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Abstract

As the parameters of Large Language Mod-
els (LLMs) have scaled to hundreds of bil-
lions, the demand for efficient training meth-
ods—Dbalancing faster computation and re-
duced memory usage without sacrificing accu-
racy—has become more critical than ever. In
recent years, various mixed precision strate-
gies, which involve different precision levels
for optimization components, have been pro-
posed to increase training speed with minimal
accuracy degradation. However, these strate-
gies often require manual adjustments and
lack theoretical justification. In this work, we
leverage stochastic rounding (SR) to address
numerical errors of training with low-precision
representation. We provide theoretical analy-
ses of implicit regularization and convergence
under the Adam optimizer when SR is utilized.
With the insights from these analyses, we ex-
tend previous BF16 + SR strategy to be used
in distributed settings, enhancing the stabil-
ity and performance for large scale training.
Empirical results from pre-training models
with up to 6.7B parameters, for the first time,
demonstrate that our BF16 with SR strategy
outperforms (BF16, FP32) mixed precision
strategies, achieving better validation perplex-
ity, up to 1.54x higher throughput, and 30%
less memory usage.

1 Introduction

With the increased scale of LLMs, mixed precision (MP)
training strategies [Micikevicius et al.|2018] has become
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the de facto training strategy. Compared to FP32
training, MP vastly increases the throughput without
degrading the accuracy of the model by delegating some
or most operations to 16-bit depending on the strategy
used. On the other hand, vanilla BF16 training, which
is even more efficient and faster than MP as every tensor
and operations are in BF16 (with nearest rounding
behavior for FP operations), has been shown to cause
significant degradation in accuracy (see Figure |l| and
|Zamirai et al |2021] |Rae et al., 2022]).

Previous efforts |[Zamirai et all, 2021} Rae et al.l [2022]
have proposed changing the default nearest rounding
(NR) behavior of some operators to stochastic round-
ing (SR) |Croci et al), 2022], an unbiased estimator for
quantization. Utilizing SR in the model update step
of BF16 training improves the trained model perfor-
mance compared to vanilla BF16 approach. Recent
accelerators such as AWS Trainium instances enable
SR for all downcasting operations (e.g. in GEMMs) in
hardware level [Fan et al.| {2024} [Barthl 2022, Muhamed
et al.l 2023]. However, there is still a clear performance
gap between BF16+SR and MP for LLM training (for
instance a 7% degradation in validation perplexity for
BERT-base |Zamirai et al., 2021], and 2% degradation
in validation loss for a 420M parameter decoder model
[Rae et all 2022]). These works have used the same
hyper-parameters for MP and SR training for a direct
comparison.

In this work, our primary goal is to understand the
practical and theoretical properties of stochastic round-
ing (SR) in training of LLMs. We hypothesize that
as stochastic rounding provides an unbiased estima-
tor, it leads to improved performance in training with
less error accumulated. However, stochastic and near-
est rounding’s interactions with the widely adopted
Adam optimizer [Kingma and Bal [2015] have not been
thoroughly examined in the literature. This lack of
understanding presents an opportunity to explore how
different rounding methods affect convergence and over-
all training dynamics. By investigating these questions,
we aim to provide valuable insights, both practically—
by improving training efficiency and accuracy—and
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Figure 1: (Left) Performance summary of competing methods. Our BF16+SR strategy shows better perplexity,
faster throughput, less memory usage and more robustness towards high learning rates compared to the state
of the art mixed precision methods. (Right) Validation losses of competing methods while pre-training GPT-2
(350M). When employed with a relatively high learning rate, training with SR outperforms mixed precision
strategy. If the same high learning rate is used for the mixed precision training we observe divergent training,

which indicates robustness of SR to higher learning rates.

theoretically—by advancing the knowledge of optimizer
behavior under varying rounding conditions.

We reveal that, SR shows a lower quantization error
compared to NR in the convergence bound. Empiri-
cally, we show that BF16+SR strategy can outperform
state of the art (BF16, FP32) MP training in terms of
accuracy for training billion scale LLMs (up to 7B in
our experiments), while retaining all the advantages
of BF16 training. Our detailed contributions are as
follows:

e Theoretically, we analyze convergence properties
of SR & NR in Adam in a non-convex setting (ap-
plied to the update step), and conclude that the
additional convergence error due to SR is strictly
smaller than error when NR is used. With ap-
propriate choice of hyper-parameters (e.g. high
learning rate) quantization error due to SR can be
subsumed by Adam’s original convergence bound.

e We demonstrate that training with SR implicitly
regularizes the loss function by a quantization
error penalty term. By examining training with
small learning rates, we find that the penalty term
may dominate and result in stagnation, which
highlights the necessity of using higher learning
rates for effective SR training.

e We propose a BF16 AdamW optimizer |[Loshchilov
and Hutter, 2019|, with SR applied to the model
update step. This optimizer for the first time
empirically outperforms mixed precision training,
with higher throughput and less memory usage in
training billion parameter language models.

Outline. In Section [2] first, we introduce the prob-
lem and necessary backgrounds on rounding options.

Then, we motivate the use of stochastic rounding and
examine the effect of learning rate. Next, in Section
we introduce the BF16-AdamW-SR algorithm utiliz-
ing stochastic rounding. In Section [4] we analyze the
implicit regularization effect of SR, and compare the
convergence behavior of AdamW under stochastic, and
nearest rounding. Lastly, in Section we present
our experimental results showcasing superior efficiency
and efficacy of training with BF164+SR compared to
mixed precision (BF16, FP32) and (nearest rounding)
BF'16 training schemes. Proofs of results, additional
experiments, and details can be found in appendices.

1.1 Related works

Stochastic rounding. SR is an alternative rounding
approach to the canonical nearest rounding (NR) where
high precision number is quantized to the nearest low
precision value. While NR has the best worst error
guarantees, it is biased. SR on the other hand, is an
unbiased quantizer, as the probability of quantization is
inversely proportional to the distance to low precision
values, which makes it more suitable for training ML
models to reduce accumulating errors across iterations
Gupta et al.|[2015]. In particular,|Connolly et al.|[2021]
shows that SR has better probabilistic error bounds
when summing small numbers, as in deep learning
applications, compared to nearest rounding. |Li et al.
[2017b], Xia et al.| [2023] analyze error terms due to SR
in gradient descent and show that for simple machine
learning tasks (e.g. regression) SR gives competitive
performance. |Zaheer et al. [2018|, Rae et al.,| [2022]
apply SR for training <1B scale LLMs and argue that
there is a performance discrepancy compared to mixed
precision training or FP32 training.

Efficient LLM training. Traditional machine learn-
ing training algorithms generally rely on 32-bit repre-
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sentations (FP32) to avoid perturbing the training per-
formance. Recently, many works have been proposed
to lower the training costs without accuracy drop using
various data types, such as FP16 [Micikevicius et al.,
2018, BF16 |Kalamkar et al. [2019], FP8 [Wang et al.,
2018, |[Sun et al.| [2019] and so on. [Micikevicius et al.
[2018] realized that FP16 operations can be utilized
by keeping a FP32 master copy for accumulating the
updates without accuracy degradation. [Zamirai et al.
[2021] showed that Kahan summation [Kahan| 2006]
could be utilized to account for numerical errors of
BF16 computations. [Yu et al.| [2024] used multiple-
component floating-point to reduce errors during BF16
computations. Contrary to previous work, our method
is able to match the performance of mixed precision
training without introducing any auxiliary variables.

