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Abstract

Modeling and analysis for event series gen-
erated by users of heterogeneous behavioral
patterns are closely involved in our daily
lives, including credit card fraud detection,
online platform user recommendation, and so-
cial network analysis. The most commonly
adopted approach to this task is to assign
users to behavior-based categories and ana-
lyze each of them separately. However, this
requires extensive data to fully understand
the user behavior, presenting challenges in
modeling newcomers without significant his-
torical knowledge. In this work, we propose
a novel discrete event prediction framework
for new users with limited history, without
needing to know the user’s category. We treat
the user event history as the “treatment” for
future events and the user category as the key
confounder. Thus, the prediction problem can
be framed as counterfactual outcome estima-
tion, where each event is re-weighted by its
inverse propensity score. We demonstrate the
improved performance of the proposed frame-
work with a numerical simulation study and
two real-world applications, including Netflix
rating prediction and seller contact prediction
for customer support at Amazon.

1 INTRODUCTION

Sequential user records data have become ubiquitously
mired in everyday life. These records of event data
typically contain several pieces of information, includ-
ing when the events take place (i.e., temporal) and
where they do so (i.e., spatial), in addition to oth-
ers. The temporal point process has already proven to
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be a powerful tool in modeling such sequential spatio-
temporal data with a wide range of applications, includ-
ing earthquake prediction (Ogatal |1998; |Schoenberg)
2003)), crime modeling (Mohler}, 2014} Mohler et al.,
2011; |Zhu and Xie, [2022), credit card fraud detection
(Zhu et al.; [2020), infectious disease forecasting (Chiang
et al. 2022; |Garetto et al., [2021]), and social network
studies (Fox et al., |2016; [Wong et al., [2006]). Espe-
cially, temporal point process models have been widely
applied for user event prediction in e-commerce (Ge
et al., 2021} |Li et al.,|2021b)) given history, as the online
marketplace is rapidly gaining popularity over recent
years.

Nowadays, platforms with a large number of users
typically categorize them to improve efficiency and ser-
vice quality, which is often based on their behavioral
profile in practice (Pereira, |2023). This is conducted
based on a wide range of user characteristics including
their background information and business models, be-
yond simply their event history. For instance, online
e-commerce platforms typically put sellers into different
categories based on their business sector, product of-
ferings, and inventory needs. This extensive process is
usually both time-consuming and costly. Consequently,
many newer users do not yet have their category infor-
mation established.

Predicting events for new users given their limited his-
tory presents two key challenges: (i) It demands a deep
understanding of user characteristics and historical be-
havior to identify user patterns. This task becomes
particularly difficult when the user base is large, as
categorizing new users accurately is often infeasible
due to their limited history data. (i¢) The distribution
of future events across users may be imbalanced, mak-
ing it impractical to apply a uniform model to both
established and new users, as such a model would tend
to favor those with more extensive event histories.

To address these challenges, we formulate a new user
event prediction problem, as illustrated in Fig. [I} We
investigate the problem by asking a “what if” question,
i.e., “When would the next event occur and what would
be the mark of the next event given this new user had
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Figure 1: The goal is to predict the next event for a new
user without knowing its category. The distribution
of the next event is influenced by its category even
with the same event history. Each event x consists
of its occurrence time t and associated mark data m.
The conditional intensity A(x|H:, C) represents the
occurrence rate of the next event x given its history
H; and the user’s category C.

engaged in a series of activities, without knowing the
user’s category?” We answer this question by wviewing
a user’s event history as a form of “intervention” to
its next event and its feature as the “confounder”. The
objective is to study the effect of certain history across
the entire user base on users’ future behavior, irrespec-
tive of each user’s specific category. This is achieved
through reweighting the observed user event sequences
with feature information. Inverse propensity scoring
is utilized to balance users based on their propensity
scores, giving more weight to those underrepresented
otherwise in the model. This makes event prediction
unbiased given the heterogeneous behavior of multiple
users. Here, the propensity scores are estimated from
the intervention/treatment variables, while the latter
are updated as the model is fit with inputs including
the propensity scores.

The main contributions of this paper are threefold:
(¢) This work enables event prediction for new users
without the necessity for their user feature information,
which is hard to acquire. (i7) This work aims to achieve
unbiased user event prediction through a novel counter-
factual framework by viewing the user’s history as the
intervention for its future event. It proposes and applies
a new alternating learning algorithm between updating
the inverse propensity scores and the model estimation.
(#i7) It is demonstrated that the proposed framework
can achieve superior performance with both simulation
studies and real applications, validating the potential
of the method to be more widely implemented.

Related Works Point process models have been a
powerful and popular tool used for discrete event predic-
tion. The seminal work by introduced
the concept of the self-exciting temporal Hawkes point
process. A similar self-correcting point process was

introduced in |Ogata and Vere-Jones| (1984). Spatio-
temporal point process models extend the event space
of observations to include location (Daley et al., 2003).
Point process models have been thoroughly reviewed in
Daley et al.| (2003)); Last and Penrose| (2017); Reinhart|
2018)). There have been attempts at event prediction
for multiple users given past sequences. The work by
establishes a user-item-event framework
utilizing a self-exciting Hawkes point process model and
exploits the low-rank property of the data. However,
in the problem pursued by this work, users’ behavior
is highly heterogeneous when there are many of them,
which no longer satisfies the low-rank assumption.

With the rise to prominence of neural networks (NN)
that can model intricate and complex relationships be-
tween events, it has been taken up to further enhance
the expressiveness of point process models. We intro-
duce two such major research efforts. The first one
is the Neural Hawkes process (NH) proposed by
land Eisner| (2017)), which is a self-modulating multi-
variate point process. It models the the conditional
intensity function using a neural network constructed
with a high-dimensional hidden state variable which
in turn depends on another set of memory variables
in continuous-time Long Short Term Memory (LSTM)
(Graves and Graves, |2012). The other work is the
Recurrent Marked Temporal Point Process (RMTPP)
proposed in , where the event history
is encoded using a hidden embedding layer pushed
through a recurrent neural network (RNN). In both
works, the utilization of the hidden history layer in NN
facilitates the encapsulation of past event information.
Other similar works include modeling the conditional
intensity also using RNN (Zhang et al. [2020) and

reinforcement learning (Li et al., [2018).

Our work is inspired by the marginal structural models
in causal inference (Robins| |1999; Robins et al., 1999}
, among other classical approaches to time-varying
treatment effect estimation including the g-formula and
structural nested models (Robins| 1986 [1994; Rubin),
. We regard the history embedding as the treat-
ment /intervention variable for estimation, which can
be continuous or of high dimension
(Zou et al. |2020). Recently new efforts have been
spotted in this subject, estimating treatment effect by
spline and kernel regression (Kennedy et all, 2017; [Ni¢
et al.,[2021)), Gaussian process (Chen et al.l [2023; |Schu;
lam and Sarial [2017)), RNN-based models (Li et al.
2021a; |Liml, 2018), adversarial networks @
2020% Yoon et al., 2018)), or by transformer models (Mel;
nychuk et al., |2022). A generative model producing
counterfactual samples is proposed as well
2023).

New user behavior has been studied in collaborative
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filtering (Ahn| 2008} Bobadilla et al., [2012). It is often
treated as a cold start problem and the performance
from different recommender systems vary (Kluver and
Konstan,, 2014)). Otherwise there is sparse literature
on event prediction for new users which we focus on in
this work.

2 PRELIMINARIES

2.1 Marked Temporal Point Processes

Marked temporal point processes (MTPPs) (Reinhart),
2018)) consist of a sequence of discrete events over time.
Each event is associated with a mark that contains
detailed information about the event, such as user
intent in our case study. Let T" > 0 be a fixed time-
horizon, and .# C R be the space of marks. We
denote the space of observation by £ = [0,T) x 4
and the ith data point in the discrete event sequence
by

T; = (ti,mi)7 t; € [07T), m; € M,

where t; is the event time and m; represents the cor-
responding mark. Let N; be the number of events
up to time ¢ < T (which is random). We define
Hy = {x1,22,..., 2N, }, denoting historical events. Let
N be the counting measure on Z°, i.e., for any mea-
surable S C 27, N(S) = |H; N S|. For any function
g: Z — R, the integral with respect to the counting

measure is defined as [ g(2)dN(z) = Y, 3.~ 9(2i)-

The distribution of events in MTPPs is typically char-
acterized via the conditional intensity function A, which
is defined to be the occurrence rate of events in the
marked temporal space 2 given the events’ history
Hiz), i€,

M| Hi(a)) = E (dN(2)[Hy(ay) /de, (1)
where t(z) extracts the occurrence time of the possible
event . Given the conditional intensity function A, the
corresponding conditional probability density function
(PDF) can be expressed as

f($|7'lt(z)) :)‘(m'Ht(z))

exp (- / A(u?—lt(u))du> ,
[tn,t(z))x.A

(2)

where ¢,, denotes the time of the most recent event that
occurred before time t(z).

