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Abstract

We study a joint assortment and inventory optimization problem faced by an online retailer who
needs to decide on both the assortment along with the inventories of a set of IV substitutable products
before the start of the selling season to maximize the expected profit. The problem raises both algorith-
mic and modeling challenges. One of the main challenges is to tractably model dynamic stock-out based
substitution where a customer may substitute to the most preferred product that is available if their first
choice is not offered or stocked-out. We first consider the joint assortment and inventory optimization
problem for a Markov Chain choice model and present a near-optimal algorithm for the problem. Our
results significantly improve over the results in |Gallego and Kim)| (2020]) where the regret can be linear
in T' (where T is the number of customers) in the worst case. We build upon their approach and give
an algorithm with regret @(m ) with respect to an LP upper bound. Our algorithm achieves a good
balance between expected revenue and inventory costs by identifying a subset of products that can pool
demand from the universe of substitutable products without significantly cannibalizing the revenue in
the presence of dynamic substitution behavior of customers. We also present a multi-step choice model
that captures the complex choice process in an online retail setting characterized by a large universe of
products and a heavy-tailed distribution of mean demands. Our model captures different steps of the
choice process including search, formation of a consideration set and eventual purchase. We conduct
computational experiments that show that our algorithm empirically outperforms previous approaches

both on synthetic and realistic instances.

Keywords: Inventory planning, stock-out based substitution, assortment optimization, heavy-tailed

demand, sample average approximation, Markov Chain choice model.

1 Introduction

We study a joint assortment and inventory optimization problem where we need to decide an

assortment of substitutable products along with their inventories in advance of the realization of
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the demand. Demand for substitutable products is highly correlated and depends on the set of
available products. This is because of dynamic stock-out based substitutions (SOBS) where a
customer substitutes to a less preferred product if their most preferred product is not offered or
stocked-out. Such dynamic substitution and correlation in demand makes the joint assortment and
inventory decision quite challenging even for simple models where a static optimal assortment can
be computed efficiently.

In this paper, we focus on the assortment and inventory problem in the context of online
retailing. While some of the challenges are similar to brick-and-mortar settings, aspects particular to
online retailing add complexity to the problem. First, the universe of products is significantly larger
than brick-and-mortar stores. Second, the interaction between the customer and an online retailer
is complex and involves multiple layers including search, recommendation, consideration phase and
possibly an eventual purchase. This complex interaction adds significant modeling challenges to
capture the choice process that cannot be captured by a simple choice model amenable to easy
optimization. For example, the distribution of customer search queries is usually heavy tailed
(Szpektor et al. (2011)); Jansen and Spink] (2006)), the subset of products displayed to customers
and their ranking on a page is governed by search engines that have their own algorithms for
surfacing results, customers browse/click probabilities are known to decay sharply as a function
of product ranking in the display list (Silverstein et al. (1999)), and customers usually browse a
small set of products before making purchases or walking away (Agarwal et al.|(2011); Ursu/ (2018);
Honka et al. (2019)). The confluence of these human and system behaviors means a small number
of products tend to get a large fraction of the total views. As a consequence, the distribution of
mean demand for products is usually heavy-tailed (Brynjolfsson et al.| (2006)); Goel et al.| (2010))).
The heavy tailed nature of the mean demands adds to the challenge and standard approaches from
literature for optimizing assortment and inventory, such as fluid approximations of substitutable
demand, may not work well.

Revenue management under parametric choice models has a rich literature. Parametric models
enable encoding a relatively complex choice model by a small-number of features. Several rev-
enue management problems have been solved under widely used parametric choice models. For
instance, under the Multinomial Logit model (MNL), assortment optimization can be solved op-
timally. |Aouad and Segev]| (2019)) give a PTAS (Polynomial Time Approximation Scheme) for the
inventory problem under the MNL choice model. Other works developed approaches to solve rev-
enue management problems on Markov chain choice model (Blanchet et al. (2016); |[Feldman and
Topaloglu (2017)); Désir et al.| (2020))). Howard and Sheth (1969) present a consider-then-choose
model for consideration sets in customer’s behavior. It has been empirically validated by |Jeuland
(1979) and |Crompton and Ankomah/ (1993) among others. Wang and Sahin/ (2018) present a model
that incorporates search cost in the customer choice process and study the assortment selection

and the pricing problem under this model. More recently, a line of work has studied multiple



variants of the assortment selection problem under consider-then-choose models (Li et al.| (2018);
Aouad et al.[ (2019} 2020)). In particular, |Aouad et al.|(2019) introduce the click-based MNL choice
model to capture customer choice process in online retail settings. Clicks of customers represent
the consideration set among which they make the final purchase decision. We extend this model by
considering the journey of a customer starting from the query and ending at the purchase decision.

While the algorithms developed in these works depend on the structure of the underlying choice
model, our goal in this paper is to abstract the complex choice process in online retail in a manner
that preserves the heavy tailed nature of the demand; and design a near optimal algorithm for
jointly computing the assortment and inventory that does not depend on the complexity of the

choice process.

Our Contributions. We develop a modular approach to decompose the challenge of both modeling
a complex choice process and solving the resulting joint assortment and inventory optimization
problem. In particular, we approximate the underlying complex choice process as a Markov Chain
(MC) choice model (Blanchet et al| (2016))) and formulate the joint assortment and inventory

optimization using the MC model. Our main contributions are the following.

SAA based near-optimal regret algorithm. We present a sample average approximation
(SAA) based algorithm for the joint assortment and inventory optimization problem that achieves
a worst-case regret of O(v/NT)!. Here, N is the number of substitutable products in the universe
and T is the number of customer visits.

We would like to note that |Gallego and Kim! (2020)) consider the inventory optimization problem
under the Markov Chain model and present an SAA based heuristic. However, we show that their
approach can lead to a solution with Q(T')-regret in the worst-case as compared to the optimal
solution?. The linear regret arises from the fact that their SAA based LP is not able to accurately
capture dynamic substitution where every customer must select the most preferred product among
the available ones. In fact, their LP allows assigning less preferred products to customers if that
is more profitable for the seller even if more preferred ones have available inventory. We present
families of instances where this drawback leads to solutions with linear regret.

Our algorithm builds upon the SAA based approach and overcomes the above drawback by
identifying upfront the set of products that can potentially cannibalize the revenue from products
in the optimal assortment and limiting the inventory of such products. In general, it can be
challenging to identify the set of cannibalizing products. However, for the Markov Chain model,
using ideas of reduced price introduced by Désir et al. (2020)), one can efficiently identify the set

of cannibalizing products. Furthermore, we also consider an alternate sampling approach to more

!The O notation hides logarithmic factors.

2The asymptotic optimality shown in |Gallego and Kim| (2020) holds under certain restrictive assumptions where
the number of products and number of sampled demand scenarios are constant while the number of customers goes
to infinity.



effectively capture the demand stochasticity for a large universe of products. We show that our

algorithm has a regret of O(v/NT) that is near-optimal.

Parsimonious choice model from query to purchase. We present a parsimonious choice
model that captures the complexities of customer choice and system interaction and produces a
heavy tailed demand distribution across products. In particular, we consider a setting where a
customer journey starts from a query. The customer is then shown a ranked set of products that
are relevant to the received query. The ranking is built by sampling without replacement products
according to a multinomial distribution. The customer then builds a small consideration set of
products by browsing and clicking on products following the ranking of the displayed assortment.
The browsing phase stops once the customer gets impatient and switches to the purchase phase.
The purchase decision is finally made among products in the consideration set according to an MNL
model. We show that we can efficiently estimate from choice data the parameters of the model.
Specifically, we show that the log-likelihood is jointly concave in the parameters. We also present

a computational study to show that our algorithm significantly outperforms prior approaches.

1.1 Related literature

Assortment and inventory optimization are important problems that have been studied extensively
in the literature. A first version of the problem has been studied by [van Ryzin and Mahajan
(1999) who analyze the trade-offs between assortment breadth and inventory costs for an MNL
choice model. However, they consider a static substitution model for the customers that depends
statically on the initial assortment. Variants of this seminal work have been studied by [Cachon
et al. (2005) when customers have a search cost and in [Topaloglu| (2013)) where the assumption of
identical price and cost across products is relaxed. However, these works do not consider dynamic
stock-out based substitution which is important to model especially in our setting of heavy-tailed
demand.

Dynamic substitution models that consider stock-out events has also been studied extensively in
the literature. Parlar and Goyal| (1984)) study a two-stage substitution framework in a two product
probabilistic substitution model. |[Smith and Agrawal| (2000) design a heuristic to solve this problem
in a more general setting with an arbitrary number of products. Kok and Fisher (2007)) couple
inventory decision with a procedure to estimate substitution parameters and benchmark it on real
data. Netessine and Rudi (2003) and Nagarajan and Rajagopalan| (2008) develop other two-stage
substitution methods and provide heuristics to solve them. However, algorithms developed by these
previous approaches rely heavily on the structure of stock-out substitution. In practice SOBS can
be complex and it may be intractable to design algorithms based on the structural properties in
general.

In this paper, we consider a sample-path-based inventory model where dynamic substitution is



completely represented in the demand function. In this more general setting, [Mahajan and van
Ryzin (2001) show that profit function is not necessarily quasi-concave and provide a gradient-based
algorithm which converges to stationary points. |Gaur and Honhon| (2006) propose a heuristic that
yields an upper-bound on the profit for the one-dimensional location model. Honhon et al.| (2010)
and Honhon and Seshadri| (2013) give an algorithm in the heterogeneous customer preference list
model and give an upper-bound on profit in the case of random proportions of customer types.
Goyal et al. (2016) consider the capacity constrained problem where there is a bound on the total
number of units of inventory. They develop a polynomial time approximation scheme (PTAS) for
the nested preference list model. Following the estimation based procedure of [Kok and Fisher
(2007)), Miiller et al. (2020]) propose a data-driven approach to solve the problem. They compare a
model based setting and a model-free heuristic where inventory decision is the output of a neural-
network.

Farahat and Lee| (2018) and |Gallego and Kim| (2020) are the most closely related to our work.
Farahat and Lee| (2018]) propose a methodology referred to as approximate similarity transformation
from which they derive a heuristic with provable upper-bound on the generated profit. |Gallego and
Kim| (2020]) present a heuristic for the inventory optimization problem under a Markov Chain choice
model and show that it is asymptotically optimal under certain settings. Numerically, |Gallego and
Kim! (2020]) show that their heuristic performs significantly better than the independent Newsvendor

Problem and matches Farahat and Lee (2018) performances.