2 DMotivation and Background

In this work, we are interested in minimizing a non-
convex loss function F : R? — R, and in optimization
problems of the form

min F'(x).
wEI]R" ( )

We denote by f : R* — R a random function computed
on a mini-batch sampled from the underlying data
distribution. Therefore, for any model parameters
r € R? we have E[f(z)] = F(z). We assume F
is differentiable and that E[V f(z)] = VF(x) for all
r € RY. We use f; or f(x;) to denote the random
function evaluated with input batch sampled at time ¢.

2.1 Stochastic and nearest rounding

Here we define stochastic rounding and examine why
it is more preferred to nearest rounding for training.
Nearest (deterministic) rounding can be formalized as,

Qz) = sign(z) - A, - [Aim + %J (1)

where z is input with a higher precision compared
to output (e.g. 32-bit and 16-bit representations),
A, = [z] — |z] is resolution, i.e. the distance between
quantization levels, around z. Note, for non-uniform
data types such as floating point representations the res-
olution depends on the magnitude of the input, which
is denoted by the subscript A,. Nearest rounding is
the default rounding mode for (IEEE) FP operations
(such as summation/subtraction and so on); typically,
a higher precision buffer is used and then the result
is nearest rounded. If the operands are in different
precision, the lower precision is upcast and standard
FP operations are followed afterwards. Next, we define

the stochastic rounding operation,

z—|z]

Qsnla) = {[jj " £ (@)

The crucial property of SR is, contrary to nearest
rounding, unbiasedness, E[Qsg(z)] = x. Unbiased-
ness property prevents stagnation (or imprecision), in
expectation, particularly when two numbers of differ-
ent magnitude is summed in the update step. As
an example, consider the gradient step for the quan-
tized model in the form z;1; = ¢ + v where u is the
update that depends on learning rate and gradient in-
formation. When u < x;, we have Q(xz; + u) = x¢;
hence, stagnation occurs. However, with SR we have
ElQsr(z: + u)] = 24 + u.

2.2 Effect of learning rate under SR

Zamiral et al.|[2021], Rae et al.| [2022] have attempted
at BF16 training with SR but found out there is a
performance gap with mixed precision training. Here,
we present toy examples where this gap becomes more
pronounced with a small learning rate, suggesting the
necessity of using a higher learning rate for SR training.
We model SR as a random walk and see that with small
updates SR can take a long time to converge compared
to higher precision training.

FP T=2
T=1,w.p 1/2
SR | —---mmmmm e > T=2,w.p1/4

T=n, w.p 43(1 — €)' 3¢

Figure 2: Depiction of updates when full precision and
quantized stochastic rounding updates are used in the
toy example.

Example. Let x¢g = 0, we are interested in expected
number of iterations E[T] where T : 7 = 1 assuming
0 and 1 are consecutive quantization levels. Let the
updates be uy = 1/2 for t = 0,1 and u; = € for t > 2.
Note, with accurate full precision updates xo = 1,
the next level is achieved in 2 steps. Whereas, for
stochastic updates T' < 2 w.p. %, and T =n,n > 3
w.p. 5(1—€)" 3¢ (as seen in Figure . Consequently,
we have E[T] > 2 for € < 1; and E[T] — oo for decaying
updates € — 0.

Example. We also present a toy simulation example
with a linear function. Consider a linear loss function,

f(:c){_(x_2)+l for z < 3,

0 otherwise,
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iterated over with Adam optimizer using a decaying
learning rate with minimum learning rate 1 x 107°.
When we initialize from xy = 2, FP32 updates converge
in 4600 steps; whereas the BF16 stochastic rounding
updates converge in average in 7700 steps (plots pro-
vided in Appendix. And when the minimum learning
rate is 5 x 107® SR converges in ~4600 steps.

The toy examples indicate that SR can still result in
stagnation. This stagnation can be prevented when the
updates are larger. To this end, in the next sections
we will conclude, both theoretically and empirically,
choosing a higher learning rate for SR training is critical
for a competitive performance. A caveat is, in practice,
Adam is known to diverge with higher learning rates; we
find that SR alleviates this in Section 2.3 and Section Bl

2.3 Robustness of Adam with SR

The examples so far implied that a higher learning
rate is necessary for SR to be successfully employed. In
practice, a higher learning rate results in unstable train-
ing of LLMs, even divergence. Such unstable training
is associated with time-domain correlation of gradients
in training with Adam optimizer. In particular, [Moly
bog et al., 2023] shows that as time-domain correlation
increases, a lower learning rate is required for training.
In Section 5], we observe that training with SR is more
robust towards higher learning rates compared to BF16
nearest rounding training and (BF16-FP32) mixed pre-
cision training. We conjecture that additive noise while
training with SR enables a learning rate-robust train-
ing by decorrelating the gradients. To formalize, we
have the following proposition that demonstrates the
decorrelation effect of SR in the simple toy setting in
Molybog et al.| [2023],

Proposition 1. Assume that gradient estimated at
dimension i € {1,...,d} andt € [1,...,T] is composed
of two Bernoulli parts g[i,t] = gWM[i] + g@[i, t], where
gW[i] ~ p x Bernoulli(}) and @i, t] ~ Bernoulli(L)
are independent. For simplicity, we model SR per-
turbation as an additional independent term &[i,t] ~
A x Bemoulli(%), where A denotes aggressiveness
of quantization (e.g. resolution); and gsgli,t] =
gV [i] + gP[i, t] + £[i,t]. Then correlation among gra-
dients across time-domain while training with SR is

2
Tr2yaz, and without SR is cor =

COTSR = 17,2

.
1+p2°
Clearly, cor > corgg and A reduces the correlation,
hence, increases stability. Note, in practice, £[i, ] is
dependent on the gradients but there is no clear corre-
lation. Our result holds as long as £ is not negatively
correlated with gradients.

3 Adam Optimizer with SR

Algorithm 1 AdamW with Stochastic Rounding and
Shared Randomness

Require: Learning rate oy, beta parameters (51, 82),
weight decay A, reduced gradient V f(z;) at itera-
tion ¢, number of devices M, r}’* random states for

g"p ") random state for the optimizer.

each device, r
1 C10 < 1, C2.0 1
: fort=1toT do
for m =1 to M do
gt < Vf(xy) ## reduced gradient
Myt1 < Pr-my+ (1= 1) - g
Vg1 = Pa- v+ (1= B2) - g7
V41
1-(B2)*
ro— rt(Opt) ## set the same random state
across ranks for optimizer

SRS IR I

Dyp1 =

©

g1

10w e Qorle— (00 s barAa)
#H# Tt(om) is updated during SR

11: r = 1" #7 get the original random state
12:  end for
13: end for

14: return zp

In this section, we present the AdamW algorithm with
SR applied to the update step and shared randomness.
Algorithm [T] assumes a distributed setup that consists
of M model replicas. In our experiments, every tensor
in Algorithm [I}is in BF16 data type. At the start of ev-
ery iteration, the devices receive reduced (aggregated)
mini-batch gradients (line 4); Using the gradients, the
optimizer states of Adam is updated (line 5,6). Before
the update step, (line 9) we fork the random state such
that every rank has the same randomness; otherwise,
model replicas drift from each other, since same in-
put in line 10 could be quantized to different model
weights due to SR. As models diverge from each other,
the computed/aggregated gradients deviates from its
expectations, which will disrupt the training.

