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Topological entanglement entropy has been extensively used as an indicator of topologically or-
dered phases. We study conditions for two-dimensional topologically trivial states to exhibit spurious
contributions which suffer topological entanglement entropy. We show that if the state at the bound-
ary of a subregion is a stabilizer state, then it has non-zero spurious contribution on the region if,
and only if, the state is in a non-trivial one-dimensional G1 X G2 symmetry-protected topological
(SPT) phase. However, we provide a candidate of a boundary state that has a non-zero spurious
contribution but does not belong to any of such SPT phases.

Introduction.— Topologically ordered phases are
gapped quantum phases which cannot be detected by
conventional local order parameters. Topological entan-
glement entropy (TEE) [I], 2] has been widely used as an
indicator of such topological ordered phases. For ground
states in gapped two-dimensional (2D) models, the en-
tanglement entropy S(A) := —Trpa log, pa of a region A
is expected to behave as

S(A) = al0A] =y +o(1), (1)

where « is a constant, 0A is the boundary length and
o(1) comprises terms vanishing in the limit of |0A| —
oo. TEE is defined as the universal constant term -~y [I].
The term ~ is shown to be the logarithm of the total
quantum dimension of the abstract anyon model under
various conditions [II, BH5].

To extract TEE from a ground state, one can calcu-
late suitable linear combinations of entropies for certain
subsystems (e.g., Fig. ), known as conditional mutual
information (CMI) in quantum information theory, so
that the first leading terms cancel out [I} 2].

However, it has been pointed out that Eq. in gen-
eral could contain an additional term, and thus the above
argument does not always work. This additional contri-
bution, called spurious TEE [6] [7], causes positive CMI
for states in the trivial phase.

So far, the spurious TEE is seems to be connected
to the existence of a 1D symmetry-protected topological
(SPT) phase at the boundary of a certain region [6HIT].
Spurious TEE seems to be fragile against general local
perturbations or small deformation of the regions, but
the conditions in which the spurious TEE appears have
not yet been fully understood.

A natural question is whether a SPT phase at the
boundary is also a necessary condition for spurious TEE.
In this letter, we study the underlying mechanism of spu-
rious TEE in the trivial phase. We model the degrees of
freedom at the boundaries of regions (Fig. [Ip) by us-
ing Matrix Product States (MPS) [12]. Here we partic-
ulary focus on a renormalization fixed-point of the MPS
in which the CMI is constant for all the length scales.

FIG. 1: a) A tripartition of a subsystem in a 2D spin lattice to
calculate TEE. b) For ground states in the trivial phase, the
entanglement entropy of region R is determined by a MPS
located at the boundary of R (green region). Each tensor
A has two physical legs associated to R and its complement
respectively.

We then characterize the fixed-points in terms of the
operator-algebra quantum error correction [I3HI5], and
derive a formula to calculate the value of the spurious
TEE from algebras associated to the single tensor.

By using our characterization, we show that if the
boundary MPS is a stabilizer state [I6], a non-zero spuri-
ous TEE implies the MPS is in a non-trivial G; x G, SPT
phase under on-site symmetry actions. In contrast, we
also provide a numerical evidence indicating that in gen-
eral there are boundary states which have non-zero spu-
rious TEE but does not belong to any such SPT phase.
To the best of our knowledge, this is the first example of
the mechanism of spurious TEE beyond on-site G; x G2
SPT phase at the boundary.

MPS model of boundary states.— We consider a
translation-invariant ground state |¢)) defined on a 2D
spin lattice with size N. When a ground state is in the
trivial phase, it can be (approximately) constructed from
a product state only by a constant-depth local unitary
circuit [I7, [I8]. More precisely, there exists a set of uni-
taries {V;} such that

W}> =VoVp—1... V1|0>®N ;



where the depth w = O(1) is a constant of N and each
V; is a product of local unitaries acting on disjoint sets
of neighboring spins within radius r = O(1).

Let us divide the lattice into a connected region R and
its complement R°. Entanglement between R and R°
is invariant under local unitaries UrUpg: and therefore
we can undo some parts of the circuit. Hence, S(R),
is equivalent to that of a tensor product of an entangled
state |¢) rre around the boundary R and |0)s at the rest
part. We call |¢) gre as the boundary state of R (Fig. [Ip).

