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Abstract

Unsupervised performance estimation, or evaluat-
ing how well models perform on unlabeled data is a
difficult task. Recently, a method was proposed by
Garg et al. [2022] which performs much better than
previous methods. Their method relies on having a
score function, satisfying certain properties, to map
probability vectors outputted by the classifier to the
reals, but it is an open problem which score func-
tion is best. We explore this problem by first show-
ing that their method fundamentally relies on the
ordering induced by this score function. Thus, un-
der monotone transformations of score functions,
their method yields the same estimate. Next, we
show that in the binary classification setting, nearly
all common score functions - the L°° norm; the
L? norm; negative entropy; and the L2, L!, and
Jensen-Shannon distances to the uniform vector -
all induce the same ordering over probability vec-
tors. However, this does not hold for higher dimen-
sional settings. We conduct numerous experiments
on well-known NLP data sets and rigorously ex-
plore the performance of different score functions.
We conclude that the L°° norm is the most appro-
priate.!

1 Introduction

When a machine learning model is trained, typically (in the
supervised or semi-supervised cases), we have labels on the
data and can easily calculate any number of popular metrics
to evaluate the model’s performance on some held-out test
set, e.g., accuracy, true positive rate, precision, etc. Further-
more, performance on a labeled validation set can be used for
model tuning. When labels are present, evaluating models is
extremely straightforward.

However, in many real-world applications of machine
learning, not all data is unlabeled, and in fact the amount
of unlabeled data may vastly outnumber the amount of la-
beled data. For example, a chatbot may be trained on some
number of queries that have been labeled by humans, but all
possible queries cannot possibly be labeled. In many cases,

'Code available at: https://github.com/mmaaz- git/acc-estim.

human labeling of all data is too expensive, either costing too
much time or too much money. However, for the deployer,
knowing how well your model is performing on this unla-
beled data is of prime importance, especially in the context of
model performance degradation when faced with real-world
data, which is often noisier and from a different distribution
than the original data set.

More formally, we have a source domain on which the
model is trained and a target domain on which it is deployed.
This problem is referred to in the literature as unsupervised
accuracy estimation, or more generally unsupervised perfor-
mance estimation. Here, unsupervised refers to the fact that
the target domain has no labels, and thus other information
has to be used in order to evaluate the model’s performance.
Unsupervised performance estimation is related to the well-
known problem of unsupervised domain adaptation, which
seeks to appropriately deploy a model on to an unlabeled tar-
get domain, instead of explicitly estimating its performance.
However, the two problems are quite related in spirit.

A recent contribution of Garg et al. [2022] proposes a sim-
ple method for unsupervised performance estimation, called
average thresholded confidence (ATC), which leverages the
class probabilities outputted by a classifier. While their
method outperforms previous baselines, several questions
about the method are left open. In this paper, we provide
several theoretical extensions of their work, which may be of
independent interest, and expand our claims by testing their
method on natural language processing (NLP) data sets.

1.1 Related Literature

Arguably, the theory of unsupervised performance estima-
tion began with the seminal contribution of Ben-David et al.
[2010a,b], which first showed that the error on a target do-
main can be bounded by a function of the error on the
source domain and a measure of discrepancy between the
source and target domains. In Ben-David et al. [2010a], the
‘H-divergence is introduced as this measure of discrepancy.
Later works explored other notions of distance and derived
similar bounds.

Based on this notion, many methods of estimating accu-
racy have been proposed which essentially seek to align the
source and target domains in a common feature space, and
thus calculate the discrepancy between them. Guillory et al.
[2021], Deng and Zheng [2021], and Deng et al. [2021] use
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this notion, by finding a linear relationship between discrep-
ancy and performance drop via a validation set. To quantify
this discrepancy, Deng and Zheng [2021] uses the Fréchet
distance between feature vectors, while Guillory et al. [2021]
uses differences in classifier probabilities.

Jiang et al. [2022] estimates error as the expected disagree-
ment between two separately trained models, while Chen
et al. [2021] uses importance reweighting. It is again worth
noting that both of these methods come from the domain
adaptation literature. The notable work of Platanios et al.
[2016] introduced a Bayesian approach which uses a graphi-
cal model to estimate the error.

These methods make some assumptions which may not
necessarily hold. For example, Guillory et al. [2021] assumes
a linear relationship between discrepancy and performance.
While we may model a non-linear relationship as seen in
Deng and Zheng [2021], if linearity does not hold, there still
remains the issue that calculating discrepancy between data is
fraught with complexities, especially in language data, where
finding an appropriate feature space is difficult due to well-
known issues of sparsity and loss of semantics with common
embedding methods. It is perhaps for this reason that gen-
erative adversarial networks (GANs) are the most common
method of domain adaptation for NLP models [Ramponi and
Plank, 2020]. As well, the method of Jiang et al. [2022] dou-
bles computational overhead by training two separate models.

Recently, Garg et al. [2022] proposed the ATC method,
which will be the focus of this paper. In their experiments,
they outperformed the methods of Guillory et al. [2021],
Deng and Zheng [2021], Jiang et al. [2022], and Chen et al.
[2021].

Our Contribution. Garg et al. [2022]’s method is parame-
terized by the choice of a certain score function, whose prop-
erties we will discuss below. While they perform several ex-
periments comparing two possible score functions, they still
leave open some questions about their method. In this pa-
per, we propose several appropriate score functions from the
literature. We develop a theoretical basis for analyzing the
estimations yielded by these different score functions. Based
on this, we show that in the binary classification setting, (al-
most all) possible score functions yield the same estimate.
Lastly, we perform multiple experiments in multiclass set-
tings, showing with repeated experiments that the differences
between these functions are small.

2 Theory

2.1 Background

Our setting is of a k-class classifier. To adopt the notation of
Garg et al. [2022], we have an input domain X C R and a
label space ) containing k distinct labels (e.g., for a binary
classification problem, Y = {0,1}). Denote D* and D! to
be the source and target domains over X x ). We assume
that we have labels in the source domain, but no labels in the
target domain - i.e., it is an unsupervised domain adaptation
problem. We have some performance metric I'* and I'* on the
source and target domains, where they must be in the interval
[0, 1]. In Garg et al. [2022], they particularly take I" to be the
classification error, but we will keep it more general for now.

Let F be a set of hypotheses mapping X — AF~1 c RF,
i.e., the input space to the (k — 1)-dimensional probability
simplex. Our goal is, given f € F, validation data from D?,
a source performance metric I'*, and unlabeled data from Dt,
estimate I'?.

The method introduced by Garg et al. [2022] depends on
having a score function s : A*~! — R which takes the
softmax output of f € JF and (roughly) gives a higher
value if the classifier is more confident in its prediction.
It should be minimized at the centroid of A*~! (the uni-
form probability vector) and maximized on the vertices of
AF~1 which corresponds to a single element of the vector
being 1 and all other elements being 0. Two such functions
studied by Garg et al. [2022] are the maximum confidence
s(f(x)) = maxjecy fj(x) and negative entropy s(f(z)) =
>_; fi(z)log(f;(x)). We study several such functions.

