)

()

(d)

(e

Citations of the creator If your work uses existing
assets.

[Yes]. Justification: The evaluation pipeline that
we use for the real experiments, the systems that
we compare our method with, and the code im-
plementations of known algorithms for different
libraries that we use are referenced in the paper.

The license information of the assets, if applica-
ble.

[Yes]. Justification: The license included in the
code does not conflict with the license of the used
resources.

New assets either in the supplemental material or
as a URL, if applicable.

[Yes]. Justification: We provide all the code
with our pipeline and implementations for com-
mon ope algorithms in the supplemental mate-
rial.

Information  about consent from data
providers/curators.
[Yes]. Justification: The code includes a licence

to use.

Discussion of sensible content if applicable, e.g.,
personally identifiable information or offensive
content.

[Not Applicable]. Justification: There is not
personally identifiable information or offensive
content of any kind in our data or experiments.

5. If you used crowdsourcing or conducted research with
human subjects, check if you include:

(a)

(b)

()

The full text of instructions given to participants
and screenshots.

[Not Applicable]. Justification: Our research
did not use crowdsourcing or was conducted with
human subjects.

Descriptions of potential participant risks, with
links to Institutional Review Board (IRB) ap-
provals if applicable.

[Not Applicable]. Justification: Our research
did not use crowdsourcing or was conducted with
human subjects.

The estimated hourly wage paid to participants
and the total amount spent on participant com-
pensation.

[Not Applicable]. Justification: Our research
did not use crowdsourcing or was conducted with
human subjects.
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A THEORETICAL RESULTS PROOFS

A.1 Proposition 3.3

Given a policy m, if both Assumption 3.1 and 3.2 hold, from the refinement of the policy value definition in a cluster-based
bandits process (introduced in Section 3), we have that:

V(?T) = Ep(z)p(c\x)ﬂ(a\x)p(r\a,c,m) [’/‘]

= Bo@palorm(aln) La(a: ¢, 2)] ®)
= EP((') f p(x\c Z p(a|C)q(a C)d$:| 9)
acA

=Epo [ Z}L\p zle)w(alz)q(a, c)dm]

B | Z o) [ tcrntaloras]

aeA

Eyo) | 2 plale,ma(a, C)] (10)

Lac A
= Ep(eyp(ale,m) [a(a; )]

Where in Equation 8 we used the Bayes Theorem, in Equation 9 the fact that under Assumption 3.2 ¢(a, ¢, z) = q(a,c),
and the definition of p(alc, ) in Equation 10.

A.2  Proposition 3.4

Given a policy 7 and under Assumptions 3.1 and 3.2 we have that:

Ep [Venrs (7 D) ] = Ep [w(a, c)r] 11
= Ep(w)p(c|w)ﬂ'0(a\a:)p(r\a,c,w) [w(a, C)T]
= Ep(c)p(w|c)ﬂ'o(a\:p) [w(aa C)Q(aac)] 12)
=Epe f p(z|c) Z mo(alz)w(a,c)q(a, c)das]
acA

=Ep(o) f Z p(zle)mo(alz)w(a, c)q(a, c)d:zr]

acA

=Ep(o) Z w(a,c)q(a,c) ([ p(m|c)7r0(a|x)dm)]

aeA
alc, 7T
=By | 22 palem) C)W] (13)
LacA
= Ep(c)p(a\c,ﬂ') [q(aac)]
= Ep(z)p(c|m)7r(a|:r)p(r|a,c,z) [T] (14)
=V(m)

In Equation 11, we have used the linearity of expectation, in Equation 12 the definition of ¢(a,c,z) and Assumption
3.2. Equation 13 is just using the definition of p(alc, 7) while Equation 14 is a combination of Proposition 3.3 and the
equivalence ¢(a, c) = g(a, ¢, x) under the given assumptions.

A.3 Proposition 3.6

Given the logging data D = {(«;, a;,7;) }, a logging policy 7, and an evaluation policy 7 having common cluster support
over it, we have that:

Bias(Vemps (VD)) = Ep [w(c, a)r] - V()
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= Ep(a)p(cle)mo(alz)p(rlase,z) [w(a, e)r] = V()
= Ep()p(clr)mo(alz) [w(a, ¢)q(a, c,x)] = V()
= Ep(e)p(cle)mo(alz) [w(a, €)q(a, ¢, )] = Epayp(cleyn(ale) [2(a; ¢, )]
= Ep(o)p(ale)mo(alz) [W(a, €)q(a, ¢, )] = Ep(epp(aleyr(ale) [4(a; ¢, )]

=Ep(o) [[ p(xle) Z mo(alx)w(c,a)q(a,c x)dw]

acA
~Epee [[ p(z|c) z w(alz)q(a c,x)dx]
acA
(15)
Under Assumption 3.5 we have that d;, . , < Z((Z‘ls :; <OFcar Omoca S Z?é‘aclirjg < ;0 ca VI € X given an action
a € Aand a context ¢ € C. We denote then 6, = max{0; . ,,0x ..}, 0z, =min{0; .., 07 ..}, Aac=0d7,-0., an
we can give an upper bound as follows:
oo | [, ek 5 moCaleyutesadatane )| (16)
acA
o | f, #0610 3 wlaledatar o]
x acA
<Epe [f p(xlc) 2;45+ap(a|c ,mo)w(e,a)q(a,c x)dz] a7
ae

