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NONLINEAR GRADIENT MAPPINGS AND STOCHASTIC
OPTIMIZATION: A GENERAL FRAMEWORK WITH
APPLICATIONS TO HEAVY-TAIL NOISE

DUSAN JAKOVETIC*, DRAGANA BAJOVIC!, ANIT KUMAR SAHU}, SOUMMYA KARS,
NEMANJA MILOSEVIC*, AND DUSAN STAMENKOVIC*

Abstract. We introduce a general framework for nonlinear stochastic gradient descent (SGD)
for the scenarios when gradient noise exhibits heavy tails. The proposed framework subsumes several
popular nonlinearity choices, like clipped, normalized, signed or quantized gradient, but we also con-
sider novel nonlinearity choices. We establish for the considered class of methods strong convergence
guarantees assuming a strongly convex cost function with Lipschitz continuous gradients under very
general assumptions on the gradient noise. Most notably, we show that, for a nonlinearity with
bounded outputs and for the gradient noise that may not have finite moments of order greater than
one, the nonlinear SGD’s mean squared error (MSE), or equivalently, the expected cost function’s
optimality gap, converges to zero at rate O(1/t%), ¢ € (0,1). In contrast, for the same noise setting,
the linear SGD generates a sequence with unbounded variances. Furthermore, for general nonlin-
earities that can be decoupled component wise and a class of joint nonlinearities, we show that the
nonlinear SGD asymptotically (locally) achieves a O(1/t) rate in the weak convergence sense and
explicitly quantify the corresponding asymptotic variance. Experiments show that, while our frame-
work is more general than existing studies of SGD under heavy-tail noise, several easy-to-implement
nonlinearities from our framework are competitive with state-of-the-art alternatives on real data sets
with heavy tail noises.

Key words. Stochastic optimization; stochastic gradient descent; nonlinear mapping; heavy-tail
noise; convergence rate; mean square analysis; asymptotic normality; stochastic approximation.
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1. Introduction. Stochastic gradient descent (SGD) and its variants, e.g., [27,
16, 23, 35, 25, 12, 24, 7], are popular and standard methods for large scale optimization
and training of various machine learning models, e.g., [5, 6, 31, 8]. Recently, there have
been several studies that demonstrate that the gradient noise in SGD is heavy-tailed,
e.g., when training deep learning models [32, 17, 37].

Motivated by these studies, we introduce a general analytical framework for non-
linear SGD when the gradient evaluation is subject to a heavy-tailed noise. We combat
the gradient noise with a generic nonlinearity that is applied on the noisy gradient to
effectively reduce the noise effect. The resulting class of nonlinear methods subsumes
several popular choices in training machine learning models, including normalized
gradient descent and clipped gradient descent, e.g., [28, 36], the sign gradient, e.g.,
[4, 2], and (component-wise) quantized gradient, e.g., [1, 18].!

We establish for the considered class of methods several results that demonstrate a
high degree of robustness to noise under very general assumptions on the nonlinearity
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Hnterestingly, some of these nonlinear methods are usually introduced with a different motivation
than robustness, like, e.g., speeding up training, see, e.g., [36], or communication efficiency, [2, 4].
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2 D. JAKOVETIC ET AL.

and on the gradient noise, assuming a strongly convex cost with Lipschitz continuous
gradient. First, for a nonlinearity with bounded outputs (e.g., a sign, normalized,
or clipped gradient) and the gradient noise that may have infinite moments of order
greater than one, assuming that the noise probability density function (pdf) is sym-
metric, we show that the nonlinear SGD converges almost surely to the solution, and,
moreover, achieves a global O(1/t%) mean squared error (MSE) convergence rate,
where we explicitly quantify the degree ¢ € (0,1). In the same setting, the linear
SGD generates a sequence with unbounded variances at each iteration t. Further-
more, assuming the gradient noise with finite variance, we show — for the unbounded
nonlinearities that are lower bounded by a linear function — almost sure convergence
and the O(1/t) global MSE rate.

Next, for the general nonlinearities with bounded outputs that can be decoupled
component-wise and a restricted class of joint nonlinearities with bounded outputs,
we show under the heavy-tail noise a local (asymptotic) O(1/¢) rate in the weak con-
vergence sense. More precisely, we show that the sequence generated by the nonlinear
SGD is asymptotically normal and explicitly quantify the asymptotic variance. Fi-
nally, we illustrate the results on several examples of the nonlinearity and the gradient
noise pdf, highlighting and quantifying the noise regimes and the corresponding gains
of the nonlinear SGD over the linear SGD scheme. In more detail, the asymptotic
variance expression reveals an interesting tradeoff that the nonlinearity makes on the
algorithm performance: on the one hand, the nonlinearity suppresses the noise effect
to a certain degree, but on the other hand it also reduces the “useful information flow”
and hence slows down convergence with respect to the noiseless case. We explicitly
quantify this tradeoff and demonstrate through examples that an appropriately cho-
sen nonlinearity strictly improves performance over the linear scheme in a high noise
setting. Finally, we carry out numerical experiments on several real data sets that
exhibit heavy tail gradient noise effects. The experiments show that, while our ana-
lytical framework is more general than usual studies of SGD under heavy-tail noise,
several easy-to-implement example nonlinearities of our framework — including those
not previously used — are competitive with state-of-the-art alternatives.

Technically, for component-wise nonlinearities and the asymptotic analysis, we
develop proofs based on stochastic approximation arguments, e.g., [26], following the
noise and nonlinearities assumptions framework similar to [30]. The paper [30] is con-
cerned with a related but different problem than ours: it considers linear estimation
of a vector parameter observed through a sequence of scalar observation equations,
and it is not concerned with a global MSE rate analysis that we provide here. For the
MSE analysis and for the nonlinearities that cannot be expressed component-wise,
like the clipped and normalized gradient, we develop novel analysis techniques.

There have been several works that study robustness of stochastic gradient de-
scent under certain variants of heavy-tailed noises. Reference [37] consider an adap-
tive gradient clipping method and establish convergence rates in expectation for the
considered method under a heavy-tailed noise. For this, the authors assume that
the expected value of the norm of the gradient noise raised to power « is finite, for
a € (1,2]. They also provide lower complexity bounds for SGD methods assuming in
addition that the expected a-power of the norm of the stochastic gradient is finite.
The paper [32] establishes convergence of the linear SGD assuming that the gradient
noise follows a heavy-tailed a-stable distribution.

It is worth noting that, in addition to the MSE (expected optimality gap) results
achieved here, it is also of interest to derive high probability bounds. Specifically,
given a target accuracy € > 0 and a confidence level 1 — g8, g € (0,1), we would like
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to find T'(e, B) such that f(x!) — f(x*) < € with probability at least 1 — 3, for all
iterations t > T'(e, 3). Application of the Markov inequality to our result E[ f(x!) —
f(x*)] = O(1/t%) yields, abstracting dependencies on other system parameters, a
bound T'(e, 8) ~ W This involves a strong dependence on 3, on the order 1/61/4.

Several works, e.g., [13, 14, 19, 15, 11], establish high probability bounds where T'(¢, 3)
depends logarithmically on B for the settings therein. For example, references [13,
14] establish high probability bounds for the stochastic gradient methods therein
assuming that the gradient noise has light tails (sub-Gaussian noise). The authors
of [19] establish the corresponding bounds for the basic SGD and the mirror descent
that utilize a gradient truncation technique. They relax the noise sub-Gaussianity
assumption and assume a finite noise variance. Very recently, [15] establishes high
probability bounds for accelerated SGD with a clipping nonlinearity, but assuming
a finite variance of the gradient noise. Reference [11] proposes a procedure called
proxBoost and establishes for the procedure high probability bounds, again assuming a
finite noise variance (without the sub-Gaussianity assumption). It is highly relevant to
investigate high probability bounds for the problem setting and the algorithmic class
considered in this paper. Of special interest is to provide high probability bounds for
a broader class of nonlinearities than the usually studied clipping-type nonlinearities;
this is an interesting future work direction.

In summary, with respect to existing work, our framework is more general with
respect to both the adopted nonlinearity in SGD and the “thickness” of the gradi-
ent noise tail, assuming in addition that the noise pdf is a symmetric function. For
example, current works usually assume a single choice for the nonlinearity, e.g., gra-
dient clipping, while we consider a general nonlinearity that subsumes many popular
choices. Also, provided that the nonlinearity’s output is bounded (which is true for
many popular choices like the clipped, signed, and normalized gradient), we establish
a sublinear MSE convergence rate O(1/t%) assuming only that the expected norm of
the gradient noise is finite, an assumption weaker than those considered in the works
of [15, 37, 11, 32]. On the other hand, we assume a strongly convex smooth cost func-
tion, which is equivalent to or stronger than the assumptions made in these works.
See also Examples 3.2 and 3.3. ahead for further rate comparisons with existing work.

The idea of employing a nonlinearity into a “baseline” linear scheme has also been
used in other contexts. Most notably, several works consider nonlinear versions of the
standard consensus algorithm to evaluate average of scalar values in a distributed
fashion, e.g., [22, 33, 10]. The paper [22] introduces a trigonometric nonlinearity
into a standard linear consensus dynamics and shows an improved dependence of the
method on initial conditions. References [33] and [10] employ a general nonlinearity
in the linear consensus dynamics and show that it improves the method’s resilience
to additive communication noise. The authors of [34] modify the linear consensus by
taking out from the averaging operation the maximal and minimal estimates among
the estimates from all neighbors of a node. The above works are different from
ours as they focus on the specific consensus problem that can be translated into
minimizing a convex quadratic cost function in a distributed way over a generic,
connected network. In contrast, we consider general strongly convex costs, and we
are not directly concerned with distributed systems.

Paper organization. Section 2 describes the problem model and the nonlinear
SGD framework that we assume. Section 3 and Section 4 explain our results on
nonlinear SGD for component-wise and joint nonlinearities, respectively. Section 5
and Section 6 then provide proofs of the corresponding results. Section 7 illustrates
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4 D. JAKOVETIC ET AL.

the performance of several example methods from our nonlinear SGD framework on
real data sets that have heavy-tail gradient noise. Finally, Section 8 concludes the
paper. Some auxiliary results and proofs are delegated to the Appendix.

Notation. We denote by R and R, respectively, the set of real numbers and real
nonnegative numbers, and by R the m-dimensional Euclidean real coordinate space.
We use normal (lower-case or upper-case) letters for scalars, lower-case boldface letters
for vectors, and upper case boldface letters for matrices. Further, we denote by: a; or
[a];, as appropriate, the i-th element of vector a; A,; or [A];;, as appropriate, the entry
in the i-th row and j-th column of a matrix A; AT the transpose of a matrix A; and
trace(A) the sum of diagonal elements of A. Further, we use either a' b or (a, b) for
the inner product of vectors a and b. Next, we let I and 0 be, respectively, the identity
matrix and the zero matrix; || - || = || - || the Euclidean (respectively, spectral) norm
of its vector (respectively, matrix) argument; ¢’(w) the first derivative evaluated at w
of a function ¢ : R — R; Vh(w) and V2h(w) the gradient and Hessian, respectively,
evaluated at w of a function h : R™ — R; P(A) and E[u] the probability of an event A
and expectation of a random variable w, respectively; and by sign(a) the sign function,
i.e., sign(a) = 1, for a > 0, sign(a) = —1, for a < 0, and sign(0) = 0. Finally, for
two positive sequences 7,, and x,, we have: n, = O(x,) if limsup,,_, e < 0%
M = Q(Xn) if liminf,, % > 0; and 7, = @(Xn) if g, = O(Xn) and 7, = Q(Xn)-

2. Problem Model and the nonlinear SGD Framework. We consider the
following unconstrained problem:

(2.1) minimize f(x),

where f : R¢ — R is a convex function.
We make the following standard assumption.