Garg et al. [2022]’s method is as follows. First, learn a
threshold ¢ such that:

Preps[s(f(z)) <t] =T° (1)

Note that P[e] is equivalent to E[I[e]]. So we learn a thresh-
old such that the proportion of points in D® that have a score
less than ¢ is equal to our source performance metric. In prac-
tice, we do:

0% = Poeps[s(f(z)) <t]] ()

t= arg min
teran s(f(x)), x€D*®

where ran is the range, i.e., all possible values of s over
D3,

This means we calculate the threshold ¢ by minimizing the
absolute difference between the two sides of Equation 1, let-
ting ¢ take on the values of the range of the score function
outputted for the values in D?.

Then we estimate I'* as follows:

Tt = Pyep:[s(f(2)) < 1] 3)

2.2 Orderings

From the method identified above, we can see that the prob-
ability vectors are first mapped to a real number, and then
ordered by the usual ordering of the reals. The threshold ¢
depends exactly on this ordering. Thus, the way the score
function maps vectors to the reals determines the threshold.
In particular, if for the same set of vectors we have two differ-
ent score functions, then the estimate I'* should be the same
(albeit the actual threshold may differ). First, we introduce
some terminology.

Definition 1 (Order-isomorphism). Two score functions s, s :
AF=1 5 R are said to be order-isomorphic if, for all p,q €
AF-L:

* s(p) <s(g) = s(p) <
(p) =

* s(p) > s(q) <= s(p) >
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The definition above, from order theory?. This captures the
idea that if two different score functions do not change the
ranking of a set of vectors, then they can be considered to be
basically the same. Note that the third point in the definition
is implied by the first two.

We now introduce our lemma.

Lemma 1 (Ordering Lemma). If two score functions s, 5 are
order-isomorphic then, for a fixed f, D%, D', and T'*, we have
that Tt = T, where T't and I't are the target performance
estimates given by s and § respectively.

Proof. Denote t and # the threshold obtained by s and $ re-
spectively. Recall that ¢ and ¢ take on the possible values of
the range of their respective score functions, calculated for
data in D?. Of course, they are possibly different. However,
there exists a probability vector p € ran f(x) such that both
t = s(p) and = 3(p). To see why this is, observe that the
set ¢ € ran f(x) such that s(q) < s(p) is exactly the same as
5(¢) < 4(q) due to order-isomorphism. Thus, while ¢ and #
are possibly different, they must come from the same vector
! Next, for z € D, due to order-isomorphism, s(f(z)) <
t = s(p) if and only if (f(x)) < t = 4(p). Thus, the sets
{s(f(x)) < t|xec D'}y and {5(f(x)) <t|x € D'} are the
same. Thus T't = Tt O

The Ordering Lemma allows us to explore a variety of
score functions, and show that they yield the same estimate
simply by showing that they are order-isomorphic. In the next
section, we do just that. We conclude with two lemmas that
will play a role in future results.

Lemma 2. The property of being order-isomorphic is an
equivalence relation on the set of score functions.

Proof. A score function is clearly order-isomorphic with it-
self, and if s is order-isomorphic with § then § is order-
isomorphic with s. Lastly, if s is order-isomorphic with §
and § is order-isomorphic with 3, then s is order-isomorphic
with § by transitivity of the biconditional (see the definition
of order-isomorphic). Hence, we have reflexivity, symmetry,
and transitivity.

In this paper, we use monotone in the order-theoretic sense,
i.e., monotonically increasing, or order-preserving.

Lemma 3. Consider two score functions s and § such that
$ = g(s), where g is strictly monotonic. Then s and § are
order-isomorphic.

Proof. Follows from definition of monotonicity. O

Remark. The above lemma seems quite obvious but we state
it here to formally state that I'* is invariant under mono-
tone transformations of the score function. Namely, scaling,
square root, etc., have no effect. This is important as there
are some potential score functions, discussed in the section

Technically, an order-isomorphism is a bijective function de-
fined between two posets that preserves and reflects orderings. This
is slightly different from our setting, where we have a single set
without an ordering (A*~1) and define two separate orderings on it.

below, which are actually just monotone transformations of
other score functions. This lemma allows us to collapse them
as one case.

2.3 Exploring Score Functions

For a practitioner of the ATC method, an important question
that may arise is which score function to use. Indeed, the liter-
ature contains many examples of score functions that capture
the rough intuition of being higher when more skewed and
lower when more uniform. Below is a list of such score func-
tions? seen in the literature, given a vector p with components
(pi)1:
¢ [.°° norm, or maximum confidence: max’f i

* Negative entropy: Zlf pilog(p;)

e 2 norm: Zlf p?. Of course, we can take the squared

L2, which is order-isomorphic due to strict monoton-
icty of square root (Lemma 3). The squared L? is
quite prevalent in many different fields: in economics it
is called the Herfindahl-Hirschman index and measures
market concentration [Rhoades, 1993], in ecology it is
called the Simpson index and measures wildlife diver-
sity [Simpson, 1949]. The underlying principle is that it
captures how uniform or skewed a probability vector is.
The L? norm has a deep connection to the x? statistical
test.

o L! distance to the uniform vector Uy, = (1/k,...,1/k):

Z}f |p; — 1/k|. Note that half the L' distance gives the
total variation distance, and these two are clearly order-
isomorphic (Lemma 3).

k

21 (pi — 1/k)?

e Other distances or divergences to Uy, e.g., Jensen-
Shannon

o L2 distance to Uj;:

Thus, the method of Garg et al. [2022] has numerous pos-
sible implementations, depending on the chosen score func-
tion. It is not clear whether there is a best score function,
or how to go about choosing one. Certainly, different score
functions capture different information about the vector. The
task for the practitioner then is seeing which score function
works best for their particular case, through experimentation.

2.4 The Case of Binary Classification

While choosing the best score function seems to be a diffi-
cult problem that can only be solved experimentally, in the
particular case of binary classification, or R%, we can get a
simple characterization. We can show that a large class of nat-
ural score functions are order-isomorphic. This result shows
that in the binary classification case, the choice becomes quite
easy, and it follows to simply choose the most computation-
ally cheap score function. In particular, we have the following
theorem.

Theorem 1. In R2, on the probability simplex A', the fol-
lowing score functions are order-isomorphic:

*Note that the use of score function here is not the same as a
score function in decision theory.



