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ABSTRACT
We consider the problem of online service with delay on a general

metric space, first presented by Azar, Ganesh, Ge and Panigrahi

(STOC 2017). The best known randomized algorithm for this prob-

lem, by Azar and Touitou (FOCS 2019), is 𝑂 (log2 𝑛)-competitive,

where 𝑛 is the number of points in the metric space. This is also

the best known result for the special case of online service with

deadlines, which is of independent interest.

In this paper, we present𝑂 (log𝑛)-competitive deterministic algo-
rithms for online service with deadlines or delay, improving upon

the results from FOCS 2019. Furthermore, our algorithms are the

first deterministic algorithms for online service with deadlines or de-

lay which apply to general metric spaces and have sub-polynomial

competitiveness.
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• Theory of computation→ Online algorithms; K-server al-
gorithms.
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1 INTRODUCTION
In online service with deadlines/delay, a server exists on a metric

space of 𝑛 points. Requests arrive over time on points in the metric

space, demanding service by the algorithm. The algorithm can serve

requests by moving the server to their location, incurring a cost

which is the distance traveled by the server on the metric space. In

online service with deadlines, each request has an associated deadline
by which it must be served. In online service with delay, a more

general problem, the deadline is replaced with delay costs which

accrue while the request is pending. Specifically, each request has

an associated, non-decreasing delay function, such that the total
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delay cost incurred by a pending request until time 𝑡 is the value of

its delay function at 𝑡 .

Online service with delay was first introduced by Azar et al. [1],

who gave an 𝑂 (log4 𝑛) randomized algorithm for the problem,

based on randomized embedding of the metric space into a tree

(specifically, a weighted hierarchically well-separated tree), then

solving the problem on the resulting tree. In [2], this was improved

to 𝑂 (log2 𝑛)-competitiveness, through an improved algorithm for

online service on a tree. The result of [2] remains the best known

randomized result for this problem.

Without randomization, much less is known about this problem.

There is no known deterministic algorithm (of competitiveness

less than polynomial) which applies to general metric spaces. For

specific metric spaces, some results are known. When the metric

space is uniform (or weighted uniform), the work of Azar et al. [1]

implies a constant-competitive deterministic algorithm. When the

metric space is a line, Bienkowski et al. [7] presented an 𝑂 (logΔ)-
competitive deterministic algorithm; here, Δ is the aspect ratio

of the metric space, or the ratio between the largest and smallest

pairwise distances (for a line, note that Δ ≥ 𝑛).

1.1 Our Results
We consider online service with deadlines/delay on a metric space

of 𝑛 points, and present the following results.

(1) An 𝑂 (log𝑛)-competitive, deterministic algorithm for online

service with deadlines that runs in polynomial time. (Sec-

tion 3.)

(2) An 𝑂 (log𝑛)-competitive, deterministic algorithm for online

service with delay that runs in polynomial time. (Appen-

dix A.)

Both results improve upon the best known randomized algo-

rithm for service with deadlines/delay, which is the randomized

𝑂 (log2 𝑛)-competitive algorithm of [2]. Moreover, these are the

first deterministic algorithms of sub-polynomial competitiveness

for online service with deadlines/delay on general metric spaces.

Note that while the result for deadlines is implied by the result for

delay, we chose to present it independently. This is both for ease of

presentation and since the deadline case is of independent interest.

In fact, we show that our algorithms achieve a stronger result:

they are 𝑂 (logmin{𝑛,𝑚})-competitive, where 𝑚 is the number

of requests in the input. Note that previous algorithms had no

guarantee in terms of the number of requests. Specifically, previous

algorithmswere based on randomized tree embedding, and thus lose

Θ(log𝑛) in competitiveness even when𝑚 is constant. We discuss

this result in the full version of the paper.

https://orcid.org/0000-0002-5720-4114
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1.2 Our Techniques
Online service with deadlines.. The algorithm for online service

with deadlines employs the main concept used in [3] for network

design problems with deadlines, which is to assign levels to requests

that increase over time, such that high-level requests are only served

in high-cost services. Services also have levels, determined by the

level of request whose deadline has been reached. The budget of

a service is exponential in its level, and a service of level ℓ only

serves requests of level at most ℓ .