2 Notations, preliminaries and problem definition

We consider a set of products N := {1,..., N} and the no-purchase option 0 with the convention
that Ay = N U {0}. Let (p;)ien and (¢;)ien denote respectively the prices and the costs of
products. The seller faces T i.i.d. customers with choice model given by 7 that specifies for any
ScNandieS, n(i,S), the probability that a random customer selects product 7 if the offered
set is .S. When customers arrive on the online store, they observe the set of offered products and
make a choice according to the model m. The goal of the seller is to decide on the assortment
and inventory q € NV for all products in order to maximize the expected profit from 7' customers

arriving sequentially. This optimization problem can be formulated as

max Pr(q) := Rr(q) —c'q, (2.1)
qeNV
where for t € {1,...,T}, we use R;(q) to denote the expected revenue generated from ¢ customers

with inventory q. For any inventory level q, R;(q) is defined recursively as follows: Ry(q) = 0 and



Ri(q) = Y m(i,5q) - (pi + Ri—1(q — €;)) + 7(0,5¢) - Re—1(a), (2.2)
i€8q
where 7(0, Sq) is the no-purchase probability and Sq := {i € N : ¢; > 0} denotes the assortment of
products induced by q. Here, €; is the i" vector of the canonical basis. Note that ¢’ q = Y ien Cili
is the cost of inventory q, Rp(q) is the expected revenue from all T’ customers and Pr(q) refers to
the expected profit from 7' customers.

Our work focuses on the inventory planning problem under general choice models. Specifically,
we consider a general choice model that satisfies a natural assumption of substitutability where
the choice probability of a product does not increase if we add more products to the assortment.
Formally, we assume that for any A € B C N, and any i € A, 7(i,A) > 7(i,B). Solving this
problem is challenging in general. In fact, it has been shown in |Mahajan and van Ryzin (2001)
that the revenue function is not quasi-concave in this setting. Our objective is to find an algorithm
with near optimal regret. Given a demand distribution 7 the regret incurred by an algorithm ¢ is
defined as

RY(T) =E |Pr(q") — Pr(a®™)], (2.3)

where q* is the optimal solution of problem , q%(™ is the solution returned by the algorithm ¢
and the expectation takes into account any randomness in the algorithm ¢. Evaluating the solution
of the dynamic program is a hard task. For this reason, we consider the fluid relaxation of
problem in which we ignore demand randomness.

Srgﬁ/}fq T- Z%:gpm(i, S)—c'q (2.4a)
subject to T -7(i,S) < ¢, Vie N (2.4b)
>0 VieN. (2.4¢)

Problem (2.4) is closely related to the static unconstrained assortment selection problem where the
goal is to determine a subset of products from the universe N and offer it to a single customer in
order to maximize the expected profit under the choice model #w. This problem is formally defined

max (pi - Ci)ﬂ(i, S)~ (2'5)

Let S* be the optimal solution of problem ([2.5). We refer to S* as the optimal unconstrained
assortment. The solution of problem (2.4)) is given by S* and ¢; := T - 7(i,5*) for all i € N.
Moreover, the optimal objective value of problem (2.4) is equal to 7" times the optimal objective



value of problem ([2.5). The total expected demand captured by this inventory decision is
DXT):=T"-> =(i,S*).
1€S*
Let zquig denote the optimal objective value of problem (2.4)), in particular,
zuid =T+ Y (pi — ci)m(i, 5%).
i€S*
Note that zguig is an upper bound on (2.1)). Formally, the following holds.

Proposition 2.1. zq,iq > Pr(q*).

The proof of Proposition [2.1]is presented in Appendix[A] Note that for arbitrary choice models,
solving the static assortment problem can be challenging. We consider approximations of
the choice model for which this problem is tractable. In particular, we approximate customer
preferences by a Markov Chain choice model. More specifically, starting from a general choice

process w, we define the Markov Chain parameters as follows

)\Z':ﬂ'(i,./\f), ViGN,

- TGN\ (A
’ "GN

Vi,j € N.

Here, \; denotes the probability that the first choice product for a random customer is product
i, and p;; denotes the probability of substituting from product 7 to product j if product ¢ is not
available. For any pair-wise disjoint subsets U, V,W C N, we denote by P; (U <V < W) the
probability that starting from ¢ € N, the customer visits a product in U before any product in

V U W, and visits a product in V before any product in W.

3 SAA algorithm of Gallego and Kim| (2020) and its limitations

In this section, we discuss the details and limitations of the SAA based algorithm by |Gallego and
Kim! (2020) for inventory optimization problems. In particular, we show that the worst-case regret
of the algorithm scales as Q (7).

The SAA-based algorithm presented in |Gallego and Kim| (2020) solves the inventory optimiza-
tion problem with a choice model approximated by the above surrogate MC choice model.
They first consider L samples of first choice demand (Df)gem where for each ¢ € [L] and i € N,
DY is defined as the number of customers in scenario ¢ whose first choice is product i over all N.

Note that [L] := {1,...,L} and D¢ € NV V¢ € [L]. For any first-stage inventory q, the sales of



product ¢ € N in scenario ¢ € [L] are approximated with the following set of constraints,

iyl — > puyr = Df (3.1)
keN k#i

< g (3.2)
Here, :L‘f denotes the sales of product ¢ in scenario /, yf is the total number of customers substituting
out of 7 in scenario ¢ and constraints (3.1]) are the flow-balance equations based on the MC model.
The constraint ([3.2)) ensures that the sales of product i in scenario ¢ are less than the inventory g;.

The SAA problem is formulated as follows,

I 10 1
xrtp;t[xq ZZP x"'—c'q (3.3a)
A =1
subject to 2t < ¢, Vie N,V e [L], (3.3b)
ity — > puyn=Di,  VieN,VlelL], (3.3¢)
keN k#£i
28>0, 98>0, ¢:>0,  VieN, Vel (3.3d)

Limitation of the formulation. To model SOBS exactly, for each product i € N, the solution
of the linear program ({3.3) must satisfy that for every scenario /,

xf<q¢ :>yf:0.

However, does not include such a constraint. Consequently, in some scenarios, the formulation
allows a more profitable product to be assigned to a customer even if a less profitable but more
preferred product is available. This can lead to a significant over-estimation of the revenue and a
highly sub-optimal inventory decision. In particular, we show that this limitation induces a linear

regret for the algorithm in the worst case.

3.1 Q(T)-regret for SAA approach of Gallego and Kim| (2020)

We present a family of instances where the SAA based algorithm in |Gallego and Kim| (2020) has a
linear, Q(T")-regret. The number of scenarios in our family of instances depends on the number of
customers unlike the setting considered in |Gallego and Kim/ (2020)). The approximation bounds for
SAA based algorithms typically improve as we increase the number of sampled scenarios (Kleywegt
et al| (2002)). However, counter-intuitively, in this case, as the number of sampled scenarios
increases, the algorithm leads to a solution with a significantly worse regret with high probability.

In particular, we have the following theorem.



Theorem 3.1. There exists a family of instances of the Markov Chain based choice model m, such

that for L and T sufficiently large, the regret of the SAA algorithm is linear in T, i.e.,
RANT) = Q(T).

We would like to note again that Gallego and Kim| (2020)) show that SAA is asymptotically
optimal for the setting of constant number of products N and constant number of scenarios L that
do not depend on the number of customers 7" which goes to infinity. Note that for 7' customers, the
variance of the demand depends on T'. Therefore, for the SAA objective to be a good approximation
of the true objective, the number of scenarios should also depend on T (see Kleywegt et al.| (2002)).
This is not the case in the setting of asymptotic optimality considered in |Gallego and Kim| (2020)
and therefore, the objective in their formulation can be significantly different from the true objective

for their solution.

Proof of Theorem [B.1l Fix N. We consider the following instance with (N + 1) products. The
arrival probabilities ();)ienr, are given by: A\ = i, Ay = % and \; = 0 for i € {2,...,N + 1}.
If product 1 is not available, the customer substitutes to any product among {2,..., N + 1} with
probability %, ie., p1j = % for all j € {2,... N +1}. Moreover, pjo =1 forall j € {2,...,N +1}.

For i € N, the prices and costs are given by,

3 ifi=1,
pi =
1 ifie{2,...,N+1}.
0 ifi=1,
C; =
1 oifie{2,...,N+1}

The instance is presented in Figure [I] We refer to this instance as the cannibalizing instance.

In this instance, the optimal unconstrained assortment for a single customer is {2,..., N + 1}.
We first characterize the SAA solution when T" and L are sufficiently large. In particular, we show
that the SAA solution carries % units for the highly sub-optimal product 1 with high probability.
More formally, let q5*4 denote the optimal solution of problem and let £ be the event defined

2
gz{quAZT_Q Tlog(QT)} (3.4)

as follows:

4 L

Lemma 3.2. For T > 2 and L > 4e*T log (2T') we have, P(€) > 1 — 1.

The proof of Lemma [3.2]is deferred to Appendix [Bl The above lemma is a consequence of the
approximation of SOBS in the SAA formulation (3.3)). The formulation does not guarantee that



Figure 1: Cannibalizing instance

in each scenario, the most preferred product will be assigned to all customers. This can lead to
adding inventory in products that have low cost but can cannibalize the revenue of more profitable
ones without hurting the SAA objective value.

Specifically, in the instance of Figure (I} we show that with high probability (over random L
scenarios), the SAA algorithm stocks % units of product 1. The SAA formulation does not constrain
product 1 to be be fully exhausted before any demand substitutes to {2,..., N+1}. It rather allows
substitution even when full inventory of product 1 is available. However, the true objective value

decreases significantly which leads to (T") regret. Formally, we show the following.

Lemma 3.3. For L and T sufficiently large and L > T, we have

¥ T 7
E [Pr(a") = Pr(a®) | €] = o — 5y/N3Tlog (2T) — 2.

The proof of Lemma [3.3] is presented in Appendix [C] Finally, we decompose the regret by

conditioning on the event £ and its complement £¢. We obtain that,

E |Pr(a") - Pr(a®*)| = E [Pr(a’) = Pr(a™*) | €] P(€) + E [Pr(a”) — Pr(a®**) | €] B(£°)

S E[Pr(a’) - Pria®) | ] BE) - & - B(E)

oOrr 7 T
> | — — —4/N3 - — = ¢
> [16 5 N3T'log (2T) 2] P(E) 5 P(E°)
@Orr 7 1 1
S _ ,\/3— _ I N
> {16 5 N3T'log (2T) 2} (1 T) 5
where (a) holds since Pr(q*) is not a random variable, so E [Pr(q*) | £¢] = Pr(q*) and by opti-

10



mality of q*, Pr(q*) > Pr(0) = 0. Furthermore, E [PT(qSAA) | EC} < T as the maximum profit
achievable on any selling season is %, which corresponds to the profit generated by selling the
most profitable product, which yields profit %, to all customers. Moreover, (b) is a consequence of
Lemma Lastly, (c¢) is derived from Lemma We obtain that for T sufficiently large,

E |[Pr(a*) - Pr(a***)] > % +o(T). O

3.2 SAA algorithm and large number of products

In this section, we illustrate the limitation of the SAA algorithm in |Gallego and Kim (2020) when
there is a large number of products in the universe. Note that the SAA formulation only
considers stochasticity in first choice demand in the sampled scenarios. Any subsequent substitution
is modeled by a fluid approximation in the formulation. As a result, there are instances where the
SAA solution reduces to the inventory solution given by problem . Recall that this problem
does not address the stochasticity of the demand. It only carries an inventory proportional to
the expected demand on each product in the optimal unconstrained assortment. This can lead to
significantly suboptimal profit, especially when the number of products is large.