ASSUMPTION 1. Function f : R? — R is strongly convex with strong convexity
parameter > 0, and it has Lipschitz continuous gradient with Lipschitz constant L >
I

For asymptotic results (see ahead Theorems 3.1 and 3.3), we will also require the
following assumption.

ASSUMPTION 2. Function f : R% — R is twice continuously differentiable.

Under Assumption 1, problem (2.1) has a unique solution, which we denote by
x* € R4,
In machine learning settings, f can correspond to the risk function, i.e.,

(2.2) f(x) =Ea~p [£(x;d)] + R(%).

Here, P is the (unknown) distribution from which the data samples d € R? are
drawn; £(+; ) is a loss function that is smooth and convex in its first argument for any
fixed value of the second argument; and R : R? — R is a smooth strongly convex

regularizer. Similarly, f can be empirical risk, i.e., f(x) = % (Z;:1 0 (x;d;) ) +R(x),
where d;, j = 1,...,n, is the set of training data points. Several machine learning
models fall within the described framework under Assumptions 1-2, including, e.g.,
{s-regularized quadratic and logistic losses.

We introduce a general framework for nonlinear SGD methods to solve prob-

lem (1); an algorithm within the framework takes the following form:

(2.3) x'T = xt — o, U(Vf(x) + ).

This manuscript is for review purposes only.
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Here, x! denotes the solution estimate at iteration ¢, t = 0,1,...; ¥ : R? — R? is
a general nonlinear map; o; > 0 is the employed step size; v € R? is a zero-mean
gradient noise; and x° is an arbitrary deterministic point in R
We will specify further ahead the assumptions that we make on the step size ay,
the map ¥ and the noise v*. Some examples of commonly used maps ¥ that fall
within our framework are the following:
1. Sign gradient: [¥(w)]; = sign(w;), i = 1,...,d;
2. Component-wise clipping: [¥(w)]; = w;, for |w;| < m; [¥(w)]; = m, for
w; > m, and [¥(w)]; = —m, for w; < —m, for some constant m > 0.
3. Component-wise quantization: for each ¢ = 1,...,d, we let [¥(w)]; = r;, for
w; € (¢j-1,¢;], j = 1,...,J, where —co = ¢qp < ¢1 < ... < ¢ = 400, J is a
positive integer, and the r;’s and ¢;’s are chosen such that each component

nonlinearity is an odd function, i.e., [¥(w)]; = —[¥(—w)];, for each ¢ and for
each w;
4. Normalized gradient: W(w) = 2, for w # 0, and ¥(0) = 0;

5. Clipped gradient: ¥(w) = w, for ||w|| < M, and ¥(w) = HTWH M, for
|lw]|| > M, for some constant M > 0.

Other nonlinearity choices are also introduced ahead (see Section 7).

We next discuss the various possible sources of the gradient noise 1. First, the
noise may arise due to utilizing a search direction with respect to a data sample. That
is, a common search direction in machine learning algorithms is the gradient of the loss
with respect to a single data point d;?: g;(x) = V/(x;d;)+VR(x). In case of the risk
function (2.2), d; is drawn from distribution P; in case of the empirical risk, d; can
be, e.g., drawn uniformly at random from the set of data points d;, j = 1, ..., n, with
repetition along iterations. In both cases, the corresponding gradient noise equals
v = g;(x) — Vf(x). Several recent studies indicate that noise v exhibits heavy tails
on many real data sets, e.g, [32, 17, 37]. (See also Section 7).

We also comment on other possible sources of gradient noise. The noise may
be added on purpose to the gradient V f(x) for improving privacy of an SGD-based
learning process, e.g., [29]. Also, the noise v' may model random computational
perturbations or inexact calculations in evaluating a gradient V f(x).

3. Main results: Component-wise Nonlinearities. Section 3 provides anal-
ysis of the nonlinear SGD method for component-wise nonlinearities. That is, we
consider here maps ¥ : R? s R? of the form W(wy,...,wq) = (¥(wy),..., ¥(wg)) T,
for any w € R?, where (somewhat abusing notation) we denote by ¥ : R + R the
component-wise nonlinearity. In this setting, we establish for (2.3) almost sure con-
vergence and evaluate the MSE convergence rate and the asymptotic covariance of
the method. In more detail, we consider a probability space (Q, F, P), where w € ) is
a canonical element. For each t = 0,1, ..., v' : Q — R? is a random vector defined on
(Q,F,P). We also denote by F;, t = 0,1, ..., the o-algebra generated by random vec-
tors {v°}, s =0, ..., t. Clearly, in view of (2.3), x!*! is measurable with respect to JF;,
t =0,1,... We make the following assumptions; they follow the noise and nonlinearity
framework similar to [30].

ASSUMPTION 3 (Gradient noise). For the gradient noise random vector sequence
{v'} in (2.3), t =0,1,..., vt € R, we assume the following.
1. The sequence of random wvectors {v'} is independent identically distributed

2Similar considerations hold for a loss with respect to a mini-batch of data points; this discussion
is abstracted for simplicity.
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(i.i.d.) Also, random variables v} are mutually independent across i =1, ...d;
2. Each component v}, i = 1,...,d, of vector v' = (vi,..,v5)" has a probability
density function p(u), p: R— R.
3. The pdf p is symmetric, i.e., p(u) = p(—u), for any u € R with [ |u|p(u)du <
+o0, and p(u) > 0 for |u| < ¢,, for some constant ¢, > 0.

Note that Assumption 3 implies that v? is zero-mean, for all ¢, and that v and x*
are mutually independent, for all t. For a class of unbounded nonlinearities ¥ that
obey Assumption 6 ahead, we will additionally require the following.

—+oo

ASSUMPTION 4. The gradient noise variance o = [ up(u)du < +oc0.

Assumption 3 requires that the noise vector is i.i.d. across its components i =1, ...,d
which may be restrictive in certain scenarios. For the global MSE analysis, these
assumptions can be relaxed; see ahead the remark after Theorem 3.2 and Appendix C.

Regarding noise pdf p(u), except for strictly positivite values in the vicinity of
zero (a very mild assumption), we require that the noise pdf is symmetric. Examples
of the distributions that satisfy Assumption 3 include, e.g., a Gaussian zero-mean pdf
or a Laplace zero-mean pdf with strictly positive variances, and heavy-tail zero-mean
symmetric a-stable distributions [3]. ® On the other hand, p(u) may not be symmetric
if, e.g., it is a mixture of some standard distributions. For example, consider random
variable v that is sampled from N(—m1,0?) with probability p = s and it is
sampled from N(msy,0?) with probability 1 — p, for some my # ms, my, mo > 0, and
o > 0. Then, clearly, v is zero-mean but does not have a symmetric pdf.

AssuMPTION 5 (Nonlinearity ¥). Function ¥ : R — R is a continuous (except
possibly on a point set with Lebesque measure of zero), monotonically non-decreasing
and odd function, i.e., ¥(—w) = —¥(w), for any w € R. Moreover, ¥ is piece-wise
differentiable. Finally, U is either discontinuous at zero, or WU (u) is strictly increasing
for u € (—cy, cw), for some cy > 0.

In addition, we impose one of the Assumptions 6 or 7 below.
ASSUMPTION 6. |¥(w)| < Cy (14 |w|), for any w € R, for some constant Cy > 0.
ASSUMPTION 7. |¥(w)| < Cs, for some constant Ca > 0.

Assumption 3 and Assumption 5 are imposed throughout the paper. Assumption 4
is imposed when Assumption 6 holds, i.e., for the nonlinearities ¥ that can have un-
bounded outputs. When Assumption 7 is imposed, then Assumption 4 is not required.

Note that, provided that Assumption 7 holds, we require only a finite first moment
of the gradient noise, while the moments of a-order, a > 1, may be infinite, hence
allowing for heavy-tail noise distributions. For example, the gradient noise variance
can be infinite. Assumption 5 holds for several interesting component-wise nonlinear-
ities, like, e.g., the sign gradient, component-wise clipping, and quantization schemes
introduced in Section 2. Note also that Assumption 5 encompasses a broad range of
component-wise nonlinearities, beyond the examples in Section 2. (For example, see
Section 7 for the tanh and a bi-level quantization nonlinearity.)

Let us define function ¢ : R — R, as follows. For a fixed (deterministic) point
w € R, ¢(w) is defined by:

(3.1) dp(w)=E [\Il(w + 1/(1))] = /\Il(w + uw)p(u)du,

3A random variable Z has a symmetric a-stable zero-mean distribution with scale parameter
o > 0 if its characteristic function takes the form: E [exp(iu Z)] = exp(—c®|u|¥), u € R, a € [0, 2].
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NONLINEAR GRADIENT MAPPINGS AND STOCHASTIC OPTIMIZATION 7

where the expectation is taken with respect to the distribution of a single entry of
the gradient noise at any iteration, i.e., with respect to pdf p(u). Intuitively, the
nonlinearity ¢ is a convolution-like transformation of the nonlinearity ¥, where the
convolution is taken with respect to the gradient noise pdf p(u). As we will see
ahead, the nonlinearity ¢ plays an effective role in determinining the performance
of algorithm (2.3). We now state the main results on (2.3) with component-wise
nonlinearities, including the results on a.s. convergence, MSE rate, and asymptiotic
normality. We start with the following Theorem that establishes a.s. convergence.

THEOREM 3.1 (Almost sure convergence: Component-wise nonlinearity). Con-
sider algorithm (2.3) for solving optimization problem (2.1), and let Assumptions
1, 2, 3, 5, and 7 hold. Further, let the positive step-size sequence {ai} be square
summable, non-summable: > oy = +00; > a? < +oo. Then, the sequence of iterates
{x'} generated by algorithm (2.3) converges almost surely to the solution x* of the
optimization problem (2.1). Moreover, the result holds if Assumption 7 is replaced
with Assumption 6, and Assumption 4 is additionally imposed.

Theorem 3.1 establishes a.s. convergence of the nonlinear SGD scheme (2.3)
under a general setting for the component-wise nonlinearities and gradient noise. For
example, provided that the output of the nonlinearity ¥ is bounded, algorithm (2.3)
converges even when the gradient noise may not have a finite a-moment, for any o > 1.
(Hence it may have an infinite variance). In contrast, as shown in Appendix B, the
linear SGD (algorithm (2.3) with ¥ being the identity function) generates a sequence
of solution estimates with infinite variances, provided that the variance of p(u) is
infinite.