The model update (line 10) with SR is done by dither-
ing [Schuchman)| 1964], which temporarily upcasts to
FP32 and adds with a uniform FP32 noise to the man-
tissa bits, and finally shifting out the fractional part;
this implementation is standard and practically has
nearly no overhead on throughput (also simulates the
hardware implementation e.g. [Barthl 2022]). Since the
update does not coincide with the forward pass, where
the memory usage is the highest, temporary FP32 ten-
sors do not affect the peak memory occupied during
training. Consequently, BF16 training and BF16+SR
training report similar throughput and memory usage.
Note that mixed precision training typically uses FP32
optimizer states (lines 5,6) storage & FP32 gradient
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communication (line 5), and keeps the master weights
in FP32 (line 10). In contrast, our method adopts
BF16 for all these variables.

For our theoretical result in Section 4] we consider op-
erations in lines 4,5,6 to be computed in full precision
for a simple analysis. We ablate the precision of these
operations in Appendix [C| where the performance dif-
ference with them in high precision vs. low precision
is virtually non-existent. We further provide a proof
sketch for the case where, for instance line 6 is also in
low precision in Appendix

4 Theoretical Analysis

In this section, we start with implicit regularization
effect of SR when combined with gradient descent. We
utilize gradient descent for simplicity, general insights
would translate to other first order optimization meth-
ods as well. Then, we move onto convergence properties
of Adam when SR is used for parameter updates.

4.1 Implicit regularization under SR

Gradient descent is assumed to discretize a continuous
function x(t) which is defined by the ODE #(t) =
I(x(t)) == =V F(x(t)) (also called gradient flow). The
reason for discretization is because gradient updates
ziy1 = o —aVF(x(t)) are not computed continuously
but only at discrete points. This results in modified
gradient flow: @(¢) = l(x(t)), where l(x(t)) := l(z(t)) +
ali(x(t)) + a?la(z(t)) + ..., here I; are error terms
due to discrete approximation of gradient descent of
the continuous function Barrett and Dherin| [2020],
Smith et al| [2021]. Note that as o — 0 we have
continuous updates, i.e. I(z(t)) — I(z(¢)). Stochastic
rounding (SR) introduces an additional error term such
that the first order update is [(w) := l(w) + & (w).
Hence, the modified flow becomes I(z(t)) = I(w) +
ol (z(t)) + a2ly(z(t)) + O(c?) where [; absorbs the
perturbed higher order terms due to SR and £, (x)
defined as a Bernoulli random variable:

Lemma 1 (Effective gradient perturbation).

iﬁxfaVF@ﬂAfoaVF@»
z—aVF(z)—|z—aVF(z)]
w.p. ,

01w e o)

[t—aVF(z)]—(z—aVF(z)) ’

T

1
a

w.p.

where Ay = [x—aVF(z)]—|z—aVF(x)] is the differ-
ence between quantization levels. Note that E[éq(x)] =0

and variance is E[||&.(2)|?] = #(f(w —aVF(z)] —

(foVF@»f(ufoVF@uwafQVF@D.

Now we present the implicit loss function that is mini-
mized when gradient descent with perturbed updates
due to SR is employed.

Theorem 1. Let F(z) be the loss function to be mini-
mized, o be a constant learning rate, £, (wt) be random
vector quantization error while doing updates with SR.
Then during gradient descent with SR on the loss func-
tion, implicitly, the following expected modified loss,
Fsr(x), is being optimized:

Fsp(x) = () + JIVF(@)| + JE[l¢ (@)

Furthermore, for a — 0, > 0 assuming that terms
with first order dependence on o vanishes, we have that
the second term vanished and from the third term we
are left with % Z?Zl Ay, |[VF(x);].

Theorem [1| suggests that doing SR updates implicitly
regularizes the loss function to minimize the error due
to quantization via SR. This implies the model is op-
timized in a quantization aware manner. Under no
quantization error case, e.g. when A, — 0, the third
term vanishes and we obtain the original implicit loss
function in Barrett and Dherin| [2020]. Additionally,
when o — 0 the quantization still has regularization ef-
fect that forces the gradients to be small. The strength
of the effect depends on A,. Note that for a large
A, the quantization regularization may dominate and
cause stagnation. Here, for simplicity we analyzed
the case with gradient descent; the analysis could be
extended to Adam optimizer following for instance |Caty
taneo et al.|[2024]. As shown in Appendix [A] with this
modified flow, there is a O(a?) error between the true
solution of gradient flow and discrete update (similar
to|Barrett and Dherin| [2020]); For any biased rounding
scheme, such as nearest rounding, there will be a O(«)
error difference between the true updates and modified
updates at every iteration; consequently, at every iter-
ation SR benefits from lower error in expectation (see
Appendix [A| for details).

4.2 Convergence analysis of Adam with SR

Our analysis is based on extending the Adam analysis
in [Défossez et al| [2022] with SR. We consider the
case with no momentum, i.e. f; = 0, the extension
to the case with momentum can be done easily as in
Défossez et al|[2022], effect of momentum is simply a
multiplicative slow down term on all terms. For the
analysis we make the following standard assumptions.

Assumptions. (i) F is bounded below by F*,
(ii) bound on stochastic gradients, that is Vz €
RY V(@) < Ras., (iii) F is smooth, i.e.,
Va,y ERY,|VF(z) = VF(y)ll2 < Lllz — y]l2.

Theorem 2 (No momentum, 81 = 0). Assuming
access to full precision gradients, and learning rate
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1:’22 with « > 0, when SR is used for the

update step to obtain quantized weights, we have

A 2Rd 2R alL
6r< g+ 20 (o + ) (tw(3))

oy =

T T

7 (o) e ()

quantization error

Here A = max; A,,, Gr = # ZtT:lEHVF(xt)HQ and
A is a constant that depends on d, R, Bo,

Note that the first two terms are in common
with analysis in |[Défossez et al| [2022] where
the second term, Adam’s (non-vanishing) gap, is

2Rd (\/ﬁ + 1?%2) In (B%) . And the third term,

(non-vanishing) quantization error, is due to error in-

RAAL
I

when the quantization error (third term) becomes neg-
ligible or dominant over Adam’s gap (second term).

troduced by SR as In ( ) Now we examine

Corollary 1 Comparlson to full precision Adam .

Under A < m,/ln or A K ,/ln

‘quantization error’ in Theorem [ becomes much
smaller than non-vanishing gap in Adam.