~Epor | [, p(ale) ¥ 6 aplale, m)a(a.c.w)da

acA

=Ep(o) [Z p(ale, ) [ x|c)5caﬂ(((;|;/:/)ywq(a c x)dx]

~Eyo | T plale.m) [ plale)daae )i

Lac A

= Ep(c)p(a\c,ﬂ') [5:@ pr(x|C)q(a, C, l‘)dl‘] - Ep(c)p(a|c,7r) [5;01 '/Xp(‘ﬂc)Q(a'a C,Jf)dﬂ{l

= Ep(eypalesm) [Epale) [a(a, ¢, )] (8%, = 6..4)]
= Ep(eyp(alesm) [Ep(aley [4(a: ¢, )] A ]

Note that in Equation 17 we can follow an analogous path to establish a lower bound:

Eyco | [, 6l6) T moeyotcocondis | By | [ ook % wtalaraca o]

acA

>Ey) [[ (zle) Y b2 op(ale, mo)w(e, a)q(a,c, :U)dx]

aeA

B | [, #0010 3 8t olalem)ata )i

aecA
= ~Ep(@p(ale,m) [Encale [a(as ¢, )] Aq e ]

From which we have:
|BiaS(VCH1ps(7T; D))| < |Ep(c)p(x|c)p(a|c,7r) [Q(a" ) .Z‘) ' AU«,C]|
A.4 Proposition 3.7

Since the observations are independent we have that
N (MSE (‘A/]ps (7‘(')) - MSE (VCH]ps(ﬂ'))
Vo [w(2,0)7] = Vea[w(a, ¢)r] - N Bias (Verps (1))



Daniel Guzman-Olivares, Philipp Schmidt, Jacek Golebiowski, Artur Bekasov

We now analyze the difference in variance:

Vo@w(ele)mo(ala)p(riac.a) (@ (% )] = Vo(e)p(aleymo (ale)p(ria.c.a) [W (@, )r]
= Ep(elp(alo)mo(alo)p(riaca) [w(@,a)r?] =V (m)?
~ (Exterptetormstaimpptriac.o) [#(a,€)* 2] = (V () + Bias (Verps ()’
= Ep(e)palermoale) [(w(2:0)? =0 (a,0)*) Eprja,e.ny [17]]
+2V () Bias (VCHIPS (7r)) + Bias (VCHIPS(W))2
This implies that
N (MSE (Vips (7)) = MSE (Veures (7))
= Ep(eyp(ale)moale) [ (€(2,0)* = w(a,0)*) Eprja,c.ay [7]]
+2V () Bias (Vews (7)) + (1 - N) Bias (Verps (1))

A.5 Proposition 3.8

Given the logging policy 7y and some evaluation policy 7, the absolute bias of the CHIPS estimator when Assumption 3.2,
we have that:

Bias(Veurs (VD)) = Ep [w(c,a)r] - V()
= Bp(@)p(cla)mo(ala)p(ria.c.) [w(a; )r] = V()
= Ep(o)p(ale)mo(ale) [w(a, €)q(a, ¢)] = Ep(eyp(ale)n(alz) [w(a, c)q(a, c)]
= Ep(e)p(ale)mo(ale) [w(a, €)q(a, )] = Ep(eyp(ale)n(alz) [w(a, c)q(a, c)]

=Ep(o) [Lp(ﬂc) gﬁo(au)w(c,a)q(a,c)das]
- Ep(e) [[Xp(x|c) %ﬂ(a|x)q(a,c)dx:|

= [z wea)gac) | p(x|c>7ro<a|x>dx]

acA

~Eyo [ZA aae) |, p(x|c)w(a|x)dx]

- By | 2 wlcadataomtal m)] Ey [g q(a,c>p<a|c,w>]

=Ep(o) Z w(c,a)q(a,c)p(ale, ﬂo)l —Epe) [Z q(a, C)p(a|c,7r):| (18)
| aeld (c,m0)° acA

p(ale, mo)
I B SR LU BRMT, YO
(c) > 10 ;
P | actt(cmo)e plaesTo)

CEy [ 3 d(e.Intal w>]

= Ep(c) [— Z p(a|C7W)Q(avc)]

aeld(c,mo)

Where in Equation 18 we note that p(ale,mo) = 0 if a € U(c,m). Following an analogous procedure we can give an
expression for the bias of IPS in a cluster bandits setup:

Bias(Vies(V; D)) = Ep [w(a, z)r] - V()
= Ep(ap(cla)mo(ale)p(ria,c) [wla, 2)r] = V()
= Ep(c)p(w|c)7rg(a|:c) [w(a7x)Q(a7 C)] - Ep(c)p(w|c)7r(a|w) [Q(a7 C)]
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:Ep@l RO m<a|x>w(a,z>q(a,c>dx]

ael(c,x,m0)°

By [ |, ptale) ) w<a|x>q<a,c>dx]
[ 7 (afe)

Bl ¥ a@o) [ p<x|c)mwdx]

| aeld (c,z,m0)°

B | T ata) [, eion(ale)s|

= Ep(c) Z Q(aa c)p(a\c, W)“ - Ep(c) |: Z Q(aa c)p(a\c, 71-):|
| acld (c,x,m0)° acA

“Ewl|- O p(alc,ﬂ)fJ(a,C)]

| ael(c,x,m0)