L norm

L? norm

L! distance to the uniform vector (1/2,1/2)
L? distance to the uniform vector (1/2,1/2)

negative entropy

ISR N S

Jensen-Shannon distance to the vector

(1/2,1/2)

Proof. Let p,q € R?, particularly p,q € A', meaning that
their L! norm is 1. Parameterize them as p = (a,1 — a)
and ¢ = (b,1 — b). Without loss of generality, a > 1 — a
and b > 1 — b. Based on the L' norm constraint, a,b €
[0.5,1]. Observe that with this parameterization, ||p|
and ||¢||co = b.

We will show that each of score functions (2) - (6) are
order-isomorphic to (1), as numbered above. This will then
imply that all of them are order-isomorphic to each other by
Lemma 2.

Our proof strategy is as follows: from our parameteriza-
tion, we can consider the score function to only be a function
of the first component (e.g., a or b). If the score function is
strictly monotone in this argument, then it follows that a < b
iff s(a) < s(b). Another way of looking at it is that the score
function is a strictly monotone transformation of L and so
by Lemma 3, they are order-isomorphic.

We now show this for each of the score functions listed
above from (2) - (6).

uniform

0o = @

2. We work with the squared L? for ease of computation.
We have a? + (1 — a)? = 2a® — 2a + 1, which is
strictly monotone on the interval ¢ € [0.5,1]. Thus,
the result follows. To make this clear, observe that
Ipllz < llgll2 = 2a®+1—2a <2V +1—-2b <
a?> —a < V¥ —b <= a < b, as the function
g(y) = y* — y is strictly increasing for y € [0.5, 1].

3. |lp = (1/2,1/2)[y = la = 0.5 + |(1 —a) = 0.5] =
a—0.5+0.5—14a = 2a—1 which is strictly monotone
in a over [0.5, 1] hence the result follows.

4. We work with squared L?. We have (a — 0.5)% + (1 —
a—0.5)? = 2(a — 0.5)% = 2a% — 2a + 0.5, which is
strictly monotone for a € [0.5, 1].

5. We have alog(a) 4+ (1 — a)log(1 — a). Taking the first
derivative, we get log(a) — log(1 — a), which is > 0 for
a € [0.5,1] as log is strictly monotone. It then follows
that alog(a) + (1 — a)log(1l — a) is strictly monotone
fora € [0.5,1].

6. We have 3[alog % + (1 — a)log 52 + 0.5log %2 +
0.5log 2], which is strictly increasing on a € [0.5, 1]
(can be seen by taking the first derivative or graphing).

Thus, all of (2) - (6) are order-isomorphic with (1), and

hence they are all order-isomorphic with each other.
O

To summarize, the commonly used score functions — L,
L? (and its squared form, known variously as the Herfindahl-
Hirschman index or the Simpson index), L' to uniform (and

its scaled by 1/2 form, the total variation distance), L? to
uniform, negative entropy, and Jensen-Shannon to uniform
— all induce the same orderings over probability vectors in
R2.

2.5 The Case of Multi-Class Classification (R=?)

Unfortunately, Theorem 1 does not hold for R3. For a
simple counterexample showing that L? and L are not
order-isomorphic, consider p = (0.5,0.2,0.3) and ¢ =
(0.5,0.5,0). Then, [|p[|3 = 0.38, [|¢||3 = 0.5, and [|p[|c =
lalloc = 0.5. So[[pll2 < [lgll2 but [[pljec # [lgllec- It is possi-
ble to construct counterexamples for the other score functions
as well. As well, as R3 is a subspace of R>3, it does not hold
for R=3,

The order-isomorphism that still holds in R=2 is between
the L2 norm and L2 distance to uniform, shown below.

Theorem 2. In R*, on the probability simplex A*=1, the
score functions || e ||2 (L? norm) and || e —1/k||2 (L? dis-
tance to uniform) are order-isomorphic.

Proof. Let p € A*~1 be written as (p;)}. We have the con-

straint that Zlf p; = 1. To enforce this constraint, we can
substitute pp = 1 — If_l p;. For ease of computation, we
work with the squared forms of the score functions, which we
denote by s and § respectively. So s(p) = If_l p? + (1 —

k—1 ~ k—1 1 1 k—1

| pi)? and 3(p) =21 (Pi*z)Q.Jr(l*E* L P

Instead of expanding these expressions, we can analyze
their gradients. Now, s and § are functions of k£ — 1 inde-
pendent variables (because of our substitution for p). For

some variable p;, we have % =2p; —2(1— Zlf_l p;), and
J

D=2, —Ly-201-1 - ¥~ p,). By expanding the

Op;
. O0s _ 08
1/k term, we can cancel them. Thus, Vp;, 5 = Bpo

Hence, Vs = V3, and by the mean value theorem, s and §
differ only by a constant, and thus 5 is a monotone transfor-
mation of s, which by Lemma 3 completes the proof. [

Remark. In fact, Theorem 2 holds for the L? distance to a
vector whose components are all the same, as this will allow
the gradients to be equal. As we are on A*~!, the only such
vector is the uniform probability vector. In general, L? norm
and L? distance to a fixed vector are not order-isomorphic.
For example, fix r = (0.3,0.7). Take p = (0.4,0.6) and
q = (0.5,0.5). Then observe ||p||3 = 0.52 > ||¢||3 = 0.5,
but [[p — 7|2 = 0.02 < |l¢g — 7|2 = 0.08.

However, because in general the other score functions from
Theorem 1 do not induce the same orderings, we cannot guar-
antee that they will yield the same estimate. Hence, in the
multi-class setting, we once again have to ponder which score
function will give us the best estimate. As we cannot know
this theoretically, in the next section, we run experiments on
three well-known NLP data sets with different score func-
tions.

3 Experiments

3.1 Methods

We ran experiments on three NLP data sets for multi-class
classification: Emotion [Saravia et al., 2018], a data set of



tweets labeled with one of 6 emotions, TweetEval [Barbieri
et al., 2018], a data set of tweets labeled with one of 20 emo-
jis, and Banking77 [Casanueva et al., 2020], a data set of on-
line banking queries labeled with one of 77 intents. The data
sets came with train, validation, and testing splits; if not, a
validation set of 20% of the training set was created and set
aside.

The basic schema of the experiment is that we finetuned
DistilBERT-base-uncased [Sanh et al., 2019] on the training
set. The hyperparameters used are learning rate: 2e-5; batch
size: 256; epochs: 5; weight decay: 0.01. We then used the
validation set to estimate performance on the testing set, and
then actually tested the model on the testing set. We calcu-
lated and stored the absolute difference between the estimated
accuracy and the true accuracy. We present our methodology
in the algorithm box.