The effect of quantization error can be mitigated
through hyper-parameters only and not solely depen-
dent on the uncontrolled problem parameters (e.g.
L,R,d). Note that with increased « the quantization
error tends to be negligible, this is in parallel with our
empirical observation that with high learning rate SR
outperforms mixed precision training. Another obser-
vation we make is that error due to SR can dominate
when (2 — 1 and a = O(1/+/T). Although, in practice
B2 < 1is used (B2 = 0.95 commonly for GPT models),
in theory B — 1,a = O(1/V/T) diminishes the non-
vanishing term in Adam error bound while resulting
slow down for vanishing terms [Défossez et al.| [2022],
such cases will include a non-vanishing quantization
error when SR is employed. Note that our theoretical
observations is also in parallel with practical obser-
vations on performance drop with quantized training
when S2 &~ 1 in [Yu et al., [2024].

4.3 Convergence analysis of Adam with NR

Here, we present the convergence analysis when NR,
is applied in the update step instead of SR. Note this
corresponds to the mixed precision (MP) training where
the update is in lower precision with NR but other parts
(e.g. optimizer states) are in high precision.

Theorem 3. Under the same setting in Theorem [3,
Adam with NR gives the following convergence bound

2R al
G _
TSt

1
V1= 1—52) (T1n<52 )
2RAAL

1
L VI=Bd(RA + LA?)

(67

A 2Rd<

Note that nearest rounding results in a larger error
bound due to (i) multiplicative term of x2 in the sec-
ond line in Theorem [3[ and (ii) additional error term
in third line (both colored in red), indicating favorable
convergence behaviour for SR training. The distinction
is caused by the biasedness of nearest rounding, while
LA? is due to the variance (squared error), other error
terms are the results of bias of the error term. This
result emphasizes the detrimental effect of the accumu-
lating bias resulting from nearest rounding. Focusing
on the new non-vanishing term of nearest rounding, we
observe that a large o can make the term negligible;
however, in that case Adam’s convergence errors start
to hurt (second term in the bound). Therefore, getting
rid of the new error term without perturbing Adam’s
original terms is not plausible. For nearest rounding,
with a decaying learning rate, e.g. o = 1/\/T, the error
explodes unless By — 1.

Remark. The most related results are Theorem 1
from Hou et al.|[2019] and Theorem 1,2 from |Li et al.
[2017a). Theorem 1 [Hou et all |2019] uses nearest
rounding for weight quantization in Adam optimizer
without momentum term (similar to our Theorem
in a convex setting. To prevent error accumulations
due to quantization bias, Hou et al. [2019] assumes
that the diameter of weight space is bounded. As a
result, even as A — 0, their bound includes a non-
vanishing term that depends on diameter of the weight
space which is not the case in our work. |Li et al.
[2017a] uses SR with gradient descent in convex setting
and derives non-vanishing term in convergence bound
similar to ours. However, since the vanilla stochastic
gradient descent does not include any non-vanishing
terms, there are no cases in their result where the
quantization error can be subsumed by the original full
precision bound such as ours. Another related result
is |Chen et al.| [2021] Theorem 3.2, where the authors
analyze the convergence of weight quantized Adam
algorithm. Different than us, they assume /5 bounds
for gradient boundedness, which results non-vanishing
term to implicitly depend on dv/d instead of d.

5 Experiments

We showcase the empirical success of our SR training
paradigm by comparing to state-of-the-art mixed preci-
sion strategies. As far as we are aware, our results are
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Table 1 Validation perplexity of competing methods for GPT models.

GPT-Neo(1.3B) GPT-Neo(2.7B) GPT-Neo(6.7B)

Method GPT-2(350M) GPT-2(770M)
BF16+SR (ours) 14.07 12.63
(BF16,FP32) MP 14.45 12.83
BF16 16.38 15.28

10.46 10.22 10.05
10.48 10.31 10.11
11.81 11.67 11.64

the first to outperform mixed precision training while
using full BFl(ﬂ training with SR without additional
overhead and auziliary tensors. We first describe our
experiment setting and then move on with the results.

5.1 Settings

Baselines. We compare with two widely-adopted
mixed precision strategies:

e Ol-level: the native PyTorch’s automatic mixed
precision (torch.amp), which patches functions to
internally carry out Tensor Core-friendly opera-
tions in BF16, and operations that benefit from
additional precision in FP32. Because casts occur
in functions, model weights remain FP32;

e O2-level: “almost BF16” mixed precision proposed
in [Micikevicius et al., 2018], which maintains a
high precision FP32 copy of the model as master
weights and casts model weights (except batch-
norm) and data to BF16 for forward & backward
passes. It uses FP32 for optimizer states, opti-
mization and collective operations (e.g. all-reduce
& gradient accumulation) in distributed settings.

O1l-level mixed precision has more operations in FP32,
hence, is slower in terms of throughput but can result
in lower perplexity compared to O2-level mixed pre-
cision. We further augment our experiments with a
full BF16 lightweight training strategy with rounding-
to-the-nearest (as it is the default rounding mode for
FP operations), where every tensor and operations,
including optimizer states, are in BF16. Note, unless
otherwise stated BF16 denotes BF16+-default nearest
rounding mode. Our SR strategy described in Section
still keeps every tensor in BF16 but modifies the final
update step (line 10 in Algorithm [1)) in optimization to
be done with SR. For the sake of simplicity none of the
strategies utilize ZeRO (optimizer sharding) [Rajbhan;
dari et al.; 2020] or fused AdamW implementations.

Models. We conduct experiments using GPT-2
medium and large models, with 350M and 770M param-
eters respectively [Radford et all |[2019]; and GPT-Neo
[Black et all [2021] with 1.2B, 2.7B, 6.7B parameters.
For GPT-2 experiments we follow nanoGPT [Karpathyl,
2022 and for GPT-Neo we use NeMo repositoryﬂ

Lexcept cross-entropy calculation for GPT-Neo, which
is done in FP32 by default in code package.
®https://github.com/NVIDIA/NeMo

Hyper-parameters. For each training strategy we use
the same hyper-parameters except for the learning rate,
which is individually tuned for each method. In partic-
ular, every competing method is trained with AdamW
optimizer [Loshchilov and Hutter] 2019] with default
GPT training parameters §; = 0.9,8; = 0.95,¢ =
le—8, and weight decay 0.1 (except GPT-2 350M model
where we used 0.2 for stability); our method, Algo-
rithm ] also uses the same AdamW parameters. We de-
fer more details (e.g. warmup schedule) to Appendix

Training setup. For GPT-2 (350M, 770M) we train,
on 49B and 46B tokens for 100k iterations. For GPT-
Neo (1.3B), we train on 40B tokens; for GPT-Neo (2.7B,
6.7B) we train on 20B tokens each for 20k iterations.
More information on distributed training setup (e.g.
global-micro batch sizes) can be found in Appendix

Learning rate. We individually tune the learning
rate of each training strategy. We observe that our
SR method works better with a learning rate that is
2 — 4x of the default learning rate recommended in
O1 and O2 mixed precision strategy. Such a learning
rate may cause unstable or divergent training mixed
precision strategy (Table , and full BF16 training
with rounding-to-the-nearest. The default learning
rates for GPT-2 and GPT-Neo models are from |Liu
et all 2023, Black et al.,|2021] respectively. We tune
the maximum learning rate and leave the minimum
learning rate as suggested by default settings similar to
[Ozkara et al., [2024], see Appendix |C|for more details.