The point process models can be fitted using maximum
likelihood estimation (MLE). The log-likelihood of ob-
serving a sequence with Np events can therefore be

obtained by

Uz1,..., TNy :/ log A(|Hy(z))dN(x)

z 3)

7/ )\((E|'Ht(3¢))d$.
x

See the derivations in Supplement 1.

2.2 Neural Point Processes

Neural point processes (NPPs) (Du et al., [2016; Mei
and Eisner|, 2017} Zuo et al., |2020]) are commonly used
for modeling complex event sequences. In NPPs, the
event history is summarized using a history encoder,
often a recursive structure such as recurrent neural
networks (RNNs) (Du et al., |2016; [Mei and Eisner],
2017) or Transformers (Zhu et al. [2021b; |Zuo et al.|
2020), taking the history of event x as its input and
generating a low-dimensional and compact history em-
bedding, denoted by h(x) € s C R?. This history
embedding represents an updated summary of the past
events including x. Assume there are n observed events
for a user, the history embedding of the next event =,
h(z), can be written as follows:

h(x) = ¢(t($) - t(xn)v m(x), h(xn))v (4)

where ¢ is a non-linear mapping, and n denotes the
index of the last observed event before ¢(x). Therefore,
the conditional intensity in can be approximated
by

A M) = Ao (x|h(z)), ()

where 6 denotes the parameters of the model, including
the parameters in A and the nonlinear mapping ¢. The
corresponding conditional PDF can then be denoted

by fy following .
3 NEW USER EVENT PREDICTION

The objective is to find an approach that enables unbi-
ased prediction of the next immediate event Z,, 11 for a
new user based on their history h(z) without the knowl-
edge of the particular new user’s category information
C. In this section, we relay the category-agnostic in-
tensity framework and the IPTW reweighting scheme.
We also propose an alternate learning algorithm to fit
the framework.

3.1 Category-agnostic Intensity Estimation

By viewing the event history h(x) as the intervention
and the user category C' as the confounder, our goal is
to provide an unbiased estimation of the effect of event
history h(x) on the next event x, while accounting for
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Figure 2: Causal DAG between user category, his-
tory variables, and category-agnostic intensity. The
lowercase notations represent the realizations of these
variables. We use n to denote the number of observed
events in the history and h(z) (or simply h) denotes
the history when we observe the next (n + 1)-th event
at x.
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the influence of the confounding variable C. We first in-
troduce a new notion that treats the history embedding
as a random variable, termed random history variable:

Definition 1 (Random history variable). The history
embedding h; and h(x) are considered realizations of two
random variables, denoted by H; and H,, respectively,
and collectively referred to as history variables. We
note that H, depends on H, and H; depends on H;_1

according to (4)).

Further, we show that history variables possess the
Markov property (Kuo and Chienl [2018):

Lemma 1 (Markov property). The history embedding
ho,hi, ..., h;, and h(zx) possess the Markov property,
formulated as follows:

AMz|h(z)) = Ma|h(x), hyy .oy Riy oo R, ho). (6)
This can be shown from the definition of h(x) in (),
where h(x) can be specified by x and hy,.

For more details on the Markov property, see Sup-
plement 2. Our proposed approach is grounded in
Lemma [I] that the history variable of a user is influ-
enced by both the previous history and its user category,
leading to the following definition:

Definition 2 (Dependence of users’ future event). The
immediate next event of a user is not only affected by
its up-to-date history H, reflected in , but also by
the user’s category C. The causal directed acyclic graph
(DAG) of these variables is shown in Fig. @

Given that, we can refer to our estimand as category-
agnostic intensity, which is formally defined as follows:
Definition 3 (Category-agnostic intensity). The
category-agnostic occurrence rate of the next event x,

given a user has already taken the first n activities
represented by H = h, can be defined by

An(z) = E[dNp(2)]/dz,

where Ny (x) is the counting measure of a user if the
user “receives” history h.

We note that the category-agnostic intensity Ap(z) de-
scribes the interventional distribution of the next event,
assuming the same event history across all users. This
is notably different from the un-adjusted conditional
intensity A(z|h), which does not factor in the disparity
of users’ category across the entire population. To
identify the category-agnostic intensity, we state the
following three key assumptions:

1. Consistency: Provided the history is h, then \p,(z)
is the potential intensity under history h. Formally,
H=h= Az|H =h) =\ (2).

2. POSZ'tZ'UZ.tyI If ]P)(HZ = hi7 Hi—l = hi—l; C= C) # O,
then ]P)(Hl = hi|Hi_1 = hi_l,C = C) > 0 for all
hi,hi—1 € # (Imai and Van Dykl |2004).

3. Weak ignorability: Assume that for some certain
he s and c € ¢, Ey [ANz|H = h,C)] 1L H|C =
c. It follows that A\, (x) LL H|C = ¢ (Robins, [2000;
Gelman and Meng] 2004; |Greenland and Robins,
2009).

Assumption 2 indicates that, for each event, each possi-
ble history has a non-zero probability of being assigned.
Assumption 3, also called conditional exchangeability,
means there are no unmeasured confounders. The user
category is the only variable affecting both the treat-
ment assignment and the next event that is present in
the observational data set. Note that while assumption
3 is standard across all methods for estimating treat-
ment effects, it is not testable in practice (Pearl, 2009;
Robins et al., [2000).

Inverse Propensity Re-weighting Rather than di-
rectly analyzing the category-agnostic intensity, A, our
approach instead starts with establishing the category-
agnostic probability density, fy, for the next event. This
idea is summarized in the following Lemma [2] which is
based on the principle of inverse propensity treatment
weight (IPTW) inspired by [Fitzmaurice et al.| (2008);
Robinsg| (1999); Wu et al.| (2023)):

Lemma 2 (Category-agnostic probability density).
Under the positivity and ignorability assumptions, the
category-agnostic probability density function of the
next event x with its history h is defined as

PAES ) yp—

cee 1li=1 (hi|hif1,0)

f(@ h,e)  (7)
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where hg, h1, ..., hy, denote the previous user’s history
embedding trajectory and p represents the probability
density function of the data distribution. The joint
distribution f(x,h,c) is constructed from the DAG
demonstrating the relationship between the parameters
as shown in Figure[3 The proof is included in Supple-
ment 3.

Lemma [l establishes a connection between what is
observed and what could potentially occur, enabling us
to express the category-agnostic probability density
with re-weighted empirical samples. Thus we now
propose a conditional intensity function A(-|h) and use
0 to denote all the parameters in the intensity A and
the history encoder h. We approximate \;, using re-
weighted data according to the lemma, leading to the
following learning objective. The proof can be found
in Supplement 4.

Proposition 1 (Weighted maximum log-likelihood
Let D = {(xgk),ﬁl(-k),c)} denote the set
of observed data tuples, where xl(k) is the ith observed
event of the user k, ng) = (hék)7 cey hz(k)) is the cor-
responding history embedding trajectory, and c is the
user’s category. For the sake of clarity, we use the no-
tation of h(x) in place of h to represent the up-to-date
history embedding, acknowledging that both terms have
been used interchangeably in earlier discussions. The
learning objective can be approximated by maximizing
the following weighted log-likelihood:

En [Exnp, [log f(z|h(z))]]

) i
e Y P olos f )
(r(k) fL(.k) ,c)ED

_ KZ (/ (b, ¢) log (A(z|h(z))) AN ()
- / W, NGRS (1)) ),
s

estimation).

(®)

where K is the number of users, N¥) is the count-
ing measure for each user indexed by k, respectively.

Furthermore, i_zst) denotes the set of observed history
embedding for the kth user before t(x). Here w denotes
the subject-specific IPTW, which takes the form:

- 1
w(h,c) = T
(1 T2 f(hilhioase)

9)

Conditional History Transition To learn the
model by maximizing , one needs to specify the
conditional transition probability f(h;|h;—1,c) between
two consecutive history embedding variables h; and
h;—1 given the user’s category c. Following Naimi et al.
(2014), we propose a non-parametric binning method

to obtain the probability f(h;|hi—1,¢). It comes with
three practical benefits: (i) Discretized sample space
enables the probability to be discontinuous and identi-
fiable, assisting the positivity assumption; (i¢) Bin size
can be adjusted to help stabilize weights; (i7¢) Binning
method provides a less complex yet still effective way
to estimate probabilities.