Consider the instance described in Figure [2l We refer to this example as the pooling example.
The arrival probabilities are Ay = 1 and A\; = 0 for i € {2,...,N 4+ 1} U {0}. The transition
probabilities satisfy, p1; = & for all j € {2,...,N +1},pjni2 =1forall j € {2,...,N +1} and

pN+2,0 = 1. We define prices and costs as follows:

3 ifief{l,...,N+1},
pi =

;—€¢ ifi=N+2.

3 ifi=1,
C; =

S ifief2,...,N+2}

In this instance, there is no stochasticity in the first choice demand. Therefore the SAA formu-
lation (3.3]) reduces to the fluid problem (2.4]). In particular, this implies the following lemma.

Proposition 3.4. Consider the instance described in Figure [3. An optimal solution of problem
(3.3) for this instance is given by,

ifie{l,N+2}

san_ )0
L ifi€{2,...,N +1}.

)

The instance presented in Figure [2] materializes the trade-off between revenue generated and

risk of left-over. In this example, products among {2,..., N 4+ 1} generate the maximum revenue.

11



pa,N4+2 =1

N +2

OO

PN+1,N+2 =1

Figure 2: Pooling example

However, as N grows large, the risk of left-over units in these products grows. Product N + 2
is slightly suboptimal in comparison. However, it can satisfy any demand that substitutes out of
product among {2,..., N + 1}. Therefore, product N + 2 is a good candidate to pool risk related
to stock-out and capture demand that was not satisfied by the optimal assortment {2,..., N + 1}.
For € sufficiently small and N sufficiently large, we show that the optimal inventory solution is
to carry order T units of product N + 2 (see Proposition . Such risk-pooling is not captured
by the SAA problem as it does not account for stochasticity of demand for products among
{2,...,N +1}. We present a detailed proof of Proposition in Appendix

4 Our approach: Lower Confidence Bound SAA

In this section, we present our algorithm to solve the joint assortment and inventory optimization
problem (2.1). We first discuss the intuition for our algorithm and present the key components
that address the limitations in (Gallego and Kim)| (2020)).

Approximating Stock-out based Substitution (SOBS). Recall that SAA allows arbitrary
assignments of products to customers even if a more preferred product is available. In other words,
it is possible that in the optimal solution of there exists some scenario ¢ € [L] and some
product i € A such that yf > 0 even when x¢ < ¢;. This can lead to significant errors as we
may include inventory for some product ¢ € AN that cannibalizes the revenue for more profitable
products as we illustrate in Theorem Ideally, we could model exactly SOBS by including the
constraint,

@f—q) yf=0, VieN, Ve[l

7

12



However, this constraint is non-convex and therefore, intractable. We consider the following ap-
proach to approximate SOBS: we identify a subset of products that could potentially decrease the
expected profit significantly from the set of optimal products and explicitly constrain the inventory
for such products to be zero. We refer to such products as cannibalizing products.

Intuitively, a product is considered to be a cannibalizing product if including it in the assortment
could significantly decrease the expected revenue of the assortment. Clearly, the classification
of whether the product is cannibalizing or not depends on the rest of the assortment. As an
approximation, we consider the set of products that are cannibalizing the profit of the unconstrained
optimal assortment by more than an appropriately chosen threshold. In particular, we use the
notion of reduced prices defined in Désir et al.| (2020)) to identify the set of cannibalizing products

under the Markov Chain choice model and constrain the inventory of all these products to be 0.

Capturing Demand Stochasticity. Recall SAA approach in (Gallego and Kim| (2020) can lead
to a solution that does not capture stochasticity in demand. It ends up carrying in some cases
inventory corresponding to the expected demand over T' customers of products in an unconstrained
optimal assortment. When the variance of the demand in such products is high, such a solution can
be highly suboptimal (as we show in Proposition . To address this, we consider the following
approach to sample scenarios. Let S* be the unconstrained optimal assortment. For each scenario
¢ € [L], we sample the demand D! for all i € S* assuming S* is offered and available to T customers.

We consider the SAA formulation with these (DZ)EE[L] as the initial demands for the
products in the unconstrained optimal assortment. Clearly, these samples are approximations of
what SOBS will actually lead to as we do not take into consideration stock out events that may
occur during the selling season. However, since we have explicitly removed products that are
significantly cannibalizing, we can show that the SAA objective provides a good approximation of

the true objective value with a near-optimal regret guarantee.

4.1 Our Algorithm

We now describe formally the details of our algorithm. We refer to it as the Lower Confidence
Bound SAA (LCB-SAA).

Step 1 (Computing optimal unconstrained assortment). We compute S*, the solution of
the unconstrained assortment optimization problem (£2.5) under the Markov Chain choice model.

This problem can be efficiently solved using a linear program (see [Blanchet et al.| (2016))).

Step 2 (Identifying cannibalizing products). For a given assortment S, product ¢ is canni-
balizing if the expected revenue from a random customer with first choice as product ¢ decreases
by at least v when we include ¢ in the assortment. This definition is closely related to the notion

of reduced price introduced in Désir et al.| (2020).

13



Definition 4.1. (Reduced Price (Désir et al. (2020))) The reduced price of product i given an

assortment S is defined as

pi=pi— ) Pi({i} < SU{0}\ {j}) ;-

JjES

We define the set of cannibalizing products (denoted by F¢) as

Fo={ieN :p? < -9},

where v > 0 is an appropriately chosen threshold. We constrain the inventory of all cannibalizing

products F¢ to be equal to 0. The set of feasible products, F is therefore, given by

F={ecN:pd >4}

Step 3 (Deciding inventory of S*). Note that for any i € S*, it is more profitable to sell product
1 if there is demand as opposed to letting the customer substitute to some other product. Therefore,
we would like to satisfy as much demand as possible by products in S*. The challenge arises from
the stochasticity of demand for products in S* and the risk of unsold inventory. Therefore, we
stock a level of inventory which we refer to as the lower confidence bound (LCB) inventory level,

that can all be sold with high probability. Specifically, we consider,

gFCP = (i, §)T — 2,/n(i, )T log(NT), Vi€ S*.

This particular choice of inventory, quCB for all i € §* ensures that all inventory of S* is consumed

with high probability.

Step 4 (Deciding safety-stock inventory). We solve a second joint assortment and inventory
problem which aims at deciding how to allocate safety stock to capture the demand not satisfied

by qZLCB for all ¢ € S*. More precisely, we consider a surrogate problem approximating SOBS. Let

T =2 \/n(i,5*)T log(NT).
1€S*
Note that 7" is roughly the expected lost sales if we only stock ¢-CP for all i € S*. The inventory for
this demand is not necessarily allocated to products in S* due to the risk of high leftover which may
hurt the profit. Therefore, we consider a joint assortment and inventory problem for this residual
demand that appropriately captures the stochasticity in demand for all i« € S* and identifies the
demand pooling products that better balance the tradeoff between expected revenue and expected

leftover inventory cost. We refer to these products as risk pooling products or safety stock.
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To decide the allocation of safety stock, we consider a problem with 77 i.i.d. customers who
choose according to the Markov Chain choice model (p;;); jen as before. However, to appropriately
model the demand stochasticity for all ¢ € S*, we consider a different arrival probability using
(-, 5*). In particular, we assume that the first choice for any customer is i € S* with probability
(i, 5*). Subsequent substitutions occur as before according to the transition matrix p.

The variant of SAA to determine the safety stock can now be described as follows. Let F°
denote the set of cannibalizing products. We constrain the inventory of cannibalizing products to
0, 1i.e.,

g =0, Vi e F€.

We sample demand scenarios (DZ)EE[L] with first choice demand D{ for all i € S* and for all
scenarios £ € [L] in this modified Markov Chain. Note that by construction, DY = 0 for i € N'\ S*.

We now consider the following LP to allocate safety-stock on the remaining products in F.

L
xI"'I,l;iz),{q % ez:; p'x‘—c'q (4.1a)
subject to 2t < g, Vie N, Ve [L], (4.1b)
iyl — > puyr=Di,  VieN,Vle]lL], (4.1c)
kEN k#i
=0, VieF° (4.1d)
af >0,y >0,¢>0, VieN, Vel (4.1¢)

Algorithm [I] presents formally the procedure. The parameters of this algorithm are v and L.

Algorithm 1 LCB-SAA
Compute the unconstrained optimal assortment S*.
Compute reduced prices pis " for each product i € N.
for i € 5* do

qFB « 71(i,8*)T — 2/ (i, S )T log(NT).

end for
F+{ieN|p? > -4}
T 2% cq (i, S*)T1og(NT).
Sample (DY) ¢e(z] from a multinomial with probability (-, 5*) and T" trials.
Solve LP and denote by qP°°! its solution.
return q"“B 4 grool,

4.2 Regret bound

In the following theorem, we show that Algorithm [l incurs a regret of O (\/ N T).
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Theorem 4.2. Let w be a Markov Chain choice model. For 0 <y <4/ ?{;g), define qLCB-5A4 45
the solution returned by Algorithm[1 Then,

st — B [Pr( 54| — 0 (\/ND*(T) og(NT) )

where D*(T) =T ;cq- (1, 5%).

Note that Theorem implies that the regret of our solution is @ (\/ﬁ ) This holds because
Zfiwid > Pr(q*) (Proposition and the expected demand D*(T) < T. We would like to note
that in online retail, D*(7T") can be significantly smaller than 7" because of small conversion rate.
Therefore, the bound in Theorem can be significantly stronger than O (\/ﬁ )

We would like to note that the above regret bound is achievable also by a fluid solution that
carries inventory equal to the expected demand for all products: ¢4 = 7(i, S*)T for all i € S*.
However, the fluid solution does not address either of the two main challenges in this problem
including 7) approximating stock-out based substitution, and i) capturing stochasticity of demand
to balance the trade-offs between expected revenue and inventory cost. Furthermore, there are
family of instances where the expected profit of a fluid solution is significantly worse than the
expected profit of the solution given by our algorithm. We show in Proposition that the
expected profit of the fluid solution is Q(7") worse than both the optimal solution and the solution
of our algorithm in the instance described by Figure [2]

In contrast, Algorithm [I] explicitly addresses both the fundamental challenges of approximating
SOBS and identifying demand pooling products. In particular, Step 4 of deciding the safety stock
inventory in our algorithm explicitly identifies products that can pool highly stochastic demand
if needed. Adding inventory of products outside of the optimal assortment, S* runs the risk of
cannibalizing the revenue from the optimal products. Therefore, our algorithm explicitly identifies
such revenue cannibalizing products and forces inventory of such products to be zero (Step 2).
This allows us to design a good tractable approximation of SOBS via a Markov chain choice model.
Therefore, even though the regret bound of our solution and the fluid solution are similar, Steps 2
and 4 in Algorithm (1| attempt to address the fundamental complexities in this problem and result

in solutions with many desirable properties.