Table 2 Default, tuned for mixed precision, tuned
for SR learning rates (xle—4); and whether mixed
precision training converges with SR’s learning
rate. Note SR converges in all cases.

Model size Default MP SR MP converges
350M 3 3 7 X
770M 2 2 7 X
1.3B 2 4 4 v
2.7B 1.6 4 5 v
6.7B 1.2 3.6 5.5 X

5.2 Results

Our main comparison is to (BF16, FP32) Ol-level
mixed precision training (torch.amp) as it achieves
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Table 3 Throughput (sequences/second) of SR compared to O1 level mixed precision training (torch.amp).

Method GPT-2(350M) GPT-2(770M) GPT-Neo(1.3B) GPT-Neo(2.7B) GPT-Neo(6.7B)
BF16+SR (ours) 501 254 125 84 43
(BF16,FP32) MP 469 224 105 57 28

Gain 1.07x 1.14x 1.19x 1.47x 1.54 %

Table 4 Memory consumption (GB) per node; SR compared to O1 level mixed precision training (torch.amp).

Method GPT-2(350M) GPT-2(770M) GPT-Neo(1.3B) GPT-Neo(2.7B) GPT-Neo(6.7B)
BF16+SR (ours) 186 208 184 171 184
(BF16,FP32) MP 234 298 206 197 232
Tensor parallelism 1 1 8 8 8
Memory savings 21% 30% 11% 13% 21%

Table 5 Throughput of SR compared to O2 level mixed
precision training evaluated in Megatron-LM.

Method \GPT-Neo size  1.3B 2.7B 6.7B
BF16+SR (ours) 135 75 32
(BF16,FP32) MP 129 71 31
Gain 1.06x 1.06x 1.03x

better (lower) perplexity compared to O2-level, and is
natively supported by PyTorch. For throughput we
also compare to O2-level, since it is considerably faster
than Ol-level as most of the operations are in BF16.

Validation perplexity. In terms of validation per-
plexity, we compare our BF16+SR strategy to BF16
and mixed precision training in Table |1} We observe
our proposed method slightly outperforms mixed pre-
cision strategy, and significantly outperforms vanilla
BF'16 training. Although, our strategy does not use
FP32 tensors it can converge to a better minimum
thanks to being able to using a higher learning rate.
In particular, we observe up to 2.6% improvement
in perplexity (GPT-2 (350M) compared to MP); for
GPT-Neo the validation perplexity decreases are more
conservative (for instance, 0.6% on 6.7B) as the mixed
precision models are already capable of achieving low
perplexity. The difference in the perplexity gap would
be higher if we trained for the same wall-clock time or
with higher batch size to equate the memory usage.

Throughput. In Table|3] we compare to Ol-level
mixed precision strategy and observe that our method is
considerably faster. The relative speed gain gets larger
as the model size increases due to increasing number of
model parameters in FP32 operations, data conversions
and communication for the mixed precision strategy.
For instance, we see a multiplicative gain of 1.54x for
6.7B model. Additionally, we compare the throughput
to O2-level (almost BF16 training) in Table [5| using
Megatron-LM repository [Shoeybi et al., 2020] since
it has more efficient training implementations than

NeMo. We observe that our BF16+SR strategy is only
marginally faster, as almost all operations for O2-level
is done in BF16 and only accumulations are in FP32.

Memory. As our BF16+SR training strategy uses
only BF16 tensors without any auxiliary tensors, it is
the most efficient strategy in terms of memory as can be
seen in Table [4] Note that GPT-Neo experiments use
tensor parallelism which shards the model across GPUs
resulting in a smaller memory difference compared to
TP=1. Table l4| indicates a 30% reduction for GPT-2
(770M) and 21% reduction for GPT-Neo (6.7B); the
memory save is so significant that the training could
support considerably larger models, batch sizes, or
lower gradient accumulation steps.

On shared randomness. Throughout our experi-
ments we share the randomness by keeping a designated
random state for update steps as in Algorithm [I} The
absence of shared randomness results in suboptimal
performance due to model drift across different de-
vices. When a large learning rate is employed without
shared randomness, the SR strategy is prone to diver-
gence. Conversely, with smaller learning rates, while
divergence is mitigated, the final validation loss experi-
ences a reduction in accuracy. The influence of shared
randomness is also contingent upon the distributed
computing setting. In particular, when sharding is uti-
lized (e.g., via TP), its effect is more nuanced, as the
majority of the model remains shared across devices,
with the exception of components such as normalization
layers and, in some cases, embedding layers.

Overall, we observe that BF16+SR strategy is faster,
more accurate, and memory efficient compared to the
state-of-the-art O1 and O2 mixed precision methods.
Another advantage is, it is easy to implement and
does not require substantial changes to the model or
training process. To summarize our findings we report
the results for GPT-Neo (2.7B) in Table [f] We defer
the training loss curves, ablation studies and more
details on experiments to Appendix [C}



Kaan Ozkara, Tao Yu, Youngsuk Park

Table 6 Overall comparison of all metrics for GPT-
Neo (2.7B).

Metric MP SR

Validation ppl 10.31 10.22
Throughput (ol) 57 seq/sec 84 seq/sec
Throughput (02) 71 seq/sec 75 seq/sec
Memory 1572GB 1371GB

Downstream tasks. In this work, our main focus is
optimization and pre-training of LLMs. We pre-train
models up-to 50B tokens, as a result we do not expect
the models to do very well in downstream tasks. How-
ever, for the sake of a downstream training comparison,
here, we report zero shot evaluation experiments on
common reasoning tasks using the 2.7B model. The
results in Table[7] indicates that BF16+SR is able to
match the mixed precision downstream performance.

Table 7 Comparison of mean zero-shot accuracies for
various datasets under BF16+SR and (BF16, FP32)
MP settings.

Dataset / Accuracy MP SR

hellaswag (acc) 30.21%  30.40%
hellaswag (acc norm) 33.71%  34.42%
arc-easy (acc) 48.19%  47.43%
arc-easy (acc norm) 41.84% 42.21%
arc-challenge (acc) 21.84% 22.27%
arc-challenge (acc norm) 25.26%  26.71%
openbookqa (acc) 17.67%  19.20%
openbookqa (acc norm)  29.60%  29.66%
piqa (acc) 37.10% 36.50%

Note that both methods do not perform great in these
tasks, as typically to excel in these tasks very long du-
ration of pre-training (usually with number of tokens
larger than 250B) or fine-tuning from an existent heav-
ily pre-trained model is used. In the paper our main
focus was pre-training/optimization with SR, where
models were pre-trained for up to 50B tokens from
scratch; hence, we are more interested in the perplex-
ity /loss values similar to [Yu et al., {2024, |Zamirai et al.,
2021} Rae et al.l 2022] does for quantized LLM training,.
Nonetheless, we conclude SR matches MP in down-
stream tasks in our experiments.