Our method is implemented as follows. We partition
the unit history embedding space ## uniformly into 1/
bins of equal size of §, denoted by 5%, € . Without
loss of generality, we can treat the category space as a
continuous space as well. We can therefore also parti-
tion the cluster space % into R bins of equal size, de-
noted by %,.. In this work, however, the cluster space is
already discrete. Then the observed conditional history
transition space {2 = J€ x 7 X € can be constructed as
a set of (1/)2 x R elements, where each of them can be
denoted by ZB(u,u’,r) = ., x H, x €. C . Here, u
and v’ are indices of the set ¢ and r is the index of the
set €. The count of observed conditional history tran-
sition tuples in an arbitrary bin % can be expressed as

Sy T1 1[(h(k),h§k)1, *)) € B(u,u’,r)], where 1
denotes the indicator function.

We can thus obtain a discretized histogram across all
bins #(u,u’,r). The probability of an arbitrary tuple

(h, 1, ') falling in the bin Z(u,u’,r) can be approxi-
mated by the proportion of the counts:
plu,u',r) =
k
POND DAL Nl (Y, 2, c®) € B(u,u, 1)) (10)

)

k)
S, Ny

where u and v’ refer to the bin indices for the transition
in h, and r is the index for category. An example of the
conditional transition probabilities and the histograms
is visualized in Fig. 3] Therefore, the conditional tran-
sition probability can be estimated using by

ﬁ(himi—lac) =
2 (uyur ) P W 1) < 1(hs, him1, ) € B(u, ', )]
S Bl 1) - 1[h; € ) '

(11)

With the transition probability estimated, we can ap-
proximate the IPTW weights following @:

_ 1
—~ h,c) =
wé( C) Hn+1 f(;(h |h1 e )

This method is limited by the dimensionality of the hid-
den history embedding denoted by ¢, since the number
of bins grows quickly with it. The complexity of obtain-
ing each conditional transition probability scales with
q, and that of bin construction scales exponentially.

(12)
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Sensitivity Analysis We now look into how the
discretization via binning affects the log-likelihood es-
timation and then study quantitatively its effects on
the history transition probabilities. We denote the true
IPTW values calculated based on f(hi|hi—1,¢) as w
and define £*(w) as the maximal log-likelihood with op-
timal model parameters 8* with the weights w. With
discretization over the history embedding space, we
denote the weights derived from f5(h;|h;—1,c) by Ws.
Then £*(ws) refers to the maximal log-likelihood given
0* when the weights take the value of ws.

Proposition 2 (Improvement in binning). Let the
history embedding space € be uniformly partitioned
into bins of equal size §, we denote the corresponding
IPTW derived by ws. We have

0 (@) < 0(T5) < £5(w), V6 € (0,1].

The binning approximation will inevitably introduce
bias into the log-likelihood ¢(@ws) since the weights
are approximated in . The binning procedure
approximates the joint probability f(h;,h;—1,¢) by
ﬁ;(hi,hi,l,c) as in . We analyze the bias and
variance introduced by binning in Supplement 5. We
further assume that when the number of events gets
sufficiently large in a sequence, the relationship be-
tween events stabilizes and the joint probability func-
tion f(h4, hi—1, c) becomes symmetrical between h; and

hi—1~ This leads to 8f/8hl = 6f/8h1_1 = f/.

Proposition 3 (Optimal bin size). Following the sym-
metry assumption of partial derivatives, the optimal
bin size can be obtained by minimizing the integrated
minimum square error (IMSE) between the true proba-
bility density function f and the estimator by binning
f given m samples of data tuples. The proof is in
Supplement 5.

1/4
2
5 = (z m~tif /f’ #0;
(fr) )
4 \1/5
"= (ff) m [ 1=

3.2 Learning and Inference

To learn the point process model, we fit the model
parameters . This is conducted by optimizing the
weighted log-likelihood function in , where the IPTW
values w(h, c) need to be obtained separately. The
weights are instead derived from conditional history
transition in @D It indicates there is cyclic dependence
between the weights w(h, ¢) and the model parameters.

(a) C =1 (b)y C =2 (c)C=3

Figure 3: The histogram of p(h;|C) and the condi-
tional transition probability p(h;|h;—1,C) for the three
categories C' = 1,2,3 when 1/§ = 20 visually reveal
distinct patterns. These differences in the conditional
transition probabilities across user categories highlight

their unique behavior pattern.

Therefore, to obtain estimates for both 6 and w(h, c),
it is necessary to conduct an alternate optimization.

Given the objective log-likelihood function and the
IPTW expression 7 we propose a joint learning
algorithm to obtain estimates for both the model pa-
rameters 6 and the IPTW values @5 in Supplement 6
with details on implementation. The prediction and
inference of the proposed model follow the standard
point processes inference method (Zhu et al.| 2021a)),
which is further detailed in Supplement 7.

4 EXPERIMENTS

To evaluate the efficacy of the proposed counterfactual
event prediction framework, we apply it in a set of
simulation studies, a pair of hyper-parameter studies,
and two real-world applications. We compare the per-
formance of the proposed framework in these studies
against several popular point processes as baseline mod-
els. All simulations are conducted on Google Colab
free edition with 12.7 GB of RAM, each taking between
15-75 minutes to finish.

4.1 Synthetic Studies

Experimental Setup Throughout the simulation
study, we obtain training data and testing data by
generating them from known point process models.
Both the training and the testing data sequences are
generated from |4'| = 3 categories each corresponding
to a different point process model or a set of similar
models. The events are confined in the time range
of [0,T),T = 100. For testing, the category for the
sequences is taken out. We obtain 1,200 sequences for
the training set and an additional 300 for the testing
set. The IPTW values are truncated at 10° to prevent
instability.

Baselines: We elect to utilize four point process mod-
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Table 1: Prediction MAE of synthetic experiments.

Syn Exp No.  R-NH NH C-NH |, R-RMPTT RMTPP C-RMTPP , Exp Hawkes Self-Corr
1 1.6545 1.0308 0.9145 ' 2.5738 1.9304 1.87561 ' 2.8332 2.6224
2 1.5544  1.0019 0.9611 , 22110 1.7429  1.7010 ,  1.5854 2.3097
3 1.6760 0.9217 0.9055 1 2.2965 1.8711  1.8128 1  1.2508 1.9449
4 14612 12222 0.9986 ' 20820 15833 1.5542 |  1.4748 1.8293
5 2.0417 1.4299 1.4067 , 2.4207  2.0234  1.9868 ,  2.1177 2.7442
6 2.5801 1.0796 1.0523 ' 2.3872  1.9197  1.8127 | n/a n/a

R-NH R-NH

NH NH

- C-NH
R-RMTPP

RMTPP RMTPP

mm C-RMTPP

c=1 c=2 c=3 c=1 c=2 c=3

(a) Syn Exp No.1

(b) Syn Exp No.2

c=1 c=2 c=3 c=1 c=2 c=3

(c) Syn Exp No.3 (d) Syn Exp No.4

R-NH R-NH
NH NH

2 - CNH 4 - CNH
R-RMTPP R-RMTPP
RMTPP RMTPP

23 . = CRMTPP <5 " CRMTPP
I I 268

c=1 c=2 c=3 c=1 c=2 c=3

(e) Syn Exp No.5 (f) Syn Exp No.6

Figure 4: Category-wise prediction MAE of synthetic
experiments.

els commonly utilized in event sequence data model-
ing, including Neural Hawkes (NH) method, Recurrent
Marked Temporal Point Process (RMTPP) model, tem-
poral Hawkes process with exponential triggering func-
tion (Exp Hawkes), and self-correcting point process
(Self-corr). Additionally, we utilize Neural Hawkes
and RMTPP for the case when users in the testing set
are randomly assigned their category, providing two
more baselines R-NH and R-RMTPP. For our counterfac-
tual framework, we construct Counterfactual-Neural
Hawkes (C-NH) and Counterfactual-RMTPP (C-RMTPP)
such that we can directly evaluate the performance
between NH and C-NH and for RMTPP as well.

Evaluation metrics: We elect to utilize the mean abso-
lute error (MAE) of the predicted conditional intensity
as the error metric in the testing set. Since in this study
the conditional intensity functions for the sequence-
generating models are specified and known, we directly
compare the true conditional intensity against the es-
timate with parameters fitted by each method. For
each event sequence in the testing set, we are able to
calculate the error between the two functions across
the full range of time, constructing the MAE value.