A constant-depth circuit can increase the Schmidt-
rank by at most a constant. Therefore |¢)gre is written
as a Matrix Product State (MPS) (Fig. [Ip):

|6y rRre = D Tr(A™* AW iy i) gl ) e

where A%J* is a D x D matrix with a constant bond di-
mension D = O(1) (here, we assume that all the tensors
are the same due to the translation-invariance [28]). Each
local basis {|ix)} corresponds to a coarse-grained site
which consists several neighboring spins so that the corre-
lation length of the MPS is exactly zero. We denote by H
and K the Hilbert spaces associated to |i) g and |j)ge. In
this notation, there is an isometry V : CP@CP — H®K,
VTV = I such that the MPS has the form [19} 20]

6) rre = VEAp)®!, (2)

where [A\p) = P \/Ar|kk) is an entangled state with
the Schmidt rank D. V acts on two separated sites of
neighboring |A)s. In the following, we especially consider
the case where |[Ap) is the maximally entangled state
lwp) = Zi’;l %|“> for the simplicity. We expect we
do not lose much generality by this reduction, although
we leave an extension for future works.

When R is an annulus like ABC' in Fig. a, we obtain
two boundary states at the inner and outer boundaries.
The ground state has a spurious TEE for R if one of these
boundary states have a non-trivial CMI

I(A:C|B), == S(AB) + S(BC) — S(B) — S(ABC) > 0

for a tripartition R = ABC such that B separates A from
C. Importantly, the value of CMI matches to that of the
tri-information [2I], which also used to extract TEE [,
for the class of states we are considering.

Due to the monotonicity of CMI, non-zero value of the
spurious TEE implies that the CMI of an open boundary
MPS must be positive as well. We formalize a family of
such open boundary MPS {qﬁ(”)}nzo with different length
n defined as

@ := |wp)(wpa, 4,

(b(n) = VA27LA211.+1*>B'".E7L ((b(n_l) ® |wD><wD|A2n+1A2n+2> )

|wp) € C° @ C°

FIG. 2: A schematic picture of the family of states ¢(™.
lwp) =>", %hz) is the D-dimensional maximally entangled

state and V is an isometry from CP @ CP to H ® K.

where Va,, 4,,,,(X) = VXVT is the isometry map
(Fig. . For the convenience we relabel As, o by C,
so that each ¢(™ is a state on A; ® (B; ® E1) ® (B ®
E)®--® (B, ®E,) ®C,. A and C, represents the
unfixed boundary condition.

After tracing out R = FEj...E,, we have a family of
mixed states {p(™},>¢ defined by

P9 := |wp){wpla, 4,

p(n) = EAgnAgn+1—>Bn (P(nil) & |wD><wD|A2n+1A2n+2> y

where £ = Trg o V is a completely-positive and trace-
preserving (CPTP) map. We denote CPTP-map £(- ®
lwp){wpl) by €. We then have

p(n+1) = gc'n—>Bn+10n+1 (p(n)) . (3)
The whole family is obtained by iteratively applying &:

p(n) = gCn%BnJrlCnH O---0 £A2HB1C1 <p(0)) (4)

(recall that Cyp = Az). We will simply denote the con-
catenated map in Eq. by (M) When we trace out R
instead of R¢, we obtain the complement chain which we
will denote by {o(™}. We also define F := Trp o V and
F() = £ @ wp) wp):

{¢(™} has a spurious TEE if I(A4; : Cn|Bi...Bp) yom)
is bounded from below by a positive constant. Although
p'™ has zero correlation length, we might still have a non-
trivial length scale for the CMI [22]. We further remove
such lengths scale by requiring saturation of the CMI:

I(A1 . OllBl)p(l) = I(Al . Cn|B1 . Bn)p(n) ,VTL. (5)

Note that the LHS is always larger for any CPTP-map
E. In the rest of the paper we will simply denote I(A; :
Cn|BlBQ e Bn)p(n) by I(Al : Cn|BlBg e Bn)(n)

While the definition depends on n, it is equivalent
to two independent conditions independent of n.

Proposition 1. Eq. s equivalent to

I(Al : BlCl)(l) - I(Al : BlBQCQ)(Q) 5 (6)
I(Al : Bl)(l) == I(Al : BlBg)(g) . (7)

Moreover, Eq. @ is equivalent to

I(Al : ElCl)(l) = I(Al : ElEQCQ)(Q) . (8)



Therefore it is sufficient to consider up to n = 2.

Characterization by operator-algebra QEC.— We use
the theory of operator-algebra quantum error correction
(OAQEC) [13115] to characterize {¢(™}. OAQEC is a
general framework of quantum error correction including
standard quantum error correction codes [23] and subsys-
tem codes [24]. It allows us to describe what kind of ob-
servables is correctable against a given error. For a given
CPTP-map & : H — K representing a “noise”, one can al-
ways specify the correctable algebra Ag C B(H) that is a
C*-algebra containing all observables whose information
is preserved under £ (see Supplymental Material (SM)
for more details).