6 Conclusion

We demonstrate for the first time that low precision
BF16 combined with SR training is a highly competitive
approach for large-scale LLM training. Our theoretical
analysis on Adam shows that, SR does not hinder con-
vergence—its error can be absorbed within Adam’s nat-

ural tolerance, particularly when an appropriately large
learning rate is applied. Updates with SR effectively
lead to implicit quantization-aware training. These
theoretical insights are in parallel to our empirical
results, where BF16+SR is able to outperform mixed-
precision strategies (BF16, FP32). Overall, SR training
is lightweight, straightforward to implement, and offers
significant advantages, including higher throughput,
reduced memory usage, lower communication/network
overhead, and improved validation perplexity. We note
that our method generalizes in a straightforward man-
ner to even lower precision such as FP8/4, which we
leave as future works due to limited hardware support.
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Appendix

A Implicit Regularization and Proof of Theorem

Proof of Lemma[ll Gradient perturbation can be defined as the effective perturbation on the gradient that is
induced by the update with SR. In other words, for gradient descent as an example, we have the following equality:

x—a(VF(x) 4+ &) = Qsr(x — aVF(x))

As a result &, is defined as:

(& — aVF(z)] - (z — aVF(x))), w.p. E=eVE@)-|@—aVF()|

a(r) = (& — aVF@)] — (r - aVF(x)), wp. [G=aVF@)_(z-aVF)

Rl Q=

where A = [z — aVF(x)] — | — aVF(z)] is the difference between quantization levels in terms of gradients.
T
E[ll&l?] = 2= ([(x —aVF(z)] - (z— aVF(x))) (I_(CC —aVF(z)| - (z— aVF(x)). Consequently, when o — 0,

after some algebra, we have lim, 0 aE[||£4]|%] = Z?:l A,
O

Theorem (Restatement of Theorem ) Let F(x) be the loss function to be minimized, o be a small learning
rate, £, (xt) be random vector quantization error while doing updates with SR. Then, implicitly, the following
expected modified loss, Fsr(x), is being optimized:

Fsp(e) = F(2) + 7| VE@)]* + Ea (@)

7

d
= F(a)+ SIVF@)2+ 3> (-VF@)]a — (-VF@))

i=1

(- VF@ - |-VF@).)

i

Proof. Our proof follows similar logic to Barrett and Dherin| [2020], but we consider the perturbation due to
SR. We start by defining I(z) := I(z) + £4(z) which is the update due to gradient descent when SR is applied.
To measure the introduced error due to taking steps using modified-perturbed flow we need to compare the
continuous updates and discrete updates. Note, the discrete updates with perturbed gradient flow results in the
following modified flow:

I(z(t)) = l(x(t) + ody (x(t) + 2z (x(t) + O(?)
= 1(z) + &a(2) 4+ aly (z(t) + la(z(t)) + O(a®)

Note that gradient descent (Euler method) is defined by 211 = 2 + al(2); in this work we are interested in the
average path the discrete updates follow, i.e., Eczi11 = x4 + aE¢[l(z)]. The goal of backward error analysis is to

compute I;s; here, we equate one step of gradient descent on original gradient flow with Taylor expansion via the
modified-perturbed flow (in expectation). This yields,

x4 ad(z,) = e[z + al(;) + o2 Vi(z,)i(z,) + O(®)]
= a(t) + al(z(t)) + o (h(2(t)) + %Eg [V (U (1) + &al(a(®))) (U(x(1) + Ealz(t)) + O(a?)

Assuming I(z) # 0 (this corresponds to case where the local minimum is achieved and derivative of £ is not
continuous) we have that expectation and differentiation operators commute due to Leibniz rule. Using zero
mean property of £, therefore we have,

o () = 2(0) + al(w(t)) + @ (1) + SVUONE) + SEIVE(D)Ea(+(0)]) +O(a?)
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Now we can compute Zl(x) as,
i (#(t)) = — 5 V() F(a(0)) ~ SE(VEala(t)))Eale(t))])
= —V|VF(@)|]* - VE|& (2)|
Then we found the average perturbed-modified flow as:
Ei = I(x) + E¢a(2) + Eali (2) + O(a?) = —VF(2) = ZV|VF(@)|* = T VE[ ()|

= —V(F(@) + SIVF@)I* + Bl (@)]2),

and we obtain the theorem statement. Note that with this modified flow, [; is constructed such that there is a
O(a?) error between the true solution of gradient flow and discrete update, i.e. ||Ecz: — z(t)]| < O(a®). This
is similar to Barrett and Dherin| [2020]; hence, on average SR does not introduce additional error as expected
due the non-biasedness. For any biased rounding scheme, such as nearest, E&, () in the update step cannot be
cancelled, as a result there will be a O(«) error difference between the true updates and modified updates at
every iteration.

O

B Adam with quantized model updates convergence

B.1 Proof of Theorem [2|

Theorem (Restated Theorem . When SR is used for the update step to obtain quantized weights we have:
T
1 2R(Fy — F*)  2Rd ( 2R al ) ( ( R? > ( 1 )>
= E[VF(z)|? < + + In(l+———]+Tln(—=
T = IVE G ol T \VI=B 1-5, e(1— ) Bo

- W (14 ) oy (;2))

Adaptive updates. Similar to Défossez et al.| [2022] we define the following vectors iteratively.

my; = Pimi—1,i + Vife(ze—1)
Veg = Povp—1,; + Vift($t71)2

Note that my; = (1 — 1)my,; and 0, ; = (1 — B2)vy; give the updates in Adam. we use the learning rate to absorb
(1 = $1), (1 — B2) terms for simplicity. In particular, if one has an update x;; = z;-1,; — o \/ZiT’”, Adam is

. _ 1-8 . . . . . . _ A/1-Bi1-pt
recovered with oy = « \/ﬁ If we include the bias correction terms, Adam is obtained with oy = « B, 1= [31 .
For the update step we further define:

- My
Tei = Qspr|Ti—1, — p——— .

\/ € + Vi
me,i

Lemma 2. Let us define uy; := ﬁ¢ the perturbation due to SR updates, defined as ry; = Qsr(xi—1, —
t,1

Uy ;) — (T—1,0 — oquy ) at timestep t per dimension i € [d] has the following upper bound on ly norm,
Epllrel3 < Aaylluelly < AVdey||ugll2 (3)

where E,, is the expectation with respect to randomness of SR and A = Ay, | . —ayuy, -

Proof. Here we consider the update terms in Adam instead of gradient terms, other than that the proof is
similar to Lemma 1 in |[Li et al.| [2017b]. We redefine the perturbation due to SR updates for ease of analysis,
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Mt ,q mMt,q
rei = Qsr(wi_1,; — \/7) (x4—1,; — oy——==). Choose a random number p € [0,1], r;,; can be expressed
’ ’ €+v¢ 5 ’ \/ €tV i )
as,
—Ti— 1+atu1 i th—l—@tut il +1 when P < Tto1T QU [Tt—1—cug,i]
— A ’ = A A
- — T 1+041Ut i + Lmt 1—oug | otherwise
X .

Tt—1—OCtUt,i I_It—lfatut,ij
A

Defining ¢ = , note q € [0, 1], we can rewrite,

—q+ 1, when p<gq
Tt =A- .
—q otherwise.