Since ¢(a, ¢) > 0 in the binary reward setting, it follows that |Bias(‘7CHIps(7r; D))| =Ep(e) [Zu(cmo) p(a|r,c)q(a, c)] and
‘Bias(f/lps (m; D))| = Ep(e) [Zu(c,m,wo) p(a|r,c)q(a, c)] and consequently we have that:

|BiaS(VIPs(7T§D))| - |Bias(VCHIPS(7T§D))| =Epe) l Z p(alm,c)q(a, C)]

U(c,a,mo)

_Ep(c)l Z p(a|7r,c)q(a,c)]

U(c,mo)

=Ep (o) l > p(alm, c)q(a, c)]

U(c,z,mo) U (c,mo)

A.6 Proposition 3.10

Assuming that we have a set of embeddings e € £ c R% associated with the actions a € A and an approximation for(r) to
the importance weights w(a, x):

for(r) :=argminE, [(w(a,x) - f¢(r))2]
f¢€{f¢:R—>R|¢€<I>}

19)

Then if we assume that fy«(r) = w(a,z) + € for some € € R we have that

|Bias (Vir; D)| - [Bias (Vermps ; D))

= -Epo) > plalm,e)g(a, c)l + Bias (les ;D) +Ep [for (r)r] —Ep(w(a, )]
| aeld (c,m0)

=—Epe) Z pa|m, c)q(a,c)
| aeld(c,m)

- V() +Ep[fe-(r)r]

= _EP(C) Z p(a | , C)q(a7 C)
| acld (c,m0)

-V(r)+Eplw(a,z)r] +eEp[r]

“Eo| T p(am,c)q(a,c)]wp(c) Y 4@ [ palen(a]a)ds

| acld (c,m) aeld (z,c,mo)

p(alm,c)
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By | S a(@) [ p(|on(ala)de|+<Ep(r]

acA TET

p(alm,c)

£, l S gl w,c>] E [g a(a,p(a mc>] + <Ep[r]

aeld (z,c,mo)\U(c,m0)

ac(U(z,c,mo)\U(c,m0))°

=B l > q(a,c)p(a | W,C)] +€Ep(e) [%q(am)p(a | 7To,C)]

for the MIPS case, we note that MIPS’ bias can also be expressed similarly to CHIPS’:

Bias (VMIPS ,D) =

=Ep[w(z,e)r]-V(n)

= Ep(a)mo(ale)p(elz.a)p(rlz,ae) [0 (@, €)r] = V()
=Ep) | 2. molalz) ) ple| wva)w(w,e)q(w,e)]

LacA ee€

E [z w(a]2) Y ple| x,a>w<x,e>q(x,e)]

aceA ee€

- Eye —qu,e)(zwa<a|x>,p<e|x,a>)]

LecE acA

B [zg o(2.0) ( > nao)ple] x>)]

acA

ple|z,m
= Ep(z) >, plel :wro)q(ﬂc,e)L
el (e,mp)° p(e | l‘,ﬂ'o)
B [zé o ple | o, w>]
€E,

= _Ep(z) l Z p(e ‘ Ivﬂ)Q(Ive)]

ecl (e,mo)

Therefore the difference in bias is:

|Bias (VMIPs; D)| - |Bias (VCHIPS ;D)|

=Ep)

Z p(e | .1‘,71’)(](33,6):| - Ep(c) l Z p((l | cnr)q(a,c)

el (e,mo) aeld (¢,mo)

A.7 Proposition 3.11
Lemma A.1. Given a policy m, under Assumption 3.1 we have the transformation:
w(a,c) = Exy(afa,c) [w(a,z)]
Proof:
Given a logging policy 7y and an evaluation policy 7, in the cluster setting of the bandits problem we have that:

plalm, c)

wla,e) = p(a|7r0, C)
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 Lu(akp(rio) o0
p(almo, c)
_ plalesTo) [y 76 mo(la,c) @1

plafrge)
= Ewo(m\a,c) [’U)(G;, J))]

plalomo(alz)

Where we have used the definition p(alr,c) = [, w(a|z)p(z|c) in Equation 20, and that mo(z|a,c) = D(ale)

Equation 21.

Given a logging policy 7y and an evaluation policy 7, under Assumption 3.1 and Assumption 3.2 we have that
N (Vo [Vies (w3 D)] =V [Veres (w3 D))
1Y il i 1Y ilCi
=N (VD [ > ”(“'x)r] Vo [ D P(acﬂf)r,])

N = mo(ailz;) ’ N = p(ailci, 7o) '

:V'D 7T(a’|x) r _V'D p(a|c77r) r (22)
mo(alz) p(ale,mo)
0 0
=|Ep [w(a,x)QTQ] - Ep T 7‘]2 -1Ep [w(a,c)zrz] -E C r]2 (23)
-
V(m) V(m)

= Ep(a)p(eleymo(ale) [0(:2)*Epria.c.o) [72]] = Epayp(eleymotate) [0(a: €)*Epriarcay [7°]]
= Ep(a)p(eleymo(ale) [ (w(a,2)? = w(a,€)*) Epriarc.a) [1?]]
= Ep(@)p(aleymo(al) [(w(a, 2)* = w(a,¢)?) Epgra,c.ay [7*]]

=Ep(o) Lp(x|c) > mo(alz) (w(a, z)? - w(a, c)2) Ep(rla,c.) [7"2] d:c]

