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Overview: Many data-driven companies measure the impact of product groups and allocate resources across them based1

on the estimated impacts of features they launch via A/B tests. In this doc, we show that, when based on a standard2

frequentist estimator of the impact of features, this practice can significantly overstate the impact of product groups and3

distort the allocation of resources. When this practice is instead based on a Bayesian estimator of the impact of features,4

there are no such problems when the underlying prior beliefs regarding the distribution of true impacts are correctly5

specified. To help assess performance of the estimators in practice, we conduct simulations, allowing for different forms6

of misspecification in prior beliefs regarding the distribution of true impacts. In these simulations, we find that the7

Bayesian estimator generally outperforms the frequentist estimator, even under certain forms of misspecification. We use8

both the frequentist and Bayesian estimators to measure cumulative impacts across A/B tests at Amazon, highlighting9

differences in their overall magnitude and their distribution across product groups.10

Setup: We consider a data-driven company that uses A/B tests to determine whether or not to launch new features. The11

company has a set of candidate features indexed by w ∈ {1, ...,W}. For each candidate feature, the company runs an12

A/B test, exposing the feature to a random subset of traffic to measure the impact ∆w of the feature on a metric of interest.13

The A/B test delivers a frequentist estimator ∆̂w of ∆w and an estimator τ̂2w of the sampling variance of ∆̂w, which we14

treat as a known constant. The estimator ∆̂w could, for example, be the estimated difference in means scaled by the15

total number of units in the A/B test, with adjustment for pre-determined covariates. We assume that ∆̂w is normally16

distributed, with mean ∆w and variance τ̂2w:17

∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w) (1)

The true impacts ∆w are distributed according to an unknown distribution G, with hyperparameters β:18

∆w|β
iid∼ G(β) (2)

The company assumes (perhaps naively) that the true impacts ∆w are normally distributed, with mean µ and variance σ2:19

∆w|µ, σ2 iid∼ N(µ, σ2) (3)

Under equations (1) and (3), the true impacts given the A/B test results (∆̂w, τ̂
2
w) are also normally distributed:20

∆w|∆̂w, τ̂
2
w, µ, σ

2 iid∼ N(µ̃w(µ, σ
2), σ̃2

w(σ
2)) (4)

µ̃w(µ, σ
2) = ωw(σ

2)∆̂w + (1− ωw(σ
2))µ (5)

σ̃2
w(σ

2) = ωw(σ
2)τ̂2w (6)

ωw(σ
2) = σ2(σ2 + τ̂2w)

−1 (7)

The company launches a feature if and only if the estimated impact ∆̂w is greater than a launch threshold kw. Let ϕ(·)21

and Φ(·) be the probability density function and cumulative distribution function of the standard normal distribution,22

respectively. The launch threshold kw could, for example, be based on a frequentist decision rule to launch if and only if23

∆̂w > 0 and the p-value is less than α in which case kw = τ̂w · Φ−1(1− α/2).24

Estimand and estimators: The company’s goal is to estimate the cumulative impact of the features it launches:25

∆L =
∑
w∈L

∆w (8)

where L = {w ∈ {1, ...,W} : ∆̂w > kw} is the subset of features the company launches given launch thresholds26

k = (k1, ..., kW ).27



We consider 2, easy-to-compute estimators of ∆L:28

∆̂L =
∑
w∈L

∆̂w µ̃L(µ̂, σ̂
2) =

∑
w∈L

µ̃w(µ̂, σ̂
2) (9)

The first estimator is the sum of frequentist impacts ∆̂w across features the company launches. The second estimator is29

the sum of Bayesian impacts µ̃w(µ̂, σ̂
2) across features the company launches, given estimates (µ̂, σ̂2) of (µ, σ2).30

Motivated by equations (1) and (4), we construct (nominal) (1− α) confidence intervals for the estimators via:31

∆̂L ±
√∑

w∈L
τ̂2w · Φ−1

(
1− α

2

)
(10)