However, in network design the cost of serving a request is fixed

at all times, while in online service this cost depends on the current

location of the server. Thus, while levels are maintained for each

request, the participation of a request in a service depends both on

its level and on its distance from the server at the time of service;

the resulting parameter is called the adjusted level of the request.
As a service of level ℓ restricts itself to requests with adjusted level

at most ℓ , each service is confined to some “service ball” centered

at the server’s location.

In addition, online service calls for a more aggressive raising

of levels. In particular, the following properties are crucial to the

analysis:

(1) Upon the deadline of a request, a service is started with level

much larger than that of the triggering request.

(2) Upon the end of a service, requests in its service ball are

upgraded to a higher level than that of the service.

Compare this to the network design framework of [3], in which

the constant difference in levels between service and triggering

request can be any positive number without breaking the analysis

(and is chosen to be 1). In addition, for network design the level of

an eligible request only increased to the level of the service.

Finally, the server itself must occasionally move to more oppor-

tune locations. In our algorithm, this depends on the triggering

request: if its adjusted level is dictated by its distance from the

server, we say that the service is primary. In this case, the server

is moved to the request at the end of the service; otherwise, the

server returns to its initial position.

Analysis. The optimal solution for online service is harder to

characterize than in network design. Optimal services in network

design can be charged independently (where the requests served

are an “intersecting set”), while the tour of the optimal server in

online service is not easily partitioned. This calls for a novel type

of analysis that we introduce.

In our analysis, we construct space-time cylinders, where each
cylinder is associated with a shape in the metric space (e.g., a ball)

and a time interval. We then show two properties: first, that the

optimal solution incurs enough cost inside each cylinder; second,

that the cylinders are disjoint (either temporally or spatially). This

yields a lower bound on the cost of the optimal solution; as each

cylinder is associated with a service in the algorithm, this connects

the cost of the algorithm with that of the optimal solution. The

aggressive upgrading of requests and services is dictated by this

analysis: upgrading requests forces OPT to incur high cost inside

each cylinder, while upgrading services implies disjointness of the

cylinders. We first use cylinders in a simple way, such that the

cylinders’ associated shapes are balls in the metric space. Then,

to show our final result, we perforate those balls by removing

balls of much-smaller radius; we then show that the charge to the

optimum is maintained, while achieving a greater degree of cylinder

disjointness (and thus a better competitive ratio).

Online service with delay. The algorithm for online service

with delay is similar to the algorithm for deadlines. In deadlines, a

service is started when the deadline of a request expires; in delay, a

service is started when the total delay for a set of pending requests

becomes large. (In fact, we consider the residual delay for this

condition, which is the amount of delay that exceeds investment

from past services.) Specifically, when requests of adjusted level at

most ℓ gather a total delay of 2
ℓ
, we say that level ℓ has become

critical and trigger a service. This service uses a prize-collecting
algorithm for Steiner tree to choose whether to serve requests or

invest in them, offsetting their future delay. This use of a prize-

collecting approximation algorithm is similar to that in [3].

The salient difference between the deadline and delay case lies

in moving the server upon a primary service (where “primary” is

defined somewhat similarly to deadlines). Considering deadlines as

a specific case of delay, an expired deadline is equivalent to infinite

delay incurred in a very concentrated neighborhood (i.e., a single

point). Analogously, for the case of delay, in a primary service we

attempt to identify a small-radius ball within which a constant

fraction of the residual delay exists. If such a ball is found, the

server would move to its center at the end of the service. Otherwise,

the delay is well-spread, and the server would remain stationary.

The intuition here is that when the delay is well-spread, the optimal

solution must also make significant movements to avoid incurring

large delay.

1.3 Related Work
Multiple servers. Online service with delay has also been consid-

ered when the algorithm has 𝑘 > 1 servers. In the first paper of Azar

et al. [1], an 𝑂 (𝑘 · poly log(𝑛))-competitive randomized algorithm

was given for this problem. As the algorithm only used randomiza-

tion in the initial embedding stage, its dependence on 𝑘 is linear (as

online service with delay is a generalization of the 𝑘-server problem,

which has an Ω(𝑘)-competitiveness lower bound for deterministic

algorithms). For uniform metric spaces, a better use of random-

ization was done in [16], achieving an 𝑂 (log𝑛 log𝑘)-competitive

algorithm. For online service with deadlines on a general metric

space, an 𝑂 (poly log(Δ𝑛))-competitive randomized algorithm was

presented by Gupta et al. [15].