L acA

=Ep(o) Z f){p(x|c)7ro(a|x) (w(a, z)? - w(a, c)2) Ep(rla,c,z) [1"2] dx]

LacA

= Ep(c) ;4 A WO(I|C;:Z;$)JCa WO)W(U)(Q; I)2 - w(aa 0)2) Ep(r|a,c7m) [T2] dl’:| 24

p(c) Z p(ale, mo) [Y mo(zla, c) (w(a, 2)? - w(a, 0)2) Ep(rla,c,a [7,2] dm]

LacA

1
= Ep(e)p(ale,mo) l([x mo(z|a, c)w(a, z)*dx - w(a,c)QW )Ep(daﬁ@ [rQ]]

= Epeypale.mo) | (Ero(etne) [0(0:2)°] = By aiasey [10(a,2)]) By [17] ] (25)
= Ep(op(aleso) [Vao(ala.e) [0(a:2)] Epriae.sy [1]] 2 0

=E

Note in Equation 22 we used that the samples in D are i.i.d, in particular the linearity of variance under this condition.

The cancellation of terms in Equation 23 results from IPS and CHIPS being unbiased under Assumptions 3.1 and 3.2. In
p(zl|c)mo(alz)

Equation 24 we used that mo(z|a, c) = PCIEE)

, while Equation 25 uses Lemma A.1.

A.8 Proposition 3.12

The first thing we need to note is that CHIPS and MIPS are in different spaces regarding the contextual bandits generating
process. MIPS assumes the existence of an action embedding space e € £ € R% and CHIPS assumes the existence of a
partition of the context space C := {Cv}fi1 with C; ¢ X and ¢; n¢; = @. For joining this spaces, we assume that given
a policy m, at every iteration of the data generation process, apart from the classical context (x € X), action (a € A) and
reward (r € [0, 742 ] € R), we observe a cluster ¢ ~ p(c | z) and an action embedding e ~ p(e | a, ¢, x). Given a policy 7
the policy value V () equation can be then refined to:

V() = Ep(a)p(cla)m(alz)p(elarc,z)p(rle.a,c,z)[r]



Daniel Guzman-Olivares, Philipp Schmidt, Jacek Golebiowski, Artur Bekasov

=E

p(z)p(clz)(alz)p(ela,c,x)q(e,a,c,x)

Here q(e,a,c, ) = Ep(rie,a,c.n) [r]. Note that as in MIPS and CHIPS case, the refinement does not contradict the classical
policy value definition.

We also need to refine p(a | ¢, ) (from CHIPS) and p(e | a,7) (from MIPS) in the joint space:

mwam:zﬁp@m@mmw@ﬂmm

ee€e

plelz,m) =3, 3 plela,c,x)p(c|z)m(a|x)

ceC ae A

It is important to note that after joining the context space, to make a fair comparison between MIPS and CHIPS, there
are some dependencies that we want to eliminate to prevent information from passing between variables that were not
originally in the definition of MIPS and CHIPS. In particular, for CHIPS, we eliminate the dependency of the cluster with
respect to the embedding given the context and the action (i.e., cle | (z,a)), and for MIPS, the dependency of the action
with respect to the cluster given the embedding and the context (i.e., aLlc | (z,e)). From Proposition 3.11 we know that
Vp [‘A/Ips(ﬂ’; D)] >Vp [VCHIPS(7U D)] and from MIPS Theorem 3.6 we know that Vp [‘A/Ips(ﬂ'; D)] >Vp [VMlps(ﬂ'; D)]
Therefore, we need to make a comparison between Vp [VMIPS (m; D)] and Vp [VCHIPS (m; D)]

To follow the structure of Proposition 3.11, we are going to assume that Assumptions 3.1 and 3.2 hold as well as their
counterparts from MIPS. The following identities hold under these conditions:

p(e|z, m)p(c|z,a)mo(a|x)p(x)
p(e |z, mo)p(c)

p(z|e,a,c)plela,c)p(a]e m)

p(clz,a)mo(a | z)p(z)

p(z|c)m(alx) =

ple|z,a,c) =

Now, under these conditions, we need a relation between the weights of MIPS and CHIPS:

pla | c,m)

p(alc,m)

_Jxp(@| ) Tece m(a | x)p(e] c,a,7)
p(alc,mo)

[y Sece wle,a)p(x | e.a,e)p(ela. )pla | e.m0)

p(alc,m)

S bl [l ot

ee€eg

w(a,c)? =

= Ep(ela,c)p(alea,c) [w(e, 2)]

Therefore the scaled difference in variance can be expressed as:

N (VD [VMlps(ﬁ;D)] - V’D [VCHIPS(T‘-;ID)])

_ 1 7T(€z'|1?i)r]_ [1N p(a; | ci,m) T])
_N(VD[N;Wo(eihCi) i|~Ve N;p(ai|ci77ro) !
wel) |y [2lelen)
D[W0(€|~T) ] VD[P(GlCﬂTo) ]
=(Ep [w(e,I)ZTQ] —Ep[w(e,z)r]?) - (Ep [w(a, c)2r2] —Ep[w(a,c)r]?)

| —
V(m) V(m)