Algorithm 1 Experiment pseudocode

Input: Dataset with & classes labeled {0, 1, ...,k — 1}, split
into training 7, testing S, and validation sets V; pre-trained
DistilBERT-base-uncased model
Results <+ empty list
ford € {2,3,..k} do

T + subset of T with labels < d
S < subset of S with labels < d
V < subset of V with labels < d
Finetune DistilBERT-base-uncased on 7'
a < accuracy of model on S
for m in {ATC-Max, ATC-NE, ATC-L2n, ATC-L1,
ATC-L2, ATC-JS, DoC} do
for n = 1 to 1000 do
V* < bootstrap V with |V'| samples
a < estimated accuracy on S using V* using

method m
€+ |la—al
Append list [i, m, n, €] to Results
end for
end for
end for

return Results

We tested 6 different score functions for Garg et al.
[2022]’s method, which is referred to in the results as ATC
(average thresholded confidence) per their paper. The score
functions we tested are: L°° (ATC-Max), negative entropy
(ATC-NE), L? norm (ATC-L2n), L' distance to uniform
(ATC-L1), L? distance to uniform (ATC-L2), and Jensen-
Shannon distance to uniform (ATC-JS). We also implemented
an older baseline for accuracy estimation, the difference-in-
confidence (DoC) method [Guillory et al., 2021], as a com-
parison. Briefly, this method uses the difference in average of
max confidence (hence, DoC) as a distance between distribu-
tions. By fitting a linear regression using validation data, this
method estimates accuracy on the test set by the DoC between
the test set and a held-out set.

We also wanted to explore the performance of different
score functions for varying numbers of dimensions. The data
sets we use have 6, 20, and 77 dimensions respectively. To

simulate other dimensions, we simply just took the first k,

2 < k < k classes, where k is the total number of classes:
e.g., the Emotion data set has labels {0,1,...,5}, we take
{0,1},{0,1,2},{0,1,2,3}, etc, to make, respectively, a 2-
class, 3-class, a 4-class problem, etc.

Therefore, for each dimension, we tried 7 total methods.
For each dimension-method pair, we did 1000 runs of the ex-
periment, by taking a subset of the validation set via bootstrap
sampling for each run. This makes our results more statisti-
cally robust and allows us to quantify a confidence interval.

3.2 Results

For sake of space, we only present the full table of results
for the Emotion experiment, which we see in Table 1. The
full table of results for TweetEval and Banking77 are in the
appendix. The bolded value corresponds to the lowest mean
absolute error for that dimension. First of all, ATC outper-
forms the DoC baseline no matter the chosen score function.
Second of all, as expected per Theorem 1, for 2 dimensions,
all the ATC score functions yielded exactly the same result
for every run. Looking at Table 1, the best score function is
still unclear. It seems that Jensen-Shannn performs best for
dimensions 3, 4, and 6, but is beat for dimension 4. It seems
the best as it wins in most dimensions.

However, this is only for the Emotion data set. Indeed, in
experiments on TweetEval and Banking77, a rather different
picture emerges. To look at this more rigorously, we calcu-
lated, for each of the three data sets, the proportion of dimen-
sions that each method yields the lowest mean absolute error.
In this calculation, we exclude the 2-class setting, per The-
orem 1. We consider a tie by awarding all tied functions a
win; thus the counts may not add up to the total number of
dimensions being used as “rounds” in this comparison.

Some interesting observations can be noted here. First,
ATC-JS performs poorly for TweetEval and Banking77, con-
tradicting our initial excitement with Emotion. Secondly,
ATC-Max wins a plurality of dimensions for TweetEval, and
wins an even larger plurality for Banking77. Interestingly,
Banking77 is the only data set for which DoC bests the ATC
methods at least once. This may be because it is a more com-
plicated data set. In fact, the mean absolute error on Bank-
ing77 is much higher than the other data sets for the same
method and dimension.

We also see, as expected by Theorem 2, that ATC-L2 and
ATC-L2n yield equal (or equal up to several decimal places,
reflecting computational precision) estimates. For TweetEval,
ATC-L2 is always tied with ATC-L2n, while for Banking77
they are within 10~° of each other.

Now, in our discussion so far we have only been comparing
the actual means of the absolute error. However, as we took
bootstrap samples, we have a bootstrap distribution. We can
therefore use the entire distribution of errors to make com-
parisons. Figure ?? shows violin plots of the distribution of
errors for each method and dimension for the TweetEval data
set. Firstly, we can see that the DoC distribution is much
wider than the ATC distributions. They also show consider-
able overlap between the distributions, and so it is difficult to
say whether one is really lower or higher than the other. We



Table 1: Mean [95% confidence interval] absolute error of accuracy prediction for Emotion data set. Bolded cells are the lowest mean absolute

error for that dimension.

# Dimensions ATC-JS ATC-L1 ATC-L2 ATC-L2n ATC-Max ATC-NE DoC

2 0.49 0.49 0.49 0.49 0.49 0.49 1.98
[0.16,1.02] [0.16,1.02] [0.16,1.02] [0.16,1.02] [0.16,1.02] [0.16,1.02] [0.06,5.79]

3 1.28 1.37 1.37 1.38 1.37 1.29 3.09
[0.00,3.07] [0.07,2.93] [0.07,2.93] [0.07,2.93] [0.07,2.93] [0.07,3.00] [0.11,8.14]

4 1.31 1.33 1.33 1.33 1.33 1.32 3.11
[0.06,2.69] [0.12,2.75] [0.06,2.75] [0.06,2.75] [0.12,2.75] [0.12,2.69] [0.14,8.20]

5 0.84 0.66 0.66 0.66 0.66 0.87 2.73
[0.05,2.48] [0.00,1.71] [0.05,1.76] [0.05,1.76] [0.00,1.71] [0.05,2.02] [0.14,7.82]

6 1.22 1.33 1.33 1.33 1.33 1.26 2.97
[0.25,2.65] [0.30,2.85] [0.30,2.85] [0.30,2.85] [0.30,2.85] [0.20,2.80] [0.11,7.74]

Table 2: Number of dimensions for which each method achieves the
lowest mean absolute error. Total is the number of dimensions for
which comparisons were made (excludes 2-class setting). Existence
of ties means that counts do not necessarily add to total.

Method  Emotion TweetEval Banking77
ATC-JS 3 1 2
ATC-L1 1 5 12
ATC-L2 0 4 9
ATC-L2n 0 4 2
ATC-Max 0 7 39
ATC-NE 0 1 4
DoC 0 0 8
Total 4 18 75

are therefore interested in using this distribution to test if the
differences between methods are statistically significant.