µ̃L(µ̂, σ̂
2)±

√∑
w∈L

σ̃2
w(σ̂

2) · Φ−1
(
1− α

2

)
(11)

exploiting the fact that, given independence across features w, the variance of the sum is equal to the sum of the32

corresponding variances.33

Observations: We explore the bias of ∆̂L and µ̃L(µ̂, σ̂
2) and the coverage of their respective confidence intervals. We34

summarize our findings across 5 main observations, with details relegated to appendix A.35

Observation 1: The frequentist estimator ∆̂L is biased upwards. If ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w), then:36

E

(
∆̂L −∆L

∣∣∣∣∣∆̂w > kw for all w ∈ L

)
=
∑
w∈L

E

τ̂w
 ϕ

(
kw−∆w

τ̂w

)
1− Φ

(
kw−∆w

τ̂w

)
∣∣∣∣∣∆̂w > kw

 > 0 (12)

Observation 2: The bias of the frequentist estimator ∆̂L is decreasing in statistical power Πw, with the bias approaching37

0 as power approaches Πw = 1 for all w ∈ L.38

Observation 3: When statistical power Πw is low, the (1−α) confidence interval for ∆̂L will cover ∆L less than (1−α)39

percent of the time. If ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w) and, for each feature w ∈ L, Πw < 0.5 with probability 1, then:40

Pr

∣∣∣∆̂L −∆L

∣∣∣ ≤√∑
w∈L

τ̂2w · Φ−1
(
1− α

2

) ∣∣∣∣∣∆̂w > kw for all w ∈ L

 < 1− α (13)

Observation 4: When the company’s prior beliefs are correctly specified, the Bayesian estimator µ̃L(µ̂, σ̂
2) is unbiased.41

If ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w) and ∆w|µ, σ2 iid∼ N(µ, σ2), then:42

E

(
µ̃L(µ, σ

2)−∆L

∣∣∣∣∣∆̂w > kw for all w ∈ L

)
= 0 (14)

Observation 5: When the company’s prior beliefs are correctly specified, the (1− α) confidence interval for µ̃L(µ̂, σ̂
2)43

will cover ∆L (1− α) percent of the time. If ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w) and ∆w|µ, σ2 iid∼ N(µ, σ2), then:44

Pr

∣∣∣∣∣µ̃L(µ, σ
2)−∆L

∣∣∣∣∣ ≤
√∑

w∈L
σ̃2
w(σ

2) · Φ−1
(
1− α

2

) ∣∣∣∣∣∆̂w > kw for all w ∈ L

 = 1− α (15)

Observation 1 formalizes the idea of the so-called “winner’s curse” (see, for example, [1], [2], [3]). Intuitively, the45

company is more likely to launch a feature precisely when frequentist estimates overestimate its impact. This results in46

an upward bias when using ∆̂L to estimate the cumulative impact features that are launched. Observation 2 shows that47

the magnitude of the winner’s curse bias is decreasing in statistical power. Observation 3 shows that, in underpowered48

A/B tests, the winner’s curse also creates challenges for inference, with confidence intervals failing to achieve nominal49

coverage. Observations 4 and 5 show that the Bayesian estimator µ̃L(µ̂, σ̂
2) eliminates the winner’s curse bias and50

preserves inference on average when the company’s prior beliefs are correctly specified. Intuitively, the Bayesian estimator51

µ̃L(µ̂, σ̂
2) by definition conditions on the results of A/B tests, so further conditioning on meeting the launch thresholds k52

does not cause bias or distort inference (on average, when the company’s prior beliefs are correctly specified).53
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Simulations: We evaluate the performance of the estimators via Monte Carlo simulations calibrated to mimic A/B tests54

at Amazon. We obtain the estimated sampling variances τ̂2w for a set of historical Amazon A/B tests WS . For each A/B55

test in WS , we draw from the data generating process (DGP):56

∆w|M,ν, s
iid∼M + tν · s (16)

∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w) (17)

where M and s are scalars and tν is a student-t random variable with ν degrees of freedom. We identify the set of A/B57

tests L that meet launch thresholds k. Among these A/B tests, we construct the estimators ∆̂L and µ̃L(µ̂, σ̂
2), their 9558

percent confidence intervals, and the ground truth ∆L. We repeat this 1K times and estimate bias and coverage via their59

sample analogues, averaging across the 1K replications and across the set WS of A/B tests.60

We allow for the company’s prior beliefs regarding the distribution of true impacts to be misspecified via different61

specifications of the DGP parameters (M, s, ν). Note first that when (M, s, ν) = (µ̂, σ̂,∞) the company’s prior beliefs62

are correctly specified and the DGP in equations (16) and (17) reduces to the DGP in equations (1) and (3). Relative63

to this baseline, we consider two forms of misspecification. First, we allow the company to misspecify the degrees of64

freedom of the distribution of true impacts while correctly specifying the mean and variance. In particular, we consider65

(M, s, ν) = (µ̂, σ̂ ·
√
(ν − 2)/ν, ν) for different degrees of freedom ν > 2. This could be the case if in practice the66

distribution of true impacts has fatter-than-normal tails. Second, we allow the company to misspecify the variance of67

the distribution of true impacts while correctly specifying the mean and degrees of freedom. In particular, we consider68

(M, s, ν) = (µ̂, σ̂ · ψ,∞), with a scale multiplier ψ ∈ [0.33, 3.00]. This could be the case if there is heterogeneity in the69

variance of the distribution of true impacts across different groups of A/B tests.70

Figure 1: Simulation results
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Figure 1 presents our main results. Panel (a) presents results for bias. Consistent with observation 1, figure 1 shows that71

across the different specifications of (M, s, ν) the frequentist estimator ∆̂L is biased upward. The Bayesian estimator72

µ̃L(µ̂, σ̂
2) is biased upward or downward depending on the specification of (M, s, ν). Relative to the frequentist estimator,73

the only specification of the DGP parameters (M, s, ν) for which the Bayesian estimator µ̃L(µ̂, σ̂
2) does not reduce74

the magnitude of the bias is when the scale multiplier ψ > 2 in which case the company understates the variance of75

true impacts by a factor of more than 4. Consistent with observation 4, when the company’s prior beliefs are correctly76
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specified, the Bayesian estimator µ̃L(µ̂, σ̂
2) is approximately unbiased. Panel (b) presents results for coverage. Consistent77

with observation 3, figure 1 shows that across the different specifications of (M, s, ν) the 95 percent confidence interval78

for the frequentist estimator ∆̂L often has coverage significantly below 95 percent. Coverage of the 95 percent confidence79

interval for the Bayesian estimator µ̃L(µ̂, σ̂
2) is generally higher. As was the case with bias, the only specification of the80

DGP parameters (M, s, ν) for which the confidence interval for Bayesian estimator µ̃L(µ̂, σ̂
2) does not improve coverage81

relative to the confidence interval for the frequentist estimator ∆̂L is when the scale multiplier ψ > 2. Consistent with82

observation 5, when the company’s prior beliefs are correctly specified, the 95 percent confidence interval for the Bayesian83

estimator µ̃L(µ̂, σ̂
2) has coverage of approximately 95 percent.84

Application: We apply the estimators to A/B tests run at Amazon in 2023, assuming for simplicity that they all followed85

the same, standard launch criteria based on an (obfuscated) engagement metric. We estimate the cumulative impact of86

launches among the A/B tests meeting the launch criteria, both overall and separately by product group. We present87

results normalized by the frequentist estimate of the cumulative impact across all product groups. 95 percent confidence88

intervals are presented in brackets.89

Table 1: Estimated cumulative impact of launched features

(1) (2)
Product group # Frequentist ∆̂L Bayesian µ̃L(µ̂, σ̂

2)