Proof of Theorem [4.2] For the sake of simplicity of notation, denote by q the inventory level
of LCB-SAA. Let (qt)te{o,...,T} be a sequence of random variables such that for all ¢t € {1,...,T},
q: represents the inventory level after the purchase decision of customer ¢ and qp = q. The proof
consists in lower bounding the profit generated by our policy.

Given a Markov Chain choice model, we associate each customer to a random walk that starts
at a certain product according to the arrival probabilities and transition from one product to

another according to the transition probabilities until hitting the no-purchase option 0. We say

16



that a customer visits product i € N before product j € N if the random walk associated to that
customer hits product ¢ before hitting product j. For a customer ¢ € {1,...,T}, we define the
following relation <;: for U,V C N, we say that U <; V if and only if there exists a product
1 € U such that customer t visits product ¢ before any product in V.

Recall F is the set of non-cannibalizing products and let FP°°! := F\ $*. We define the sequence
of random variables (X});cxeq1,.. 7y as follows: for any i € F and t € {1,...,T},

Xf=1{{i} < STU{0}\ {i}},

and X; = Y1, X!. Remark that, by definition of FP°°! we have X! = 1{{i} <; S* U {0}} for
every i € FP°°L. Consider the sequence of random variables (Z});c Fe{l,.., 7} such that for all i € F

and t € {1,...,T},
Zj = 1{{i} <t Sq, U{0}\ {i}} - 1{i € Sq, }-

Note that Z! = 1 if and only if customer ¢ purchases product i. Furthermore, for each i € F, let

S; denote the total number of purchases of product 7. Our first lemma states the following.

Lemma 4.3. For any realization of customer preferences and for any i € S*, we have,

S; > min (X5, ¢;) Z Z Zt X! Xt
t= 1]€]-‘pool

The proof of Lemma is presented in Appendix @ We denote by Pr the profit of LCB-SAA
during a selling season. Recall q“CB and qP°°! defined in Algorithm [l Lemma |4.3|implies that the

profit satisfies almost surely the following inequality,

> pi (min( ir i) Z > Zb-Xi-X ]t)-i- o piSi— ) ca

IES* t=1 Je]:pool i€ Fpool ieN

T
@ Z ( i min(Xi,q,) clqlLCB> + Z ZZJt (pj — Z Di - Xf ) Z Cquool7

1ES* jeFpool t=1 1€S* iEN
(4.2)

where (a) holds because for every i € F, S; = S°7_; Z¢. Next, we will derive a lower bound for the

expectation of each of the three terms in (4.2)).

Step 1: Recall for i € S*, ¢F°B = 7(i — 2y/m(i, S*)T log(NT). Let us define the event
B = {X; < qZLCB}, and let B := Uies*[)’i. Remark that for ¢ € S*, X, is the sum of T i.i.d.

Bernoulli random variables with mean 7 (7, 5*). By the multiplicative Chernoft’s inequality (see

17



Theorem 1.10.5 in |Doerr| (2020))), we get

P(B;) =P (XZ- < E[X;] (1 —2 10g(NT)>> < exp <_2log(NT)IE [Xd) 1

(i, S*)T (i, SYT - ON2T?

and by a union bound we obtain that,

|57 1
P(B)< > P(B)< 1573 < 372 (4.3)
1€5*
Let ¢ := max;cn ¢; and p := max;ecar p;, note that,
> E[pimin(Xi,q) — it | B] > & Y g P >~ T
1€S* 1€5*
Moreover, conditionally on B¢ (the complementary event of 1), we have
Z E |:pi min(Xia QZ) CzQzLCB ‘ BC} = Z - Cz qZLCB
i€S* 1€S5*
7.3 (ps 1,5 =2 3" (pi — ci)y/n(i, S*) T log(NT)

1€S* 1€S*

> 2uid —p- 17,

where (a) holds because for i € S*, ¢; > ¢M“® and conditionally on B¢, we have X; > ¢CB.

Therefore,

> E {pz‘ min(X;, ¢;) — CquLCB} > (zfig —p-T")P(B°) —¢- T -P(B)

€S
(@) - Zfluid c
> (zfwia —p-T") — NTZ  NT
® i pte
> (zuia —p-T") — NT (4.4)

where (a) follows from (4.3) and (b) holds because zfyig < p-T.

Step 2: For every i € S*, j € FP°° and t € {1,...,T}, we have that Xf,X;- and Z; are binary

random variables, therefore,
E [Z; <pj— Zp,».xf-x;ﬂ =p P(Zi=1) - Y pi-P(X[=1,X]=1,2=1).
1€S* 1eS*

Moreover, for every t € {1,...,T}, let (W}),en be the random walk associated to customer ¢ on the
Markov Chain. For every j € FP°°! consider the stopping time (in which we omit the dependence in

customer ¢) TV := min{n € N | W! € Sq. US*U{j,0}} and for every i € S* define the stopping time

18



T3 := min{n € N| W} € $* U{0}}. Remark that, {X! =1} n{Zl =1} = (Wi =jtn{j € Sq.}
1
for all j € FPo°l. Similarly, {X! = 1} = {W}, =i} foralli € S*. Thus, for alli € S* and j € FPo°!,
2

P(Xf:1,x;:1,z;:1):P(Xt—1|Xt—1 Zt—l) IP(

7zt —
Zl =
(@) t ot , t_
—P(Wfé—uw ) P(X)=1,2 = )
(Wé. :z’]W(’;:j) .P(thl, Zt.:1)
=P ({i} < STU{OI\ (i) P (X) =1, 2] =1)
<Pj({i} <0 5" U0} \{i}) - P (2} = 1),
where (a) follows from the independence of the random walk (W), cn and the event {j € Sq,}. The
equality (b) holds because conditional on {W%J = j} and since j ¢ S*, we get that W! ¢ S* U {0}
1

for any n < le e, T 1] < T3 for any i € S* which implies (b) by the strong Markov property. Using

the definition of reduced price we obtain that,

2|2 5= X nextoxt)
i€S*

where (a) follows from the definition of feasible products F. Therefore, we obtain that,

> <Pj = 2 Pi({i} = STU{0}\ {i}) -1%) P(z;=1)

1€S*

e (=) Y e (1)

T
S S O S ) | EE e S S A A
t=1 je Fpool i€S*
: ; D*(T)
where the last inequality follows from 0 < v </ =7

Step 3: We bound the cost of inventory by using the following lemma.

Lemma 4.4. Let qP° be an optimal solution of ([&.1)) where the demand scenarios are sampled

pool

with T' customers, then Y oz ciq; - < p-T" almost surely.

The proof of Lemma [£.4] is presented in Appendix [D] Finally, we conclude that,
. L@ . p+e
E [PT(Q)] > Zfwid —p- 1" — NT

(b) p+ ¢
2> Zfluid — pNiT —\/ND*(T) 4p\/ND* ) log(NT),

where (a) is a consequence of the decomposition derived in (4.2) and of the bounds computed
in (4.4), (4.5) and Lemma Moreover, (b) follows from the Cauchy-Schwarz inequality, i.e.,

ND(T)—p-T'
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T =25 5. V7, ST Iog(NT) < 2\/N1og(NT)T ¥ye s (i, S%). 0

4.3 Practical implementation for large number of products

Algorithm [I]is appealing because of the interpretability of the inventory solution that also simplifies
our analysis of the regret bound. While the value we set for LCB in Algorithm 1 ensures a provable
sub-linear regret for our approach; we can practically decide on inventory levels by using SAA.
Algorithm 2 presents a practical implementation of LCB-SAA. Tt differs from Algorithm [1]in that
we do not explicitly fix the inventory of the products in the unconstrained optimal assortment to
the lower confidence bound of their respective demand. Rather we only specify the unconstrained
optimal assortment and the set of cannibalizing products whose inventory is constrained to 0. The
LP formulation jointly optimizes the inventory of the products in the optimal assortment
and allocates safety stock for products that are not cannibalizing based on the sampled scenarios.

Recall that L and ~ are parameters of the algorithm.

Algorithm 2 Practical LCB-SAA
Compute the unconstrained optimal assortment S*.
Compute reduced prices piS " for each product i € N.
Fe{ieN|p >}
Sample (DY) ¢e(r) from a multinomial with probability 7 (-, 5*) and T trials.
Solve LP and denote by qf"*® its solution.
return qfine!,

We show that in the setting described in Section the performance of our approach is
significantly better than the performance of the solution of problem ({2.4)). More formally, we show

the following result.

Proposition 4.5. Consider the Markov Chain instance, m described in Figure[d We consider the
policy which prescribes the inventory level that solves (2.4]), and refer to it by fluid policy. We refer

to the policy given by Algom'thm@ by LCB-SAA. For e = ﬁ, we have

Rf;CB-SAA(T) _ @(ﬁ)’
RMWA(T) = Q(T).

The proof is deferred to Appendix We note that, as shown in Section SAA has the
same solution as the fluid policy of Proposition This result formally shows that accounting
for stochasticity in the optimal unconstrained assortment leads to more accurate solutions which
outperform approaches that do not account for stochasticity. In particular, we see that pooling

safety-stock by allocating inventory to product N + 2 is crucial when the number of products is
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large. This aspect of the demand cannot be captured by a deterministic model or by a model that

only considers stochasticity in first choice.

5 Customer choice process from query to purchase

In this section, we present a model for the customer journey on an online store. In this context,
customer interactions with the retailer are complex and occur in multiple steps. Our goal is to
present a feature based model that captures the various elements of these complex interactions
resulting in customer choices that produce heavy-tailed demand. The resulting choice model is a
complex parametric formulation and even the assortment optimization problem (without inventory
decisions) is intractable. Therefore, we consider a Markov Chain based approximation of this
parametric choice model for the joint assortment and inventory optimization.

We consider the setting where each customer interaction with the online retailer begins with
a search query. Let Q denote the universe of search queries and ¥ denote a mapping from Q to
a subset of products i.e., for any ¢ € Q, ¥(q) is a subset of candidate products associated to the
query ¢ and from which the online retailer selects a subset of product to display. The customer
is shown a random ranking of a subset of products in ¥(gq) where a product with high estimated
utility has a higher probability to appear at top in the ranked results. We refer to this as the
ranked impression set or simply the impression set. The customer observes the impression set
and selects a consideration set of products. We assume that the customers only observe partial
attributes of products in the impression page and select a subset of these products (referred to as
the consideration set) to observe detailed features and make the eventual selection.