Network design with deadlines/delay. A set of problems

related to online service is network design with deadlines/delay.

In such problems, connectivity requests with deadlines or delay

arrive over time, and must be served by transmitting a subgraph

that provides the desired connectivity. A notable example is Steiner

tree, in which requests demand connecting a terminal to some

root node. It can be seen that Steiner tree with deadlines/delay is a

special case of online service with deadlines/delay: the reduction

involves forcing the server to remain at the root node through a

stream of requests with immediate deadline (or very high delay

cost). The special case of Steiner tree in which the metric space

is itself a tree is called multilevel aggregation, and has received

much attention [2, 5, 10]; this is true also of its special cases, TCP

acknowledgement (e.g., [11, 14, 18]) and joint replenishment ([6,
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8, 12]). Multilevel aggregation itself has also yielded algorithms

for online service with delay (see [2]). A general framework for

network design problems was introduced in [3]; some techniques

introduced in [3] are used in this paper for online service. These

techniques were also used by Chen et al. [13] for a generalization

of joint replenishment.

Classic online𝑘-server. In𝑘-server, the classic variant of online
service with deadlines/delay, requests arrive over a sequence rather

than over time to be served by one of 𝑘 servers. (Here, unlike in

service with deadlines/delay, the case of a single server is trivial.)

Deterministically, the best competitiveness bound for this problem

is Θ(𝑘) [20, 21], where determining the exact constant is an open

problem. With randomization, poly-logarithmic competitive ratios

have been achieved relatively recently [4, 9].

2 PRELIMINARIES
In online service with deadlines/delay, we are given a metric space

of 𝑛 points. We represent this metric space as a weighted, simple

graph 𝐺 of 𝑛 nodes, such that the distance 𝛿 (𝑢, 𝑣) between two

points in the metric space is the weight of the shortest path between

the nodes in the graph. Each request 𝑞 in the input request set 𝑄

arrives at time 𝑟𝑞 ; slightly abusing notation, we also use 𝑞 to denote

the point in 𝐺 on which the request exists. A server exists in the

metric space, such that moving the server to a pending request 𝑞

serves the request (the server movements are immediate, and do

not require time).

In the deadline case, each request 𝑞 ∈ 𝑄 has deadline 𝑑𝑞 , and

must be served in the interval (𝑟𝑞, 𝑑𝑞]; we assume WLOG that

the deadlines of all requests are distinct (this can be enforced by

arbitrary tie breaking by the algorithm). The goal is to minimize the

total movement of the server during the course of the algorithm,

while still serving all requests by their deadline.

In the delay case, each request 𝑞 ∈ 𝑄 has a nondecreasing delay

function 𝑑𝑞 (𝑡), defined for every time 𝑡 ≥ 𝑟𝑞 , such that the total

delay cost that pending request 𝑞 accrues by time 𝑡 is 𝑑𝑞 (𝑡).
Without loss of generality, we assume that 𝑑𝑞 (𝑟𝑞) = 0, and that

delay rises continuously. (Indeed, the former assumption translates

to an additive constant to every solution, while the latter can again

be enforced by the algorithm.) For ease of presentation, and in

keeping with some previous work, we also assume that the delay of

every request tends to infinity as time advances; that is, that every

request must be served eventually. (We remark that our algorithm

can also be seen to work without this assumption.)

For every number 𝑥 , we define (𝑥)+ := max{𝑥, 0}. Given a point

𝑣 ∈ 𝐺 and a radius 𝑟 , we define 𝐵(𝑣, 𝑟 ) to be the set of nodes 𝑢 ∈ 𝐺
such that 𝛿 (𝑣,𝑢) ≤ 𝑟 .

3 ONLINE SERVICE WITH DEADLINES
In this section, we consider online service with deadlines, and prove

the following theorem.

Theorem 3.1. There exists an 𝑂 (log𝑛)-competitive deterministic
algorithm for online service with deadlines.