1 0.011 0.004
[0.009, 0.013] [0.002, 0.005]

2 0.026 0.011
[0.021, 0.030] [0.008, 0.014]

3 0.030 0.006
[0.026, 0.034] [0.004, 0.008]

4 0.036 0.010
[0.032, 0.040] [0.008, 0.013]

5 0.036 0.019
[0.031, 0.042] [0.015, 0.023]

6 0.070 0.020
[0.060, 0.080] [0.015, 0.024]

7 0.073 0.042
[0.066, 0.080] [0.036, 0.048]

8 0.078 0.027
[0.071, 0.084] [0.022, 0.031]

9 0.078 0.036
[0.069, 0.086] [0.030, 0.042]

10 0.078 0.035
[0.070, 0.087] [0.029, 0.041]

11 0.161 0.073
[0.146, 0.177] [0.062, 0.084]

12 0.324 0.130
[0.308, 0.339] [0.119, 0.140]

Total 1.000 0.413
[0.970, 1.030] [0.393, 0.434]

Table 1 shows significant gaps between the frequentist estimates ∆̂L and the Bayesian estimates µ̃L(µ̂, σ̂
2), both in90

their overall magnitude and their distribution across product groups. Relative to the frequentist estimate, the Bayesian91

estimate of the cumulative impact of launched features across all product groups is nearly 60 percent smaller in magnitude.92

Relative to the frequentist estimates, the Bayesian estimates increase the share of the total impact accounted for by93

product group 7 by around 40 percent while reducing the share of the total impact accounted for by product group 394

around 50 percent.95

Limitations: We conclude by emphasizing 3 important limitations of our work. First, our setup assumes the A/B tests96

are independent of each other in which case the cumulative impact of features that are launched is equal to the sum97

of the impacts of launching each feature. But this need not be the case in practice. If, for example, 2 features interact98

and are tested concurrently then the impact of launching them both could be different than the sum of their impacts.99

Second, we focus on estimators that can easily be computed given standard results from A/B tests. But these estimators100

may be outperformed by other, more sophisticated estimators (see, for example, [4]). Third, in assessing the relative101

performance of the frequentist estimator ∆̂L and the Bayesian estimator µ̃L(µ̂, σ̂
2) we allow for the company’s prior102

beliefs to be misspecified in ways that we think are most likely in practice. But it’s possible that company’s prior beliefs103

could be misspecified in other ways and that under these different types of misspecification we would arrive at different104

conclusions regarding the relative performance of the estimators.105
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A Appendix: Proofs117

Observation 1: The frequentist estimator ∆̂L is biased upwards. If ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w), then:118

E

(
∆̂L −∆L

∣∣∣∣∣∆̂w > kw for all w ∈ L

)
=
∑
w∈L

E

τ̂w
 ϕ

(
kw−∆w

τ̂w

)
1− Φ

(
kw−∆w

τ̂w

)
∣∣∣∣∣∆̂w > kw

 > 0 (18)

Proof: We follow ideas presented in [1]. For each feature w ∈ L, we have that:119

E

(
∆̂w −∆w

∣∣∣∣∣∆̂w > kw

)
= E

(
E

(
∆̂w −∆w

∣∣∣∣∣∆̂w > kw,∆w

)∣∣∣∣∣∆̂w > kw

)
(19)

= E

(
E

(
∆̂w

∣∣∣∣∣∆̂w > kw,∆w

)
−∆w

∣∣∣∣∣∆w > kw

)
(20)

= E

∆w + τ̂w

 ϕ
(

kw−∆w

τ̂w

)
1− Φ

(
kw−∆w

τ̂w

)
−∆w

∣∣∣∣∣∆̂w > kw

 (21)