For each product i € N, we denote by x; (resp. y;) the vector of features observed during the
initial impression (resp. product details page). For instance feature x; may represent price range
or rating, whereas, y; includes the real price and other detailed features. This models a realistic
setting where the impression page only displays partial attributes. Below we present more details
of the choice process for a customer with query ¢ € Q and subset of products ¥(g) mapped to
query q.

We assume i.i.d. customers arrive on the online store and have two unknown utility vectors, 3

for click utility and @ for purchase utility.

Construction of ranked impression set. For any query ¢ € Q, we sample a random ranking
of ¥(q) as follows. The ranking is such that higher utility products (based on historical utilities)
have a higher probability of appearing at the top. Let ,é be a utility vector used by the decision-
maker as a proxy for the true preference of customers. For instance, /3‘ may be computed based
on previous historical data. We construct a sequence of random variables (8;);eq(1,... k), Where K

is the maximum number of product displayed in the impression set. The sequence is constructed
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sequentially such that for each product i € ¥U(q),

and for each rank j € {2,..., K} product ¢ € ¥(q) is sampled without replacement with probability

e:BTYi

P(5; =1i) = —.
Chew(@\(s1,5 1) € V¥

Consideration set. We next describe the process by which the customer selects a consideration

set C'. We assume that the customer examines the ranked impression set in the order of the ranking.

Product ¢ € N is added to the consideration set with a probability that depends only on the partial

attributes x;. Formally, we have that
eBTxi

P(: € C'| customer examines i) = ——=—.
14 ef'x

We also assume that the customer is impatient and after each click stops browsing more products

with probability
1

1+ et

)

where p is the impatience parameter. In our setting we assume that p is fixed but one may
consider settings for which u depends on the current consideration set either through cardinality
or aggregated utility. Therefore, the number of products in the consideration set is geometrically

distributed.

Purchase decision within the consideration set. The customer observes all attributes of the
products in the consideration set and makes the eventual selection. We model this choice according

to a MNL choice model. In particular, customer selects product ¢ € C' with probability,

eﬁ—ryi

1+ Zkec e:BTYk‘

P(i is selected | C' is offered) =

5.1 Parameter estimation

We show that the parameters 8, 3 and p of the above choice model can be computed efficiently
from historical observations. We assume that we can infer the consideration set of the customer
from his browsing history. Specifically, we observe clicks to detail pages of the product which is
a good proxy for the product being in the consideration set. More specifically, we observe for all
customers t, (¥(q;), ¢, St, Ct, i1, €1), where ¢ is the query sent to the website, o, is a mapping from

St to {1,...,|S¢|} that defines the ranking in the impression set S; where, 1 corresponds to the
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highest ranked product whereas |S;| is the ranking of the last product in the impression set. We
use 7; to denote the selected product by the customer among the consideration set C;. Finally, e; is
a binary variable which is equal to 1 if the customer starts the purchase phase because he reached
the end of the impression set or 0 if he starts the purchase phase because of impatience.

The goal is to estimate the vectors of parameters B and 0 along with the impatience parameter
. Remark, that ,é is not an unknown parameter of the model. It represents a parameter generated
from historical data in order to construct a ranked impression set.

The estimation problem requires to maximize the log-likelihood under these parameters. In
particular, let Hy = {(V(q), 01, St, Cp, i, er), V1 < t < T} be the set of previously observed data,
then the log-likelihood is defined as

L(M? Ovﬁ) = log (]P) (/HT|:U7 e’ﬁ)) :

Proposition 5.1. When customers are independent and identically distributed, the log-likelihood

L is jointly concave in the unknown parameters u,0 and 3.

The proof of Proposition [5.1] is deferred to Appendix [G] Proposition [5.1] implies that the maxi-

mum likelihood estimator can be computed efficiently by solving a convex optimization problem.

5.2 Parsimonious heavy-tail distribution

We present empirical evidences to show that our choice model preserves some important charac-
teristics of the demand observed in practice. In particular, we focus on the heavy-tailed nature of
demand which arises in practice, especially in e-commerce settings where retailers carry a broad se-
lection of products and a large number of low demand products account for a significant proportion
of total sales (Brynjolfsson et al.| (2006)); \Goel et al. (2010)).

Besides its interpretability and expressiveness, our choice process is also appealing because it
allows a parsimonious generation of a heavy-tail distribution for clicks and purchases. When query
distribution is heavy-tailed, our choice process preserves the heavy-tail property when ¥ maps
different queries to disjoint sets. More precisely, assume that the query space Q is finite and that
for any ¢,¢' € Q, such that ¢ # ¢’ we have, that |¥(q) N ¥(q¢')| is relatively small. Then, if the
distribution of queries is heavy-tailed, we observe that distributions of click and purchase are also
heavy-tailed. We represent in Figure [3] purchase distribution and click distribution for an instance
of our model with 50 products and 5 query types. The query is generated according to a power-law
and there is no intersection between candidates product. We observe that, in that case, click and

purchase distributions have a heavy-tailed nature.
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Figure 3: Heavy-tailed nature of click and purchase: log-log plot of the purchase and click
probability density function.

6 Numerical experiments

We compare the empirical performance of our heuristic with previous approaches in the literature
on adversarial instances, synthetic instances as well as instances of the multi-step query to purchase

model using parameters that closely capture realistic settings.

6.1 Empirical performance on worst case instances (Theorem [3.1)

We first present numerical results illustrating the performance of SAA on the class of worst-case
instances from Theorem [3.1] as described in Figure [I, Our random instances follow the structure of
Markov Chain as in Figure [l However, we explore other settings of the Markov Chain parameters
as follows: we consider \yg = Ay = % The transition probability vector from node 1 to other nodes
is sampled uniformly in the unit simplex (Dirichlet distribution with parameters 1). The prices of
products 2 to N + 1 are sampled from a triangular distribution supported on [10,50] with mode
equal to 40. The price of product 1 is 1. All costs are computed using a margin of 33% except c;
which is set to 0.

We compare the performance of LCB-SAA and SAA with L = 500 scenarios, product universe
of size in {10, 20} and time horizons of length in {100,200, 500}. For each policy, the performance,
also referred to as profit gap, is measured by the ratio between the profit of the policy and the
value of the LP relaxation defined in problem .

The average profit gap is computed numerically by running these algorithms on 400 randomly
generated instances. For each instance, the average profit of a policy is computed by simulating 100
selling-seasons. We observe that LCB-SAA significantly outperforms SAA on this class of instance.

This is even more visible on instances where the ratio between the number of customers and the
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number of products is large. Table [l presents the 25, 50" and 75" percentiles of the distribution

of profit gap (in percentage).

T =100 T =200 T = 500

Products ALG 25th | 50th | 75th || 25th | 50th | 75th || 25th | 50th | 75th
N =10 | LCB-SAA | 54.8 | 57.3 | 59.2 || 68.3 | 69.6 | 71.1 || 80.4 | 81.0 | 82.0
SAA 6.8 9.9 12.4 || 25.4 | 29.3 | 32.8 || 52.0 | 54.0 | 55.6
N =20 | LCB-SAA | 36.6 | 39.0 | 40.7 || 53.4 | 55.3 | 57.0 || 70.8 | 72.2 | 72.8
SAA 3.8 5.2 6.5 17.2 1203 | 23.0 || 44.2 | 47.2 | 48.9

Table 1: Percentiles of the profit gap distribution for LCB-SAA and SAA for adversarial instances

6.2 Synthetic instances

The setting described in Section compares both approaches on a family of instances that is
adversarial for SAA. We now evaluate these policies on a family of Markov Chain choice models
for which arrival probabilities are heavy-tailed and prices are negatively correlated with demand.
These instances are characterized by arrival probabilities generated by a discretized log-normal
distribution.

Products are classified between two price segments, "high price products" and "low price prod-
ucts". Prices are generated from a triangular distribution with the same support, but we choose
the mode of high price products to be larger than the one for low price products. In these synthetic
instances, we choose the support to be [10, 50] for both categories and the mode for low (resp. high)
price products to be 20 (resp. 40). To ensure negative correlation between arrival demand and
price, we put product i € N in the low price category according to a Bernoulli distribution with
parameter \;. Costs of products are generated by considering a hypothetical fixed margin of 33%.

Finally, the transition matrix is computed by associating each product i € N to a utility vector

Vi = HE—‘H € R? where each u; is sampled from a standard Gaussian. The transition from product

i to product j € N is defined as

6ViTVj
14 Dken €Vi Vi
We report in Table [2 percentiles of the distribution of profit gap (in percentage) for each policy.

As expected, we observe that the gap between LCB-SAA and SAA is tighter for this family of

Pij

instance. However, we can still observe that LOCB-SAA improves by approximately 1% upon SAA.

This gap tends to vanish as T grows which is a natural consequence of the asymptotic optimality

of SAA when fixing NV and L.
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T =100 T =200 T =500

Products ALG 25th | 50th | 75th || 25th | 50th | 75th || 25th | 50th | 75th
N =10 | LCB-SAA | 854 | 87.1 | 89.7 || 91.1 | 92.0 | 93.5 || 95.0 | 95.6 | 96.8
SAA 83.4 | 85.3 | 88.8 || 89.9 | 90.8 | 92.8 || 94.3 | 95.0 | 96.8
N =20 | LCB-SAA | 829 | 84.3 | 85.8 [ 89.9 | 90.7 | 91.6 || 94.7 | 95.2 | 95.8
SAA 80.8 | 82.4 | 84.1 || 88.3 | 89.4 | 90.6 || 94.0 | 944 | 95.3

Table 2: Percentiles of the profit gap distribution for LCB-SAA and SAA for synthetic instances

6.3 Model misspecification

We compare both algorithms on a dataset generated from our query-to-purchase choice process. In
this sequence of experiments, the underlying model is not a Markov Chain decision model therefore
both algorithms suffer from model misspesification when deciding inventory levels. In order to
compare both approaches, we first construct an approximate Markov choice model by computing

estimators of the following quantities

)\Z':ﬂ'(i,./\f), Vie N

_ (NS —7(,N) .
pij = (i N , Vi,j € N.

This is achieved by simulating 5000 customer arrivals with assortment being N, and repeating this
process for each product i € N, with assortment N\ {¢}.

Similarly to previous experiments we define high and low price ranges which are now defined
on different supports. The low price range is supported on [20,50] with a mode equal to 35
whereas the high price range is supported on [50,300] with a mode equal to 75. We obtain costs
by sampling margins for each products. Margins are uniformly sampled from the interval [0.4, 0.5]
which corresponds to a markup ranging from 66% to 100%. These values corresponds to typical
margins for fashion retail as reported by (Ghemawat et al.| (2003); Sen| (2008)).