3.1 The Algorithm
Steiner tree. Our algorithm contains a component which produces

an approximate solution to the (offline) Steiner tree problem. In

this problem, one is given a set of terminal nodes in a graph, and

must output a minimum-cost subtree spanning those terminals.

A classic result for approximating offline Steiner tree [19] shows

that there exists a 2-approximation for this problem; we denote

this approximation algorithm by ST, such that ST(𝑈 ) denotes the
output of the algorithm on the graph 𝐺 given the set of terminals

𝑈 . Slightly abusing notation, we also use ST(𝑈 ) to denote the cost
of the approximate solution. Similarly, we use ST

∗ (𝑈 ) to denote

some optimal solution for Steiner tree on terminals𝑈 (or its cost).

Algorithm’s description. We now describe the behavior of

the algorithm for online service with deadlines. The algorithm is

divided into services, which are instantaneous events in which the

algorithm decides to move its server to serve requests. For every

pending request 𝑞, the algorithm maintains a level ℓ𝑞 , which limits

the set of services for which the request can be eligible (initially,

ℓ𝑞 = −∞). In addition, with 𝑎 the current location of the server, we

define the adjusted level of a request 𝑞 to be

ℓ𝑞 := max

{
ℓ𝑞, ⌈log𝛿 (𝑎, 𝑞)⌉

}
Upon deadline of request 𝑞, the algorithm starts a new service

𝜆. The service 𝜆 also has a level ℓ𝜆 , which is larger by a constant

from the adjusted level of the triggering request 𝑞. The level of 𝜆

determines which pending requests are considered for service by

𝜆; specifically, a request 𝑞′ is eligible for service only if ℓ𝑞′ ≤ ℓ𝜆 .

This means that 𝜆 restricts itself to requests that are both of level

at most ℓ𝜆 , and are within the ball 𝐵
(
𝑎, 2ℓ𝜆

)
, where 𝑎 is the current

location of the server.

Once the eligible requests have been identified, the algorithm

attempts to solve them by order of increasing deadlines, subject to

a budget of Θ(2ℓ𝜆 ). This makes use of a Steiner tree approximation

component, to design an efficient path through the chosen requests.

The algorithm then traverses this path, serving the chosen requests

and finishing at its starting position 𝑎. For the remaining, unserved

eligible requests, their level is raised to above the level of the service;
specifically, to level ℓ𝜆 + 1.

Finally, note that for the triggering request 𝑞, ℓ𝑞 is dictated by

either ℓ𝑞 or 𝛿 (𝑞, 𝑎). If it is dictated by the latter, the service is called

a primary service, and the service would move the server from 𝑎

to 𝑞. Otherwise, the server would remain at 𝑎 at the end of the

service. The pseudocode description of the algorithm is given in

Algorithm 1.

3.2 Analysis
Our goal now is to analyze Algorithm 1 and prove Theorem 3.1.

Recall that we denote by Δ the aspect ratio of the metric space, i.e.,

the ratio between the largest and smallest pairwise distances. For

ease of exposition, we first prove the following weaker theorem;

Theorem 3.2 (weaker version of Theorem 3.1). There exists
an𝑂 (log(𝑛Δ))-competitive deterministic algorithm for online service
with deadlines.

After proving Theorem 3.2, we show how to strengthen some

components in the analysis to obtain Theorem 3.1.

Basic Definitions and Properties. We denote by Λ the set of services

performed by the algorithm.



STOC ’23, June 20–23, 2023, Orlando, FL, USA Noam Touitou

Algorithm 1: Online Service with Deadlines

1 Event Function UponReqest(𝑞)

2 set ℓ𝑞 ← −∞.
3 Event Function UponDeadline(𝑞)

4 start a new service, denoted by 𝜆.

5 let 𝑎 be the current location of the server.

6 if ℓ𝑞 ≠ ℓ𝑞 then say 𝜆 is primary else 𝜆 is not primary.

7 set service level ℓ𝜆 ← ℓ𝑞 + 3.
8 let 𝑄 ′ be the set of currently pending requests.

9 let 𝐸𝜆 ←
{
𝑞′ ∈ 𝑄 ′

��ℓ𝑞′ ≤ ℓ𝜆
}
.