JIxt = x"||?

1074

0 10000 20000 30000

Iteration

40000 50000

Fig. 1: Illustration of Theorem 3.1: estimated MSE versus iteration counter for the
nonlinear SGD in (2.3) with component-wise sign nonlinearity (blue line) and the
linear SGD (red line).

Example 3.1. Figure 1 illustrates Theorem 3.1 with a simulation example. We
consider a strongly convex quadratic function f : R? = R, f(x) = x' Ax + b'x,
where A € R¥*? i5 g (symmetric) positive definite matrix, d = 16, and quantities
A b are generated at random. We consider algorithm (2.3) with the component-wise
sign nonlinearity and the linear SGD. The gradient noise has a heavy-tailed pdf given
by:

(32) p) = 35T

1+ fuf)>’
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8 D. JAKOVETIC ET AL.

for u € R and a > 2. Note that the distribution (3.2) does not have a finite o — 1
moment and has finite moments of r-th order for r < o — 1. We set in simulation
a = 2.05. Note that, in this case, the gradient noise has infinite variance. We initialize
both the linear and nonlinear algorithm with x° = 0, and we let step size oy = H%
Figure 1 shows an estimate of MSE, i.e., of the quantity E[||x’ — x*||?], obtained by
averaging results from 100 sample paths. The red line corresponds to the linear SGD,
while the blue line corresponds to the nonlinear SGD with the component-wise sign
nonlinearity. As predicted by Theorem 3.1, the nonlinear SGD drives the MSE to
zero, while the linear SGD does not seem to provide a meaningful solution estimate
sequence.

We next establish the mean square error (MSE) convergence rate of algorithm (2.3).

THEOREM 3.2 (MSE convergence: Component-wise nonlinearity). Consider al-
gorithm (2.3) for solving optimization problem (2.1), and let Assumptions 1, 3, 5
and 7 hold. Further, let the step-size sequence {ay} be ay = a/(t + 1)°, a > 0,
5 € (0.5,1). Then, for the sequence of iterates {x'} generated by algorithm (2.3), it
holds that E [||x* — x*||?] = O(1/t%), or equivalently, E[f(x") — f*] = O(1/t%). Here,

a (1-6) ' (0)u
’ L(aczﬂwxofx*u)) , and

constant & > 0 is such that ¢(a) > ¢ (O) a, for any a € [0,€). Furthermore, let As-
sumptions 1, 3, 5, and 6, and /4 hold, let ap = (t+1 (S 0 € (0.5,1], and assume that

inf, 2o ‘\Plgll)l > 0. Then, there holds that E [||x* — x*||?] = O(1/t°), or equivalently,
E[f(x*) — f*] = O(1/t%). In particular, for 5 = 1, we obtain the O(1/t) MSE rate.

Remark. The MSE convergence O(1/t¢), for some ¢’ € (0,1), continues to hold
under the same set of assumptions as in Theorem 3.2 but with a relaxed version of
Assumption 3, where we no longer require that the gradient noise vector has mutually
independent components. More precisely, we allow for an i.i.d. noise vector sequence
{v!}, vt € RY, that has a symmetric joint pdf p : R? — R, p(u) = p(—u), for any
u € RY, that is strictly positive for |u|| < ug, for some ug > 0. In that case, effectively,
the role of function ¢ in Theorem 3.2 is replaced by functions w — ¢;(w), w € R,
i=1,...,d, where ¢;(w) = [ ¥(w + u)p;(u)du, and p; : R — R is the marginal pdf of
the i- th component assomated with the joint pdf p : R? — R. (See Appendix C.)

For the bounded nonlinearity case (e.g., sign gradient, component-wise clipping,
quantization nonlinearity) and the heavy-tail noise (only the first noise moment
assumed to be finite), the nonlinear SGD (2.3) achieves a global sublinear MSE
rate O(1/t%), ¢ € (0,1). On the other hand, for the finite variance case and an
unbounded nonlinearity, the nonlinear SGD (2.3) achieves a global MSE rate O(1/%)
provided that inf,,g I\p‘fﬁ)l > 0. This is the best achievable rate and equal to that of
the linear SGD in the same setting. Furthermore, by Theorem 3.3 ahead, the non-
linear SGD (2.3) with bounded outputs under the heavy-tail noise achieves locally, in
the weak convergence sense, the faster O(1/t) rate. This is again in the setting where
the linear SGD fails.

Example 3.2. We next illustrate the value ¢ in Theorem 3.2 on the family
of heavy-tailed pdfs given in (3.2). To be speciﬁc consider the sign nonlinearity

¢ < 1 is any positive number such that ( < min (26 -1

U(w) = sign(w ) Then, it is easy to show that: ¢(w) = 2f0 u)du, ¢'(0) = 2p(0),
E>2oVe 1~ &' Using the above calculations, we can see that, for a large a, ¢ can
be approximated as min{20 — 1, EQO‘—I}

We also compare the rate ¢ Wlth the analysis in [37] that is closest to our setting

This manuscript is for review purposes only.
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with respect to existing work. Modulo the differences in the assumptions of the

assumed settings here and in [37], the rate in [37], when adapted to the noise pdf

in Example 3.1, reads as follows: M, where r is any number such that r <

min{a — 1,2}. When compared with ¢, the rate in [37] is clearly better for a above a

threshold. However, as a decreases and approaches the value 2, the rate achieved here
1 pl1=94

stays bounded away from zero and approaches the quantity: min {25 -1, 35 fﬁ} .

In contrast, the rate in in [37] approaches zero as a approaches 2. *

Example 3.3. We continue to assume the noise pdf in (3.2), but here we consider
the component-wise clipping nonlinearity ¥ with saturation value m. For simplicity,
we take m > 1, while similar bounds can be obtained for m < 1 as well. It can be
shown that the rate ¢ can be estimated as (see Appendix E):

: po (L=0)(m -1 - (m+1)"%)
(3.3) mln{25—1, Vi p- }

The above a-dependent estimate can be replaced with a more conservative rate that
—2
holds for any a > 2: min{2§ — 1, LL\/E (175)(7"71)7(;7(”1“) )}. We again compare

the rate achieved by the proposed method with the rate from [37] that equals: @,

r < min{a — 1,2}. We can see that the rate in [37] is better than (3.3) for a above
a threshold. On the other hand, when « decreases to 2, the rate of [37] approaches
zero, while (3.3) becomes better and stays bounded away from zero.

We next establish asymptotic normality of (2.3).

THEOREM 3.3 (Asymptotic normality: Component-wise nonlinearity). Consider
algorithm (2.3) for solving optimization problem (2.1), and let Assumptions 1, 2,
3, 5, and 7 hold. Further, let the step-size sequence {c;} equal: oy = a/(t + 1),
t=0,1,..., with parameter a > m. Then, the sequence of iterates {x'} generated
by algorithm (2.3) is asymptotically normal, and there holds:

(3.4) VEF 1(x! - x*) % N0, S),

where % designates convergence in distribution. The asymptotic covariance S of the
multivariate normal distribution N(0,S) is given by:

S = a2/ eZSpe"Fdv = a’o7, [2a¢' (0)V? f(z*) — I -
v=0

where:
(3.5) So =031, 03 = / [T (v)|*p(v)dv, B = %I —a ¢ (a)V?f(x*).

Moreover, the same result holds when Assumption 7 is replaced with Assumption 6,
and Assumption 4 is additionally imposed.

41t is worth noting that reference [37] establishes certain tightness results on the rate achieved

therein, by providing a “hard” problem example where the mean squared error after ¢ iterations is
2(r—1
Q(1/t

v : ). However, this does not contradict our results due to the different sets of Assumptions
made here and in [37]. Most notably, [37] assumes bounded moments of gradients and allow for
dependence between the current point x* and the gradient noise v*. In fact, the “hard example”
construction in the proof of Theorem 5 in [37] constructs v* as an explicit function of x*.

This manuscript is for review purposes only.
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Theorem 3.3 establishes asymptotic normality of (2.3) and, moreover, it gives an
exact expression for the asymptotic covariance S in (3.3), that basically corresponds
to the constant in the 1/t variance decay near the solution. The asymptotic covariance
value (3.3) reveals an interesting tradeoff with respect to the effect of the nonlinearity
W. We provide some insights into the tradeoff through examples below.

Example 3.4 Figure 2 illustrates Theorem 3.3 for the nonlinear SGD in (2.3)
with component-wise sign nonlinearity and the same simulation setting used for the
numerical illustration of Theorem 3.1 and step-size oy = t%. The red line plots quan-
tity g”xt — x*||? estimated through 100 sample path runs. This quantity estimates
the constant in the 1/t per-entry asymptotic variance decay, i.e., it is a numerical es-

timate of the per-entry asymptotic variance %, where S is given in Theorem 3.3.
The blue horizontal line marks the value %. We can see that the simulation

matches well the theory.

10°

2x107
M N OO Nt N

0 20000 40000 60000 80000 100000
Iteration t

Fig. 2: Tllustration of Theorem 3.3: Monte Carlo estimate of per-entry asymptotic
variance (red line) and the theoretical per-entry asymptotic variance in Theorem 3.3
(blue line).

Example 3.5. We compare the linear SGD and the nonlinear SGD with
component-wise clipping. For illustration and simplification of calculations, we con-
sider the special case when V2 f(x*) is a symmetric matrix with all eigenvalues equal
to one. Then, it is straightforward to show that the per-entry asymptotic variance for
the best choice of parameter a over the admissible set of values equals:

. oy
(3.6) a;% trace (S) = CIONE

Here, for the linear SGD i.e., when ¥(a) = a, we have that 03 = [a?p(a)da equals
the gradient noise (per component) variance o2, and ¢/(0) = 1, and so (3.6) equals o2.
Now, consider the coordinate-wise clipping, with ¥(a) = a for |a| < m and ¥(a) =
sign(a)m, for |a| > m, for some m > 0. Then, we have: o3 = m? —2 [/ (m? —
v?)p(v)dv, and ¢'(0) =2 [ p(v)dv. (See Appendix F for the derivation.) Note that
the case m — oo corresponds to the linear SGD case. Consider now the tradeoff with
respect to the choice of m. Clearly, taking a smaller m has a positive effect on the
numerator in (3.6) (it suppresses the noise effect). On the other hand, reducing m
has a negative effect on the denominator in (3.6); that is, it reduces the value ¢’(0)
— intuitively, it “lowers the quality” of the search direction utilized with (2.3). One
needs to choose the nonlinearity, i.e., the parameter m, optimally, to strike the best

This manuscript is for review purposes only.
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balance here. Clearly, for larger gradient noise o2, we should pick a smaller value
of m. Note also that, when o2 is infinite, the linear SGD has an infinite asymptotic
variance in (3.6), while the nonlinear SGD with any m € (0, c0) has a finite asymptotic
variance.