Hence, we performed ANOVA tests on the experimental
results for our three data sets. We performed a two-way
ANOVA on the mean absolute error, using the dimension and
method as independent variables. Our ANOVA was appropri-
ately powered at a significance level of 0.05, power 0.99, and
minimum detectable effect size of 0.1 (what Cohen [2013]
calls a “small” effect size for the f2 statistic). For all three
data sets, the two-way ANOVA detected a significant differ-
ence between methods. We then performed post-hoc analysis
with Tukey’s Honestly Significant Difference (HSD) method,
which tests pairwise differences. For Emotion, the only sig-
nificant differences were seen between DoC and the other
ATC methods. For TweetEval and Banking77, significant dif-
ferences were observed for all pairwise comparisons except
for ATC-L2 and ATC-L2n, as expected due to Theorem 2. It
may be that significant differences were yielded for Tweet-
Eval and Banking77 as the experimental results data set is
much larger than for Emotion (e.g., for Banking77, we have
1000 runs x 76 possible dimensions x 7 methods = 532,000
data points). Looking at the comparisons between score func-
tions for ATC, even when there is a significant difference,

the differences are on the magnitude of 10~!, suggesting that
different score functions, while they may yield different esti-
mates, yield estimates within one decimal point of each other.

4 Discussion and Conclusion

In this paper we explored the average thresholded confidence
(ATC) method of Garg et al. [2022], specifically the question
of how to choose the score function, an important hyperpa-
rameter in their method. We presented some theoretical re-
sults about how different score functions can give the same
estimate. Our results on orderings of probability vectors,
namely that several score functions induce the same ordering,
may also be of independent interest. Because a clean theoreti-
cal result does not exist for R=Z3, we conducted several large-
scale experiments on three NLP data sets to analyze which
score function best predicts the true accuracy on a test set.
Our ANOVA results show that while there are significant dif-
ferences between the score functions, they are on the magni-
tude of 10~1, which suggests that the choice of score function
may not be important. Therefore, we would suggest to use the
computationally fastest score function, which, in our bench-
marks, is the L°>° norm. In our tests, this was implemented
in Python by the numpy library. We compared this against all
the other score functions, variously implemented in numpy
and scipy. The negative entropy and Jensen-Shannon were by
far the slowest, likely owing to the difficulty in calculating
logarithms. However, compared to the computational cost of
inference, these differences may be negligible.

Therefore, for a practitioner of Garg et al. [2022]’s method,
we conclude that the L° is the best score function to use. In
the binary case, the choice definitely does not matter; and in
the multi-class case, it may, but not so much, and the L is
fastest to compute.

It is important to note that our comparisons between meth-
ods were predicated on taking bootstrap samples of the vali-
dation set, and calculating a mean, which the original paper
of Garg et al. [2022] did not do. We therefore suggest that
this is a simple modification to their method which decreases
random error.



Figure 1: Distribution of absolute errors for TweetEval, represented as violin plot with overlayed box plot to show quartiles. Headings refer
to number of dimensions.
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There are still several interesting avenues of study. First
of all, it is not clear why the score function in Garg et al.
[2022]’s method has to measure the “confidence” of the clas-
sifier. A justification is not provided in Garg et al. [2022],
and our results simply show the importance of the induced
ordering. FElucidating if the score function needs to neces-
sarily fulfill this property, and why, would be a gainful line
of research. The ATC method outperforms several previous
baselines in Garg et al. [2022], and we reinforce that in our
paper by showing it outperforms DoC - however, it is still un-
clear why it seems to work so well. As well, the method of
Garg et al. [2022] is quite new, and thus has not necessarily
been corroborated and tested extensively. In this paper we
tested its performance on NLP data sets. It will be interesting
to see if the superiority of ATC continues.
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A Appendix

A.1 Full results on TweetEval
Below are the full results on the TweetEval dataset.

Table 3: Mean [95% confidence interval] absolute error of accuracy prediction for TweetEval data set.

# Dimensions ATC-JS ATC-L1 ATC-L2 ATC-L2n ATC-Max ATC-NE DoC

2 2.00[0.08, 2.00[0.08, 2.00[0.08, 2.00[0.08, 2.00[0.08, 2.000.08, 6.32
5.24] 5.24] 5.24] 5.24] 5.24] 5.24] [0.23,17.69]

3 1.46[0.10, 1.94[0.09, 1.85[0.09, 1.85[0.09, 1.94[0.09, 1.62[0.04, 5.80
4.14] 4.67] 4.95] 4.95] 4.67] 4.44] [0.28,16.10]

4 1.38[0.03, 1.27[0.11, 1.29[0.10, 1.29[0.10, 1.24[0.10, 1.35[0.07, 522
4.22] 3.55] 3.52] 3.52] 3.42] 3.68] [0.26,14.62]

5 236[0.22, 1.69[0.05, 2.11[0.22, 2.11[0.22, 1.98[0.06, 2.10[0.07, 4.92
5.20] 4.01] 4.67] 4.67] 4.67] 5.34] [0.20,13.85]

6 1.33[0.12,  1.17[0.02, 1.37[0.03, 1.37[0.03, 1.23[0.06, 1.34[0.11, 4.98
3.71] 3.50] 3.77] 3.77] 3.86] 3.77] [0.34,13.74]

7 1.00[0.03, 0.95[0.03, 1.27[0.05, 1.27[0.05, 1.56[0.08, 1.15[0.05, 4.86
3.06] 2.84] 3.40] 3.40] 3.92] 3.52] [0.20,14.07]

8 1.65[0.09, 1.53[0.07, 1.34[0.04, 1.34[0.04, 1.46[0.06, 1.48[0.03, 4.67
4.17] 3.85] 3.61] 3.61] 3.87] 4.28] [0.20,12.95]

9 1.78 [0.09, 1.68[0.15, 1.40[0.03, 1.40[0.03, 1.80[0.12, 1.61[0.08, 4.50
4.12] 3.94] 3.82] 3.82] 4.18] 4.36] [0.23,13.12]

10 1.07[0.03, 1.23[0.10, 1.12[0.04, 1.12[0.04, 1.16[0.07, 1.05[0.06, 4.24
3.07] 3.35] 3.13] 3.13] 2.99] 2.97] [0.20,11.53]

11 1.18[0.05, 1.13[0.03, 1.20[0.11, 1.20[0.11, 1.39[0.02, 1.43[0.09, 4.25
3.22] 2.84] 3.01] 3.01] 3.52] 3.44] [0.13,11.72]

12 2.14[0.41, 1.83[0.15, 1.26[0.08, 1.26[0.08, 1.31[0.07, 1.47[0.04, 4.17
4.35] 4.25] 3.28] 3.28] 3.47] 3.36] [0.15,11.99]

13 2.07[0.08, 1.37[0.05, 1.44[0.07, 1.44[0.07, 1.44[0.05  1.62[0.15, 4.24
4.29] 3.55] 3.61] 3.61] 3.50] 3.58] [0.19,11.63]

14 1.65[0.13, 1.05[0.06, 0.96[0.04, 0.96[0.04, 1.06[0.07, 1.15[0.07, 3.90
3.69] 2.93] 2.75] 2.75] 2.82] 2.92] [0.20,11.58]