=Eu) [Lp(z | ¢) Z mo(a | x) Z‘;p(e | a,c,x) (w(e,x)Q —w(a,c)Q) Ep(rla,c) [7’2] dx

acA
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=Epo) Zp(a|c7r0 Zp(e|ac)[ x|eac)(w(e z)? - w?(a, c)) p(r|a0)[ ]d]

ee&
= Ep(@p(ale.mo) [Enriae) [7°] (Encela.cyp(aie.aer? [wle,2)?])]
p(c)p(alcm)[ p(riac) | (w(a c)’ Zp(ela C)f p(z|ea C)dx)]

= Ep@p(ale.mo) [Enriae) [7°] (Ep(elacyp(aie.ae) [w (e, w) ?] - Ep(ela.cyp(atea) [w(e,2)]?)]
= Ep(yp(alermo) [En(riae) [77] Vatelaop(zle.a.cy[w(e,2)]] 2 0

This implies that under Assumptions 3.1 and 3.2 (and their counterparts in MIPS), the variance of CHIPS is lower than the
variance of MIPS, proving the proposition.

B REWARD ESTIMATES DERIVATION

B.1 MAP

From the setting in Subsection 3.2 we denote R, := {n | as the rewards observed in cluster ¢ from the logging data’.

We consider R, as independent trials of a Bernoulli random variable with parameter 6 (i.e., R, it Ber(6)). Therefore,

we have that the likelihood can be expressed as:
M
p(Rc|0) =[] p(ril0)
i=1

M
=[1o7 (1-0)""
i=1
= pTaTi(1 - g)M-Tih

Using a Beta distribution as a prior we have that:

p(9) = Beta(9|a73) = 9&—1(1 _ 9)[3_1

B(a. 5)

Where B(a, ) = % and I'(-) is the Gamma function. The posterior probability can then be expressed as:

p(0|R.) o< p(Rc|0)p(0)

oc T (1 )M T gl (1 - g)P!
B(a ,ﬂ)

o 004—1+Z£\f1 T (1 _ 9)/@—1‘*]\/1_21':1 Ti

M M
a+ Yy T, 5+M—Z7“i)
i1 i

The MAP estimator of 6 is the mode of the resulting Beta distribution, i.e.

o< Beta (9

B.2 ML

Using the same setting as in the previous section (R, " Ber(@)) we have that the maximum likelihood estimation can
be expressed as

M
OmL = arg max{n 0" (1 - 6‘)1_”}

0e® i=1

*Here we refer to the already transformed version using clusters. See definition of 7 in Subsection 3.2
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M M
= argeelgax log(6) - > ri +log((1-6))- > (1-r;)

=1 i=1

1(0)

We now search for local maxima by setting the differential to 0:

M. M 1 _,.
al(6) _0 — Yicari Yo (L=m1y) _o
00 0 (1-0)
M M M
Sl ZH—GZHZQZQ—H)
=1 =1 =1

) M
— v = i >
i1

C EXPERIMENTAL PARAMETERS AND HARDWARE

Parameter Value Description
Cexp 10 Radius of the n-dimensional ball for context space generation.
Crad 1 Cluster generation radius.
dy 2 Dimension of context vectors.
Tnum 1.000 No. of different context vectors in the experiment.
Anum 10 No. of actions in the experiment.
Crum 10 No. of clusters in the experiment.
Nsamples 50.000 No. of logged samples to use in the experiment.
eMPe_num 100 No. of clusters to use empirically by the clustering method.
€len 1.000.000 | No. of samples extracted from the dataset for the evaluation policy
bien 1.000.000 | No. of samples extracted from the dataset for the evaluation policy
o 0.2 Context-specific behaviour deviation from cluster behaviour.
B -1 Deviation between evaluation and logging policies.
o 20 Parameter from beta distribution in Bayesian inference
B 20 Parameter from beta distribution in Bayesian inference

Table 1: Parameters used in the basic configuration for experiments for generation and estimation.

CPU | AMD Ryzen Threadripper PRO 3975WX
RAM | 256 GB

Cores | 64

GPU | 2x Nvidia A100 160GB

Table 2: Specifications of the machine in which the experiments were executed.

D ADDITIONAL EXPERIMENTS

D.1 Synthetic Experiments

Number of actions. From the fixed basic configuration that uses 100 clusters for CHIPS’ estimates, we observe a progres-
sive deterioration in the estimator capabilities when increasing the number of actions (see Figure 4). We theorize that this
behaviour might be a consequence of the violation of Assumption 3.1 when trying to group contexts using an excessive
number of clusters in a large action space, resulting in deficient actions inside the clusters. This problem can be mitigated
by decreasing the number of clusters used in the clustering method for the CHIPS estimation (see Figure 12 (left)).

Number of samples. We observe an approximation to the performance of IPS as we increase the number of samples
in the logged data that we identify as an effect of reducing the number of observed deficient action-context pairs in IPS,
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converging to an unbiased estimator under Assumption 2.1 (see Figure 1 (right)). In this case, the clustering effects under
CHIPS become less noticeable according to Corollary 3.9 since U(c, z, 7o) N U(c,m9) — &. It is worth mentioning that
increasing the number of clusters when enough samples are available, as well as reducing it in the opposite case, can
improve the performance of the CHIPS estimates, as shown in Figure 12 (right).

Cluster radius. Increasing the cluster radius in the generation process affects the separability of the cluster space and
complicates the partitioning in clusters complying with Assumption 3.2. In this case, we could find significant differences
in context behaviour for both actions and rewards within a cluster, resulting in increased bias from the empirical approx-
imations. Therefore, we observe a convergence to IPS’ performance as cluster radius increases since the context space
becomes less separable (see Figure 6).