In the following analysis the correctable algebras of E
and F play a crucial role. We first show that the satu-
ration of the conditional mutual information implies
the saturation of these correctable algebras.

Proposition 2. If Eq. holds for £, then

Ag = Agons (9
Az = Az, (10
Ay os = Amrcostn (11
Ao = Angorm » V. (12

This proposition means that the algebra Az represents
the information of the input which is faithfully encoded
in the output on B;...B,C,, for all n. In the same way,
ATrCO & represents the perfectly recoverable information
encoded on By...B,.

In general, there are operators carrying “unpreserved”
information which are disturbed and cannot be recov-
ered perfectly. Such operators also could contribute to
CMI, but it may cause decrease of CMI with respect to
n. Prop. [2| does not prevent to have such unpreserved
operators and therefore the conditions @- are not
sufficient for Eq. . In fact, we can always assume
these conditions by coarse-graining a finite number of
channels [29].

Unpreserved information could be split into the local
part and the non local part. The local part is outputted
in By and does not affect to CMI. The non-local part is
outputted in B;C1, and therefore it is further disturbed
by applying £ on C;, which induces the decay of CMI. We
would like to disregard this unpreserved information, and
thus we utilize the concept of complementary recovery
property [25] to neglect such information.

Definition 3. We say a CPTP-map & satisfy comple-
mentary recovery property if

Age = A/E ) (13)

where A is the commutant of Ag.

Any CPTP-map satisfies Age C Af, i.e. any operator
recoverable from the output of the complementary chan-

nel £¢ should commute with the correctable algebra of the
original channel £ (see also SM). The complementary re-
covery property says the converse of this statement is also
true. This property can be characterized by a projection
map onto the correctable algebra.

Proposition 4. £ satisfies the complementary recovery
property if, and only if,

E(Pas(p)) =E&(p),Vp (14)

Pa. 0 ET(0) = E1(0), V0, (15)

where Pa, @ B(H) — Ag is the idempotent projecting
map onto Ag.

Therefore the complementary recovery property re-
stricts the support of the input to the correctable algebra.

Definition 5. We say isometry V- or CPTP-map £ sat-
isfies dual complementarity if £ and F both satisfy the
complementary recovery property.

Dual complementarity reduces the four algebras in
Prop. [2| to two algebras A = Az = (Ap,_.7)" and
B := Az = (Ap,0¢)'- In the following we only con-
sider states satisfying this property. We show that the
dual complementarity implies the saturation of the CMI.
Furthermore, its value is determined by A and B.

Theorem 6. If V satisfies dual complementarity, then
Eq. holds. Let A = @, My, (C) ® I, and B =
D, M, (C) ® L. Then, the value of the CMI is given
by

n m
I(Ay : C1|B1)y = Zpk 10g775€ + Z(Jl log#a (16)
k k ! !

where p, = "’j;;“ and q = mleg' Therefore, I(A; :
C1|B1)y > 0 if and only if
B CA. (17)

Eq. intuitively means there is an operator per-
fectly encoded in BC' whose information cannot be read
out by just looking B. Such a non-local information
causes the spurious contribution to CMI.

Note that dual complementarity is not a necessary con-
dition for Eq. [f} For example, one can consider £ =
&)y, ®ida, such that £’ is not the completely depolarizing
channel but Ag, = CI. The corresponding family satis-
fies I(A : C|B) = 0 for any length, but the map does not
satisfy dual complementarity. This is because all the un-
preserved information is transfered to B and not C', and
thus it cancels out in I(A : C|B) = I(A: BC)—I(A: B).

Relation to SPT phases.— For any O € A, we always
find a corresponding logical operator Opc such that

Va,8ec(04,)0) a,) = (Opc ® Ig)Va, spec|b)a, ,



for any [¢) € CP, where

VA2—>BEC|w>A2 = Ven <|¢>A2 ® ® |WD>A21+1A21+2> .

The logical operator is not unique in general. The set
of all logical operators £ 4 of operators in A is given as
the pre-image of £(™1:

L4 :={0pc|EMT(0Opc) € A}.

EM1 is a normal *-homomorphism from the pre-image
to A [15]. By the first isomorphism theorem for algebra,
the image of the homomorphism is isomorphic to the pre-
image upto the kernel.

La/KerE™t = A,

We denote the equivalence class of the logical operators
of O € A by L(0).