10 let 𝑄𝜆 ← {𝑞}, 𝑆 ← ∅.
11 for 𝑞′ ∈ 𝐸𝜆 by order of increasing deadline do
12 add 𝑞′ to 𝑄𝜆 .

13 let 𝑆 ← ST(𝑄𝜆).
14 if 𝑐 (𝑆) ≥ 4 · 2ℓ𝜆 then
15 break from the loop.

16 perform DFS tour of 𝑆 , serving 𝑄𝜆 .

17 foreach 𝑞′ ∈ 𝐸𝜆 \𝑄𝜆 do
18 set ℓ𝑞′ ← ℓ𝜆 + 1.
19 if 𝜆 is primary then move the server to 𝑞.

Definition 3.3 (basic service definitions). Let 𝜆 ∈ Λ be a service.

We define:

• The triggering request of 𝜆, denoted 𝑞★
𝜆
, to be the request

whose deadline started 𝜆.

• The location 𝑎𝜆 to be the initial location of the server when

𝜆 is triggered.

• The service time 𝑡𝜆 := 𝑑𝑞★
𝜆
.

• The request set 𝑄𝜆 to be the requests served by 𝜆 (i.e., the

final value of the variable of that name in UponDeadline).

• The request set 𝐸𝜆 , as defined in Line 9; these requests are

called eligible for 𝜆.
• The forwarding time of 𝜆, denoted 𝜏𝜆 , to be the maximum

deadline of a request in 𝑄𝜆 .

• The cost of 𝜆, denoted by 𝑐 (𝜆), to be the total cost of moving

the server in 𝜆. For a set of services Λ′, we define 𝑐 (Λ′) :=∑
𝜆∈Λ′ 𝑐 (𝜆).

We now define two subsets of services which are of particular fo-

cus: primary services and certified services. (Note that a service can

belong to both subsets.) We later show that bounding the costs of

these two subsets is enough to bound the total cost of the algorithm.

Definition 3.4 (primary services). A service 𝜆 ∈ Λ is called pri-
mary if it is set to be primary in Line 6; that is, if ℓ𝑞★

𝜆
≠ ℓ𝑞★

𝜆
at 𝑡𝜆 .

We denote by Λp ⊆ Λ the set of primary services in the algorithm.

Definition 3.5 (witness requests and certified services). At a certain
point in time, a request 𝑞 is called a witness for a service 𝜆 if its

level ℓ𝑞 was last modified by 𝜆 (at Line 18).

Note that the triggering request of a non-primary service 𝜆′ is
always a witness for an earlier service 𝜆; we say that 𝜆′ certifies
𝜆, and call 𝜆 a certified service. We denote by Λc ⊆ Λ the set of

certified services in the algorithm.

Proposition 3.6. Every certified service 𝜆 ∈ Λc is certified by
exactly one other service.

Proof. Suppose, for contradiction that 𝜆 is certified by two ser-

vices, 𝜆1, 𝜆2, and assume WLOG that 𝑡𝜆1 < 𝑡𝜆2 . It must be that the

triggering requests 𝑞★
𝜆1
, 𝑞★

𝜆2
were witnesses for 𝜆 at 𝑡𝜆1 , 𝑡𝜆2 , respec-

tively. Thus, these requests were also of level ℓ𝜆 + 1, which implies

ℓ𝜆1 = ℓ𝜆2 = ℓ𝜆 + 4.
We claim that after 𝜆1, there remain no witness requests for 𝜆,

in contradiction to 𝑞★
𝜆2

being such a witness. Indeed, consider the

state immediately before 𝜆1: all witness requests for 𝜆 at that time

have level ℓ𝜆 + 1, and exist within the ball 𝐵
(
𝑎𝜆, 2

ℓ𝜆
)
(as they were

eligible for 𝜆). Both 𝑞★
𝜆1
, 𝑞★

𝜆2
are witness requests for 𝜆 at that time,

and thus: Thus,

𝛿

(
𝑎𝜆1 , 𝑞

★
𝜆2

)
≤ 𝛿

(
𝑎𝜆1 , 𝑞

★
𝜆1

)
+ 𝛿

(
𝑞★
𝜆1
, 𝑎𝜆

)
+ 𝛿

(
𝑎𝜆, 𝑞

★
𝜆2

)
≤ 2

ℓ𝜆
1
−3 + 2ℓ𝜆 + 2ℓ𝜆 ≤ 2

ℓ𝜆
1 .