Example 3.6. We continue to assume the simplified setting when the per-entry
asymptotic variance equals (3.6). We consider the sign gradient nonlinearity and
the class of heavy tail gradient noise distributions in (3.2). It can be shown that
here: 0% = 1; 02 = W for a > 3 and 02 = oo, else; and ¢'(0) = o — 1.
(See Appendix G.) Therefore, for the sign gradient, the best achievable per entry
asymptotic variance equals ﬁ, while for the linear SGD it equals m for
a > 3, and is infinite for « € (2, 3]. Hence, we can see for the considered example that
the sign gradient outperforms the linear SGD for any o > 2, and the gap becomes
larger as « gets smaller.

Example 3.7. We still consider the simplified setting of (3.6). If the noise pdf
p(u) is known, then, following [30], we can find a globally optimal nonlinarity that
minimizes (3.6) that takes the form: ¥U(a) = —d%ln(p(a)). The corresponding optimal

asymptotic variance equals the Fisher information associated with the pdf p(u).

4. Main results: Joint Nonlinearities. We now consider algorithm (2.3) for
a nonlinearity ¥ : R? — R? that cannot be decoupled into (equal) component wise
nonlinearities ¥ : R — R, as it was possible before. More precisely, we make the
following assumptions on the gradient noise v* and the nonlinear map ¥ : R? — R?.
Recall also filtration F; in Section 3.

ASSUMPTION 8. [Gradient noise] For the gradient noise sequence {v'}, we as-
sume the following:
1. The sequence of random vectors {v'} is i.i.d. Moreover, v' has a joint sym-
metric pdf p(u), p : R? = R, d.e., p(u) = p(—u), for any u € R with
I l[ullp(w)du < oo;
2. There e;msts a positive constant By such that, for any X € R, x #0, for any
A € (0,1], there ewists X = MN(A) > 0, such that [, p(u)du > A(A), where

i
Ja={ueR!: 2o [0, 4] u] < Bo).?

Assumption 8 allows for a heavy-tailed noise vector whose components can be
mutually dependent. Condition 2. in Assumption 8 is mild; it says that the joint
pdf p(u) is “non-degenerate” in the sense that, along each “direction” (determined
by arbitrary nonzero vector x), the intersection of the set {”u””x” € [0, A]} and the

ball {||u|| < By} consumes a positive mass of the joint pdf p(u).
We make the following assumption on the joint nonlinearity.

AssumpTiON 9 (Nonlinearity ¥). The nonlinear map W : R? s R? takes the
following form: ¥(w) = wN(||w|), where function N : Ry — Ry satisfies the
following: N is non-increasing and continuous except possibly on a point set with
Lebesque measure of zero with N'(q) > 0, for any q > 0. The function gN(q) is
non-decreasing.

In addition, we assume that either Assumption 10 or Assumption 11 holds.

AsSUMPTION 10. ||[¥(w)| < C%, for any w € R?, for some Ch > 0.

5The integration set J4 also includes the point u = 0. In other words, for compact notation here

T
and throughout the paper, we write HUHHXH € [0, A] instead of 0 < u'x < A||u|||x].
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australian diabetes heart
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107t

' =102
x|[x x
== =
[ 11073
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Fig. 3: Comparison of the optimization algorithms across different datasets

AssumpTION 11. || ¥ (W)| < Ci(1 + ||wl|), for any w € R%, for some C} >0

There are many nonlinearities that satisfy the above Assumptions, including the nor-
malized gradient and the clipped gradient discussed in Section 2. If Assumption 11
holds, then we additionally require the following.

ASSUMPTION 12. There holds: [ |lul/*p(u)du < oco.

For asymptotic normality in the joint nonlinearity case, we additionally impose
the following.

ASSUMPTION 13. Function N : Ry — R is differentiable for any positive argu-
ment, i.e., N'(a) exists for any a > 0. Furthermore, sup,~o N (a) < +oc.

We first state Theorem 4.1 and Theorem 4.2 on the a.s. convergence and the MSE
rate of algorithm (2.3), respectively; we then illustrate the results with examples.

THEOREM 4.1 (A.s. convergence: Joint nonlinearity). Consider algorithm (2.3)
for solving optimization problem (2.1), and let Assumptions 1, 2, 8, 9, and 10 hold.
Further, let the step-size sequence {ay} be square-summable, non-summable. .Then,
for the sequence of iterates {x'} generated by algorithm (2.3), it holds that x' —
x*, a.s. Moreover, the result continues to hold if Assumption 10 is replaced with

Assumption 11, and Assumption 12 is additionally imposed.
We now state our MSE rate result for the joint nonlinearity case.

THEOREM 4.2 (MSE convergence rate: Joint nonlinearity). Consider algorithm
(2.3) for solving optimization problem (2.1), and let Assumptions 1, 8, 9, and 10 hold.
Further, let the step-size sequence {a:} be ax = a/(t+1), a >0, 6 € (0.5,1). Then,
E [[|x! —x*||?] = O(1/t%), or equivalently, E[f(x") — f*] = O(1/t%). Here, ¢ € (0,1)

dap(1—r)AK)(1=38)N(1)
L (aCo+xClI+]%*)+Bo
an arbitrary constant in (0,1), and we recall quantities By and A(k) in Assumption 8;
w and L in Assumption 1; and Ch in Assumption 9. In alternative, let Assumptions 1,

8,9, 11, and 12 hold. Let oy = ﬁ, 0 € (0.5,1], and assume that infy2o ”‘Iﬁ‘(’v“"l)” >
0. Then, E [[|x! —x*[|?] = O(1/t%), or equivalently, E[f(x') — f*] = O(1/t°). In
particular, for § =1 and a sufficiently large parameter a, we obtain the O(1/t) MSE
rate.

is any positive number smaller than: min {2(5 -1 } , where K is

Example 4.1. We illustrate the rate ¢ in Theorem 4.2 for the gradient clipping
nonlinearity with floor level M > 0. We consider an arbitrary joint pdf p : R? — R
that has “radial symmetry”, i.e., p(u) = ¢(||u|]), where ¢ : Ry — R, is a given
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function. For example, we let:

(a—=2)(a—1) 1
2 (14 p)>’ P

(4.1) p() = q(|[al)), 9(p) = >0, a>3.

It can be shown that p(u) in (4.1) has finite moments of order r, r < a — 2, and it
has infinite moments for r > o — 2. It holds that (see Appendix H for derivations)
the rate ¢ can be estimated as: min {25 -1, (1- 5)@}. Hence, up to universal
constants, the rate ( is approximated as min{25 -1, (1- 6)%} It is easy to see
that the same rate estimate can be obtained for the normalized gradient nonlinearity,
under the same gradient noise setting.

We compare the rate estimate here with the rate for component-wise nonlinearities
(e.g., component-wise clipping in Example 3.3) that is, up to universal constants,

of order min {25 -1, (1- 6)%.}. We can see that, with the joint nonlinearity

examples here, the rate is improved with respect to the component-wise nonlinearities
by a factor v/d. In other words, the rate estimate for the joint nonlinearities does
not deteriorate with the dimension d increase. This may be intuitively explained
by considering the sign component-wise nonlinearity and the normalized gradient.
These two functions coincide for d = 1 (and this is reflected by the identical rate
estimates we obtain here), but they become different for d > 1 (as also reflected by
our obtained rate estimates). Intuitively, in the noiseless case, the normalized gradient
preserves “more information” about the exact gradient (“true search direction”) than
the component-wise sign function; hence, the difference in the estimated rates.

We now examine asymptotic normality for the joint nonlinearities case. We have
the following theorem.

THEOREM 4.3 (Asymptotic normality: Joint nonlinearity). Consider algorithm
(2.3) for solving optimization problem (2.1), and let Assumptions 1, 2, 8, 9, 10,
and 13 hold. Further, let the step-size sequence {ay} equal oy = a/(t + 1), a >

0. Then: Vt+1(xt — x*) 4 N(0,8). The asymptotic covariance S is given by

S = a® [T e’ TSpe" Edv, where Sy = [uuT (N (|[u]]))® p(u)du; = = Itrem: B =
—([N(JJu])p(u)du +fu7£0 % "(Ila])p(w)du) V2 f(x*), and constant a > 0 in the

step-size sequence is taken large enough such that matrix 3 is stable. Moreover, the
result continues to hold if Assumption 10 is replaced with Assumption 11, and As-
sumption 12 is additionally imposed.

Theorem 4.3 shows that asymptotic normality continues to hold for the joint nonlin-
earity case as well, provided that N(a) is differentiable for any a > 0 and that A is
uniformly bounded from above.

5. Intermediate results and proofs: Component-wise nonlinearities.
This section provides proofs of Theorem 3.1, Theorem 3.2, and Theorem 3.3, ac-
companied with the required intermediate results. Subsection 5.1 presents some use-
ful intermediate results on stochastic approximation and deterministic time-varying
sequences; Subsection 5.2 deals with the asymptotic analysis (Theorem 3.1 and The-
orem 3.3); and Subsection 5.3 considers MSE analysis (Theorem 3.2).

5.1. Stochastic approximation and time-varying sequences. We present
a useful result on single time scale stochastic approximation; see [26], Theorems 4.4.4
and 6.6.1.

This manuscript is for review purposes only.
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THEOREM 5.1. Let {xt € Rd} be a random sequence that satisfies:
(5.1) xT =x"+ o [r(x") +v (t+ 1,x"w)],

where, v(-) : R — R? is Borel measurable and {y(t,%,w)},5¢ xepa i5 a family
of random vectors in R?, defined on a probability space (Q,F,P), and w € Q is a
canonical element. Let the following sets of assumptions hold:

(B1): The function v(t,-,-) : R? x Q — R? is BY® F measurable for every t; BY is
the Borel algebra of RY.

(B2): There exists a filtration {Fi},~, of F, such that, for each t, the family of ran-
dom vectors {v (t,X,w) },cpa is Fi measurable, zero-mean and independent of F;_1.
(B3): There exists a twice continuously differentiable function V (x) with bounded
second order partial derivatives and a point x* € R? satisfying: V (x*) =0, V (x) > 0,
X # X", limjg oo V (X) = 00, SUD < |+ || < 1 (r(x),VV (x)) <0, forany e > 0.
(B4): There exist constants k1,ks > 0, such that,

I GOIP +E [y (4 1,%,@)1°] < ki (14 V (x)) =
— ko(r (x),VV (x)).

(B5): The weight sequence {au} satisfies ar >0, 3,5 = 00, 50 af < 00,
(C1): The function r (x) admits the representation

(5.2) r(x)=B(x—-x")+46(x),

[EXESTI,,

(C2): The stepH—size lLequence, {ay} is of the form, a; =
a > 0 s a constant.

(C38): Let1 be the d x d identity matriz and a, B as in C2 and C1, respectively. Then,
the matriz X = aB + %I is stable.

(C4): The entries of the matrices, for anyt > 0,x € R?, A (t,x) = E[~v (t + 1,x,w)
~T (t+1,%,w)] are finite, and the following limit exists: im; o x—x+ A (t,%) = So.
(C5): There exists € > 0, such that

where limy_xx

1, Jorany t > 0, where

(5.3) lim  sup sup/ v (t+ 1,x,w)||> dP = 0.
R0 x| <e t20 J|ly(t+1x.0) [ >R

Then we have the following:

Let Assumptions (B1)-(B5) hold for {x'} in (5.1). Then, starting from an
arbitrary initial state, the process {x'} converges a.s. to x*.