We present in Figure 4] results obtained by our algorithm for 50 products on the query-to-
purchase choice model with a time horizon of 500 customers. Both algorithms decide inventory on
a single instance by using 20,000 scenarios. Their performance is then evaluated on 400 selling
seasons. We can see from this figure that LCB-SAA is stochastically dominating SAA. It suggests
that the inventory decision of LCB-SAA is able to capture selling seasons with high demand while

still being conservative enough to avoid losses in selling seasons with less demand.

7 Conclusion

Inventory planning under heavy-tail demand is a challenging practical problem faced by online

retailers. The challenges arise from many considerations including i) a complex choice process
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Figure 4: Empirical complementary cumulative distribution (ccdf) for SAA and LCB-SAA.

of customers with the online retailer, and ii) the computational difficulty in modeling stock-out
based substitutions. The main contributions in this paper are two-fold. First, we approximate the
complex interaction of the customers with the online seller and the resulting choice process using
a Markov Chain choice model and formulate the inventory optimization problem under a Markov
Chain choice model. We present a near-optimal algorithm that achieves a regret of @(\/ﬁ )
with respect to an LP upper bound. This is near-optimal and improves significantly over prior
approaches where we show that the regret can be linear in 7.

Furthermore, we also present a model for the complex interactions of customers with the online
seller that captures the customer journey from query-to-purchase. We show that parameters of
this model can be learned efficiently from data observed by the online retailers such as clicks and
purchase decisions. We also study the empirical performance of our algorithm as compared to the
LP upper bound as well as prior approaches. We observe that our algorithm performs significantly
better than prior approaches both on synthetic instances as well as instances that capture realistic

settings.
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A Proof of Proposition |2.1

Let g be an inventory decision and denote by (X}

Z)i EN 1, T} the sequence of random variables

such that for every ¢t € {1,...,T} and i € N the variable X! = 1 if the customer ¢ purchases
product i, conditionally on q being the initial inventory level, and X! = 0 otherwise. The profit

75T(q) generated on a selling season after prescribing inventory level q is given by,

T
Pr(a) =YY piX{— ) cia

iEN t=1 ieN
T
ieN t=1

where the inequality holds because Zthl X! < g for all i € N. By taking expectation, we get

Pr(a) = E [Pr(a)]
T
<E lz (pi — ci) Xf]
t=14ieN
@ o [
=E Z (plicl)E{Xf|Sl) 7ST:|‘|
t=14ieN

I
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NE
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I
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=
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L=

,F
Il
I
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m
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where the random variables (S¢),c(y, 7y in (a) are defined such that for every ¢ € {1,..., T}, Sy is
the set of products offered to customer t, i.e., the set of products for which there is some remaining

inventory at time t. Note that the equality in (a) holds by the law of total expectation.

B Proof of Lemma [3.2.

In this section, we present the proof of Lemma Our proof relies on two key lemmas. We first

present the structure of our proof and the statements of the two key lemmas and then give their

xSAAL) AA7£)4€[L] and g5 denote the solution of the SAA algorithm. For any

proofs. Let ( e[l (¥
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T > 1, define the following events,

T
& = {36 € [L] s.t. Df > 34}
N+1
T T2 log (2T)
& {ZZQ %S5 + i
E = &NE,.

First, we show that the events & and &) happen conjointly with high probability. Formally, we

have the following lemma.

Lemma B.1. For any L > 4e¢*T log (2T), we have P(£') > 1 —

N=

Second, we show that conditionally on the event &', the solution of problem carries too
many units of product 1. In fact, in order to handle the scenario ¢ € [L] satisfying D{ > %,
the SAA algorithm can either increase the inventory for products {2,..., N + 1}, or carry some
inventory in product 1. We show that it necessarily chooses the second option and carries a constant
fraction of T" inventory from the suboptimal product 1. Formally, we show that the event £ implies

the event & defined in (3.4).
Lemma B.2. For any T > 2 and L > 4e*" log (2T'), we have &' C &.

From Lemma and Lemma we get P(E) > P(€') > 1— £, which is the desired result for
Lemma [3:2] To complete our proof, let us give the proofs of Lemma [B.1] and Lemma [B:2]

Proof of Lemma [B.1l
Step 1: We first bound the probability of event £ by using the following probabilistic bound.

Proposition B.3 (Theorem 2 (Mousavi (2010))). Let Xi,...,X,, be i.i.d. Bernoulli random
variables such that P(X1 =1)=p. Ifp < i then for any t > 0,

= 1 2t
P X — >t > - — .
() 2 or (55)
Recall that for every ¢ € [L], DY is the sum of T i.i.d. Bernoulli random variables with mean
%. By applying Proposition we obtain that,

3T TN _ 1
P (D{ > 4) =P (D{ >E [Dﬂ + 2) > Ze—”. (B.1)

Let cp := %e‘QT. One has that,

T\ (a T\\* ® (c los27) (d) 1
P(WgL,D{gi)QQ—P(DbZ)) <—er)t < (1—cp) e <o

~
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where (a) holds because (D{)gem are i.i.d., (b) is a consequence of (B.1)), (¢) holds because L >

1082T) and (d) comes from the inequality (1 — %)t < e ', Vt > 0 applied to t = é Therefore,

cT

P(&) > 1— 57

Step 2: We derive a bound on the probability of the event &. First, we state in (B.2]) the LP solved
by SAA for the problem instance defined in Figure

xra?},(q i;p—rxe —c'q (B.2a)
subject to z; < g, Vie N,V e [L], (B.2b)
foryf:%yf, Vie{2,...,N+1},v0 e [L], (B.2¢)
i =D el (B.2d)
2t > 0,98 >0,¢;, >0,  VieN Vel (B.2¢)

Define the random events,

L
1 T T2log(27)
h=AVie{2,...,N+1}, =Y 2™ < [Z 0/ 8
A2 {ZG{’ ’ +}’Lezlxl =av Tt N2L

We show that the following sequence of inclusions holds,
Al C A, C & (B.3)

From (B.2d)), we remark that for each ¢ € [L], y?AA’Z < D{ and from (B.2d) we obtain that for each
SAA,L Y
i€{2,...,N+1} and ¢ € [L], miSAA’E <h < %. Hence we conclude that, A} C A,.
Next, we use the following notation. We denote by Obj ((XZ)ZE[L], q) the objective value of a

feasible solution (Xe)ge[ 1), q for problem (B.2), i.e.,
1 L
Obj ((XE)ZG[L]y Q) = 7 Z PTXZ - CTq
=1

We will show that if A holds, then &) holds. Suppose for the sake of contradiction that A/ holds
and 211\251 qiSAA > % +2 %. This implies that

N+1 A N+1 1 L SAAL
z : SA § )
=2 =2 /=1
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We construct the following feasible solution where for all ¢ € [L],

y MM =1
xr; =
0 ifie{2,...,N+1}.
y DY — 52N ipi=1
Yi = 1 Y SAA YL e
N(D—:El ) ifie{2,...,N+1}.
. @A ifi=1
q =

0 ifie{2,...,N+1}

L

For each £ € [L], X', ¥ and §q clearly satisfy the constraints of problem (B.2). Moreover,

N+1

1 & AA,E 1 & SAA¢ qiSAA’E
L2M +§ L2y
N+1 1 L ' q~Z
sz 9))
1=

Obj (54 11), a*4*) = Obj (%) e, @) =

.&\»—k

/=1
N+1
Z( Z SAAZ SAA) <0,
1=2

where the last inequality is implied by (B.4]). Hence, we have a feasible solution that has a strictly
better objective value than the optimal SAA solution, which is a contradiction. Therefore, A5 C 5.
Thus, we conclude that (B.3)) holds. Hence,

L 2
P(SQ)ZP(AQ):1_P<;ZD{ZZ+ Tlog(QT))

where (a) follows from Hoeffding inequality for bounded random variables (Theorem 2 in [Hoeflding
(1994)) applied to (DY) ¢e(r) Which are bounded random variable in [0, 7] with mean 7. We finally

conclude by a union bound that,

1 1 1
P =P(&! N>1—-———=1—-—.
(€) (E1N&) 5T ~ 2T T

O]

Proof of Lemma [B.2l We will show that if £ holds, then £ holds. Assume for the sake of
contradiction that £ holds and ¢f** < L — 2,/ %. Since & = & N &L, then & holds and

therefore there exists ¢ € [L] such that, Df > %. Without loss of generality assume that Dj > %.
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We will construct a feasible solution (RZ)ZE[L], (yf)gem,q for problem (B.2) that contradicts the

optimality of (XSAA’K)KE[L], (ySAA’e)ge[L], q544. Define q such that,
T g/ T2los@D) g

LY Mg ifie {2, N + 1}

For all £ € {2,..., L}, define X* and §* as,

LM =1
.T,L' —
LN e {2, N + 1)
y R T |
Yi =
LYNGLSAME e {2, N + 1}
For ¢ =1, define
" T gy /TloeT) g
'CE’L' =
LN AN ifie {2, N +1}.

. D} — T 4o /T2loeT) gy

— i} ifie{2,...,N+1}.