Therefore, 𝑞★
𝜆2
∈ 𝐸𝜆1 ; note that all requests in 𝐸𝜆1 are either served

in 𝜆1 or become witnesses for 𝜆1. □

Proposition 3.7. The cost of a service 𝜆 is at most 𝑂 (1) · 2ℓ𝜆 .

Proof. First, observe the cost of traversing the Steiner tree solu-

tion for the set of requests𝑄𝜆 as formed in the algorithm. Note that

a possible Steiner tree solution for connecting 𝑄𝜆 ∪ {𝑎𝜆} would
be to use the Steiner tree solution calculated in the penultimate

iteration of the loop to connect all requests except 𝑞′, where 𝑞′ is
the final request added to 𝑄𝜆 , then connect 𝑞′ to 𝑎𝜆 directly. The

cost of this solution is at most 4 · 2ℓ𝜆 (from the condition of the

loop) plus 𝛿 (𝑎𝜆, 𝑞′) (which is at most 2
ℓ𝜆

since 𝑞′ ∈ 𝐸𝜆). Overall,

the cost of this solution is at most 5 · 2ℓ𝜆 ; thus, the cost of the

Steiner tree chosen by the algorithm is at most 10 · 2ℓ𝜆 , as it uses a
2-approximation. The cost of traversing this tree from 𝑞 is thus at

most 20 · 2ℓ𝜆 .
Second, the server possibly moves from its initial position 𝑎𝜆 to

𝑞 (if 𝜆 is primary). The cost of this is at most 2
ℓ𝜆−1

. Overall, the cost

of a service 𝜆 is at most 𝑂 (1) · 2ℓ𝜆 . □

Lemma 3.8. ALG ≤ 𝑂 (1) ·
(∑

𝜆∈Λp 2
ℓ𝜆 +∑

𝜆∈Λc 2
ℓ𝜆

)
Proof. Using Proposition 3.7, we have that ALG ≤ 𝑂 (1) ·∑
𝜆∈Λ 2

ℓ𝜆
. Consider any non-primary service 𝜆 ∈ Λ\Λp

. Since the

service is non-primary, it certifies another service 𝜆′ ∈ Λc
, such

that ℓ𝜆′ = ℓ𝜆 − 4. Thus, we have that 2
ℓ𝜆 = 16 · 2ℓ𝜆′ ; moreover,

Proposition 3.6 implies that services are only certified once, and

thus

∑
𝜆∈Λ\Λp 2

ℓ𝜆 ≤ 16 ·∑𝜆′∈Λc 2
ℓ𝜆′ . Overall, we have that

ALG ≤ 𝑂 (1) ·
∑︁
𝜆∈Λ

2
ℓ𝜆 ≤ 𝑂 (1) ·

( ∑︁
𝜆∈Λp

2
ℓ𝜆 +

∑︁
𝜆∈Λc

2
ℓ𝜆

)
□

Charging Cylinders. Lemma 3.8 bounded the cost of the algorithm

by the sum of two terms which correspond to primary and certified

services. It remains to charge those terms to the optimal solution.

To this end, we describe a method for charging costs to the optimal

solution.

Charging balls. Recall that 𝐵(𝑣, 𝑟 ) denotes the ball of radius 𝑟
centered at some point 𝑣 ∈ 𝐺 . Overloading notation, we use this
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(a) (b)

Figure 1: Visualization of Intersections

terminology not only as a set of nodes, but also as a set of edges and

“parts” of edges that exist within the ball; an informal visualization

is given in Figure 1a. More formally, 𝐵(𝑣, 𝑟 ) contains all edges where
both endpoints are in 𝐵(𝑣, 𝑟 ). In addition, when an edge 𝑒 of weight

𝑤𝑒 has exactly one endpoint 𝑢 in 𝐵(𝑣, 𝑟 ), the part of 𝑒 that belongs
to 𝐵(𝑣, 𝑟 ) is the segment of weight 𝑟 − 𝛿 (𝑣,𝑢) closest to 𝑢. It is easy
to see that this definition preserves desirable properties for edges

in a ball; in particular, note that the edges and parts of edges in

𝐵(𝑣1, 𝑟1) and in 𝐵(𝑣2, 𝑟2) are disjoint if 𝛿 (𝑣1, 𝑣2) > 𝑟1 + 𝑟2.
For the sake of charging costs, we create cylinders.