Consequently, E[r; ;] =0, and it can be shown that

Elr{;] < A%(1 - q)
< A%min{q,1 - q}
< A2OétM
= Aaylug i,
where the last inequality is due to the fact that the update term will be at least as large as the error term. Then

Elrel3 < Aaglluels < AvVido|uglo. O

Let us start by defining ¥, ; which is a virtual sequence where the contribution of the last gradient is replaced by
its expected value conditioned on past iterations.

i = Bovi—1,i + Ee1 Vi fe(we—1)?
We also define the perturbed updates as follows:

o Vife(zi1) )
bt VeEF o, o

From the smoothness of the objective function F', we can use the Descent Lemma to obtain that

T, AL
F(xy) < F(zy—1) — ayVF(z—1) G + THUtH

r a?L re ||?
= F(ai1) = aVF(wi1) T (w4 =) + 2 fug + -
t 673

where r; is defined in Lemma Taking the expectation of both sides with respect to sampling randomness
(conditioned on Iy,..., f;—1) and SR randomness, we have:

[ Vifi(xi_ o?L 2
]Ep7t_1F(xt) S F(l‘t_l) — O Z Et—l ViF(xt_l) ft( ¢ 1) + ti]Ept 1HUt + —

ic[d) L VET Ui | 2 X

a?L L
= F(wi1) —ar Y By |ViF(z-1) + 5 Eealluel)® + SEpaa ]|

ic[d) L Vet v ]

Vift(mtfl)_ L
< F(xp-1) — oy Z Eio1 |ViF(2po1) ———| +
ic[d) L VET Ui |

Ot \/&AL

]Et uel|* + 5

—Eiaflullz. (5)

where the first equality holds due to E[r;] = 0. To upper bound the second term on the right hand side, we use
the following lemma which is a restatement of Lemma 5.1 in |[Défossez et al.| |2022], we provide the proof for
completeness.



Stochastic Rounding for LLM Training: Theory and Practice

Lemma 3 (Lemma 5.1 in [Défossez et al.l [2022], updates approximately follow a descent direction).

Vz‘ft(xt—l)z} .

€+ Vg

Vifi(wi—1) S ViF(x1-1)?

E; 1 |ViF(xi-1) JeTu: | © 2 ex0
i ti

_9RE, , [ (6)

Proof. For the sake of simplicity, we define G =V, F(z,-1), g = V;fi(xi—1),v = T4,V = ¥ ;. First obviously, we
have
Gg _ Gy n Gy Gy
Vetv Vetv Vetv Vetv o
A

(7)

For the first term, we use the fact that E,_;[g] = G to obtain that

Gg }: G? (®)

Eiq {

In order to bound A, we begin with

G U —v _ Ei—19® — g°
g\/6+v\/6+17(\/6+v+\/€+17)

A

_Gg\/e—l—U\/e—l—f)(\/e—&—v—|—\/e—l—ﬁ)7

where the last equality follows from the fact that o — v = E;_1[¢?] — ¢°

the triangle inequality we have that

(see the definition of v; ;). Hence, from

Ei-19° g9
Al < |Gyl ———— + |G| —==——,
A= 1699 =en T Y e o)

Ay As

where in the inequality follows from the fact that /e + v + Ve + 0 > max(v/e + v, Ve + 0). A useful fact that
will be used later is the following

)\2 2
YA>0, z,y €R xyg%—&-g—/\. 9)

To bound A, we use @D with A\ = —Ve;rf’,x = \)%, y= |g|2\/]ffj_f7£;_7v, which yields that

G2 N gQEt_1[g2 2
We+d  (e+0)3%(e+v)

Taking the expectation and noting € + @ > E;_1[¢?] ensures that

G2 Et—l [92] |: 92 :| G2 |: g2 :|
E;_1]A1] < + E;_ < + RE;_; |— 10
S TS T e o ) S avers T e (10)

where the last inequality uses our boundedness assumption /E;_1[g?] < R and the fact that ve + v > \/ E:—1]9?].

A <

= 2
Similarly, for As, we use @[) with A = QEV;JEZQ,:E = \‘/2%731 = ei’u7 which gives us (we used similar bounding

arguments)

2 2
By 1[As] < G REtfl[g ]

+ 11
T 4\e+ v €+v (11)

Combining both upper bounds we have,

G? + QREt—l[QQ]

E:_1[|A]] <
.l ‘]_2\/64—717 €+ v
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which can be equivalently written as follows

Bimal-14] > - ¢ +2REH[92]>,

2ve+v e+
Finally, combining further with and substituting into gives us,

Gg ]> G? _( G? +2REt_1[92]>— G pEeale’]
Ve+v| T et 2v/e+ v e+v Vet D e+v

which proves the desired result. O

Note that for any i € [d], \/e + Uy, < Ry/1+ ZE;E Bt < ﬁ. Hence,

. (ViF(.Tt_l))Q > aViF(xt_l)Q )

E¢y {

12
2,/e+ ﬁt,i - 2R ( )
Using in conjunction with Lemma |3[in further yields that
o a?L aVdAL
Era[F ()] < Flar) = (sl F@e )P - 200RE s (ludl?]) + “52B, ) + “5=2E s fuelle)
Summing both sides for ¢t = 1,...,T, using a; < \/%72, and from the definition of [ norm and taking the overall
expectation yields that
T—1 T—1
@ 20R a’L a\fAL
E[F(z7)] < F(z0) — = Y E|VF(z)|* + ( - ) E E[v/||u
[ ( T)} ( 0) 'R par H ( t)” m 2(1 — 52) ; [” t” Z | t

Equivalently, we can write,

a 2 2R a\fAL
371 2 BIVF@I < Fieo) ~EP )] + (22 )ZEH ) ZE e

(13)

Now, we would like to bound the last two terms on the right hand side. For this, we extend Lemma 5.2 in
[Défossez et al. |2022].

Lemma 4. Define by = Z] 1 ﬂ a] fort >0 and by = 0, we have

a¢ R2
— e+b (1+ 6(1—32)) T <52>

M- |

Proof. Note b; > a; > 0 and we have that 1 — z < exp™* with z = Ejtb

" bt <lIn(e+b:) — In(e + by — ax)

= In(e + b;) — In(e + B2bi_1)
- (55 ) e ()
In (efbtbjl) +ln (max{l, é})
-n(55) ()

where the first equality is due to definition of b;. Summing the inequality above for ¢t =1,2,... T, yields that
(recall that by = 0)

IN
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Furthermore, we have

Also note that by < 11572

Bz L

Using Lemmain , ie, ar =V, fi(x)? and by = vy ; = 22:1 ﬁ;_jaj, and dividing both sides by T', and after
some algebra we have,

1 & , 2R(Fy—F*) 2Rd [ 2R al R? 1
7 2 EIVEGIP < ==+ 7 <\/1—62+1—52> <ln(1+6(1—ﬂ2)>+mn<52)>

it (o) e 3)

which concludes the proof.

B.2 Proof sketch with quantized second order moment.