Suppose the boundary state is in a non-trivial SPT
phase under a symmetry of group G; x G5 acting on
each tensor as U(g1,92) = U(g1)s ® U'(g2)g. The ac-
tion induces a projective representation V(g) ® V(g)' on
the virtual degrees of freedom [26] (see also SM). For
instance, it holds that

U(g)BlEl |¢(1)>A131E101 = V(g)£1®v(g)TC’1 |¢(1)>A1B1E1C1

for n = 1. This correspondence reads that V(g;) € A
and V(g2) € B. V(g) has a logical unitary operator

Ulg)@U(g)®---@U(g) @ V(g) € L(V(g))

whose support is BC' (EC) if g = (g1,€) (9 = (e, g2))-
Suppose the state is in a non-trivial SPT phase in the
sense that [V (g1),V(g2)] # 0 for some gq,g9> [6]. This
implies B" C A. Therefore, we can reconfirm that non-
trivial G7 x G2 SPT phase implies non-zero CMI (under
dual complementarity).

The converse direction is entirely non-trivial. The ex-
istence of tensor product logical unitaries Ug ® Ug is
necessary for ¢(™ to being a state in such a SPT phase,
but not sufficient as we will see in later. A particular
class of V' in which the converse also holds is the isom-
etry consists of Clifford gates, i.e. when the MPS is a
stabilizer states [16].

Theorem 7. Let V' be an isometry composed of Clifford
gates and ancillas |0)®*. Then,

I(Al : Cn|Bn)(n) >0, Vn (18)
if and only if there exists finite groups G1 and Go such
that the MPS generated by V is in a non-trivial G1 X Ga
SPT phase.

The proof is given in SM. Theorem [7] can be applied
for all 2D topologically trivial stabilizer states including
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the 2D cluster state [7]. However, the conclusion is not
necessarily true outside of stabilizer states. In fact, one
can find a family of boundary states such that all the non-
identity logical unitaries cannot be written as U ® Ug.

A non-trivial example.— Let Vi be an isometry that
is the Stinespring dilation of &y(o) = iZf:o(Pi ®
PU)o(P; ® U'P;), where P; (i = 0,1,2,3) are the
Pauli Matrices (Py = I). The correctable algebras are
A = B = M(C), therefore boundary states automati-
cally satisfy dual complementarity. The CMI attains the
maximum value I(A : C|B),) = 2. Note that this model
isin a Dy x Dy SPT phase if U = I.

For n = 1, each Pauli operator P; has an unique log-
ical operator (P;P;)p @ UT(P)cU* |30]. If U is not
a Clifford unitary nor diagonal in X or Z-basis, both
UTXcU* and UTZoU* are non-Pauli matrices. This
induces non-tensor product logical operators on ByCs,
which are also unlikely to be a tensor product for n > 2
(Fig. . By coarse-graining £ = £?) we obtain a model
with no logical operator form like Ug ® Ues but with

We can construct a non-trivial 2D translation-invariant
model by considering a layer of many copies of this 1D
example along the vertical and the horizontal direction
(decoupled stacks) as in the case of a 2D weak subsystem
SPT phase [27]. The resulting 2D state has a spurious
TEE for an arbitrary large dumbbell-like region [7].

One may expect that for the periodic boundary condi-
tion the CMI could vanish in such a non-trivial example.
Although we do not have any analytical result on that,
we numerically sampled U from the Haar measure and
then calculate the CMI for closed chains. Fig. []suggests
that CMI remains to be a positive constant even for the
closed boundary, while the value decreases from 2.

Future directions.— A crucial open question is how to
characterize/classify the non-trivial example with spu-
rious TEE. Although it should not be in a SPT phase
under on-site G; X G2 symmetry, it could be in a SPT
phase under other type of symmetry.

|
[ JI:(UTXU’) |

= ||VUII l|VU|l

FIG. 3: A logical operator of Pauli X in the example. This is a
unique logical operator of X supported on BC. For general U,
the logical operator is no longer a tensor product of unitaries
on B and C for n = 2. We expect this to be hold for n > 2
as well.
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FIG. 4: The numerical result on the entropy S(pasc) of the
example with closed boundary for 5 samples of U from the
Haar measure. [ is the length of the spin chain (I = 6 is 12-
qubit). From the data, S(p) = 2l — ¢o with a constant ¢, > 0
up to 10~7 error. Since any reduced state of the example is
the completely mixed state, it shows that I(A : C|B),) = co
for any tripartition ABC' such that B separates A from C.

Generalization to more broad class of boundary MPS is
desired. One possible extension is considering boundary
states without dual complementarity. Dual complemen-
tarity neglect all information outside of A, but in gen-
eral one has some “noisy” information localized on B (or
E). Tt may be possible to extend the correctable algebra
by adding operators carrying such information. Another
important direction is considering general injective MPS
including . We expect that general injective MPS can
be decomposed into protected and unprotected parts as
in Ref. [I1I] such that the effect of the unprotected part
vanishes exponentially as the conditioning system grows.
We leave these problems for future works.
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