Definition 3.9 (cylinders). A cylinder is an ordered pair (𝐵, 𝐼 )
where 𝐵 is some shape in the metric space𝐺 , and 𝐼 is a time interval.

As hinted by the word “cylinder”, we later choose 𝐵 to be a ball

(or a perforated ball, defined later). The movement of the optimal

solution inside the cylinder (i.e., during 𝐼 and inside 𝐵) is then

charged to.

Definition 3.10 (shape/cylinder charging). We use the following

definitions to partition the costs of the optimal solution:

(1) Given a subgraph 𝐺 ′ ⊆ 𝐺 and a shape 𝐵, we denote by

𝑐 (𝐺 ′ ∩ 𝐵) the total weight of edges (or parts of edges) in 𝐺 ′
that belong to 𝐵.

(2) Given a cylinder 𝛾 = (𝐵, 𝐼 ), define 𝑐 (OPT ∩ 𝛾) := 𝑐

(
𝐺∗
𝐼
∩ 𝐵

)
,

where 𝐺∗
𝐼
is the subgraph of edges traversed by OPT during

𝐼 .

For a set Γ of cylinders, define 𝑐 (OPT ∩ Γ) := ∑
𝛾 ∈Γ 𝑐 (OPT ∩ 𝛾)

for ease of notation. We now define disjointness for cylinders; a

disjoint set of cylinders can charge to the optimal solution simulta-

neously, as they each charge to different movements of the server.

Definition 3.11 (disjoint cylinders). A pair of cylinders (𝐵1, 𝐼1),
(𝐵2, 𝐼2) are called disjoint if either 𝐵1, 𝐵2 are disjoint, or 𝐼1, 𝐼2 are

disjoint.

A set of cylinders whose metric shape is a ball can be seen in

Figure 1b. Here, for the sake of visualization, we chose the metric

space 𝐺 to be a line. The cylinders thus appear as rectangles in the

time-space plane. The tour of the optimal server over time appears

as a line, in which the dotted segments represent the passage of

time and the solid segments show movement through space. Only

the length of solid segments inside a cylinder could be counted

towards the intersection. Thus, since the cylinders in the figure are

disjoint, the total charged amount does not exceed the total moving

cost of the optimal solution. This is stated in Observation 1.

Observation 1. Let Γ be a set of disjoint cylinders. Then

𝑐 (OPT ∩ Γ) ≤ OPT

With Observation 1, the way to use cylinders becomes clear: we

want to construct a set of cylinders such that (a) their intersection

with OPT is large, and (b) they are disjoint (or can be partitioned

into a few disjoint subsets).

Bounding Primary Services. In this subsection, we focus on bound-

ing the cost of primary services. For every service 𝜆, define 𝑎∗
𝜆
to be

the final location of the optimum’s server at 𝑡𝜆 . Define Λ
pf ⊆ Λp

to be the primary services 𝜆 such that 𝛿

(
𝑎∗
𝜆
, 𝑞★

𝜆

)
≥ 2

ℓ𝜆−6
. Propo-

sition 3.12 shows that to bound the cost of primary services, it is

enough to bound the cost of Λpf
.

Proposition 3.12.

∑
𝜆∈Λp 2

ℓ𝜆 ≤ 𝑂 (1) ·OPT +𝑂 (1) ·∑𝜆∈Λpf 2
ℓ𝜆 .

Proof. Define the potential function 𝜙 (𝑡) := 4𝛿 (𝑎(𝑡), 𝑎∗ (𝑡)),
where 𝑎(𝑡), 𝑎∗ (𝑡) are the server locations of the algorithm and the

optimum at 𝑡 , respectively. Note that the potential function equals 0

at the beginning of the input, and can only take on positive values.

For a service 𝜆 ∈ Λp
, define Δ𝜆 to be the increase in potential

function by the service 𝜆 through the movement of the algorithm’s

server in 𝜆. Note that:

(1) The only server movements in the algorithm are in primary

services (other services return the server to its previous

location).