The normalized process, {\/f(xt — x*)}, is asymptotically normal if, besides As-
sumptions (B1)-(B5), Assumptions (C1)-(C5) are also satisfied. In particular, as
t — oo, we have: v/t (xt —x*) 4 N(0,S8). Also, the asymptotic covariance S of the

multivariate Gaussian distribution N(0,8) is S = a® [~ e”® Sye" =T o,
Proof. For a proof see [26] (c.f. Theorems 4.4.4, 6.6.1). 0

We also make use of the following Theorem, proved in Appendix A; see also
Lemmas 4 and 5 in [21].

THEOREM 5.2. Let 2t be a nonnegative (deterministic) sequence satisfying:

A< (1 —7ri) 2" + 7k,
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t

forallt > ', for somet' > 0, with some 2t > 0. Here, {rt} and {rL} are deterministic

sequences with (tfﬁ <rt <1 andri < (tfﬁ, with at,as > 0, and d3 > 6; > 0.
Then, the following holds: (1) If 61 < 1, then 2" = O(35=5); (2) If 61 = 1, then
2t = O(m%l) provided that a1 > 62 — 61; (8) if 61 = 1 and a3 < 62 — 1, then

2t =0(%), for any ¢ < ay.

5.2. Asymptotic analysis: Proofs of Theorem 3.1 and Theorem 3.3. The
next Lemma, due to [30], establishes structural properties of function ¢ in (3.1). The
Lemma says that essentially, the convolution-like transofrmation of the nonlinearity
preserves the structural properties of the nonlinearity. For a proof of the Lemma, see
Appendix D.

LEMMA 5.3. [30] Consider function ¢ in (3.1), where function ¥ : R — R
satisfies Assumption 5, and noise pdf p : R — R, satisfies Assumption 3. Then, the
following holds.

1. ¢ is odd;

2. If in addition Assumption 7 holds, then |p(a)| < Ka, for any a € R, for some
constant Ko > 0;

3. If in addition Assumption 6 holds, then |¢p(a)| < K1(1 + |a|), for any a € R,
for some constant K1 > 0;

4. ¢(a) is monotonically nondecreasing;

5. If in addition either Assumption 6 or Assumption 7 holds, then ¢ is differ-
entiable at zero, with a strictly positive derivative at zero, equal to:

S S Vit1
(54) ¢0) =3 (Wi +0) — Wi —0) p() + 3 / W ()p(v)dv,
i=1 i=0 Vi
where v;,1 =1, ..., s are points of discontinuity of ¥ such that vy = —oo and

Vg1 = +00.

Remark. In view of (5.4), we highlight the need that p(u) is strictly positive in
the vicinity of zero and that WU is either discontinuous at zero or strictly increasing
in the vicinity of zero, in order for ¢'(0) to be strictly positive. (see Assumptions 3
and 5.) Consider the following counterexample: ¥(u) = sign(u), where p corresponds
to the uniform distribution on the set (—ug, —u1) U (u1,ug), for 0 < u; < ug. Note
that p is zero in the vicinity of zero. Then, by (5.4), ¢'(0) = 0.

We proceed by setting up the proof of Theorem 3.1. The proof relies on conver-
gence analysis of single-time scale stochastic approximation methods from [26]; more
precisely, we utilize Theorem 5.1 in the Appendix; see also [20].

We first put algorithm (2.3) in the format that complies with Theorem 5.1.
Namely, algorithm (2.3) can be written as:

(5.5) xTh =x' + ap [r(x") +y(t+ 1,x",w)] .
Here, w denotes an element of the underlying probability space, and
(5.6) r(x) = —¢(V/f(x)),

where, abusing notation, ¢ : R? — R? equals (¢(a1, ..., aq)) = (¢(ar), ..., d(aq)) "
That is, we have that:
(5.7)

r(x) = = (@([VF@)), - o(VF@)]a) "5 Y+, %,0) = ¢V F(x) =¥ (Vf(x)+11).

This manuscript is for review purposes only.
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We provide an intuition behind the algorithmic format (5.5). Quantity r(x) is a
deterministic, “useful”, progress direction with respect to the evolution of x*; quantity
~(t + 1, z,w) is the stochastic component that plays a role of a noise in the system.

We adopt the following Lyapunov function: V(x) = f(z) — f*, V : R? — R,
where f* =inf,cpe f(z) = f(2x*). By Assumptions 1 and 2, V is twice continuously
differentiable and has uniformly bounded second order partial derivatives, as required
by Theorem 5.1. We are ready to prove Theorem 3.1.

Proof (Proof of Theorem 3.1). We now verify conditions B1-B5 from Theorem 5.1.
Recall from Section 3 F;, the o-algebra generated with random vectors v*, s =0, ..., t.
Then, the family of random vectors {7 (t + 1,X,w)}, cga is Fs-measurable, zero-mean
and independent of F;_1. Also, clearly, function (¢ + 1, -, -) is measurable, for all ¢.
Thus, conditions Bi and B2 hold.

For B3, we need to prove that sup,.|x_x+|e(,2) (r(x), VV(x)) <0, for any € > 0,
where VV (x) = Vf(x). Let us fix an ¢ > 0. Then, we have, for any x € R%:

(r(x), VV(x)) = —¢(Vf(x)) T (Vf(x))

d
== VIV == D 16V @)V @),
j=1

=1

where the last equality holds because ¢ is an odd function. Consider arbitrary x such
that ||x — x*|| > e. As [|[VFf(x)||* > p?||x — x*||? (due to strong convexity of f), we
have ||V f(x)|| > pe, where we recall that u is the strong convexity constant of f.
Therefore, there exists an index i € {1,...,d} such that |[V f(x)];] > Jue =: €. Next,
because ¢'(0) > 0, and ¢ is continuous at 0 and is non-decreasing (by Lemma 5.3),
we have that |¢(b)| > 0 for some § = d(e) > 0, for all b € [¢,1/€]. Finally, we
have that: (r(x),VV(x)) < —€¢§(e), for any x such that [x — x*|| € [¢, 2], and
therefore Supyjx—x+|e(e, 1) (T(2), VV (X)) < SUDyjjx—xer|jefe, 1) (r(2), VV (%)) < —d(e) €
< 0, hence verifying condition B3.

We next verify condition B4. Consider quantity r(x) in (5.6). By Lemma 5.3
and the fact that f has Lipschitz gradient and is strongly convex (Assumption 1), it
follows that: |r(x)||?< C.1 + C,2V(x), for some positive constants C,; and C; 2.
Also, since [|[y(x,t + 1,w)||?< 2[|o(V£(x)||> + 2[[¥(V f(x) + v')|?, and it holds that
either 1) ¥ is bounded or 2) |¥(a)| < C3 (1 + |a]) and v} has a finite variance, we
have: E [[|y(x,t + 1,w)||?] < C3+4 C4V(x), for some positive constants Cs, Cy. Now,
we finally have:

leG)I* +E [yt + 1L,w)[*] < C5 + Cs V(x),

for some positive constants Cs, Cg, and hence condition B4 holds for a constant k; > 0
and ko = 0.° Condition B5 holds by the choice of the step size sequence {a;} in
the Theorem statement. Summarizing, all conditions B1-B5 hold true, and hence
x! — x*, almost surely. [

We continue by proving Theorem 3.3.

Proof (Proof of Theorem 3.3). We prove the Theorem by verifying conditions
C1-C5 in Theorem 5.1. To verify condition C1, consider r(x) in (5.6) and note that,

6Note that the term —(r(x), VV(x)) in condition B4 of Theorem 5.1 equals {¢(x), V f(x)). This

quantity is nonnegative, for any x € R?, and so ko can be taken to be any positive number. In other
words, setting k2 = 0 in B4 corresponds to a tighter inequality than the corresponding inequality for
any kg > 0.
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using the mean value theorem, it can be expressed as follows:

r(x) = —¢(Vf(x) = Vf(x"))

(5.8) = [ / Ve x| (x — x)

H
= —¢ (H(x —x")) = =¢/(0)VZf(x*)(x — x*) + d(x),

where limy_ H‘fﬁ‘";)*‘lu = 0. Hence, in the notation of Theorem 5.1, we have that B =

—¢'(0)V2f(x*). Therefore, C1 holds. Also, C2 holds, by assumptions of Theorem 3.3.
Now, we consider C3, which requires that the matrix ¥ = aB + %I is stable (all

its eigenvalues have negative real parts), where B = —¢'(0)V2f(x*). Note that
¥ = 31—-a¢/(0)V?f(x*). Clearly, = is stable for large enough a, because the matrix

¢’ (0)V2f(x*) is positive definite. More precisely, ¥ is stable for a > 1/(2u¢’(0)).
Therefore, condition C3 holds, provided that a > 1/(2u¢’(0)). We next consider
condition C4. In the notation of Theorem 5.1, consider the following quantity:

Alt,x) =E [yt + 1, x,w)y(t+1,x,w)"]

= E[(#(VF(x)) = W(V(x) + 1)) (6(VF(0) = U(VF(x) + 1)) ]
(5:9)  =E[(6(V/(x) = W(VF(x) + 1) (@(V(x) = W(TS(x)+ 1)) ]
(5.10) =E[v(1,x,w)v(l,x,w)'].

Consider the set Q* of all outcomes w €  such that ¥ is continuous at 1% (w). Clearly,
the set * has the probability one. For every w € Q*, we have Y (w) = limy_,00 x—x*
~v(1,x,w)y(1,x,w) T = T@°)¥ () T. Note that, for any € > 0, the random family
lv(1,%x,w)y(1,%x,w) T ||, |[x — x*|| < € is dominated by an integrable random variable.
(See ahead (5.12)—(5.13).) Therefore, by the dominated convergence theorem, and
the fact that the entries of v° are mutually independent with pdf p(u), we have that:

(5.11) t—>o£i£[cl—>x* Alt,x) =S =E[T@°) - ¥@°) '] =0} 1,
where 0% = [ |¥(a)|?p(a)da. Therefore, condition C4 holds. We finally verify condi-
tion C5. We follow the arguments analogous to those in Theorem 10 in [20]. Condi-
tion C5 means uniform integrability of the family {[|v(t 4 1,%,w)||*}i=o.1,.... |x—x || <e-

We have: [|[v(t+1,x,w)|? < 2/|o(VF(x))]|*+ 2||v(Vf(x)+ v)||?. First, consider the
case when Assumptions 6 and 4 hold. Then:

Iy (t +1,x,w)[[* < C7 + Csllx — x*||* + Co v
(5.12) < Cr + Cg € + Colp'|?,

for some positive constants C7, Cg, Cy. Consider next the family

{At+1,x,0) Hmo1,.. x—x* | <e» With ¥(t+1,x,w) = C74+Cy €2+ Cyl|vt||?. The family
{A(t + 1,x,w0) }4—o0,1,... |x—x* | <e 18 i.i.d. and hence it is uniformly integrable. The
family {|[v(t + 1,x,w)|[*}1=0,1,... ||x—x*||<¢ is dominated by

{A(t +1,%,w)}—0,1,... | x—x* | <e that is uniformly integrable, and hence

{Ilv(t + 1,%,w)[[*}1=0,1,....|x—x* | <e 1S also uniformly integrable. Hence, C5 holds.
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18 D. JAKOVETIC ET AL.