Synthetic data: We investigate six synthetic experi-
ments. The first is a base experiment with training and
testing sequences evenly split between three categories
each generated by an exponential Hawkes point process
with fixed model parameters. The second and the third
experiments change the composition of the training
data. The fourth looks into exponential Hawkes PP
with the model parameter randomly drawn. In the
fifth experiment, sequences for the third category are
generated by a Neural Hawkes PP instead. In the final
case, the temporal PP models generating sequences are
extended to contain a discrete mark variable. Detailed
descriptions are in Supplement 9.

Results Results are shown in Table [1} The perfor-
mance by C-NH and C-RMTPP are generally better than
counterparts by 2-10% and 2-5% respectively, with
the former usually having smaller errors due to more
complex model structure. But there are cases where
the counterfactual methods underperform on MAE for
individual categories as shown in Fig[@ This is due
to the proposed method balancing between categories
instead of preferring one of them. There is one ex-
ception for the fourth experiment, where the MAE of
C-NH is 20% smaller. This can be attributed to that
the event pattern of each category is no longer fixed.
R-NH and R-RMTPP tend to have higher errors but the
difference between categories is much smaller since they
are randomly assigned. The other two baselines tend to
have higher MAE values, but Exp Hawkes sometimes
have smaller errors than C-RMTPP. This is partly due
to that the event sequences in the study are generated
from exponential Hawkes PP themselves. Overall the
performance of the proposed counterfactual methods
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Table 2: MAE w.r.t. the number of bins 1/4.

T

# bins (1/6)  C-NH Pct. | C-RMTPP  Pct.
1" 1.0155 0% | 1.6559 0%
5 0.9347 -8.0% , 1.5442  -6.7%
10 0.9145 -10.0% ' 1.5029  -9.2%
15 0.9066 -10.7% | 1.4788  -10.6%
20 0.9012 -11.3% ' 1.4691 -11.3%

* 1/6 =1 leads to no discretization and all weights taking
the value of 1, reverting the method to its unweighted

version.
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Figure 5: Convergence analysis.

is consistently better.

Hyper-parameter Selection The proposed frame-
work utilizes two hyper-parameters that can be tuned:
(7) the number of bins used to approximate the condi-
tional transition probability, denoted by 1/4, and (i7)
the number of epochs at which pace the IPTW weights
are updated, denoted by 1. We investigate how they
influence the prediction performance using the same
data setting from Synthetic Exp. 1. We compare the
two counterfactual methods C-NH and C-RMTPP with
their counterparts NH and RMTPP. We fix the dimension
of embedding ¢ = 1, and evaluate them using the error
metric MAE. Additionally, we plot the change of train-
ing log-likelihood ¢ over 100 training epochs to study
the convergence behavior.

Number of bins 1/6: We alter the number of bins
1/6 used to approximate conditional history transition
probabilities while fixing n = 5. Results are shown
in Table [2] and the convergence behavior is plotted
in Fig. 5 (a). We observe that as 1/§ increases the
MAE for both C-NH and C-RMTPP decrease consistently.
However, it is slow and relatively insignificant. We
can deduce that while finer discretization improves
prediction performance, there is a trade-off between
the improvement and the additional computational cost
when 1/§ gets larger.

Number of epochs n: We alter the number of epochs
n at which pace the IPTW weights are fitted while
fixing 1/6 = 5. Results are shown in Table |3| and
the convergence behavior is plotted in Fig. [5| (b). We

Table 3: MAE w.r.t. the number of epochs 7.

# epochs () C-NH  Pct. | C-RMTPP  Pct.
5 0.9388 -7.5% | 15570 -6.0%
10 0.9455 -6.9% , 1.5630 -5.6%
15 0.9560 -5.9% ' 1.5833 -4.4%
20 0.9683 -4.6% | 1.5995  3.4%
oo 10155 0% ' 1.6559 0%

- n = oo leads to no update of IPTW with all staying
at 1, reverting the method to its unweighted version.

observe as 7 gets smaller the MAE for both methods
decreases. However, the relative change in MAE is
smaller compared to that in 1/5. We deduce it is
unnecessary to have a very small i for the model to
remain effective, and some computation can be saved
by tuning it adequately.

4.2 Real Case Studies

We evaluate two real-world applications: Netflix rating
prediction and Amazon seller contact prediction. They
deal with event sequence data with a discrete mark
variable describing the type of events. We use the same
methods as before. Details of data and settings are in
Supplement 10.

Evaluation metrics: Since the true conditional intensity
is no longer available, we propose new error metrics.
For time prediction, we calculate the error between the
predicted time and the actual time of occurrence for
the next event, then calculate the mean absolute error
(MAE). For mark prediction, we calculate the accuracy
of the top five predicted marks against the actual mark
for the next event.

Netflix Ratings The Netflix ratings data is a public
dataset that records the user ratings on movies (Ben;
nett et al., [2007). Users rate movies from different
genres, and we treat the rating records for each user
as an event sequence. The training set contains 300
sequences including movies from 45 genres, assigned to
ten categories. An extra 75 sequences without category
information are obtained as the testing set. The results
are shown in Table [l The results indicate the per-
formance of our proposed methods is better than the
baselines both in terms of time prediction and mark
prediction. For time prediction, the proposed methods
achieve a 0.5% improvement over their counterparts,
partly due to the smaller size of the dataset. For mark
accuracy, the improvement is larger at 5% and 30% for
C-NH and C-RMTPP respectively. The random baselines
are worse than the others.
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Table 4: Numerical Results for real case studies.

Real Exp Metric R-NH NH C-NH |, R-RMTPP RMTPP  C-RMTPP

Netfix MAE  6.2633 5.6598 5.6323 ' 6.3853  5.6529  5.6278
Acc.t 0.160 0.293  0.307 l 0.147 0.267 0.347

Amazon MAE  14.3511 4.3830 4.2291 | 4.2643  4.2526  4.1690
Acc.! 0.172 0238 0.274 ' 0.138 0.190 0.226

L Acc. refers to the accuracy predicting the actual discrete intent on whether it is

included in the five most likely intents predicted by each method.

Amazon Seller Contact The Amazon seller con-
tact data (Dong and Spencer} 2023) records how Ama-
zon selling partners utilize the support contact system.
Each event contains the time and the intent out of
117 possible choices. The training set contains 3,000
sequences assigned to 12 categories, with a further 500
sequences without category obtained for testing. From
the results, we observe our proposed methods perform
better as well. For time prediction, the MAE is lower
by 4% and 2% respectively for C-NH and C-RMTPP. The
mark accuracy is higher by 15% and 19% as well.

5 CONCLUSIONS

In this work, we have investigated the user-event predic-
tion problem, where we aim to conduct event prediction
for new users of limited history without category infor-
mation. We addressed the challenge of unbiased pre-
diction for “new” users through the proposed counter-
factual framework, which reweights data using IPTWE
It is evaluated using a series of simulation studies and
two real-world cases, demonstrating improvement in
prediction performance. There are two limitations of
this work. We have only applied the framework to
lower-dimensional hidden variables due to computa-
tional constraints, but they can be high-dimensional
as well. Additionally, we have assumed that category
information is always given in the training set, which
may not be the case in reality. We plan to further
investigate efficient categorization (clustering) based
on event sequences under such circumstances.
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1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes. We have provided detailed definitions
and configurations on key entities we propose
and utilize.]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Not Applicable. The proposed framework
adds an additive step to the prominent meth-
ods already in use, where the overall complex-
ity is dominated by the latter.]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes. We have put together
anonymized codes in the supplementary and
will also release the full set of codes upon
publication.]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes. We have pro-
vided assumptions going along definitions and
lemmas presented.]

(b) Complete proofs of all theoretical results. [Yes.
We have provided detailed proofs in the sup-
plementary materials.]
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(c) Clear explanations of any assumptions. [Yes.
We have clearly explained the assumptions in
Section 2 & 3.]