ZSe

Feasibility. Remark that, for every ¢ € [L] and i € {2,..., N + 1},

N+1

o 1 ganp 1 SAA
fz‘:NZQCUj ’Sﬁzzq]' = Gi-
J= J=

For i = 1, it is clear that #1 < §;. For any £ € {2,..., L},

(a) 2
3 = AN < gsan 2 T 5 T?log(2T)

4 I3 =41,

where (a) follows from the assumption on ¢{**. Therefore, the constraint (B.2b) is satisfied.
Furthermore, for ¢ € {2,...,L} and i € {2,...,N + 1},

¢, 0 1 Nf:l SAA , SAAe (a) 1 Nif yi oyl
T +9 =+ € 7+yj == N T A
N N4 NN

where (a) holds because the SAA solution satisfies (B.2c|). When ¢ = 1, (B.2c|) holds trivially. Note
that (XZ)EE[L] and (S’é)ge[L] clearly satisfy (B.2d)). Lastly, let us check the non-negativity of our
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variables. Remark that ¢; > 0 for T' > 2. In fact, ¢ > 0 is equivalent to % < é which is true
since from L > 4e?T log(2T), we obtain for T > 2, % < sexp(—2T) < g;. This also shows

that Z} > 0. The only non-trivial remaining case is to show that §' > 0. Since D} > %T, we get
| T? log T 172 log(2T)
gl =
— 42 — > 0.
—I— 2 I =
This also implies that for i € {2,..., N + 1},
~1 2
9 4. T T2 log(2T) 1
N T Zen A TR T
T T?log(2T) iNJrleAAZ
2N N2L N = J
T T2log(2T) 1
> — 42—
2N + N2L Z:
where the last inequality comes from the fact that & holds. Therefore ' > 0.
Objective value. We have
1 L N+l SAA N+1
Obj ((XSAA’Z)ee[L],qSAA) — Obj ((ig)zem,fl) =7 S b ( ~€) + Z ( ; — qZSAA)
(=1 i=1
1
© Zpl(foA’l i)+ a(@ — ™)
® 1 [ saax T T2 log(2T)
= — T — 2 _—
AL (xl i L
1 SAA.1 T T2 IOg(QT) (c)
< = T =2 —= 0
=L (ql 17 L =0

where (a) holds because for each ¢ € [L],

= SAAL _ ~t T ogaar 1 SSAALL SAAL _ PEREa SSAAL _
IPACEREEIRD ol D ot D DTS D) o
= j J 9

and a similar argument holds to show that Zi]igl I (qZ — quA) = 0. Moreover, (b) holds simply

because p; = 1/4 and ¢; = 0. Finally, (¢) is a consequence of the assumption over q%AA. Hence, we

contradict the optimality of the SAA solution. Therefore, we conclude &' C £.
O
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C Proof of Lemma 3.3

Proof. We define g4 as

0 ifi=1
L ifie{2,...,N+1}.

fuid __
qz -

Given a Markov Chain choice model, recall that we say that a customer visits product ¢ € A/
before product j € A if the random walk associated to this customer hits product i before hitting
product j. For a customer t € {1,...,T}, the relation <; is defined as U <; V if and only if
there exists a product ¢ € U such that customer ¢ visits product ¢ before any product in V. For
i€{2,...,N + 1} define D; as follows:

T
D = z_: L{{1} <¢ {i} =+ {0}}

T
=>_ 1{{0} =< {13}
t=1

Note that, D := (Di)z‘e{l,..., N1} follows a multinomial distribution with 7" trials and a vector of
probability d such that, d; = % and fori € {2,...,N+1},d; = % X % = ﬁ. Let I be the interval,

[-m/NTlog (27), +2 NTlog 2T]

and define the event,
G = {Di €1, forallic {2,...,N+1}}.

The profit 75T(qﬂujd) over a selling season is expressed as a function of D as follows:
o N+1 ” 1 N+l i N+1 T . T
uidy __ ui - ui 3 I N
Pr(q™) = iZQmm( D) Z ZZlen(4N,Dz> 3
Hence,

E [ﬁT(qﬁ“id) \ g] =K [Nil min <§V’bi> ‘ g] - % (ﬁ) g —2,/N3T log (2T), (C.1)

where (a) holds because, conditionally on G, D; > ;& —2\/NTlog (2T) for all i € {2,...,N + 1}.
We now bound the profit generated by the SAA algorithm. We define the sequence of random
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variables (QT)TE{L_“’T} such that for every 7 € {1,...,T},
Q- =Y 1{{1} < {0}}.
t=1
We define T} as the following stopping time

Ty = min{r € {1,...,T} | Q; > ¢?**},

with the convention that the minimum of the empty set is co. Note that, Ty corresponds to the

time at which product 1 runs out of stock. For i € {2,..., N + 1}, define

T
Yo T{{1) = {i} < {03}

t='f'1 —+1

Conditionally on {T} < oo}, we have, almost surely,

N41 N+1 T N+1 N+1 T
> R = Z i Z L{{1} < {i} < {0}} = Z D; — Zﬂ{{l} <+ {0}}
i=2 ;:_21 t=1 =2 Nl i=2 t=1
= ~Qp =Y. Dy — AN (C.2)

[|
I\

7 1=2

Therefore conditionally on {T 1 < oo}, the profit of the SAA inventory decision on one selling season

satisfies almost surely,

5 (544 1 gSAA R 5 SAA SAA
Pr(aq + me( ir ) Zq

( ) 1 gan 1R SAA
< -q + o Z min (Rz,q )

1 1N+1 B
< 1Q§AA+§ R;
=2
N+1
®) 1'% P 1qSAA
Y v 41 )
2 = 4

where (a) holds because for i € {2,..., N + 1}, ¢?** > min (RZ, qlSAA) and (b) follows from (C.2).
Conditionally on {7} < oo}, product 1 runs out of stock whereas for {77 = oo}, we only sell
a fraction of the inventory of product 1 and we do not sell any other product. Therefore, the
profit generated over a selling season under the event {T 1 = oo} is lower than the one generated
conditionally on {7} < cc}. Hence, we always have Pp(g°44) < 1 V1 D, — 14944,
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Recall € the event defined in (3.4)). We have
N+1

1 ~ 1SAA
3> D= eg

=2

@1 /T T T2 log(2T)
< — 3 =2 7
< 2<4+2,/N Tlog(2T)> 16+ .

z

+ g N3Tlog(2T), (C.3)

E [ﬁT(qSAA) ‘ 5,9] <E

2
SAA > T _ 9 T 10§(2T)

and conditionally on G, D; < & i~y +2v/NTlog (2T), for all i € {2,...,N + 1}. Lastly, (b) follows
from L > T and N > 1. We conclude by decomposing the regret as follows.

where (a) holds because condltlonally on &, the inventory level satisfies ¢}

E |Pr(a”) = Pr(a®**) | €] = E[Pr(a™™) - Pr(a™*) | €]
=E [Pr(a"") ~ Pr(a™*) | £.6] P (G]¢)
+ [Pr(@™) - Pr(a™*) | £,6°| P(G°lE)

(a) . , 3 .
2 (B [Pr(a™) | 6] - E[Pr(a®) | £.6]) B() - T (@)
®)
> {11;3 - ; N3Tlog(2T)] P(G)—T-P(G%,
where (a) holds because G and & are independent, and it uses Pp(qiid) > — Zze A\ cigiuid = %

and Pr(q5) < L since the profit generated by the most profitable product is 5. Note that (b)
is a consequence of ((C.1) and (C.3). To conclude the proof, we bound the probability of G using

the following concentration result.

Proposition C.1 (Weissman et al. (2003)). Let X be a multinomial random variable with T trials
and a vector of probabilities d of dimension k. Then for any k > 2 and 6 € (0,1), we have

P(IX =Xl > \2kT10g (2/6) ) <4

Recall that D := (Di)ie{l .....
of probability d (of dimension N + 1) such that, d; = 3 and for i € {2,...,N + 1}, d; = 1%

N1} follows a multinomial distribution with T trials and a vector
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Therefore,

Pl =F (ie{ﬁ%l} D~ E |Di]| < y/4NTlog <2T>)
z[@( max |D;~E|[D;]| < 4NTlog(2T)>
ie{1,..,N+1}

(

Ve

—~
=
~

v

P

B (1D~ B [B] < /i Tlog 21))
(

]
ID—E[D] [ < \/2(N +1)Tlog (2T)>
1

= _f’

where (a) holds because the norm one is larger than the infinite norm, (b) is induced by 2N > N+1
for N > 1 and (c) is a consequence of proposition This enables us to conclude that,

N3Tlog(2T) — 2.

E [Pr(a’) - Pr(a®™) | €] .

>
— 16

D Proof of lemmas used in Theorem [4.2]

Proof of Lemma 4.3l For any i € S*, we have by definition of Z! that, S; = >>7; Z¢. Therefore,
3 T
Si =" 1{{i} =t Sq, U{0}\ {i}} - 1{i € Sq,}
t=1

= min <Z 1{{i} <¢ Sq, U {0} \ {i}}, qi>

(g min ( 3 1{{i} = (]—‘Pool A SC[t) uS*u{0}\ {i}}, %’)
t=1

T
= min <ZX5 CL{{i} = (FP'N Sq,) U {0} \ {i}}qu)

—
=

O nin (ZX;? (1-1{3j € 71 Sq, st {7} < (i}}) ,qi>

t=1

T
> min(X;, ¢;) = Y. X} - 1{35 € FPIn Sy, st {5} < {i}},
t=1
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where (a) follows from the inclusion Sq, = (.7-"1"’01 N Sqt) U(S*NSq,) C (fpo"l N Sqt) US* and (b)
holds because, when product {i} <; {0}, we have,

{13} <0 (FP' 01 8q,) U{0}\ {i}} = {35 € PPl n Sy, st {5} <o {i}} -
Next, remark that,

L{3j € P N Sq, st {5} <o {i}} = Y L{{j} < (F*'18q,) U{0}\ {5}} - T{{5} =e {i}} - 1{j € S, ),

je]:pool
and that X} - 1{{j} <; {i}} = X} - X! for i € $* and j € FP°°.. We also note that,

L{{j} =¢ (FP'N Sq,) U0} \ {j}} - X[ = L{{7} =¢ (FP*' N Sq) USTU{0}\ {j}} - X
< 1{{j} <t Sq, U{O}\ {j}} - X]

where the last inequality holds because of the same argument as in (a). Therefore, we obtain that,

S; > min (X;, ;) Z > Xi X5 1{{5} < Sq U{0}\ {53} - 1{j € Sq,}

t=1 je Fpool

= min (X, ¢;) Z Z Xt Xt-Z;..

t=1 je Fpool
O

Proof of Lemma [4.4. Let (XE)ZE[L],(yE)ge[L], qP°°! be an optimal solution of the LP (4.1]). For
every £ € [L], the constraint (4.1c)) implies that,

N N
Sai+> yl - Z Z szyk_ZDe (D.1)
=1 =1

i=1k=1,k#1i

Moreover,

Therefore, (D.1) implies that,

N N N N
Sal=3"D! =Y pioyf <> DT
=1 i=1 i=1 i=1

Suppose for the sake of contradiction that Y ;¢\ cig)” ool > p-T’, hence the optimal objective value
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_p.ng()’

N
D2
O

of (4.1)) verifies
Obj((x")
which is a contradiction since x* = y* = 0 for all £ € [L] and q = 0 is a feasible solution with an
ex ™ <p T

objective value equal to 0. We conclude that >

E Proof of Proposition (3.4
There is no stochasticity in demand arrival in the instance described by Figure 2l Hence for any

¢ € [L], the sampled demand D’ satisfies
DZ = Tel,

where e is the basis vector with the first coefficient being equal to one and the others being equal
(E.1a)

to 0. In this case, problem (3.3) is equivalent to the following LP.
1S, 1
T T
SR 2L
subject to  xf < ¢, Vie{l,...,N+2} Ve [L], (E.1b)
4yt =T, Ve[l (E.1c)
0
xf+yf:%, Vie{2,...,N+1},Vee[L], (E.1d)
N+1
Ve e [L], (E.1e)
(E.1f)

Thyo FUNs2 = D yf7
j=2
Vie{l,...,N+2} Vlell]

For each ¢ € [L], consider the solution defined as follows.
if i € {1, N +2}

~/ 0
r; =
L ifie{2,...,N+1}
L, T ifi=1
Yi =
0 ifie{2,...,N+2}
N 0 ifie{l,N+2}
qi =
L ifie{2,...,N+1}
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It is clear that (%) telL]s (94)46[ 1), @ is feasible for (E.1). Moreover, its objective value is given by,

o B T
Ob]((xé)ee[L], q) = 3

Finally, for any feasible solution (Xe)ge[ ) (v ¢e(z)»q of problem ([E.1)), the total sales are less than
T, ie., Zf&[z xf < T for every ¢ € [L]. Furthermore, Zij\:g? rt < Zf\;;? ¢;. Therefore,

, 1 N+2 g N+2 T
Obj (X )eer), a) < §min (Z QiaT> -3 Z % < rh
=2 1=2

Hence, (%°)se(z), (F°) e[z, @ is optimal.