= E

τ̂w
 ϕ

(
kw−∆w

τ̂w

)
1− Φ

(
kw−∆w

τ̂w

)
∣∣∣∣∣∆̂w > kw

 (22)

where equation (19) follows from the law of iterated expectations, equation (20) follows from the linearity of the120

expectation operator, and equation (21) follows from properties of the truncated normal distribution (see, for example,121

theorem 24.2 in [5]). Leveraging the independence across features w and the linearity of the expectation operator therefore122

yields:123

E

(∑
w∈L

∆̂w −
∑
w∈L

∆w

∣∣∣∣∣∆̂w > kw for all w ∈ L

)
=
∑
w∈L

E

τ̂w
 ϕ

(
kw−∆w

τ̂w

)
1− Φ

(
kw−∆w

τ̂w

)
∣∣∣∣∣∆̂w > kw

 (23)

That the bias is positive follows from the fact that, excluding edge cases, τ̂w > 0, ϕ(·) > 0, and Φ(·) < 1 □124

Observation 2: The bias of the frequentist estimator ∆̂L is decreasing in statistical power Πw, with the bias approaching125

0 as power approaches Πw = 1 for all w ∈ L126

Proof: For each feature w ∈ L, we want to show that:127

dE

(
τ̂w

(
ϕ( kw−∆w

τ̂w
)

1−Φ( kw−∆w
τ̂w

)

) ∣∣∣∣∣∆̂w > kw

)
dΠw

< 0 (24)

To this end, we assume regularity conditions under which the derivative of the expectation is equal to the expectation of128

the derivative (see section 2.4 of [6]) and define:129

Bw = τ̂w

 ϕ
(

kw−∆w

τ̂w

)
1− Φ

(
kw−∆w

τ̂w

)
 (25)

By the chain rule, we have that:130

dBw

d∆w
=
dBw

dΠw

dΠw

d∆w
(26)

We can therefore prove the claim that dBw/dΠw < 0 by showing that (a) Bw is strictly decreasing in ∆w and that (b)131

Πw is strictly increasing in ∆w.132
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Toward showing (a), note that:133

dBw

d∆w
=

−ϕ′
(

kw−∆w

τ̂w

)(
1− Φ

(
kw−∆w

τ̂w

))
− ϕ

(
kw−∆w

τ̂w

)2
(
1− Φ

(
kw−∆w

τ̂w

))2 (27)

=

(
kw−∆w

τ̂w

)
ϕ
(

kw−∆w

τ̂w

)(
1− Φ

(
kw−∆w

τ̂w

))
− ϕ

(
kw−∆w

τ̂w

)2
(
1− Φ

(
kw−∆w

τ̂w

))2 (28)

=
zϕ (z) (1− Φ (z))− ϕ (z)

2

(1− Φ (z))
2 (29)

where equation (27) follows from the quotient rule, equation (28) follows from the fact that −ϕ′(z) = zϕ(z) for any134

z, and equation (29) follows from the substitution z = (kw −∆w)/τ̂w. It follows that dBw/d∆w < 0 if and only if135

z (1− Φ (z)) < ϕ (z) for all z. This inequality holds trivially for all z < 0. For z > 0, note that136

1− Φ (z) =

∫ ∞

z

1√
2π

exp(−t2/2)dt (30)

<
1

z

∫ ∞

z

1√
2π
t exp(−t2/2)dt (31)

=
1

z
ϕ(z) (32)

from which the inequality follows. Toward showing (b), note that:137

Πw = 1− Φ

(
Φ−1

(
1− α

2

)
− ∆w

τ̂w

)
+Φ

(
−Φ−1

(
1− α

2

)
− ∆w

τ̂w

)
(33)

dΠw

d∆w
=

1

τ̂w

(
ϕ

(
Φ−1

(
1− α

2

)
− ∆w

τ̂w

)
− ϕ

(
−Φ−1

(
1− α

2

)
− ∆w

τ̂w

))
(34)