15 1.87[0.15, 2.44[0.12, 1.05[0.04, 1.05[0.04, 0.93[0.01, 1.56[0.05, 3.89
4.16] 4.84] 3.18] 3.18] 2.67] 3.69] [0.20,10.79]

16 1.69[0.20, 1.57[0.05, 1.14[0.05, 1.14[0.05, 1.08[0.08,  1.32[0.05, 3.68
3.90] 3.61] 2.96] 2.96] 2.85] 3.51] [0.15,10.58]

17 2.19[0.12, 2.32[0.28, 1.74[0.12, 1.74[0.12, 1.37[0.14, 2.15[0.24, 3.68
4.70] 4.49] 4.22] 4.22] 3.40] 4.52] [0.14,10.27]

18 2.14[0.13,  2.06[0.15, 1.35 [0.06, 1.35[0.06,  0.93[0.04, 1.74 [0.08, 3.75
4.36] 4.04] 3.21] 3.21] 2.74] 4.01] [0.12,10.78]

19 2.34[0.36, 2.36[0.31, 1.90 [0.19, 1.90 [0.19, 1.84 [0.22, 1.94 [0.22, 3.64
4.64] 4.53] 4.07] 4.07] 3.67] 4.28] [0.17,10.41]

20 1.52[0.08, 1.38[0.02, 0.92[0.03, 0.92[0.03, 0.91[0.06, 1.24 [0.02, 3.67
3.56] 3.42] 2.54] 2.54] 2.49] 3.38] [0.12,10.11]

A.2 Full results on Banking77
Below are the full results on the Banking77 dataset.
Table 4: Mean [95% confidence interval] absolute error of accuracy prediction for Banking77 data set.

# Dimensions ATC-JS ATC-L1 ATC-L2 ATC-L2n ATC-Max ATC-NE DoC

2 11.02 11.02 11.02 11.02 11.02 11.02 36.19
[1.25,22.50] [1.25,22.50] [1.25,22.50] [1.25,22.50] [1.25,22.50] [1.25,22.50] [1.53,94.85]

3 4.25 4.26 4.16 4.16 4.26 4.15 21.00
[0.83,10.00] [0.83,10.00] [0.00,10.00] [0.00,10.00] [0.83,10.00] [0.00,10.00] [0.74,54.33]

4 12.08 11.45 12.51 12.51 13.56 12.25 27.18
[1.84,26.88] [0.62,26.92] [0.62,26.25] [0.62,26.25] [3.12,29.38] [1.25,26.25] [1.07,70.96]

5 9.74 10.06 10.38 10.38 16.33 9.92 25.26
[0.50,22.50] [1.00,20.50] [1.00,24.00] [1.00,24.00] [4.00,26.00] [1.00,22.50] [0.89,67.67]
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25
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28
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32
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34
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9.95
[2.08,22.93]
15.18
[6.79,21.82]
7.89
[0.00,18.12]
13.53
[3.89,24.17]
8.35
[1.25,17.25]
6.34
[0.22,14.55]
15.07
[6.01,21.25]
14.65
[8.26,20.19]
14.41
[9.46,19.64]
6.98
[0.50,14.83]
10.17
[2.03,17.03]
12.98
[5.29,18.68]
15.93

[10.69,21.11]
15.22
[7.76,21.71]
11.17
[6.12,17.88]
10.87
[2.86,17.50]
8.14
[2.84,12.62]
14.91
[9.02,20.11]
17.30

[10.00,23.44]
9.57
[3.80,16.00]
14.14
[7.69,19.52]
9.45
[5.83,12.97]
11.45
[7.41,16.34]
13.67
[9.66,18.53]
9.85
[5.00,15.33]
12.91
[8.15,16.87]
11.61
[7.27,15.16]
7.98
[3.79,12.20]
9.90
[5.81,13.82]
8.24
[4.50,11.71]
5.81
[1.67,10.56]
9.80
[6.55,12.97]

10.90
[2.07,25.00]
14.02
[6.07,25.00]
7.54
[1.23,19.38]
14.13
[4.17,25.56]
9.37
[1.00,18.25]
5.26
[0.45,11.59]
13.07
[4.58,19.17]
11.40
[4.04,17.88]
16.66

[10.00,25.89]
7.68
[0.67,16.17]
10.32
[3.28,17.34]
12.09
[3.37,18.38]
15.60
[9.03,22.22]
13.55
[7.76,19.61]
12.64
[6.50,18.75]
9.28
[1.31,15.12]
8.31
[3.86,13.53]
16.21

[11.29,20.76]
17.79
[11.35,24.69]
9.16
[4.60,15.70]
14.91
[8.85,19.42]
10.18
[6.30,12.96]
11.37
[5.62,15.80]
12.95
[8.79,16.55]
12.44
[7.42,17.25]
12.29
[7.90,15.97]
12.50
[8.05,16.56]
9.20
[4.55,14.55]
10.85
[7.20,15.59]
9.87
[5.21,14.00]
8.89
[4.58,12.36]
10.34
[6.89,14.67]

10.15
[2.50,21.67]
15.91
[6.79,23.57]
8.23
[0.62,19.69]
13.21
[3.33,23.89]
8.12
[0.50,17.25]
7.38
[0.45,13.41]
13.93
[5.60,22.71]
14.61

[10.35,21.35]
14.81
[9.29,20.91]
7.08
[1.83,15.50]
10.17
[1.88,17.03]
12.30
[5.29,19.27]
15.60
[9.58,21.39]
15.71
[7.49,23.82]
10.54
[5.38,17.75]
11.59
[5.00,18.10]
8.02
[2.05,13.30]
13.72
[7.28,21.63]
17.57

[11.15,23.12]
9.50
[4.60,15.70]
14.88
[5.87,21.25]
8.69
[4.17,12.78]
12.68
[6.70,18.93]
14.85
[9.83,20.09]
9.50
[4.08,14.92]
10.82
[5.97,16.29]
10.86
[7.34,14.61]
6.50
[3.11,10.61]
10.46
[6.47,13.98]
6.97
[3.07,10.71]
5.97
[2.01,11.74]
10.32
[5.95,14.12]

10.15
[2.50,21.67]
15.91
[6.79,23.57]
8.23
[0.62,19.69]
13.21
[3.33,23.89]
8.12
[0.50,17.25]
7.38
[0.45,13.41]
13.94
[5.60,22.72]
14.62

[10.35,21.35]
14.82
[9.29,21.61]
7.09
[2.16,15.50]
10.18
[1.88,17.03]
12.31
[5.29,19.27]
15.61
[9.58,21.25]
15.71
[7.62,23.82]
10.54
[5.38,17.75]
11.59
[5.00,18.10]
8.03
[2.05,13.30]
13.72
[7.28,21.63]
17.58