Sigma. Increasing context-specific noise in the generation process produces a similar effect as in the cluster radius case. In
particular, the larger the noise, the more common it is to observe inconsistent behaviour in actions and rewards for contexts
within a cluster, complicating the approximation of a homogeneous cluster-wise behaviour and resulting again in a bias
increase (see Figure 8).

Alpha (prior). In this experiment, we vary the alpha parameter of the Beta prior maintaining all other settings fixed.
Like in the number of clusters case, we observe a similar v-shaped graph indicating that, as expected from the previous
B analysis (see Section 4.1.1), the CHIPS (MAP) estimator is sensitive to the prior. In particular, lower values push the
expected reward of each cluster to the ML’s estimate, while higher values push it to the prior’s expected value, decreasing
performance in both cases (see Figure 1 center). For different values of distributional shift (3), the optimal value will
depend on the resistance MAP offers to converge to the ML estimate, favouring lower values as J becomes larger (see
Figure 13).

Clustering Method. In this experiment, we evaluate the performance of the CHIPS (MAP) estimator using different
clustering methods while varying the clustering radius in the synthetic generation process. In Figure 10, we observe that
using Mean Shift (Comaniciu and Meer, 2002) or Bayesian Gaussian Mixture (Bishop, 2006; Attias, 1999; Blei and Jordan,
2006) fails to separate the context space resulting in the same performance as IPS. DBSCAN (Ester et al., 1996) mitigates
IPS’ increase in mean squared error when the context space is easier to separate (i.e., lower radii values) but converges to
IPS when the context is complicated to separate (i.e., higher radii values). Affinity Propagation (Frey and Dueck, 2007)
follows a similar behaviour to DBSCAN but still offers some improvement with respect to IPS when the space is difficult to
separate. OPTICS (Ankerst et al., 1999) makes a general improvement to the Affinity Propagation performance, especially
noticeable when the context space is separable. MiniBatch K-Means (Sculley, 2010), Gaussian Mixture (Everitt, 1996),
Birch (Zhang, Ramakrishnan, and Livny, 1996), Spectral Clustering (Shi and Malik, 2000), and Agglomerative Clustering
(Ward, 1963) have similar performance, outperforming Affinity Propagation for the separable case. We also note a general
upward tendency in mean squared error for every clustering method as the space becomes more complicated to separate.
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Figure 3: From left to right, MSE, Bias, and Variance of the CHIPS estimator compared to baselines while varying the
number of clusters.

3In this case we used a slightly different version of the configuration settings to make a more challenging environment in which we
use 10.000 samples and consequently reduce the number of empirical cluster estimation to 30 to easily assess the role that similarity of
logging and evaluation policies play in CHIPS capabilities.
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Figure 4: From left to right, MSE, Bias, and Variance of the CHIPS estimator compared to baselines while varying the
number of actions.
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Figure 5: From left to right, MSE, Bias, and Variance of the CHIPS estimator compared to baselines while varying
values.?

D.1.1 Bi-parametric variations

The experiments varying single parameters described in the previous section indicate that increasing the number of actions
in a fixed configuration progressively deteriorates CHIPS’ performance. This behaviour is expected since the larger the
action space, the more likely it is to incur in a situation in which Assumption 3.1 does not hold with a fixed number of
clusters. In this situation, we found that reducing the number of clusters can mitigate the performance decay by pooling
information from broader contexts clusters while increasing it could be beneficial in reduced action spaces (see Figure 12
(a)). Similarly, the number of samples from the logging policy also conditions how significant the performance gap
between CHIPS and IPS is. In particular, the higher the number of samples, the more beneficial it is to use a higher number
of clusters to try to obtain a more detailed partition structure of the context space, while a reduced number of clusters has
an edge on few-sample cases (see Figure 12 (b)).

We also study the effect of varying the « parameter in CHIPS’ (MAP) Beta prior, using different values of the distributional
shift between policies (3). In Figure 13, we observe that mid values of « (30-50) offer better performance when there is a
considerable distributional shift between logging and evaluation policy (i.e., 5 ~ —1) since the expected reward per cluster
is pushed towards the prior’s expectation, creating some resistance from converging to the average observed rewards
(i.e., mitigating the reward misspecification existing under this conditions). As the distributional gap closes, lower values
of v are more favourable since the samples observed per cluster are better representatives of the real expected reward.
However, higher values for o (80-100) result in excessive resistance that deteriorates CHIPS’ performance. It is also worth
mentioning that as the distributional gap closes, CHIPS (MAP) loses its advantage with respect to IPS since the logging
and evaluation policies are closer, and the ML estimates would offer better results, as previously shown in Figure 1.
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Figure 6: From left to right, MSE, Bias, and Variance of the CHIPS estimator compared to baselines while varying the
radius of the clusters generated.
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Figure 7: From left to right, MSE, Bias, and Variance of the CHIPS estimator compared to baselines while varying the
number of samples provided from the logging policy.