F Proof of Proposition 4.5

Let "4 denote the inventory level of the fluid policy. Note that, by definition, (S*,qﬂ“id) is an
optimal solution for problem (2.4). It is clear that for the instance described in Figure 2 the
optimal solution of (2.4]) satisfies S* ={2,..., N + 1} and

ifie {1,N+2}

ﬂuid: 0
L ifie{2,...,N+1}

)

In the next lemma, we show that the regret of the fluid policy is linear in 7" for the instance defined
in Figure

Lemma F.1. Let N =T and ¢ = % For T > 4, the regret of the fluid policy on the Markov

Chain instance 7 defined in Figure[J satisfies,
- 1
RIwid(T) > 37— VT.

Proof. For a customer ¢t € {1,...,T}, recall the notation <; defined in the proof of Theorem
Consider the sequence of random variables (f)z) ‘ such that for each i € {2,..., N + 1},
i€{2,...N+1}

T
D; = Z 1{{:} <¢ {0}}.
t=1

When T = N, we have ¢™d = 1 for all i € {2,...,N + 1}. Thus, for every i € {2,..., N + 1},
product 4 is purchased if and only if {DZ > 1}. This implies that the profit Pr (qﬂ“id) during a
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selling season satisfies,

N+1 N+1

Pr(q™?) = Z 1{D;>1} - ° Z fuid (@

OO\H
l\.')\»—\

SRU

where (a) holds because,1{D; > 1} = 1 — 1{D; = 0}. For each i € {2,...,N + 1}, D; follows a

binomial distribution with T trials and with success probability equal to % Therefore,
. , T 1 T 1 N7 @717 1 1 ®)
fluid _ - _ - R - _ _ N . P - — - <
B[P (o) =gy L (Bi=0) =55 (1-7) 255 (1mg) T 20

T
where (a) follows from e~} (1 - %) < (1 - %) for T'> 2 and (b) holds because, when T > 4, we
have i (1 — %) > % > %. We consider the solution q"**—P% defined by,

viskopoot _ )0 i€ {1l N 41}

4;
T ifi=N+2.

; _ 1
It is clear that for e = i
1

Pr (qrisk—pool) — <

1
)T =T - VT
8 E) 8

Therefore the regret of the fluid policy satisfies,

RI(T) =B [Pr(a”) — Pr (a™)] > Pr(q" ™) — P (q™) > 2T - VT.

co| =

O]

Let q“CB-SAA denote the inventory solution prescribed by Algorithm [2{ on the Markov Chain
instance 7 defined in Figure In the next lemma, we show that zguiq—E {PT(qLCB'SAA)} = 0(VT),

and since zfyiq > Pr(q*), by Proposition we conclude that the regret of LCB-SAA is bounded
by O (\/T )

Lemma F.2. Let € = ﬁ For~v>0,T > 64, and L > 25001og(T"), we have that,
5
Zfluid — K [pT(qLCB_SAA)] < VT + 3
Proof. Recall the optimal unconstrained assortment S* is {2, ..., N 41} for the instance described

in Figureand Zfluid = %. The solution given by Algorithm [2is the solution of problem (4.1]) where,
for any ¢ € [L], the demand scenarios D¢ are sampled from a multinomial with probability (-, 5%)

and T trials. Moreover, the reduced prices are: pf* =0 for i € 5%, p*lg* =0 and p%*ﬂ = % — €. So
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for any threshold v > 0, we get F = N. The LP (4.1]) for this instance is given by,

max Zp x! —¢c'q (F.1a)
(x et (¥ eera
subject to xi < q, Vie{l,...,N +2}, Ve [L], (F.1b)
i+t =0 Ve[l (F.1c)
1
xf+yf:Df+Ny{, Vie{2,...,N+1}, V0 e [L], (F.1d)
N+1
o FUNe = DY, VeI (F.1le)
j=2
>0,y >0,¢;, >0, Vie{l,...,N+2}, vlellLl]. (F.1f)

First, remark that the constraint (F.1c) implies that for every ¢ € [L], 2§ = 0. Therefore, for any
optimal solution, we must have ¢; = 0. Moreover, note that for every i € S*, w(i,S*) = % As a

consequence, for every £ € [L], T >4 and i € {2,...,N + 1},

T (a) (b
P(Di=0)=(1-7) Zet(1-7) 2 (F.2)
e

where (a) follows from e~! (1 - %) < (1 - %)T for T > 2, and (b) holds because T' > 4. For any
i€{2,...,N + 1}, denote by
N; =Y 1{D{ =0}.
Le[L]
and define the event B; := {Ni < % —+/Llog (T)} Let B := Uf\ggl B;. Let (xe)ge[L], (ye)gem,q
be an optimal solution for problem . We now show that, when B¢ holds, we get ¢; = 0 for
every i € {2,..., N 4 1}. First, conditional on B¢, we have for all i € {2,..., N + 1},

1 3q; 1 3q;
— xg—&g—(L—Ni)-maxx—&
2L 8 = 2L telL] 8
Ce[L]
@ (1 3 1 fogm) o 3
—\2 8 2 L celr] * 8
©® (1 3 1 [log(T)
<lz-242 : F.
= (8 e + 9 I qi, ( 3)
where (a) holds because B¢ holds and (b) follows from zf < ¢; for every ¢ € [L ] For the sake of
simplicity of notation, let Cp := 1 — & + 1 log].ET) and remark that 1 — & < — b5, thus for every
L > 25001og(T"), we have Cf, < 0.
N2

For the sake of contradiction, assume that > ;25 ¢; > 0. Then, conditionally on B¢, the objective
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value of problem ([F.1)) satisfies,

o i1 &, 3¢ 1 & /1 1), 3qn+2
Obj((x)ée[L],OO*Z 722%—? +LZ<2—\/T)1‘N+2— :

=2 (=1
(a) N+1 3
den Y nr 13 (5 o) s 2
® /1 1\ 3gnie2 T
S T) - 2NF2 o ° T
< (2 \/T) mln(qN+27 ) ] =3 \/>7

where (a) is follows from and (b) holds because C, < 0 and, for each ¢ € [L], we have
2440 < T and 255 < gn42. Consider the solution (% Neerr) (¥ )ge[L] q such that, for ¢ € [L],

0 ifie{l,...,N+1}

i =
T ifi=N+2,
0 ifi=1
gl = D! ifie{2,... N+1}
0 ifi=N+2.
~ 0 ifie{l,...,N+1}
q =

T ifi=N+2,

It is clear that (X°) telr)> () ¢e(r), Q is feasible for (F.1). Moreover, its objective value satisfies,

b ((% mﬂ}):(;—%ﬂ1>zT:(;—Q%)T:£—¢T

This contradicts the optimality of (XZ)KE[L], (yg)gem,q. Thus, when B¢ holds, we get Zf\igl gi =0,
ie., ¢ =0forallie {1,...,N + 1}, and therefore, for T > 64,

1 1)1 3¢ 11 3q T
: N+2 . N+2
Obj ((x“)¢epr),a) = (2 - \/T) 7 ;:1 Thgo — 3 < (2 - \/T) min (7', gny2) — 3 < 3 vT.
Hence, when B¢ holds, the solution (x Z)Ze[ ), (¥ f)ée[L],q is optimal for (F.1) and,

B [Pr(a )] £ BIPr() | 515 - P 6) = (£ - VT) P - TE®),

where (a) follows from Lemma and max;cn p; = %
On the other hand, note that, for i € {2,..., N + 1}, N; is the sum of L bounded i.i.d. random
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variables in [0, 1], therefore,

@ (b) o
P(B;) <P (Ni <E[N;] —/Llog (T)) S e %

where (a) is a consequence of (F.2)) and (b) comes from the Hoeffding inequality for bounded random
variables (Theorem 2 in Hoeffding (1994)). By a union bound, we have that,

ol N 1
<=
PO <Y PE)< -1
Recall that zguq = %. We conclude that,
T T T 5
snua — B [Pr(q 544 < = - ((8 ~ \/T> P(B) - 5P (B)) <SVT+ 4.

where the last inequality follows from P (B) < 7.

G Proof of Proposition [5.1

Let Hr be the set of historical data. Recall that ,3 is known to the decision-maker. By independence
we have,

T
Puops(Hr) = H P08 (it | Cy is considered, e;) - P, 9 8 (Cy is considered, e; | o¢, St, V(q)) - P,
t=1
where for any event A, we shorten notation as P, 9 g (A) =P (A | 1,8, 8). Moreover, we note that
P, :=P (o4, St, V(q) | 1,0, 3) is a constant that does not depend on p, 8,3 but only on B which

is known. Recall that,

-
By

P it | Cy is considered, e;) = .
10,8 (it | Cy t) [ S e

Recall oy is the ranking of S; and let i} := max;ec, 0¢(¢). For the sake of simplicity of notation, for

every e € {0,1}, let

pi(e) :==P, 03 (Cy is considered, e; = e | oy, St, U(qy)).
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Then,

1 e/J' |Cf|71 . .
pO =15 (1ra)  HPwestcc) T Pusligcn

iECt iQCt,at(i)gif
1 ( e ) |Ct|—1 0 xi H 1
= 1= T
1+e# \1+eH ieCtlJre x Z,Qctm(i)gijlqte x

() e e
—_ 0T i.
1+et \1+eH ieCy i€S,04(1) <1} L™

Similarly,

el |C]
pi(1) = (1 n u) [I Pros(i€Ch) [] PuoplidCr)

1€Cly iZCt

Q

Therefore, the log-likelihood is given by,

T

L(n,0,8) =7 {ICtI (u—log(L+e)+ > 0Tx— > log(l+ef )

t=1 1€Ch iESt,Ut(i)Si:

T .
— et Z log(1+¢€® ) — (1 —¢) - p
i€St,0¢(i)>i}

+B8Tys, —log(1+ > ?'V%) +log (P) }
keCy

Moreover, for any n > 1, (x1,...,zy,) — log(l + 1" €¥) is a convex function. Therefore, £ is a

sum of concave functions so it is concave.
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