3. For all figures and tables that present empirical

results, check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Yes. The simulation and experimental con-
figuration settings are explained in detail in
the supplementary material.]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes.
For the simulation study, how the datasets
are generated are detailed in the supplemen-
tary material. Same for the two real-world
applications.]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes. The performance met-
ric is mathematically defined in the supple-
mentary material.]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster,
or cloud provider). [Yes. It is stated in the
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(b) The license information of the assets, if appli-
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(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes. The new
dataset introduced is cited with URLL.]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]
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(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]



New User Event Prediction Through the Lens of Causal Inference:
Supplementary Materials

1 DERIVATION OF POINT PROCESS CONDITIONAL PROBABILITY

The conditional probability of point processes can be derived from the conditional intensity (1). Suppose we
are interested in the conditional probability of events at a given point z € X, and we assume that there are i
events that happen before ¢(x). Let Q(x) be a small neighborhood containing z. According to (1), we can rewrite
Az|Hy(z)) as following:
Mz|Himy) = E (dN(x)|Ht(x)) Jdx =P{z;11 € QUx)|Hye) }/dz
= H‘D{l'prl € Q( |Htl+1 U {ti+1 > t( }}/dl’
_ Pleig € Q@) tiga > H(2) My, 3/ da
]P{tlJrl > t( )|Hti+l}

Here H;,,, = {x1,...,2;} represents the history up to i-th events. If we let F(t(x)|H¢(m)) = P(tiv1 < t(x)|[He,, )

be the conditional cumulative probability, and f(z|H(z)) £ f(2ip1 € Q()|Hy,,,) be the conditional probability
density of the next event happening in Q(z). Then the conditional intensity can be equivalently expressed as

(@[ Hew))
1= F(t(x)[Hia))

We multiply the differential dxz = dtdm on both sides of the equation and integral over the mark space M:
dt - [ f(@[Hi@y)dm  dF(t(x)| i)

dt - / x| Hyz))dm = -
y (x| Hy(z)) 1— F(t(x)[Hu)) L — F(t(z)[He(a))
= —dlog (1 — F(t(x)|H)))-
Hence, integrating over ¢ on [t;,t(x)) leads to the fact that

t(z)
F(H(@)[Hygm) = 1 — exp <_ / / )\(x|7-{,t(m))dmdt>
t; M
=1—exp (—/ )\(ﬂc|7-[t(z))dsc)
[ti,t(x)) x M

)\(CE|Ht(m))dZL‘> ,

A Hy(z)) =

because F'(t;) = 0. Then we have

f(x‘Ht(m)) = A($|Ht(z)) - eXp <_/[t

ist(x)) XM
which corresponds to (2).

The log-likelihood of one observed event series in (3) is derived, by the chain rule, as
T
U1, wng) =108 f(21, . ong) = log [ F(walHe,)

= [ Tog S (el )N (@)
/log/\(xﬁ-{t(m )dN(z //\33|”Ht

The log-likelihood of K observed event sequences can be conveniently obtained with the counting measure N
replaced by the counting measure Ny for the k-th sequence.
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2 MARKOYV HISTORY PROCESS

The history embedding used by NPP defined in (4) can be regarded as a series of realizations of ¢g-dimensional
homogeneous Markov process (Kuo and Chien, 2018). Notably, the history H;(,) in (5) is a filtration associated
with the MTPP, which is a sequence of o-algebras (or information sets) that satisfy Hs C H; for s < ¢, representing
the accumulation of information up to the time ¢. Statistically, the history embedding h(x) can be viewed as
the realization of a g-dimensional random variable that effectively encapsulates the information contained in the
filtration. To facilitate the explanation for the rest of the paper, the history embedding up to the ith event, or
h(z;); and the one for the next unobserved event z, or h(z), is denoted as h; and h, respectively. It is important
to note that while h(z) and h can be continuously defined in 2", h; is only constructed at the observed events.
This work investigates the relation between the history embedding h; and h, and the corresponding intensity
carefully to construct the counterfactual intensity framework.

3 PROOF OF LEMMA 2

The counterfactual probability density of MTPPs can be derived from the joint probability of discrete event x,
history embedding h;, and the category c¢. From the causal graph shown in Fig. 2, we can formulate the joint
probability function f(z,h,c) as follows:

i

fla hye) = f(zlhe)- f(e) - [T f(helbror,e) - f(Role).

T=1

From the joint probability distribution, we can then derive the conditional distribution f(x|h), or shorthanded as

Jn(x):
falz) = / falhe) - f(e)de

[1._, f(he|hr_1,c)
= z|h,c) - =T - f(e)de
J et R S

i

1
= - zlh,c) - helhr—1,¢) - f(c) - f(holc)]| de.
/H;—1f(hf|hf—170)f(ho|0) lf( 1,) - 111 helfir—1,€) - £(€) - S ol

T=1
After reorganizing the conditional distribution f(x), we plug in the expression for the joint distribution:
o) = | 1 (e, hc)d
n(z) = ; x, h,c)dc.
H‘r:l f(h‘r|h‘r717 C)f(h0|C)

In the setting of our problem, the initial history embedding ho starts where there have yet been any events
observed at all. Therefore, f(ho|c) can be regarded as a constant of 1 since hg is independent from ¢ and not
random. This results in the following expression:

1
fule) = / Ty Jn ey (e

Finally, in this work the category ¢ € ¥ is a discrete variable, so we modify to the discrete case and obtain the
final expression:

1
In(z) = 7 f(x, hyc),
0 L

arriving at (7) that reaches the lemma.
Remark 1. In practice, we can consider using the stabilized weight (SW) instead of the IPTW such that the
weights are less prone to exploding due to small denominator values. See |Herndn and Robing (2010) for more
details. 1

Hi:l (hi|hi71)
T2 fhilhizr,0)

SW (h,c) =



4 PROOF OF PROPOSITION 1

The learning objective function for weighted maximum log-likelihood estimation can be obtained via the definition

of expectation. We twice expand the expectation with respect to f(z|h) (or fr(z)) and the event history variable
h:

Ep [Ean s, llogfo(zlh)]] = [ [1osfuteln) - (s
— [ [1oesaaln) - futa) - F(h)ca

The distribution of history embedding variable h is typically customized. In this work, we wish to treat each
history variable equally, and combined with computational simplicity, we set f(h) = 1. Furthermore, using the
expression of fj(x) in (7) from Lemma 2 while treating C' as continuous, we obtain

Ej, [Eznp, [logfo(z|h)]] = //logfg(x|h)'/l_[i f(hl o c)f(z,h,c)dcdmdh
1
= ///logf9($|h) . Hizl f(hTVL-,—,l,C)f(z7h70)d0dzdh.

Denote 1/ Hj—:l f(hr|hs—1,¢) by w(h,c) and take the expectation with data tuple (z,h, c), we then reach

Ej, [Eyn g, [logfo(z|h)]] ///logfg z|h)w(h,c)f(x, h,c)dhdcdx

= E(ane) [w(h, c)logfo(x|h)]

1 _
~ ST wh?,o)log fo(z”|h{"),

=M B® oyeD
1 k)| (k
x> wh olog fo(e” h),
@ B® cyeD
which can be approximated by samples of data tuples (x; (k) h (k) ,¢) from the whole set D, where |D| denotes the
number of data tuples, thus arriving at the first half of (8)

The set D of the data tuples (x; (k) h(k) ,¢) contains the history embedding trajectory for all K users, so we can
restructure them by k:

N

K Ny

1 - k k)5 (k

Ve E w(hgk),c) log fo(x (k)|h(k) E g h( ) c)log fo(z; ( )‘hz(' ))-
@ h* )eD hisE

Plug in the expressions for the probability density function from (2), we obtain:

1 _
= 3w, o) log fo(x(M |nM)

(@® R*® c)ep

K N
1 _
=2 > w(h c)log <Ae<xihi>exp (— / Aa<z|hi>da:> )
K k=1 i=1 [ti—1,ts) XA
LI
7 (k)
= — w(h;"’,c) log)\g(xi|hi)—/ Ao(z|hy)dz ] .
K Z ; ( [ti1,ti) XA

k=11
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We then plug in the log-likelihood function expression from (3):

NG NG

K
1
= 23| 3 w0 ol Z/t Wi, ) (e lhi)de
k=1 i=1 i— 17
K NP K
= %ZZ h(k) c¢) log Ag(z;|h;) —< Z/ w( h(k) )\a(x|h(k) >
k=1 i=1 — Y
1
== / w(h, c)log Xg(z|h)dN® (2 / w(h) ) \g (x| ) da:
K e .

Il
=| =
Eol
Il
~
I/~

/ w(h, c)log (Ag(z|h(z)))dN®) (z / w(hF), e)Xg(z|n*) (2 ))d:c) :
x x
finally arriving at the latter half of (8).

5 DETAILS FOR SENSITIVITY ANALYSIS

5.1 Proof of Proposition 2

Following the definition of @ws in (12), we can see that when ¢ = 1, the size of the bin is exactly the same as the
sample space, with all samples falling into this single bin. Therefore all conditional transition probabilities are 1,
i.e., W1(-) = 1. On the other hand, when § < 1 where there are more than one bins, the conditional probabilities
F5(-) < 1 which leads to @s > 1. Thus ¢*(@s) > £*(@1). Additionally, by definition £*(@s) given any & will be
smaller than the true £*(w) whatever the value of § takes. This leads to ¢*(Ws) < £*(w).