For any x and y such that |x| < |y|, ϕ(x) > ϕ(y). Because Φ−1
(
1− α

2

)
> 0 and ∆w > 0:138 ∣∣∣∣Φ−1

(
1− α

2

)
− ∆w

τ̂w

∣∣∣∣ < ∣∣∣∣− Φ−1
(
1− α

2

)
− ∆w

τ̂w

∣∣∣∣ (35)

and therefore dΠw/d∆w > 0. Together, the fact that dBw/d∆w < 0 and dΠw/d∆w > 0 establish (via equation (26))139

that dBw/dΠw < 0, as claimed. We conclude by noting that lim∆w/τ̂w→∞Bw = 0 □140

Observation 3: When statistical power is low, the (1− α) confidence interval for ∆̂L will cover ∆L less than (1− α)141

percent of the time. If ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w) and, for each feature w ∈ L, Πw < 0.5 with probability 1, then:142

Pr

∣∣∣∆̂L −∆L

∣∣∣ ≤√∑
w∈L

τ̂2w · Φ−1
(
1− α

2

) ∣∣∣∣∣∆̂w > kw for all w ∈ L

 < 1− α (36)

Proof: We outline a sketch of a proof under restrictions on kw and the assumption that the confidence interval for ∆̂L will143

have lower-than-nominal coverage conditional on ∆̂w > kw for all w ∈ L if, for each feature w ∈ L, the confidence144

interval for ∆̂w has lower-than-nominal coverage conditional on ∆̂w > kw. We follow ideas in [3]. Toward establishing145

this latter fact, define zα = Φ−1(1− α/2) and note that, for each feature w ∈ L:146

Pr

(∣∣∣∣∣∆̂w −∆w

∣∣∣∣∣ ≤ τ̂w · zα

∣∣∣∣∣∆̂w > kw

)
= Pr

(
Pr

(∣∣∣∣∣∆̂w −∆w

∣∣∣∣∣ ≤ τ̂w · zα

∣∣∣∣∣∆̂w > kw,∆w

)∣∣∣∣∣∆̂w > kw

)
(37)

Note also that ∆w < τ̂w · zα whenever Πw < 0.5. We therefore show that for each feature w ∈ L:147
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Pr

(∣∣∣∣∣∆̂w −∆w

∣∣∣∣∣ > τ̂w · zα

∣∣∣∣∣∆̂w > kw,∆w

)
> α (38)

for any 0 < ∆w < kw = τ̂w · zα. By Bayes rule:148

Pr

(∣∣∣∆̂w −∆w

∣∣∣ > τ̂w · zα

∣∣∣∣∣∆̂w > kw,∆w

)
=

Pr

∆̂w>kw

∣∣∣∣∣∆w,

∣∣∣∆̂w−∆w

∣∣∣>τ̂w·zα

Pr

∣∣∣∆̂w−∆w

∣∣∣>τ̂w·zα

∣∣∣∣∣∆w


Pr

∆̂w>kw

∣∣∣∣∣∆w


> α (39)

Because ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w):149

Pr

(∣∣∣∆̂w −∆w

∣∣∣ > τ̂w · zα

∣∣∣∣∣∆w

)
= α (40)

It therefore suffices to show that:150

Pr

(
∆̂w > kw

∣∣∣∣∣∆w,
∣∣∣∆̂w −∆w

∣∣∣ > τ̂w · zα

)
− Pr

(
∆̂w > kw

∣∣∣∣∣∆w

)
> 0 (41)

Note that:151

Pr

(
∆̂w > kw

∣∣∣∣∣∆w,
∣∣∣∆̂w −∆w

∣∣∣ > τ̂w · zα

)
− Pr

(
∆̂w > kw

∣∣∣∣∣∆w

)
=

1

2
− 1 + Φ

(
kw −∆w

τ̂w

)
(42)

= Φ

(
kw −∆w

τ̂w

)
− 1

2
(43)

which is positive whenever kw > ∆w, establishing the claim □152

Observation 4: When the company’s prior beliefs are correctly specified, the Bayesian estimator µ̃L(µ̂, σ̂
2) is unbiased.153

If ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w) and ∆w|µ, σ2 iid∼ N(µ, σ2), then:154

E

(
µ̃L(µ, σ

2)−∆L

∣∣∣∣∣∆̂w > kw for all w ∈ L

)
= 0 (44)

Proof: For each feature w ∈ L, we have that:155

E

(
µ̃w(µ, σ

2)−∆w

∣∣∣∣∣∆̂w > kw

)
= E

(
E

(
µ̃w(µ, σ

2)−∆w

∣∣∣∣∣∆̂w

)∣∣∣∣∣∆̂w > kw

)
(45)

= E

(
µ̃w(µ, σ

2)− E

(
∆w

∣∣∣∣∣∆̂w

)∣∣∣∣∣∆̂w > kw

)
(46)

= 0 (47)

where equation (45) follows from the law of iterated expectations, equation (46) follows from the linearity of the156

expectation operator, and equation (47) follows from the fact that if ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w) and ∆w|µ, σ2 iid∼ N(µ, σ2)157

then µ̃w(µ, σ
2) = E(∆w

∣∣∣∆̂w). Leveraging the independence across features w and the linearity of the expectation158

operator therefore yields:159

E

(∑
w∈L

µ̃w(µ, σ
2)−

∑
w∈L

∆w

∣∣∣∣∣∆̂w > kw for all w ∈ L

)
=
∑
w∈L

E

(
µ̃w(µ, σ

2)−∆w

∣∣∣∣∣∆̂w > kw

)
(48)

= 0 (49)
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which establishes the claim □160

Observation 5: When the company’s prior beliefs are correctly specified, the (1− α) confidence interval for µ̃L(µ̂, σ̂
2)161

will cover ∆L (1− α) percent of the time. If ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w) and ∆w|µ, σ2 iid∼ N(µ, σ2), then:162

Pr

∣∣∣∣∣µ̃L(µ, σ
2)−∆L

∣∣∣∣∣ ≤
√∑

w∈L
σ̃2
w(σ

2) · Φ−1
(
1− α

2

) ∣∣∣∣∣∆̂w > kw for all w ∈ L

 = 1− α (50)

Proof: Define zα = Φ−1(1− α/2). By the law of iterated expectations:163

Pr

∣∣∣∣∣ ∑
w∈L

µ̃w(µ, σ
2)−

∑
w∈L

∆w

∣∣∣∣∣ ≤
√∑

w∈L
σ̃2
w(σ

2) · zα

∣∣∣∣∣∆̂w > kw for all w ∈ L

 = Pr

Pr

∣∣∣∣∣ ∑
w∈L

µ̃w(µ, σ
2)−

∑
w∈L

∆w

∣∣∣∣∣ ≤
√∑

w∈L
σ̃2
w(σ

2) · zα

∣∣∣∣∣{∆̂w}w∈L, µ, σ
2

∣∣∣∣∣∆̂w > kw for all w ∈ L

 (51)

If ∆̂w|∆w, τ̂
2
w

ind∼ N(∆w, τ̂
2
w) and ∆w|µ, σ2 iid∼ N(µ, σ2), then ∆w|∆̂w, µ, σ

2 ind∼ N(µ̃w(µ, σ
2), σ̃2

w(σ
2)) and therefore:164

∑
w∈L

∆w

∣∣∣{∆̂w}w∈L, µ, σ
2 ind∼ N

(∑
w∈L

µ̃w(µ, σ
2),
∑
w∈L

σ̃2
w(σ

2)

)
(52)

from which it follows that:165

Pr

∣∣∣∣∣ ∑
w∈L

µ̃w(µ, σ
2)−

∑
w∈L

∆w

∣∣∣∣∣ ≤
√∑

w∈L
σ̃2
w(σ

2) · zα

∣∣∣∣∣{∆̂w}w∈L, µ, σ
2

 = 1− α (53)

which establishes the claim □166
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