Now, let Assumption 7 hold. Then:
(5.13) v (t+ 1,%,w)[[* < Cro + Cullx = x*||* < Cig + Cra €.

Consider the family {F(t+1,%,w)}—o.1, . [x—x* | <e» With ¥(t+1,%,w) = C1o+ Ciy €.
The family {F(t +1,%,w)}4—0,1,...,|x—x*|<c is uniformly integrable, and condition C5
is verified analogously to the previous case. Summarizing, we have established that
all conditions C1-C5 of Theorem 5.1 hold true, thus the proof of Theorem 3.3 [J.

5.3. MSE analysis: Proof of Theorem 3.2. We start with the following
Lemma that upper boounds ||V f(x")].

LEMMA 5.4. Let Assumptions 1, 3, 5, and 7 hold. Further, let the step-size se-
quence {a;} be ay = a/(t+1)°, a > 0, § € (0.5,1). Then, for each t = 1,2,..., we
have, a.s.:

1-6

(5.14) IVF(xH| < Gy =L <a02\/&1t_5 +||X0—x*||).

Proof. Consider (2.3). Because the output of each component nonlinearity ¥ is
bounded in the absolute value by Co (Assumption 7), we have, for each t > 1:

t—1

1
t * 0 *
I = < 1 =+ Vs 3 s
tl*(s
(5.15) < |Ix* —x*|| + a Co Vd (1_5>.

Next, because Vf is L-Lipschitz, we have: |V f(x')|| < L|x* — x*||. Applying this
inequality to (5.15), the result follows. O
We will also make use of the following Lemma.

LEMMA 5.5. There exists a positive constant £ such that, for anyt = 1,2, ..., there
holds, almost surely, for each j = 1,...,d, that: |¢([Vf(x")];)| > [[Vf(x")];] %(72;15’
where Gy is defined in (5.14).

Proof. Consider function ¢ in (3.1). By Lemma 5.3, we have that ¢'(0) > 0
and ¢ is continuous at zero.” Because ¢ is differentiable at zero, using first order
Taylor series, there holds: ¢(u) = ¢(0) + ¢'(0)u +h(u)u = ¢'(0)u +h(u)u, u € R,
where h : R — R is a function such that lim,_,q h(u) = 0. Due to the latter property
of h, there exists a positive number £ such that |h(u)| < @, for all u € [0,¢).
Using the latter bound, we obtain that ¢(u) > $¢'(0)u, u € [0,£). Now, because ¢ is

non-decreasing (by Lemma 5.3), it holds for any a’ > £ that ¢(a) > ¢’(2073/5a7 for any

a € [0,a’). Consider now V f(x"). By Lemma 5.4, we have that ||[Vf(x")]| < Gy, ass.,
and so, for any j = 1,...,d, |[Vf(x")];| < G;. Therefore, setting ' = Gy, the Lemma
follows. [J

We are now ready to prove Theorem 3.2.

Proof (Proof of Theorem 3.2). Consider algorithm (2.3) under Assumptions 1, 3,
5, and 7. By the Lipschitz property of V f, we have, for any x,y € R?, that:

F9) < 700+ V60T (v %) + ol — v,

7As ¢ is an odd function, for simplicity, in the proof we consider only nonnegative arguments of

¢, while analogous analysis applies for negative arguments of ¢.
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and so, almost surely:

FOSTY < F) + (VD) (—a W(VF(x) +v))

(5.16)
Q|| (V f(x) + )%

L
PR
Next, letting nt = U(V f(x*)+

outputs, we obtain:
FEH) < Fx) + (V) (—aed(VF(x1)

+ 50 240205 — ap (VF(xH)Tn', as.

v —p(V f(x!)), and using the fact that ¥ has bounded

(5.17)

h

Recall filtration F;. Taking conditional expectation, and using that E[n’ | F;] = 0, we
get that, almost surely:

(618) B |F] < J0) - an (V)T SVS) + g odd® G,

Next, using Lemma 5.5, and the fact that oy = a/(t + 1)°, we obtain that. a.s.:

/ L a2 d2 02
5.19 E[f(x"t) | F] < f(a') — ——— || V|2 + 22222
(5.19) [FT) IR < f(ah) (t+1)” SE NI
where ¢ = a(1-0)¢¢(0) Next, by strong convexity of f, we have that

2L (aCa Vd+||x°—x*[)’
IVf(xt) — Vf(x9)]? > 2u(f(x') — f*). Using the latter inequality, subtracting
f* from both sides of the inequality, taking expectation, and applying Theorem 5.2,
claims (2) and (3), we obtain the desired MSE rate result.
We next consider the case when Assumption 7 is replaced with Assumption 6 and
Assumption 4 is additionally imposed. Following analogous arguments as in the first
part of the proof, it can be shown that, a.s.:

E[f(x*)[F] < fF(x') — s p(VF(x")) "V f(x")

L
+ gaf (Cy3 + Cr4E] 2 | F2])

(5.20)

for some positive constants C'3,C14. Next, because inf,o % > 0, we have that

H(VF(xH))TVL(xt) > Ci5||Vf(x')|?, for some constant Ci5 > 0. Using the latter
bound in (5.20), subtracting f* from both sides of the inequality, taking expectation,
and applying Theorem 5.2, claim (1) and (2), the result follows. O

6. Intermediate results and proofs: Joint nonlinearities. Subsection 6.1
provides the required intermediate results, while Subsection 6.2 proves Theorem 4.1.

6.1. Intermediate results: Joint nonlinearities. Recall function N : Ry —
R4 in Assumption 9. We first state and prove the following Lemma on the properties
of function N.

LEMMA 6.1. Under Assumption 9, for any x,u € R?, such that |Ju|| > ||x||, there
holds:

NV (I + ull) = N(llx —ul] <

(6.1) ”iu”W(||x+u||)+N(IIX*UII)}~
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Proof. Fix a pair x,u € R%, such that |lu|| > ||x||, and assume without loss of
generality that A (||x +ul||) > N (||x — ul|). Then, (6.1) is equivalent to:

(6.2) (hall = [x[DA(lIx +ull) < (hall + DN ([lx = al).

Denote by p = ||u||. Notice that: p — [|x]| < |[|x 4+ u|| < ||x|| + ||u]] = ||x]| + p, and
similarly, p + ||x]| > |lx —u|| > p — ||x]|. As N is non-increasing, it follows that:
N+ ul)) < Mp— [x]), and A(lx — ull) > N(p+ x]). Now, we have:

(6.3) (rall = %D (Ix +ull) < (p = =[N (o = [Ix]),
and similarly:
(6.4) (hall + [N (= = al)) = (o + (%[N (p + [Ix]])-

By assumption, function a — aN(a), a > 0, is non-decreasing, and so (p— ||x||)N (p—
Ix]) < (p+ [|x)N(]|x]| + p). Thus, combining (6.3) and (6.4), we have that (6.2)
holds, which is in turn equivalent to the claim of the Lemma. ]

We now define map ¢ : R% — R?, as follows. For a fixed (deterministic) point
w € R?, we let:

(6.5) $(w) = / T (w + w)p(u)du = E[¥(w + 9],

where the expectation is taken with respect to the joint pdf of the gradient noise at
any iteration ¢, e.g., t = 0. The map ¢ : R? — R? is, abusing notation, a counterpart
of the component-wise map ¢ : R — R in (3.1). We have the following Lemma.

LEMMA 6.2. Under Assumptions 8 and 9, the following holds:

(6.6) P(x) x> 2(1 - r)|x|” / N (I + [[al)p(u)du,
T ()

where J(x) = {u: |‘S|ﬁ|’;‘| € [0,k]}, and k is any constant in the interval (0,1).

Proof. Let us fix arbitrary x € R% x # 0. As ¥(a) = aN(||al|), we have:

(6.7)

060Tx= [ o w T (e + ul)p(wan

=M(x,u)

M(x,u)p(u)du + / M(x,u)p(u)du.

Jo(x)={u:uTx<0}

6.8) = /
Ji(x)={u:uTx>0}

Note also that there holds: M(x,u) = (||x]|*> +u'x)N(||x +ul|); and M(x, —u) =
(Jx]|> —u™ x)N(|[x — ul|). Therefore, using the fact that p(u) = p(—u), for all
u € R4, we obtain: ¢(x) x = le(x)Mg(x, u) p(u)du, where Ms(x,u) = [(||x|* +
u " x)N([|x +ul)) + (|x]|? = uTx)N(||x — ul|)]. There holds:

Ma(x,0) =[xV (|x + ul]) + N ([x — uf)]-

(6.9) — AV x + ) = A = wl)
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Since u € Jy(x), there holds ||x + ul| > ||x — u]|. Now, using Lemma 6.1, we have:

Ma(x,0) =[xV (l|x +ul)) + N ([x - ul)]-
(6.10) [l _
(P[]l TN (Il 4+ ull) + N ([lx = ul])| = 0.

[[ul]
Therefore, we have: Ms(x,u) > 0, for any u € Ji(x), ||[u|| > ||x||. Now, consider
Jx)={ueR:u'x>0 AR S [0,%]}, where xk € (0,1). Let us consider

BRIEY]

u € J(x) such that ||ul| > ||x||. Then, using Lemma 6.1, we get:
Ma(x,u) > [x[*V(lx +ul)) + N (]|x — ul)]
(6.11) — [[ulllix[lx A (lx +ul) = N (]x = ul)]
> (1= ) |x[PW(lx +ul]) + N ([ — ul])).
Now, consider u € J(x) such that ||u|| < ||x||. Then, there holds:
Ma(x, 1) > [|x]PV (lx + ul]) + N ([ — u])]-
[l [lx]l<[ N (lIx +ul]) + N (][x — ul])]
—
<|Ix|l >0 >0
> (1= ) |x[PW(lx +ul]) + N ([ — ul)).

where the last inequality holds due to the fact that |a —b| < |a| + |b], for any a,b € R.
Now, we have:
Ma(x, 1) > (1= m) [PV (|x +ul) + N (lx — ul]))
(6.13) >N (2l +lell) =N+ ul)
> 2(1 = #)|[x[PN (| + [ul]), forany u € 7 (x).

(6.12)

From (6.13), we finally get:
p(x) x> / 2(1 = m)|xIPN (x| + [[u])p(u)du
J (%)

= 2(1 - w)||x|? /N(IIXII+IIUII)p(U)dU-
T (x)

(6.14)

LEMMA 6.3. Let Assumptions 1, 8, and Assumption 9 with condition 3. hold (the
nonlinearity with bounded outputs case). Then, for each t = 1,2, ..., we have:

£1-6
(6.15) IV < Gpi= L(aCy 17— + X" =x])).
Proof. The proof is analogous to the proof of Lemma 5.4. a0

6.2. Proofs of Theorems 4.1, 4.2, and 4.3: Joint nonlinearities. We are
now ready to prove the results for the joint nonlinearities case.