Remark 2. This proposition has shown that the introduction of IPTW weights using approximation via dis-
cretization in the history embedding space will achieve a non-negative improvement to the log-likelihood function.
This indicates the proposed counterfactual framework is guaranteed to improve the performance of the framework
when compared to the method without counterfactual weights, regardless of the choice of §.

5.2 Bias and Variance Analysis

Lemma 1 (Bias and Variance by binning). Let history embedding variables h; and h;—1 are of one dimension,
which can be extended to higher dimension. Suppose there are m samples of the data tuples (hi, hi—1,¢), and our
objective is to estimate the true joint probability function f(h;, hi—1,c) (shorthanded by f) utilizing the binning
approzimation. Denoting the bin size by 0, then the bias and variance of the estimator ]?5 are as follows:

Biasf5] = (; g}{‘ + %m?f 1> §+0(62) +C
Varlfs] = % +0( ),

where C is a constant not dependent on & or m. Since § is presumed to be small, higher order terms denoted by
O(8?) are deemed negligible.

Remark 3. From the lemma, we observe the bias of estimator increases with the bin size §, suggesting coarser
bins lead to less accurate estimate. The variance shows it increases as 6 decreases. This reflects a trade-off between
bias and variance, as smaller bin size makes the bias smaller but will increase the variance in the estimator.
Additionally, the variance decreases as m increases, which suggests more data tuples will reduce the variance, as
expected.

The bias and the variance of the estimator f constructed by binning provide a way to obtain the optimal bin size
by minimizing the integrated mean square error (IMSE) which is formulated as

IMSE(6) = / / (Bias® + Var) dh;dh;_;



5.3 Proof of Sensitivity Analysis

In this analysis, we assume the variables h; and h;_1 are scalars, but it can be easily extended to higher dimension.
Looking into the joint probability of the tuple (h;, h;—1,c¢), since ¢ is a known categorical variable, we may
omit it when deriving the probability p(h;, h;—1). Suppose there are m samples of the tuple (h;, h;—1), and
we wish to approximate the true joint probability distribution function of h; and h;_1, denoted by f(h;, hi—1),
by approximation using binning. Suppose the probability of a sample falling in a particular bin is denoted by
Pm(hi, hi—1) and the size of bins in h; and h;_; are uniform denoted by §, we can express it as follows:

t(h;)+6 i—1+06
m (Riy hiz1) / / i, xiq)dzide;—q,
t(h; t(hi—1)

where x; denotes a variable in the domain of h;, and x;_; denotes a variable in the domain of h;_1, ¢t(h;) denotes
the lower bound of the bin in h; and ¢(h;) + J is then the upper bound, same with h(t;_1).

We expand the expression above using Taylor’s series to the first degree which yields

t(hi)+d i—1+0 B
hzy hz 1 / / h;, hi_l) + af(h“ hl_l) (in — hl)
t(hqi)

Oh;
+ M(%A — hi_1) + O(6*)dxidx; o
Oh; 1
= 42 s laf 3_o9s2(,. _ )
= 0" f(hihi—1) + 2 0, (6% — 26%(2; — t(hy))]
1 of

20h . [6% = 26%(z; — t(hi—1))] + O(6Y),

where O(+) indicates higher order terms which are small in magnitude.

Now we denote v, (h;, h;—1) as the number of samples falling in this bin, which therefore follows a binomial
distribution (since a sample can either be within or without the bin), denoted by B{m, p,(hi, h;—1)}. This leads
to

]E[Vm] = MPm,
Var[vy,] = mpm (1 — pm).
Given v,,, we can write out the estimator for the true probability density function ﬁ;:

~ Z/m

Js = g

We then thus express the expectation and variance of the estimator J/C:;:

E[f;] = E[vim] _ pm(hishiz1)

mo? 02
= (i) + 5 [0 = 2o — )]+ 5 g[8 = 2o — t(hi1))] + O?)
Bias = 5 gf{ [(5 — 2(3% — t(hﬂ)] + %aif;l [(5 — 2(.%z 1 — t(h 1))] + 0(52)
~ Var|v,, m (1 — Dm
Varlfy] = m2[§4 ] _»p (m54p )
= o [l hi )0 +OY)] [1 - 0)]
f(hishio1) 1

= DAl L o(=).

mo2 m
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Then the mean square error for the estimator can be formulated as follows:

MSE = Bias? + Var

_ 7“";;?;—1) +O(1) +0()
+ 1oy 4 jf: ) = t(0)? + 3 (G20 4+ () s — t(0i-1))?
= G20 = t00) = S P hims — i) + 3 o 2L
g,{ 6Zf ) (hi —t(hi))(hi—1 — t(hi—1)) — 5%82721(%4 —t(hi-1))
gﬁg}w—ﬂm)

Now we make the assumption here that the number of events in the sequence is long enough, such that we expect
the joint distribution of the embedding between two steps f(h;, h;—1) to be symmetric between h; and h;_; since
the transition behavior is expected to converge. Then we can argue that the two partial derivatives are equivalent
in magnitude given the symmetry and can be denoted so:

of _ of

!
oh;  Ohiy =7

Now taking the integral over (z;,z;_1), the integrated mean square error (IMSE) can be found by taking the
two-dimensional integral of all the terms in MSE. The first few terms are straightforward to integrate:

mo? md?

t(hi)+6  pt(hi—1)+6 F(hi, hi_ 1 1 1
/ ‘/ Hhisbic) oLy 4 0@andh = 5+ 00 5) +0(6?)

The next four terms can be derived directly:

//jl g}{ 252dh,dh;_ 1_353/(5}{) dh; = iéf"/f&,
// )(hi — t(h;))?dhsdh;_y = éag’/f + 0(5%);

//5( 2(h; — t(hy))dhidhi_y = %53/f’2 +0(5%);

18f8f2_'12//2 5
//2@1“31%,15 dhidhiy = 56 [ ') +0().

The derivation of the final two terms requires the use of the assumption on the two partial derivatives:

,0f _0f
2 Oh; Ohy

=2 [ 2L =t [ 5o — b))y
(i 30) (i ) o
:%54 (/f) O,

(hi —t(hi))(hi—1 — t(hi-1))




The final term can be derived in a similar way:

of of

Oh; Ol (hi—1 —t(hi—1))

_5 / of —(hict — (i)
1 B (
( /%f ldh,»_l + 0(53))

, af of
_ -3 ) . 4
_ 25 /ahidhl/ahiildhl_l +0(5%)

— %53 (/ f’)2 + O(5%).

When put together, the IMSE can be expressed as

4]

1 2 1
IMSE = — + 52 (/ f’) +0(8%) + O(—).

To obtain the best value of 0*, we set the derivative of IMSE to 0 dropping the higher order terms and solve the

equation.
o 2 9 1/4
+6( f) =0:>6*:< ) m~ Y4,
o ( (S 1)

Therefore, we have reached the approximate estimator of the optimal bin size §* which minimizes the IMSE
caused by bin discretization. This applies when [ f # 0.

In the event where [ f/ = 0, the IMSE is formulated differently:

IR S UG S SV G G ey e
IMSE—m(32+(4+3+4—|—3 5 2)5 /f + O(6%)

1 2

:663/]” +O(6Y).

We similarly take the derivative to find the optimal 4.

-2 1 2 X 4\
s [ =0 :<ff"") m

Remark 4. Proposition 3 indicates the asymptotically optimal choice of bin size depends on both the partial
derivative f' and the number of samples m. A larger m pushes the optimal choice of § smaller. For example,
a ten-fold increase in sample numbers m will shrink §* by a factor of 0.56. It also depends on the probability
density function f as well. If f is a bivariate normal distribution with zero mean u = 0, isotropic deviation o = 1,
and correlation coefficient p, the approzimated 6* ~ (2472(1 — p)(1 + p)3/m)"/>.

Another approach to this can be found in|Hahn and Herren| (2022).