D.2 Real Experiments
D.3 MAP vs ML

In this section, we analyze the reason behind the jump in performance using the CHIPS estimator with the MAP estimate
for the expected reward per cluster. For this purpose, we have conducted two experiments, one in the synthetic dataset and
the other in the real dataset. For the synthetic experiment, given a distributional shift value 3, we select the most relevant
context-action pair (x*, a) under the evaluation policy 7 (i.e., (z*,a") = arg max(,, q)exx.4 7(alr)). Then we analyze the
mean squared error of the expected reward (given x*) estimations made by CHIPS (MAP) (i.e., w(a™, ¢*)Ppayes(a™, ¢*))
and CHIPS (ML) (i.e., w(a*, ¢*)Fpean(a*,c*)) w.r.t IPS (where c* is the cluster associated with 2*). We also compute
the number of observations in ¢* in which action a* was selected. This process is repeated 100 times with different
policies generated under different random seeds, and the results for the number of samples per cluster and squared errors
are averaged. We repeat this for ten different values of 3 ranging from -1 to 1 and represent the moving averages for
relative squared errors and samples in Figure 16. We observe that the number of samples per cluster increases with 3 as
both policies become closer. This increase in the number of samples makes the ML estimates progressively more accurate
since the extra samples push the estimated expected value to the real expected value. For lower values of 5, when the gap
between policies is more significant, although some samples are available in the cluster, the values for the rewards observed
on them are non-informative of the real expected value (hence the difficulty of ML to make an accurate estimation and the
difference between MAP and ML for misspecified reward settings as depicted in Figure 1). For the real dataset, we follow
a similar procedure, but instead of the most relevant context-action pair, we select the top 15 and compare the conditional
expected reward estimates MSE with respect to IPS’ (see Figure 15). Since the logging policy for this dataset is uniform,
the distributional shift between the logging and evaluation policies is not as significant as the one presented in the base
configuration of the synthetic dataset (5 = —1). In practice, this means that the CHIPS estimation of the expected reward
per cluster using ML is more accurate than in the synthetic dataset but still far from the performance jump of the CHIPS
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Figure 8: From left to right, MSE, Bias, and Variance of the CHIPS estimator compared to baselines while varying the
context-specific noise o.
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Figure 9: From left to right, MSE, Bias, and Variance of the CHIPS estimator compared to baselines while varying the «
parameter.

estimate using MAP, as we would expect from the results in Figure 2.

D.4 Choosing alpha in Arbitrary Problems

In Figure 14 (b), we observe that the hyperparameters of the MAP estimation process can heavily impact the performance
of the method. As previously discussed in Appendix D.1.1, MAP hyperparameters control the resistance with which the
expected reward per cluster is pulled towards the prior’s expectation. This resistance is particularly noticeable in smaller
size clusters, in which estimating a reward based on observations alone is much more challenging. Since in these clusters
the partitioning method cannot ensure high homogeneity at reward level, in our experimentation we decided to use a non-
informative prior (i.e., o = B), to mitigate possible violations of Assumption 3.2 and reward misspecification. Intuitively,
an optimal value for o under these conditions needs to balance the prior’s resistance to prevent reward misspecification
without incurring into creating a quasi-uniform reward estimation (excessively large values of ). In Figure 17 we explore
the optimal value of « for a given average number of datapoints per cluster-action. As expected, for small size clusters,
lower values of alpha are favoured since the pull towards the prior’s expectation is soft, while on bigger clusters, the value
of o (and consequently the resistance) needs to grow to effectively control reward misspecification (otherwise the expected
reward value would be pulled towards the value of the observed samples).

To choose the value of « in an arbitrary problem, we propose the following selection process:
1. Determine the number of clusters to use depending on the number of clusters (reference in Figure 12 (a).
2. Partition the context space X in clusters ¢y, co, ..., Cp.

3. Generate synthetic data Xev using Xipin and 7.
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Figure 10: Normalized MSE of CHIPS (MAP) using different clustering methods with respect to IPS.

«» DM IPS @«» DR CHIPS_bayes MR SNDR DRoS  @» SNIPS
Normalized MSE Normalized Squared Bias Normalized Variance
1.6e+00 1.2e+00 9.5e+03
. - = =SS = _ WS
EE:SESZE&EE:EEE::"-?fE’ I V\ ,
: /\'\/\.__./\ .....
5.7e-01 5.1e-01 6.3e+02 \"/
o—" o—
2.1e-01 = 2.2e-01 _ 4.1e+01
= 7 =
Z - :\./'
7.5e-02 o 9.3e-02 ~/ 2.7e+00 == ,\._.>' o o
7 — =X
= / AY/N A=
- o A4 4 !
- s SN N
2.7e-02 4.0e-02 1.8e-01
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
Number of Deficient Actions Number of Deficient Actions Number of Deficient Actions

Figure 11: From left to right, MSE, Bias, and Variance of the CHIPS estimator compared to baselines while varying the
number of deficient actions.

4. Estimate number of average data points per cluster-action from Xy
5. Choose « from the reference in Figure 17.

For testing this selection process, following the experimental protocol of Taufiq et al. (2023), we transform five UCI
datasets (Dua and Graff, 2017), MNIST (Deng, 2012) , and CIFAR-100 (Krizhevsky, Nair, and Hinton, 2009) from multi-
class classification problems into contextual bandits data (Dudik, Langford, and Li, 2011). The results (averaged 50 times)
in Figure 18 show a consistent improvement with respect to existing methods, empirically proving the effectiveness of the
« selection process.