Proof (Proof of Theorem 4.1) We carry out the proof again by verifying con-
ditions B1-B5 in Theorem 5.1. Algorithm (2.3) admits again the representation in
Theorem 5.1 with

(6.16)  r(x) =—-o(V/f(x)), 7(t+1,x,w) = ¢(Vf(x)) — T(Vf(x)+ ).

This manuscript is for review purposes only.



804
805
806
807
808
809
810
811
812

815
816
817
818
819
820
821

822

823

824

825

826

827

828

829

830

831

832
833

834

835

22 D. JAKOVETIC ET AL.

Conditions B1 and B2 hold analogously to the proof of Theorem 3.1. Condition
B3 follows from Lemma 6.2. Condition B4 holds analogously to the proof of Theo-
rem 3.1. Finally, condition B5 follows from the definition of the step-size sequence in
Theorem 4.1. Thus, the result. O We next prove Theorem 4.3. Proof (Proof of Theo-
rem 4.3) We carry out the proof again by verifying conditions C1-C5 in Equation (8.2).
The conditions C2-C5 are verified analogously as in the proof of Theorem 3.3. For
condition C1, first fix an arbitrary u # 0, and consider points x in the vicinity of x*.
Then, using the differentiability of A'(a) for a # 0 and the differentiability of V f, it
can be shown that:

@ (u+ Vf(x) = uN([[u]) + N(ul) V(") (x - x*)

uuT
+ N (Jull) 5 V2 (") (x = x7) + o(f[x — x*[)).

[[uli

We next integrate the above equality with respect to the joint pdf p(u). For the first
term above, note that [N (||ul)up(u)du = 0, because p(u) = p(—u), for all u. The
second term is integrable as sup,-o N (a) < co (Assumption 13). The third term is
integrable as function a — aMN(a) is by assumptions non-decreasing; then, by taking
its derivative, it follows that |N’(a)| < N(a)/a, a > 0, and so ||[uu" N(|[u|)||/|u]
< N(JJul]). Now, using the definition of r(x), it follows that r(x) admits the repre-
sentation (5.2), with:

B ([ ot [N ulhptuin) 250,

The conditions C1-C5 hold; thus, the result. [

We are now ready to prove Theorem 4.2.

Proof (Proof of Theorem 4.2) We first consider the case when Assumptions 1, 8,
9, and 10 hold. Analogously to the proof of 3.2, it can be shown that, a.s.:

(6.17) E[f(x") | F] < f(x') = p(Vf(x")) TV f(x") +af Chr,

for some positive constant C17. By Lemma 6.2, there holds, for a := V f(x!), a.s.:

.
(6.18) (o(a)) a>2(1—r)|al? /j/\/(llall + [[ul))p(u)du,
where we recall 7 = {u: WTH‘;” € [0,k]}, and x € (0,1) is a constant. Note that, as

a — aN(a) is non-decreasing, N satisfies: N'(b) > min (%,N(l)) forany b > 0.
Consider constant By in condition 2. of Assumption 8. Then, for all u such that

|lu|| < By, there holds N(||al| + ||ul|) > min {”;\‘{%,N(l)}. We now have, a.s.:

(6.19) IIVf(Xt)IIQ/7N(|Vf(xt)||+llu|)p(u)du

min { S AT f

(6.20) > V16 | min{ g

Ja
N(1)

©2) IV 5 [ s
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Here, J; = {u € R : ”‘;1"7”%7]}(&2))“ € [0,x], |lu|l < Bo}. In (6.20), we used the fact that
N (a) is non-negative for any a > 0, and in (6.21), we used Lemma 6.3.

Therefore, we have that, almost surely, for sufficiently large ¢:

V£

HVf(Xt)IIZ/JN(HVf(Xt)II+IIUH)p(u)du2018 G+ B

for some positive constant C'g.
Combining the last bound with Lemmas 6.2 and 6.3, in view of condition 2. in
Assumption 8, we obtain that, for sufficiently large ¢, a.s.:

Xt 2
(6:22) (@77 TV 0 = oo LT,

where the positive constant Chg can be taken as C19 = 2(1 — k)A\(k)N(1). Applying
the bound (6.22) to (6.17) we obtain an equivalent to (5.19). Therein, ¢’ in (5.19) is
4a(1-r)A(K)(1=8)N (1)

L (aCy+[x°—x*])+Bo)
We now proceed analogously to the proof of Theorem 3.2, by applying claims (2) and
(3) of Theorem 5.2. The desired MSE result now follows, with the rate ¢ being any

positive number less than

replaced with a positive constant ¢’ that can be taken as ¢’ =

(6.23) min {25 g, dap (1 = &)A(x)(1 = )N (1) } .

L(aCy+[X° + [[x*]) + Bo

We now consider the case when Assumptions 1, 8, 9, 11, and 12 hold. We have,
by assumption, that infxg H‘Iﬁ)(:ﬂ)u > 0. This is equivalent to saying that N is lower-
bounded by a positive constant, i.e., N(a) > Cq, for each a, for some constant

Cyo > 0. Then, it follows that, a.s.:

(6.24) (@(Vf(x) V) = Con VI,

for some positive constant Cy;. The proof then proceeds analogously to the proof of
Theorem 3.2 by applying the appropriate variant of Theorem 5.2. [

7. Experiments. In order to benchmark the proposed nonlinear SGD frame-
work, we consider Heart, Diabetes and Australian datasets from the LibSVM li-
brary [9]. We consider the logistic regression loss function for binary classification,
see, e.g., [15], where function f in (2.1) is the empirical loss, i.e., the sum of the logistic
losses across all data points in a given dataset.

As it has been studied in [15] (see Figure 2 in [15]), we have, near the solution x*,
the following behavior with respect to gradient noise. (See also [15] for details how
the gradient noise is evaluated in Figure 2 therein.) With the HEART dataset, tails of
stochastic gradients are not heavy. On the other hand, for DIABETES and AUSTRALIAN
datasets, the gradient noise has outliers and exhibits a heavy-tail behavior.

We consider three different nonlinearities to demonstrate the effectiveness of our
nonlinear framework, namely, tanh (hyperbolic tangent), sign and a bi-level cus-
tomization of sign with ¥U(x) = —1, —0.5,0.5,1, for z € (—o0,—0.5],(-0.5,0],
(0,0.5], (0.5, 0], respectively (nonlinear-quantizer in figures). Note that the tanh
function may be considered a smooth approximation of sign. We benchmark the
above methods against the linear SGD, clipped-SGD and SSTM along with a clipped
version of SSTM from [15]. For each of the methods, we use batch sizes of 50, 100
and 20 for the Australian, Diabetes and Heart datasets, respectively. We also
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consider clipped-SGD with periodically decreasing clipping level (d-clipped-SGD in
Figures) as a baseline as introduced in [15]. This method starts with some initial clip-
ping level and after every [ epochs the clipping level is multiplied by some constant
¢ € (0,1). The step sizes a; (learning rates) for each method from our framework
were tuned after an experimentation. The learning rates for the baselines, i.e., SGD,
clipped-SGD, SSTM and clipped-SSTM are also tuned and are selected to be as in
[15]. In more detail, the learning rates for the proposed methods are of the form
a/(b(t+ 1)+ L), where we recall that ¢ is the iteration counter, L is the smoothness
constant of Vf, and parameters a,b are tuned via grid search. The value of a is
chosen to be 1.0, 1.5 and 5.0, respectively, for Heart, Diabetes and Australian and
for all the three non-linearities. The value of b is chosen to be 0.001, 7.0 and 7.0
respectively for Australian, Heart and Diabetes datasets for the sign nonlinearity.
The value of b is chosen to be 0.0001, 2.0 and 3.0 x 10~° respectively for Australian,
Heart and Diabetes datasets for the tanh nonlinearity. The value of b is chosen to
be 0.001, 5.0 and 5.0 respectively for Australian, Heart and Diabetes datasets for
the nonlinear-quantizer nonlinearity.

We first note that (see Figure 3) d-clipped-SGD stabilizes the trajectory as com-
pared to the linear SGD, even if the initial clipping level was high. At the same time,
clipped-SGD with large clipping levels performs similarly as SGD. It is noteworthy,
that SGD has the least oscillations for Australian and Diabetes datasets, despite
the fact that these datasets have heavier or similar tails. This can be attributed to
the fact that SGD does not get close to the solution in terms of functional value.
SSTM in particular shows large oscillations, which can be attributed to it being a
version of accelerated/momentum-based methods and its usage of small batch sizes.
Clipped-SSTM on the other hand suffers less from oscillations and has a comparable
convergence rate as SSTM. In comparison, all the three nonlinear schemes that have
been proposed in this paper, have very little oscillations. While the tanh algorithm is
outperformed by the algorithms with other nonlinearities from our framework, its per-
formance is at par with the other baselines from [15]. In particular, the sign algorithm
compares favorably to other baselines in terms of convergence for Australian and
Heart datasets. The nonlinear-quantizer algorithm outperforms other baselines for
the Diabetes dataset. The good behavior of tanh and sign on the heavy-tail data
sets, specially relative to the linear SGD, also viewing tanh as a smooth approxima-
tion of sign, might also be related with the insights from Example 3.4. In summary,
the three simple example nonlinearities from the proposed framework are comparable
or favorable over the considered state-of-the-art benchmarks on the studied datasets.

8. Conclusion. We proposed a general framework for nonlinear stochastic gra-
dient descent (SGD) under heavy-tail gradient noise. Unlike existing studies of SGD
under heavy-tail noise that focus on specific nonlinear functions (e.g., adaptive clip-
ping), our framework includes a broad class of component-wise (e.g., sign gradient)
and joint (e.g., gradient clipping) nonlinearities. We establish for the considered meth-
ods almost sure convergence, MSE convergence rate, and also asymptotic covariance
for component-wise nonlinearities. We carry out numerical experiments on several real
datasets that exhibit heavy tail gradient noise effects. The experiments show that,
while our framework is more general than existing studies of SGD under heavy-tail
noise, several easy-to-implement nonlinearities from our framework are competitive
with state-of-the-art alternatives.
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Appendix.
A. Proof of Theorem 5.2. We first state and prove the following Lemma.