6 LEARNING ALGORITHM

Calculating the objective function in (8) requires more attention. The first integral can be directly computed,
while the second integral can only be approximated. We utilize a discrete sampling scheme to approximate
the second integral. In this work, the event space 2 = [0,T) x .# is constructed on the continuous temporal
component and the discrete mark, so only the former is discretized for sampling. The event space 2" = [0,T) x A4
is constructed on the continuous temporal space and the discrete mark space, so we need only to discretize the
temporal space. Suppose the temporal space can be evenly partitioned into s sections by a set of discrete grid
points tg,t1,...,ts, then we have

t
/ w(h ), ¢) g (W) () ZZ (R, ¢) gt mIB¥)) At (1)
z t=to me.#

where At = t; — tp is the size of the grid element.
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Algorithm 1: Joint Learning Algorithm

Data: Event sequences of K users: D = {z(1) 22 . 2},
Number of events of K users: N7(“1)7 Nq(?), ceey N;K);
Category of K users: ¢ ¢ . )

1 Parameters: Number of training epochs: £; Number of batches: B; Hyperparameters: 4, 7.
2 Initialization: IPTW values ws(h,c) = 1, Vh,c.
gfore=1:Fdo

a | G0, F1

5 forb=1:B do

6 Randomly select # user event sequences Dy, := {z(®)} C D;
7 for k=1:xdo

8 for z = 1 N ) do

9 ) oz (k),hl \) for all z; € 2®) via (4);

10 gw’u{( Y niE )

N DI

12 F(—fu{(:cgk),ﬁgk),c(k))};

13 S« 0;
14 | for (z\F, A c®) in F do

2 ) ?

15 Obtain f(z{® ™) from A(z{F |h®) (2)) via (2) & (5);
16 S S+ ws(hF ) log f(2F |h®) (2));
17 0 « argmaxy S in (8);
18 if e / n =0 then
19 L+ {(u,v,r)|]1 <u,v<1/5 1< R, u,v,r €Z};
20 for (u,v,r) € £ do
Yo 1R RF), Ry e B (u,v,m)]
21 ‘ p(u,v,7) + =< 25:11 N via (10);
22 for (u,v,r) € £ do
23 ‘ f5(ugl Shi<%|vg1 <hici<%e=r) % (11);
24 for k=1:K do
25 fori=1: Nék) do
26 A T A
21 w(h, e®) 1/ Ty ok hy. e M) via (12);

Result: Optimal IPTW values @5(ﬁ, ¢); Optimal model parameters 0.

7 INFERENCE FOR PREDICTION

Inference from the counterfactual point process model conducts event prediction for new users. The predictions are
obtained given the past event sequences of new users without their category information. To carry out inference,
we need to obtain the counterfactual intensity A (x), which is approximated by the conditional intensity function
Ao(x|h). We then proceed to obtain the probability density function from the conditional intensity following (2):

fo(x|h) = Ng(x|h) - exp (/[t o /l)\e(Uh)dU> :

Subsequently, the prediction for both the next upcoming event & = (¢,7) can be analytically calculated from
above:

i:/ xfo(z|h)dx
[tn,t(z)) A



When the mark variable m is discrete, it can be further split to time and mark predictions separately as follows:

t—/ Z fo(T,m|h)dr,

tn me.A

m = arg 717}1635/([/ fo(m,m|h)dr
tn

The integrals in the expressions above can be estimated via Monte Carlo sampling from the domain. In addition
to MC sampling, one can also elect to draw multiple samples via simulation and then take the average to obtain
the event prediction. It is typically conducted by using the thinning algorithm , which offer more
insight on uncertainty of the temporal prediction. See for more details regarding prediction and
thinning.

8 HISTOGRM OF h SAMPLES AND CONDITIONAL TRANSITION MATRIX

When the number of bins 1/§ changes, the histogram of h and the conditional transition probabilities will change
accordingly. We visualize them when 1/6 =5 and 1/6 = 10 respectively, in addition to the case when 1/§ = 20 in
Fig. 3. These plots illustrate the change in the conditional transition probabilities as J is altered.
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(a) f(hilhi—1,c=1) (b) f(hilhi—1,¢=2) (e) f(hilhi—1,¢=3)
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Figure 1: Histogram of h samples from events in three categories and the corresponding conditional transition
matrix when 1/6 = 5.
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Figure 2: Histogram of h samples from events in three categories and the corresponding conditional transition
matrix when 1/ = 10.
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9 DETAILS FOR SIMULATION STUDY

We investigate a number of synthetic experiments in this study, which we summarize first below and then expand
for details.

1. Three categories each generate 400 event sequences for the training set, and an additional 100 for the testing
one. Sequences within the same category is generated by a temporal Hawkes point process model with
exponential triggering function and parameters fixed. Hidden embedding dimension is set to ¢ = 1 and the
number of bins 1/§ = 25, number of epochs n = 5.

2. We keep the same setting for the Hawkes models of the three categories, but composition of event sequences
from each category is no longer balanced. There are now 200 sequences generated by the first Hawkes model,
400 by the second, and 600 by the third one, thereby creating an unbalanced dataset between three categories.

3. Composition is further changed. Now 600 sequences are now generated by the first Hawkes model, 400 by
the second, and 200 by the third one. This is another unbalanced training set.

4. Three Hawkes processes for the three categories with parameters no longer fixed. The 1,200 sequences are
evenly divided between categories, but the parameter values are drawn from fixed random variables when
sampling for each sequence. Event sequences in each category observe a different yet still similar behavior.

5. We utilize different families of point process models for the three categories. For the first and the second
categories, we still utilize two exponential Hawkes process with different parameter. For the third category, we
elect to use a Neural Hawkes model. Each category still contributes 400 training and 100 testing sequences.

6. We look into more complex event data with an additional mark variable, i.e.the marked point process. We
append an additional discrete mark variable to the event sequences generated. We utilize three marked-
temporal Hawkes processes for simulation, each contributing the same number of sequences.

Synthetic Experiment 1-3 In this scenario, the event sequences are generated from three independent Hawkes
point processes with the exponential kernel function, each corresponding to sequences within a user cluster.
Temporal Hawkes point processes without marks utilize the following conditional intensity function:

t

Mt =+ [ gt = =+ Y ale—t)

1ty <t

where 4 is the constant background rate variable, and ¢(-) is the triggering function that determines the form of
self-excitation (Reinhart) 2018). Since A(¢|H;) is non-negative, g(u) > 0 for v > 0 and g(u) = 0 otherwise. Here
we designate the triggering function to take the exponential form

g(t —t;) = a-exp (=f(t — t;)) .

In this scenario, we fix p = 0.1, @« = 1, and alter g to generate event sequences of different patterns. For each of
the three temporal Hawkes point process models we use to generate the event sequences, we set 8 = 0.5, 1.0, and
1.5 respectively. Thereby we generate 400 sequences from each of the three PPs in the time range of T' € [0, 100],
and the training set contains 1,200 event sequences coming from the three clusters, divided evenly between them
such that each cluster contains 400 event sequences. For the testing dataset, we obtained 100 user sequences
from each Hawkes PP instead with cluster information removed, a total of 300 sequences. Therefore, we get
111,499 events in the training set, and 15,974 in the testing set, which is sufficiently large. For evaluation, their
cluster information is masked so the testing sequences are regarded as coming from "new” users. We construct
our models with weights upon NH and RMTPP models, where the dimension of hidden variables is set to ¢ = 1
given the relatively simple mechanism. We partition this 1D embedding space into S = 25 bins of equal size to
obtain the conditional history transition probabilities when deriving the IPTW values for our framework.

Following the simulation setting, we obtain the MAE values for each of the 100 testing sequences drawn from
their corresponding exponential Hawkes PP. We look into the comparison between the Neural Hawkes model and
the Weighted NH with the proposed reweighting scheme applied more carefully. From Table 1, we can see that



the Weighted NH does better than NH overall in terms of MAE, by roughly 11%. The Weighted RMTPP does
better as well, by 3%.

Additionally, we study the impact on the proposed framework and the baseline methods by different testing data
compositions from the three clusters in the testing set. This corresponds to the situation where the composition
of event sequences in the training set is different from that in the testing set. We investigate two of such scenarios,
denoted by Exp. 2 and 3, respectively. Both of them still entail 1,200 training sequences split evenly from the
same three exponential Hawkes PP model, but the composition of their testing set changes. For Synthetic Exp. 2,
the numbers of testing event sequences generated by the three Hawkes PP models are 50, 100, and 150 respectively.
While for Synthetic Exp. 3, the numbers of testing sequences are 150, 100, and 50 instead. Configurations during
training remain the same. The quantitative results are also included in Table 1. The results suggest that in
both cases, the proposed methods better predict performance than the baseline models. Specifically, for the
comparison between NH and the Weighted NH methods, the improvement in the two scenarios is by 5% and 10%,
respectively. The improvement over the RMTPP model using our method is 2.4% and 3.1%, respectively. This
demonstrates that our proposed framework indeed can carry out predictions more accurately for users with event
patterns less observed, even when the data composition is imbalanced.