[11.15,23.12]
9.51
[4.60,15.70]
14.89
[5.87,21.25]
8.70
[4.17,12.78]
12.68
[6.70,18.93]
14.85
[9.83,20.09]
9.51
[4.08,14.92]
10.82
[5.97,16.29]
10.86
[7.34,14.61]
6.50
[3.11,10.61]
10.47
[6.47,14.26]
6.97
[3.07,10.71]
5.97
[2.01,11.74]
10.32
[5.95,14.12]

11.11
[0.00,21.25]
15.61
[2.14,23.93]
8.64
[0.31,18.12]
14.20
[3.61,21.94]
6.39
[0.75,14.00]
12.26
[2.73,17.95]
11.03
[2.71,20.42]
14.15
[5.96,20.19]
14.28
[7.32,22.68]
5.18
[0.00,13.17]
12.37
[3.44,18.28]
10.89
[2.50,18.53]
13.99
[4.31,20.84]
16.21
[9.47,21.84]
11.50
[2.12,17.62]
11.73
[6.06,17.98]
8.03
[1.36,13.30]
11.06
[4.67,16.85]
16.40
[8.23,24.06]
10.44
[4.50,15.30]
13.04
[5.58,20.29]
10.90
[3.15,17.13]
8.62
[3.21,16.34]
14.40
[7.84,18.62]
9.59
[4.58,14.50]
8.21
[2.50,14.52]
10.33
[4.21,14.77]
5.47
[0.76,9.93]
9.44
[4.93,12.87]
7.02
[2.79,11.71]
6.72
[2.08,12.36]
7.73
[3.11,12.91]

10.00
[2.08,22.92]
15.47
[6.79,23.21]
8.01
[0.31,18.12]
13.39
[3.89,23.89]
8.32
[1.00,17.00]
6.83
[0.91,14.32]
14.84
[6.65,21.46]
14.96
[8.65,20.58]
14.53
[8.75,19.29]
7.02
[1.00,14.50]
10.33
[1.25,16.56]
12.83
[5.15,18.68]
15.81
[9.86,20.97]
15.70
[6.84,21.97]
10.95
[5.12,17.75]
10.99
[2.50,18.33]
8.13
[2.95,13.64]
14.66
[9.02,20.87]
17.32

[10.10,23.33]
9.59
[4.10,15.50]
14.51
[7.40,20.38]
8.18
[4.35,13.24]
12.26
[7.77,17.41]
13.98
[9.74,18.02]
9.65
[4.49,14.00]
12.07
[6.05,16.61]
11.50
[7.58,13.98]
7.15
[3.26,11.36]
9.95
[6.03,13.90]
7.86
[3.50,10.93]
5.60
[1.32,10.76]
10.12
[6.76,13.38]

21.16
[0.80,57.49]
20.92
[1.29,57.63]
18.85
[0.75,51.12]
18.07
[1.00,52.34]
16.52
[0.70,44.82]
16.63
[0.53,43.67]
15.60
[0.95,43.44]
16.27
[0.79,44.72]
15.85
[0.58,42.72]
13.47
[0.29,36.89]
15.25
[0.85,40.44]
13.87
[0.38,39.30]
15.75
[0.56,39.51]
14.83
[0.55,40.29]
12.88
[0.54,34.25]
12.11
[0.58,32.72]
11.21
[0.73,30.96]
13.08
[0.63,35.23]
15.14
[0.70,39.56]
11.91
[0.52,33.70]
12.53
[0.39,32.96]
10.64
[0.31,29.46]
11.21
[0.48,30.88]
12.20
[0.53,31.21]
10.85
[0.66,29.41]
10.12
[0.39,27.73]
10.27
[0.41,26.97]
9.05
[0.34,25.48]
10.20
[0.45,27.38]
9.83
[0.35,27.80]
9.09
[0.31,25.31]
9.14
[0.39,25.21]
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43
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52

53

54

55

56

57
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59

60

61

62

63

64

65

66

67

68

69

742
[2.11,12.83]
6.41
[1.22,11.67]
6.77
[2.00,11.44]
9.86
[5.00,14.21]
10.36
[7.14,14.82]
9.19
[4.82,13.55]
14.83

[11.08,17.61]
10.83
[7.00,14.40]
9.87
[6.90,13.37]
9.75
[4.95,13.72]
8.86
[4.64,13.18]
9.33
[5.51,13.11]
10.19
[7.50,13.30]
6.90
[2.40,11.18]
10.27
[6.54,14.09]
11.37
[7.87,14.48]
7.87
[4.12,11.95]
10.33
[7.32,13.27]
7.35
[3.62,11.03]
6.28
[2.15,10.44]
8.74
[5.82,11.51]
6.75
[2.75,10.42]
6.29
[3.46,9.21]
9.03
[5.57,11.52]
6.69
[2.66,10.44]
5.12
[1.94,8.77]
8.85
[5.03,11.29]
7.55
[4.31,11.04]
7.36
[4.51,10.04]
5.84
[3.21,8.02]
6.57
[4.45,9.49]
7.35
[4.20,11.56]

10.90
[4.74,15.72]
6.41
[1.03,11.35]
7.25
[2.50,13.06]
13.37
[9.57,16.46]
10.53
[6.43,14.46]
9.91
[6.74,13.31]
13.81
[9.77,18.07]
10.62
[5.83,15.06]
10.08
[6.30,13.42]
9.22
[6.06,12.66]
8.45
[5.62,11.72]
8.24
[5.00,11.28]
10.06
[6.30,14.75]
5.98
[2.55,9.46]
10.16
[7.07,13.89]
12.33
[8.25,15.90]
8.99
[5.46,12.08]
9.07
[5.86,12.36]
5.84
[2.05,9.60]
5.99
[2.45,9.47]
8.65
[5.43,11.51]
574
[2.62,9.07]
6.98
[2.92,10.71]
8.53
[5.45,11.93]
6.78
[2.82,11.66]
6.57
[3.17,9.25]
8.85
[5.16,12.07]
8.98
[6.04,11.92]
8.54
[5.08,12.46]
7.41
[4.70,9.93]
7.78
[4.23,11.18]
8.53
[4.71,11.67]

6.66
[1.12,12.90]
6.31
[1.47,10.64]
6.46
[2.75,10.38]
9.27
[5.18,13.41]
8.87
[5.42,12.14]
9.32
[4.83,13.72]
12.92
[9.20,16.93]
11.41
[6.50,15.61]
10.51
[7.17,14.51]
8.49
[4.52,13.40]
9.47
[4.74,12.81]
7.45
[4.69,11.12]
9.13
[5.75,13.90]
8.17
[4.16,12.26]
10.01
[5.53,13.99]
11.49
[6.84,14.72]
6.96
[2.77,11.02]
8.97
[6.04,12.37]
7.65
[3.30,11.25]
5.52
[1.49,8.42]
7.89
[5.30,11.21]
6.02
[2.36,10.51]
6.42
[3.17,8.96]
7.74
[4.75,10.16]
7.63
[3.91,10.89]
5.13
[2.46,8.30]
8.78
[4.92,11.88]
6.64
[3.27,10.19]
7.06
[4.39,9.85]
5.65
[2.50,8.10]
5.53
[2.50,9.26]
7.54
[4.78,10.62]