For Theorem |2 analysis we considered that the only quantized part is the model weights x;, which was shown to
be the most important to affect the empirical performance from the ablation studies in Appendix [C] Now we
present a proof sketch in the case where second order moment vy is also quantized. Let §; denote the quantization
error in computation of v;. That is, vy ; = Bovi—1,; + Vifi (xt_l)z + 0;. We would like to examine what happens
to main lemmas under this error. For Lemm there is no changes in the proof until . For we have
€+ > Ey_1[g?] + 6, which modifies the R in (10 to R+ § where we assume § is an upper bound on ||6t||2 Which
depends on quantization resolution. We have the identical effect on multiplicative term R in . For , we
have again loosening effect, hence, /€ 4+ 74 ; < 1 . We see that the aggregated effect of 5ts are modlfymg
R constants with R + ¢ until Lemma |4} [ Looking at Lemma [] the perturbation will require us to have a term
bt =b; + ZJ 1 0¢; for the lemma to hold we need bt Z;_ d¢+ > 0 which will impose an upper bound on the §;
(hence, on resolution of quantization for this step) in terms of v;, i.e. R such that it’s magnitude cannot dominate
b;. Assuming such upper bound exists and continuing with lemma we will again end up modifying the R? term
to (R+4)2.

B.3 Proof of Theorem [3|

Theorem (Restatement of Theorem [3).
T
1 2R(Fy — F*) 2Rd ( 2R aL ) ( ( R? > ( )>
= E|VF(z)|? < + + In(l+———|+Th
T; [VF aT T \V1-p2 1-p5 (1= f2) 65

2RIAL i R (1 JT=Fd(RA + LA?)
JrT\/lfﬂz (\/Tl <1+6(1—52)) 1 <52)>+ o .
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Proof. The analysis is similar to stochastic rounding except 7 is not random and ||r;||z < VdA.

From the smoothness of the objective function F', we can use the Descent Lemma to obtain that

T, @’L,
F(SCf) S F(.Tt_l) — OétVF(IEt_l) Ut =+ THU{»”

2

2
r a; L r
:F(l't_l)7OétVF(£L't_1)T(Ut+*t) +t7 Ut+*t
o 2 oy
Taking the expectation of both sides with respect to sampling randomness (conditioned on Iy, ..., f;—1), we have:

) _ 27, 2
vzft(mt 1):| —VF(l'tfl)TTt‘f' atTEtfl‘

Ei1F(z:) < Flzio1) —op » By [viF(xtl)
icld) VT Ut

[ ) o2L L
=F(zi1) —ar Y By |ViF (1)~ | = V(1) "+ =B Jugl|® + 0o Ly [u] o] + 5 [|re|?
) i Vet v | 2 2

Tt
Ut + —
Qg

S F(xtfl) — O E ]Etfl _ViF<xt71)M_ — VF(.ﬁt,l)TTt + OKETLEtflnutlF + atLEt,1[||ut||2]||rt|| + %H?"t”Q
icld] L VT Ui |
[ Vifi(zi—1)] a2l L
< F(zp-1) — oy E Eiq |ViF(24-1) fulze) + (IVE@—1) | Irell + 2= E—i [Juel|* + qe LB [[Jug 2] |rell + = [l7e]|-
by i €+ Vg 2 2

Using the fact that ||r¢|| < v/dA and I, bound assumption, we have:

Vifi(wi_1)
€

+ Ut

)

Et_lF(l't) S F(:vt_l) — Q¢ Z Et—l |:viF(£L't_1) + RdA + OZ?LEt_lHUt‘P + atL\/EAEt_lHutHQ + LdA2
i€[d]

(14)

Remark that the last term in is due to variance of the nearest rounding and other error terms are due to bias.
We observe that although variance is low (O(A?) dependence) the bias terms result in higher error compared to
the proof with SR. Continuing as in proof of Theorem 2] we obtain the end result:

1 & , 2R(Fy—F*) 2Rd[ 2R ol R? 1
T;EHVF(%)H < T + ( =t 1_ﬂ2> (ln (1+e(1—,32)> +Tln (52»

2RAAL . R? /Il 1 VI = B2d(RA + LA?)
TR <\/T1 <1+6(1_62)>+T 1 <ﬂ2)>+ - .

C Additional Details and Results for Experiments

C.1 Training hyper-parameters and details.

For all our experiments we use AWS p4d.24zlarge instances each with 8 A100-40GB GPUs. For GPT-2 (350M,
770M) we train, on a single node, for 49B and 46B tokens with 12 and 7 micro batch sizes and 480 and 448 global
batch sizes respectively. For GPT-Neo (1.3B), we train for 40B tokens with 1024 global batch size and 16 micro
batch sizes on 4 nodes; for GPT-Neo (2.7B, 6.7B) we train for 20B tokens with 512 global batch size and 8 micro
batch sizes on 8 nodes. For GPT-2 we do not use tensor parallelism (TP), and for GPT-Neo models we use TP=8.

Tuning the learning rate. For GPT-2 models we use 2000 warm-up iterations and for GPT-Neo 200 iterations
as recommended. We utilize cosine scheduling. We tune the maximum learning rate individually for each method
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starting from the recommended/default learning rates, we leave the minimum learning rate as default. For
GPT-2 models we search the learning rate in {2,3,4,5,6,7,8} x 10~%. For GPT-Neo (1.2B,2.7B) we search in
{1.6,3.2,4,5} x 1074, and GPT-Neo (6.7B) {1.2,3.6,5.5} x 1074.

C.2 Ablation studies.

Toy example in Section

3.01 3.01

position of x
N N N
IS o o
L L )
position of x
N N N
> o ©
R !

N
N
)
N
N)

2.0 2.0 1

0 1000 2000 3000 4000 0 5000 10000 15000 20000 25000 30000 35000 40000
iterations iterations

Figure 3: Position of x vs. number of iterations for FP32 updates (Left) and BF16+SR updates (Right), each
position curve represents the position vs iterations for an individual run. With the decaying updates SR can take
a longer time to converge, here FP32 converges in 4600 steps and SR converges in on average 7700 (over 100
runs). We observe that an individual run with SR can converge in as much as 40,000 iterations.

Effect of full precision optimizer states and gradients.

3.2 — FP32 3.2 — FP32
- — BF16+SR — BF16+SR
3 7
c 3.0 230
S~ o
© c
2 T238
©2.38 b=

2.6 26

o 20k 40k 60k 80k 100k 0 20k 40k 60k 80k 100k
iterations iterations

Figure 4: Training and validation loss curves comparing FP32 training and BF16+SR strategy while training
GPT-2 (350M).

In Figure [f] we ablate the precisions of optimizer states, gradients and the update. In particular, every variable is
in BF16 in our experiments for Algorithm [I} here, the ablation indicates that the effect of keeping optimizer
states and gradients in higher precision does not affect the performance significantly.

C.3 Loss curves.

The convergence plots show BF16+SR training can converge to a better local minimum in terms of validation
perplexity. Note that BF164+SR further gain can be provided when we equate the wall clock running times.
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Figure 5: Validation (left) and training losses (middle—zoomed out, right—zoomed in) for training GPT-Neo

(6.7B).
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Figure 6: Validation (left) and training losses (right) for training GPT-Neo (2.7B).
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Figure 7: Validation (left) and training losses (right) for training GPT-Neo (1.3B).
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Figure 8: Validation (left) and training losses (right) for training GPT-2 (770M).
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