Synthetic Experiment 4 In the previous section, we look into the case where event sequences in the same
cluster are generated from the same PP model. However, in reality, things are usually less ideal. The pattern
of events within the same cluster is likely to be similar, but rarely identical. In this scenario, we look into the
situation where the event sequences within the same cluster are no longer drawn from the same fixed PP model,
yet still they are relatively similar to each other in the cluster.

Instead of a Hawkes process with a constant fixed 8 for each cluster, we now consider 5 as a random variable,
which is sampled randomly whenever an event sequence is simulated. This way, the pattern of event sequences
within the cluster will be similar, but no longer identical, creating a more complex and realistic dataset for the
cluster. To differentiate between the three clusters, in this case, we define the random variable g for each cluster
as follows:

Cy: peUf0.4,0.6];
Co: Beu0.9,1.1];
Cs: pBe U[1.4, 1.6],

which indicates the 8 are uniform random variables in their respective ranges for each cluster. This more complex
event sequence generation for each cluster applies to both the 1,200 training sequences and the 300 testing
sequences. The other configurations stay the same, and we can obtain the MAE results in Table 1. We can see
that between the MAE from NH and Weighted NH, the latter has a lower MAE by 12%, which suggests our
proposed model works better than baselines in this scenario. For RMTPP, the improvement is about 9%.

Synthetic Experiment 5 So far the PP models used in event sequence generation are all exponential Hawkes
PP. In this scenario, we study the situation where event sequences are drawn from different distribution families.
For the first two clusters in this experiment, we continue to draw event sequences from exponential Hawkes PP,
with 8 = 0.5 and 1, respectively. However, for the third cluster in this case, we utilize an individual Neural
Hawkes PP model with parameters randomly set to generate both training and testing event sequences. We
set the hidden variable dimension to two when generating sequences from the NH model, which produces 400
training sequences and an additional 100 testing sequences for the third cluster.

Therefore, the total number of event sequences drawn from the three clusters remains the same. When we train
our models and the baselines, the dimension of hidden variables is set to ¢ = 3, higher than the dimension used in
generation. We partition this 3D embedding space into 1/§% = 53 = 125 bins of equal size for the conditional
history transition. The MAE results for all the methods are logged again in Table 1. We see that for both NH
and RMTPP models, our proposed framework improves their performance in the weighted counterpart by 3%
and 10% respectively. It demonstrates our framework can well handle the situation where the event sequence
pattern is no longer identical within the same cluster.

Synthetic Experiment 6 In this synthetic experiment, we study the case where event sequence data contain
an additional categorical mark variable on top of the time component. Marked temporal event data are common
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in real applications, making this study relevant. In this scenario, the conditional intensity function is constructed
as follows:

At m|He) = Ag(tHe) f(mt), 2)

where A, (t|H;) is the conditional intensity for the temporal Hawkes PP as in (9)), and the mark component is
defined by f(m/|t) dependent on time only. It can be described using probability mass functions.

0.8, ift< 40,

0, otherwise,

ﬂmzlwz{

0.8, if 40 < ¢ < 80,

0, otherwise,

ﬂm=2w={

Fm = 0[t) = {0.2, if £ < 80,

1, otherwise.
Therefore, the event sequences in this scenario are still first drawn from exponential Hawkes PPs and then
appended with the additional mark, which can only take values between (0,1,2). Given the introduction of an
additional mark variable, we again set the dimension of the hidden variable to ¢ = 3, and the number of bins to
S = 125. The numerical results are appended in Table 1 . For a more detailed breakdown on MAE values across
different categories in the testing set, the results are illustrated in Fig. 4.

From the results, we can see our weighted methods generally perform better than the baselines. Comparing
NH and Weighted NH, we see the MAE from the proposed weighted method is lower by 4%. For RMTPP, the
improvement is 2.3%. It indicates our proposed method can improve prediction performance for marked TPP
models, and will likely work well in real case studies.

To summarize the simulations studies, we have shown throughout the section including multiple data configurations
that the application of our proposed reweighting scheme can consistently and robustly improve the prediction
performance of the common PP models utilizing the hidden variables.

Error Metrics Since in this study the conditional intensity functions for the sequence-generating models are
specified and known, we directly compare the true conditional intensity A(t) against the fitted function S\(t) with
parameters fitted by each method. Then the MAE across the time frame is calculated using a discrete grid of size
r in t, denoted by %o, %2, ...,

Ntest ET‘
1 .
MAE = N g E [Nidaz (t) — Mgz ()],
oSt du=1t=t,

where Niesy denotes the number of testing event sequences. We take the average of errors across all testing
sequences to obtain this error metric.

10 DETAILS FOR REAL CASE STUDIES

Netflix Movie Rating Data The data for each anonymous user include the date they rated a movie and the
rating (from 1 to 5) the user provided for the corresponding movie. We append the movie genre information to
each movie using the public website IMDB.com, and only look for positive ratings (3 to 5). We only select positive
rating events from users because users tend to make fewer negative ratings as time goes by since they tend to
focus more on movies they appreciate. This limits the use of event prediction for negative ratings. By doing this,
each movie rating event for a single user is now characterized by time and the movie genre is denoted as a tuple
(t,m) where the genre is taken up as the mark variable. Furthermore, we divide the Netflix users into different
categories based on their respective favorite movie genres given the ratings provided by them. We aim to predict
the time and movie genre of the next rating event for "new” users not yet observed in the rating history data.

We take 50,000 entries by 300 Netflix users from the entire dataset to form the training dataset. The training
set contains 300 user sequences scaled to a time frame of [0,7") with 7' = 100, containing movies from 45 genres.
After pre-processing, the selected dataset contains 6712 discrete events from these 300 users over three years, then
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scaled to a time frame of [0, T) with T'= 100. We fix the number of movie genres to be investigated to 45. In
other words, the categorical mark has 45 potential values. These 300 users are divided into ten different clusters.
For prediction, we further obtain the rating event sequences of 75 additional "new” users without obtaining their
cluster information due to their lack of clear preference towards a certain genre. We set the dimension of the
hidden embedding variable to ¢ = 3 and the number of bins 1/§ = 125. Additionally, we set n = 5.

For evaluation, since the true conditional intensity is no longer available, we now utilize different error metrics for
performance comparison. For time prediction, we propose to calculate the MAE between the predicted time of
the next event and the actual time for the testing event sequences. For mark prediction, we propose to calculate
the accuracy of the top 5 predicted marks against the actual mark for the next event given the large number of
potential mark values, abbreviated by Acc. In other words, the proportion of prediction cases where the top 5
guesses cover the true mark value of the upcoming event. Note the exponential Hawkes model is not capable of
handling the mark variable, so it is excluded in this case.

Amazon Contact Data For Amazon, user contact intent prediction is crucial as it heavily contributes to the
support system efficiency. When sellers need help from Amazon, such as how to create a listing, they often reach
out to Amazon seller support through email, chat, or phone. As a common practice in customer support business,
intents are assigned to the contacts for scalable support management. Though there is an abundance of literature
in customer support contact intent prediction (Dong et al., [2021} [Sarikaya et al.l |2011)), there are a couple of
challenges that few touch: (i) The support contact volume tends to vary significantly and unexpectedly, creating
challenges for companies to prepare for the support capacity. Therefore, the ability to predict the time and intent
of the next potential contact for customers becomes critical; (i) With new sellers joining the platform every day,
it can be challenging to provide confident and fair intent prediction given their relatively short history. One
workaround is grouping sellers into clusters and predicting intents based on the cluster-level information. However,
it is still challenging to keep the category information up to date. These two challenges indeed warrant the
application of our proposed method, which strives to provide a prediction for user events without the knowledge
of their respective cluster information.

The seller support contact dataset from Amazon presented in this work includes user contact events from thousands
of sellers sampled from recent years (Dong and Spencer}, 2023]). For each contact event, we have the information
on the corresponding anonymous user ID, the time of the contact, and the identified contact intent marked by
support associates. We regard the discrete intent as the mark variable, which can take any of the 117 possible
values. Additionally, for data privacy purposes, the user identity is anonymized, and the contact time is polluted
lightly with random noise.

We obtain from the data 3,000 user event sequences, where each sequence records the contact of an Amazon seller.
Each event contains the time of the contact event and a discrete mark variable for the corresponding intent. For
the mark variable, it can take any of the 117 possible values. The 3,000 users for training fall into 12 categories,
and we further obtain 500 user event sequences without category information for testing. Our objective in this
application is to predict the next contact time and intent for these 500 users in the testing dataset. For the
counterfactual framework, we set ¢ = 3, the update period n = 5, and the bin number to 1/§ = 125.
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