LEMMA 8.1. Consider (deterministic) sequence

t4+1 _ as t a4
o = (1 ) o e 2

with as,as >0 and 0 < 6 < 1, tg > 0, and v'® > 0. Further, assume that ty is such

that (tii?i)é <1, for allt > ty. Then, lim;_,o vt = Z—‘g‘

Proof. Let et = vt — o+ Tt is easy to verify that:

t+1 as t
e (l(t_|_1)5>e’t2t0

Then, for all ¢ > tq, there holds:

t
as 1
(8.1) e = (1— (t+1)5> le'| <exp [ —az ) :m leo]
s=to

where in (8.1) we used the inequality 1 + a < exp(a), a > 0. Letting ¢ — co and the

fact that 6 < 1 so that the sequence ﬁ, s > tg, is non-summable, we obtain that

e! — 0, which in turn implies the claim of the Lemma. 0
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1031 We now continue with proving Theorem 5.2. First, let us prove claim (1). Note
1032 that:
ai az
1033 (8.2 A< (11— 2t + t>t.
(82) - (t+1)0 (t+1)% T

1034 Multiplying the above inequality with (t + 1)%27%  defining z* = %279 2, we get:

or st+1 a1 Sa—81 ot a
103t <|11l—— | (1+1/t)%2 % —_—.
’ ‘ —( (t+1)51>( FUDET I
1036 Next, using, e.g., a Taylor expansion of function a ~ (1 4 a)%~%, it can be shown
1037 that (1 4+ 1/t)%27% <1+ M, for any t > ts, for appropriately chosen t5 > 0.
1038 Therefore,
1039 (]_ — (t_fll)él> (1 + 1/052*51
1040 S 1— ay + 2(52 — 61) _ 2@1(52 — 51) S . al 7
(t+1)0 t t(t+1)% 2(t+1)%

1041 for any t > t1, for appropriately taken ¢; > 0. Using the latter bound, we obtain:
lo42 2 < (1 - 2(til1)61) 2+ (t-flz)ém
1043 2 = O(1), and therefore 2t = O(1/#°27%). This proves claim (1) in Theorem 5.2.
1044 We now prove claim (2). Multiplying (8.2) by (t + 1)%271, and defining 2! =
1045 %271 2t we obtain:

t > t1. Now, applying Lemma 8.1, we obtain that

1046 st < (1 - M) (1 1p)%tst 4 22
== i) TVOTTE T
al—(ég—l) 022 ~t as
1047 (8.3 <|l-— 4+
(8:3) —< ¢ T ) T
o a; — (62— 1)\ 4 as
1048 (8.4 <{l—- ———= t>t
015 (8.4) —< T AR T

1049 for appropriately chosen t5 > 0 and Cy > 0. In (8.3), we used the fact that (1 +
1050 1/75)‘52_1 <1+ ‘&‘t—_l +%, for all ¢ > 1 and some Caz > 0 (the inequality can
1051  be obtained, e.g., via a Taylor approximation). The claim (2) of Theorem 5.2 now
1052 follows by applying Lemma 8.1 to (8.4).

1053 We now prove claim (3). Let a1 < d2 — 1, and fix an arbitrary positive number ¢,
1054 ¢ < ayp. Then, we have, for 2t = t<z*:

_ ~t+1 ai Cot a2
105¢ <({1l———)(14+1/t —_—
1) z < (t—|—1)>( + /)Z +(t—|—1)52_<
ap —¢ Cau ~t as
1056 <(1- —_— —_—
_< 7 + t2>z +(t+1)52—4
i a1—C ~t a
1057 <(1—-—— t>t

1058 for appropriately chosen t3 > 0 and Cy4 > 0. In the last inequality, we used the fact
1059 that ¢ < a3 < §3 — 1, and so 63 — ¢ > 1. Finally, applying Lemma 8.1, claim (3)
1060 follows. [
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B. A demonstration that the linear SGD’s iterate sequence has infinite
variance. We provide here a simple demonstration that the linear SGD’s iterate
sequence has infinite variance under the setting of Assumption 1, Assumption 3, and
Assumption 5, condition 3., holds.

More precisely, assume that the gradient noise v* has infinite variance. Consider
algorithm (2.3) for solving problem (1) with f: R — R, f(z) = “’2—2, with ¥ being
the identity function. Further, consider arbitrary sequence of positive step-sizes {c; }.
Then, we have:

(8.5) =1 -zt —art, t=0,1,.

with arbitrary deterministic initialization 2° € R. Then, squaring (8.5), using the

independence of ' and v', and the fact that v* has zero mean, we get: E [(z'1)?]
=(1—a)?E[(z")?] +of E[(v")?] > of E[(v')?], t =0,1,... Taking expectation and
using the fact that E[(v*)?] = +o00, we see that E [(z")?] = 400, for any ¢ > 1.

C. Extension of Theorem 3.2 for gradient noise vector with mutually
dependent entries. We show that Theorem 3.2 continues to hold when we have an
i.i.d. zero mean noise vector sequence {v'*} with a joint pdf p : R? + R. In more
detail, we provide an extension of Lemma 6.2 but for component-wise nonlinearities.

Namely, as in Lemma 6.2, consider, for a fixed y # 0:

(3.6) / (y +u) Ty p(u) du.

As, for a € R4, we have ¥(a) = (¥(ay),...,¥(aq))" (component-wise nonlinearity),
we have:

/Z/J y+u) yp(u du—/(ZdJ Yi +ui)y ) p(u) du
d
= Z / (Y(yi +ui)yi) p(u) du = Z / (Y (yi +wi)yi) piuq) dus,

where p;(u;) is the marginal pdf of the i-th component of v*. It is easy to show,
as p(u) = p(— ), u € Rd that for any i = 1,...,d, we have p;(u) = p;(—u), u €
R. Define ¢;(a) = [¥(a (u)du. Note that ¢Z( ) now obeys Lemma 5.3. In
particular, ¢; is also odd, and hence.

d
/ oy Ty du= 3 / (s + us)ys) pius) dus

—Z@ Yi)yi = ZI@ yi)l lyil-

The last inequality holds because, for any i = 1,...,d, quantities ¢;(y;) and y; have
equal sign. The proof now proceeds analogously to that of Theorem 3.2.

D. Proof of Lemma 5.3. The proof can be found in [30]; we include similar
arguments for completeness. For claim 1., note that

o0 +oo
4(a) / U(a + u)p(u)du = — / U(—a — u)p(u)du

— 00 — 00

—+00
_ / U(—a + w)p(w)dw = —¢(—a),

— 00
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for any a € R, where we use the fact that ¥ is odd. For claim 2., note that |¢(a)| <

j;o |¥(a+ u)|p(u)du < Cy :f: p(u)du = Cq, where we used Assumption 7. Proof
“+oo

of claim 3. is similar to that of claim 2. For claim 4., note that ¢(a) = |,

(U(u+a) — ¥(u—a))p(u)du, and so, for a’ > a, we have

+o0
8(a') — ¢la) = / ((u+a') — Dlu+a) +
(W a) — Uu — a'))] plu)du >0,

because U is non-decreasing. Finally, for claim 5., to show that ¢’(0) is given by (5.4),
see the proof of Lemma 6 in [30]. To verify that ¢’(0) is strictly positive, consider first
the case that ¥ has a discontinuity at zero. Then, because p(0) > 0 by Assumption 3,
it follows from (5.4) that ¢'(0) > (¥(0+) — ¥(0—))p(0) > 0. Otherwise, if ¥ is
continuous at zero, we have: ¢'(0) > [ U'(u)p(u)du > 0, where ¢ > 0 is taken
such that ¥(u) is continuous and strictly increasing and p(u) is strictly positive for
|u| < ¢.® Such ¢ exists in view of Assumptions 3 and 5.

E. Derivations for Example 3.3. We calculate the rate ¢ in Theorem 3.2 for
the component-wise clipping nonlinearity with saturation value m, m > 1. Here, it
can be shown, by doing direct calculations, that

m—w m—+w
(8.7) o(w) =2w /0 p(u)du + / (m+w —w)p(u)du, w € [0,m].

m—w

Furthermore, it can be shown that (see Appendix F): ¢/(0) = 2 [ p(u)du. Noting
that the second integral in (8.7) is nonnegative, and using the form p(u) in (3.2), we
obtain:

(88)  o(w) > zw/om_w p(u)du = w <1 - W) L we [0,m).

Also, we have: ¢'(0) =1 — ﬁ From the latter equation and (8.8), we estimate

1/(a—1)
that £ can be taken as: £ =m+1 — (W) >m — 1, for any « > 2, for
any m > 1. Hence, we can also take & = m — 1. Substituting the obtained estimates

for ¢/(0) and ¢ into the rate ¢, we obtain the rate estimate in (3.3).

F. Derivation of ¢/'(0) for Example 3.5. Counsider the coordinate-wise clipping
nonlinearity ¥ with floor level m > 0. The function W here is piece-wise differentiable,
with the derivative ¥'(a) = 1, for a € (—m,m), and ¥'(a) = 0, for |a| > m. We now
apply claim 5. in Lemma 5.3 and use formula (5.4) for evaluating ¢’(0). As the
coordinate-wise clipping function does not have discontinuity points, (5.4) simplifies
to the following:

do=[ W | o=z [ i

where the last equality uses symmetry of function p(u).

81f there are some (at most countably many) points inside interval (—c, ¢) where ¥ is continuous
but not differentiable, these points are excluded from the integration set in ffc U/ (u)p(u)du without
change in the integration result.
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G. Derivations for Example 3.6. We provide here details for the derivations
in Example 3.6. We first calculate o%; we have:

o= [ wPsw = [ a1

— 00 — 00

Next, by direct integration, we have for o > 3:

e 2/ p(u)u’du
0

[(a— Du((e —2)u+2)] +2 oo = 2
(0 —3)(a—2)(a—1)(1 +u)e—2"° (a—3)(a—2)

=—(a-1)

On the other hand, for a € (2,3], we clearly have 02 = +oco. Finally, using claim 5.
in Lemma 5.3, and using the fact that ¥/(u) = 0, for all u # 0, we obtain:

¢'(0) = p(0) (¥(0+) — (0-)) = 2p(0) = - 1.

H. Derivations for Example 4.1. We consider the (joint) gradient clipping
nonlinearity ¥ with the clipping level M > 0, and we consider p(u) in (4.1).

Consider rate ¢ in Theorem 4.2 that, for a sufficiently large a, can be approximated
as:

(8.9) min {25 -1, (1— 5)4“ {a _5)2;“)/\/(” } ,

Here, k is an arbitrary scalar in (0, 1), and, for the gradient clipping, we have that
N (1) = C4 = M. Note that, regarding Assumption 8, quantity By can be taken here
to be an arbitrary positive number. Moreover, for p(u) in (4.1), due to the radial
symmetry, we have that

AK) = Ak, By) = %arccos(l — k) P(By), k€ (0,1),

where P(By) = [ . Jufj<B, P(Wdu =1— %. We next maximize (8.10), i.e., we

maximize (1 — k)A\(k, By) with respect to € (0,1), to get the largest (tightest) esti-
mate of (. It is easy to see that max,¢(o,1)(1 —&)A(k, Bo) > 0.17P(By). Substituting
all the above developments into (8.10), we obtain:

(8.10) ¢mminfas—1, (1-5) 81PN
),

As By can be arbitrary positive number, letting By — 400, we obtain the following
rate estimate: min {20 — 1, (1 — ) O'GLg“.} . It is easy to see that the same rate esti-
mate can be obtained for the normalized gradient nonlinearity. The only difference

in the rate derivation is that therein N'(1) = C4 = 1.
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