Additionally, we perform an alternative experiment using the real dataset, in which instead of fixing o and vary the number
of clusters according to the reference in Figure 12 (b) with 50000, 100000 and 500000 samples (see Figure 2, we follow
the « selection process, fix the number of clusters and increase the value of o according to Figure 17. In Figure 19 we
observe equivalent results as in our previous experiment confirming the equivalence of using a reference for the number of
samples and varying the number of clusters with a fixed value for ¢, or varying o with a fixed number of clusters obtained
by using a reference for the number of actions.
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E CLUSTER STRUCTURE IN DATASETS

The generated synthetic dataset ensures that the expected reward inside a cluster is similar and that the best possible action
is usually the same for all the context within the cluster (see Figure 20), mimicking real-world settings like e-commerce in
which we can expect similar behaviour for close contexts.

F EXPERIMENTAL PROTOCOL

For evaluation in the real dataset, we follow (Saito and Joachims, 2022) protocol to evaluate estimators’ accuracy given
two sources of data. Given a logging policy 7, a dataset collected under it D, a logging policy 7, and the dataset collected
under it Dy, we follow the following procedure:

1. Extract n independent bootstrap samples with replacement from the logging dataset Djj := {(x;, a;,7:) }1-y .
2. Estimate the policy value of 7 using the sample Dj. We denote this estimate as V(w; Dg).

3. Compute the relative mean squared error with respect to IPS:

(V(m) - V(m D))’

Z(V,Dp) = .
Y (V) - Tis(m D)’

Where V(TF) = ﬁ Z(-,-,Ti)ED T
4. Repeat steps 1,2, and 3 7" = 100 times and compute the Empirical Cumulative Distribution Function (ECDF) as:

1 & -
Fz(x):= f);l{zt(V,'Dg) <z}

G COMPLEXITY

Algorithmically, since the CHIPS estimator can be regarded as performing the same procedure as IPS with different weights
and rewards,the time complexity given n logging samples, and clustering method & can be expressed as:

complexity (CHIPS(n; &) ) = complexity (IPS(n)) + complexity (£(n))

For example, since the time complexity of IPS is O(n), using DBSCAN (O(nlogn)) as a clustering method, we would
get a time complexity for CHIPS of O(nlogn). In our experiments, we used batch-Kmeans (Sculley, 2010) as clustering
method, that has a time complexity of O(mkd,t) where m is the batch size, k is the number of clusters, d, is the
dimension of the features and ¢ is the number of iterations. In the implementation used, we fixed m = 1024 and ¢ = 100,
therefore, in this case, the time complexity of the CHIPS method is O(kd,) + O(n). The time complexity of the MIPS
estimator can be estimated similarly as O(nd.) + O(n) = O(nd.), where the O(nd.) term comes from the logistic
regression used to estimate 7o (alx, ) (being e an action embedding) and d, is the action embedding dimension. The
methods using a supervised classifier (DM, DR, and MRDR) get their dominant term in time complexity from the training
process of the classifier, in our case O(ndslogn) with s being the number of trees. In practice, this means that DM, , and
MRDR will have significantly higher execution times (see Figure 21 (a)), and CHIPS will generally be faster than MIPS
since k << n to leverage the cluster structure, as we can appreciate in Figure 21 (b). The space complexity of CHIPS
can be estimated following a similar approach, for example when using the KMeans algorithm the space complexity is
O(n(k+d))+0O(n) =0(n(k +d)).
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Figure 12: Bi parametric experiments results using different number of clusters for analyzing CHIPS capabilities when
increasing actions (a) and logging samples (b).
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Figure 13: Normalized performance of CHIPS (MAP) with respect to IPS using different values for the o parameter in the
Beta prior and distributional shift between logging and evaluation policies (/3).
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Figure 14: Additional experiments varying the number of clusters and the o parameter in the Beta prior for CHIPS (MAP)
in the real dataset (using 100000 samples).
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Figure 15: Normalized MSE with respect to IPS of the expected rewards for the 15 most common context-action pairs in
the real logging dataset.
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Figure 16: Normalized MSE of CHIPS with respect to IPS (left) and samples in the associated cluster (right) for the most
common context-action pair in the evaluation policy while varying the distributional shift (3) in the synthetic dataset.



Clustering Context in Off-Policy Evaluation

Normalized Mse CHIPS (MAP) varying avg. points per cluster/action

-100

10!
-60
100 Q
=
s
-40
1071

100 | o | N T
Avg. points per cluster/action

Figure 17: Normalized MSE of CHIPS (MAP) with respect to IPS using different values of o and number of expected data
points per cluster-action.
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Figure 18: MSE of CHIPS (MAP) using « selection policy with respect to IPS, DR, DM, MR (Taufiq et al., 2023), DRos(Su
et al., 2020) and SwitchDR (Wang, Agarwal, and Dudik, 2017).
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Figure 19: ECDF of the relative mean squared error with respect to IPS for the real dataset using 50000 (left), 100000
(center), and 500000 (right) logging samples and the « selection process.



Clustering Context in Off-Policy Evaluation
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(a) Expected reward per context for a sepcific action in the synthetic dataset.
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Figure 20: Representation of the synthetic dataset using 2-dimensional contexts.
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(a) Execution times for the real dataset including DM, DR, and MRDR.
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(b) Execution times for the real dataset for IPS, CHIPS, and MIPS.

Figure 21: Average execution times increasing the sample size (100 executions per sample size).
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