6.66
[1.12,12.90]
6.31
[1.47,10.64]
6.46
[2.75,10.38]
9.27
[5.18,13.41]
8.87
[5.42,12.14]
9.32
[4.83,13.72]
12.92
[9.20,16.93]
11.41
[6.50,15.61]
10.52
[7.17,14.51]
8.49
[4.52,13.41]
9.47
[4.74,12.81]
7.45
[4.69,11.12]
9.13
[5.75,13.90]
8.17
[4.16,12.26]
10.01
[5.53,13.99]
11.49
[6.84,14.72]
6.96
[2.77,11.02]
8.98
[6.04,12.37]
7.65
[3.30,11.25]
5.52
[1.49,8.42]
7.89
[5.30,11.21]
6.02
[2.36,10.51]
6.42
[3.17,8.96]
7.74
[4.75,10.16]
7.63
[3.91,10.89]
5.13
[2.46,8.30]
8.78
[4.92,11.88]
6.64
[3.27,10.19]
7.06
[4.39,9.85]
5.65
[2.50,8.10]
5.53
[2.50,9.26]
7.54
[4.78,10.62]

8.22
[3.95,12.44]
5.33
[0.64,9.29]
4.08
[0.25,8.64]
6.85
[2.32,11.71]
8.12
[4.35,12.32]
8.81
[3.95,13.02]
11.73
[7.33,16.43]
9.57
[4.94,14.11]
9.20
[3.85,13.70]
7.02
[1.65,11.70]
7.51
[3.49,11.25]
721
[3.82,10.71]
8.00
[4.05,13.10]
7.00
[3.43,11.67]
9.64
[4.52,13.32]
9.09
[4.01,13.58]
6.61
[2.36,10.83]
6.76
[3.82,10.27]
6.93
[2.01,11.56]
4.66
[0.53,8.73]
7.66
[3.36,11.34]
5.49
[1.19,10.60]
6.49
[1.91,10.54]
6.49
[2.83,10.04]
5.84
[1.53,10.81]
4.09
[0.28,8.06]
6.39
[2.50,9.73]
5.64
[1.77,10.23]
6.58
[3.45,9.28]
4.93
[0.82,8.99]
4.16
[0.26,7.87]
6.47
[2.50,10.47]

6.81
[2.37,12.04]
6.50
[1.09,11.35]
6.91
[1.87,10.25]
9.89
[4.63,14.88]
9.67
[6.25,13.51]
9.65
[5.04,13.20]
14.12

[10.00,16.99]
11.49
[7.78,15.89]
10.17
[6.68,13.10]
9.12
[4.26,14.52]
8.91
[5.31,13.54]
8.65
[5.15,11.79]
10.04
[7.05,12.80]
7.54
[3.19,12.60]
9.49
[6.44,13.61]
11.52
[7.22,14.76]
6.70
[2.92,11.71]
9.84
[6.73,13.32]
7.23
[3.62,10.80]
574
[1.67,8.86]
8.44
[5.52,10.82]
6.39
[2.84,10.59]
5.94
[3.17,9.54]
7.84
[5.41,11.40]
7.17
[3.27,11.01]
5.33
[1.94,9.80]
8.45
[5.04,11.80]
7.09
[3.54,10.54]
7.37
[4.13,9.62]
6.05
[2.76,8.51]
6.67
[4.01,9.49]
7.61
[4.82,10.88]

9.64
[0.45,25.95]
8.77
[0.32,23.10]
8.41
[0.40,23.84]
8.73
[0.30,23.70]
8.68
[0.39,24.11]
9.04
[0.41,24.58]
11.46
[0.45,27.87]
9.21
[0.52,24.59]
9.63
[0.40,25.13]
8.35
[0.50,22.93]
8.63
[0.37,23.22]
8.75
[0.33,23.38]
8.80
[0.31,23.04]
8.24
[0.29,22.34]
9.10
[0.42,24.08]
9.41
[0.44,25.15]
7.79
[0.34,20.88]
7.80
[0.32,21.06]
7.54
[0.35,20.22]
7.15
[0.34,19.90]
7.59
[0.39,21.15]
7.86
[0.33,21.16]
6.80
[0.20,19.85]
7.12
[0.29,20.17]
7.33
[0.34,20.45]
7.18
[0.22,19.68]
7.4
[0.25,20.36]
7.04
[0.36,20.32]
7.10
[0.23,20.07]
6.74
[0.21,18.22]
6.71
[0.34,17.90]
6.89
[0.21,19.35]



70

71

72

73

74

75

76

71

6.44
[3.50,9.61]
7.16
[4.26,9.86]
5.29
[2.40,8.65]
7.11
[3.59,10.51]
5.74
[3.01,9.05]
5.25
[2.23,8.20]
5.87
[2.47,9.18]
4.10
[0.32,7.24]

4.59
[0.93,7.79]
4.10
[1.34,6.59]
5.18
[2.22,7.68]
6.90
[4.04,10.27]
6.79
[3.55,8.99]
5.62
[2.93,8.17]
6.25
[3.45,8.95]
4.67
[1.46,7.92]

7.36
[3.46,10.64]
7.00
[4.08,10.21]
437
[1.63,7.22]
7.11
[3.84,10.27]
5.66
[2.50,8.24]
4.63
[1.00,7.94]
4.79
[1.87.8.16]
1.92
[0.10,5.07]

7.36

[3.46,10.64]

7.00

[4.08,10.21]

4.37
[1.63,7.22]
7.11

[3.84,10.27]

5.66
[2.50,8.24]
4.63
[1.00,7.94]
4.80
[1.87,8.16]
1.92
[0.10,5.07]

6.77
[3.00,10.39]
6.03
[2.46,9.23]
4.38
[0.76,8.12]
5.67
[1.16,9.11]
7.05
[2.94,10.41]
4.77
[1.00,7.23]
3.50
[0.99,7.17]
1.86
[0.00,4.74]

6.90

[3.61,11.22]

6.97

[4.23,10.18]

5.28
[2.05,8.58]
7.16

[3.83,10.27]

5.66
[2.73,8.86]
5.66
[1.73,8.43]
5.88
[2.70,8.98]
4.12
[0.97,6.63]

7.28
[0.30,19.11]
6.77
[0.24,18.51]
6.42
[0.29,17.73]
6.81
[0.26,19.34]
6.80
[0.29,19.09]
6.23
[0.25,17.98]
6.12
[0.22,17.48]
6.00
[0.19,17.90]
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