(2) Increases in potential due to movements in OPT sum to at

most 4 · OPT.

Therefore, we have the following:∑︁
𝜆∈Λp

𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
≤ 4OPT +

∑︁
𝜆∈Λp

(
𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
+ Δ𝜆

)
(1)

Consider a service 𝜆 ∈ Λp\Λpf
, such that 𝛿

(
𝑎∗ (𝑡𝜆), 𝑞★𝜆

)
< 2

ℓ𝜆−6
.

In addition, note that the fact that 𝜆 is primary implies that ℓ𝜆 =⌈
log𝛿

(
𝑎𝜆, 𝑞

★
𝜆

)⌉
+ 3, and thus 𝛿

(
𝑎𝜆, 𝑞

★
𝜆

)
≥ 2

ℓ𝜆−4
; we have

Δ𝜆 = 4 · (𝛿
(
𝑎∗
𝜆
, 𝑞★

𝜆

)
− 𝛿

(
𝑎∗
𝜆
, 𝑎𝜆

)
)

≤ 4 ·
(
𝛿

(
𝑎∗
𝜆
, 𝑞★

𝜆

)
− 𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
+ 𝛿

(
𝑎∗
𝜆
, 𝑞★

𝜆

))
≤ 4 · (−2ℓ𝜆−5) = −2ℓ𝜆−3

Observing that 𝛿

(
𝑎𝜆, 𝑞

★
𝜆

)
≤ 2

ℓ𝑞−3
, we have 𝛿

(
𝑎𝜆, 𝑞

★
𝜆

)
+ Δ𝜆 ≤ 0 for

every 𝜆 ∈ Λp\Λpf
. Moreover, note that for every 𝜆 ∈ Λp

, it holds

that Δ𝜆 ≤ 4𝛿

(
𝑎𝜆, 𝑞

★
𝜆

)
, and thus 𝛿

(
𝑎𝜆, 𝑞

★
𝜆

)
+ Δ𝜆 ≤ 5𝛿

(
𝑎𝜆, 𝑞

★
𝜆

)
.
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Combining all observations, we get∑︁
𝜆∈Λp

2
ℓ𝜆 ≤ 16

∑︁
𝜆∈Λp

𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
≤ 64 · OPT + 16

∑︁
𝜆∈Λp

(
𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
+ Δ𝜆

)
≤ 64 · OPT + 16

∑︁
𝜆∈Λpf

(
𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
+ Δ𝜆

)
≤ 64 · OPT + 80

∑︁
𝜆∈Λpf

𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
≤ 64 · OPT + 10

∑︁
𝜆∈Λpf

2
ℓ𝜆

where the first inequality is from 𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
≥ 2

ℓ𝜆−4
, the second

inequality is through Equation (1), the third inequality is from the

fact that for every 𝜆 ∈ Λp \ Λpf
we have 𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
+ Δ𝜆 ≤ 0, the

fourth inequality is through 𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
+ Δ𝜆 ≤ 5𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
, and the

final inequality is due to 𝛿

(
𝑞★
𝜆
, 𝑎𝜆

)
≤ 2

ℓ𝜆−3
. □

To finish bounding the cost of primary services, it is thus enough

to prove the following lemma.

Lemma 3.13.

∑
𝜆∈Λpf 2

ℓ𝜆 ≤ 𝑂 (logΔ) · OPT.

Definition 3.14 (primary interals and cylinders). For every service
𝜆 ∈ Λpf

, we define:

(1) The primary time interval 𝐼p (𝜆) := (𝑟𝑞★
𝜆
, 𝑑𝑞★

𝜆
].

(2) The primary cylinder 𝛾p (𝜆) :=
(
𝐵
(
𝑎𝜆, 2

ℓ𝜆−2), 𝐼p (𝜆)) .
We also define Γp to be the set of all primary cylinders of services

from Λpf
. In addition, for every 𝑖 we define Γ

p

𝑖
to be the set of

primary cylinders of level-𝑖 services from Λpf
.

Proposition 3.15. For every 𝜆 ∈ Λpf , it holds that

𝑐
(
OPT ∩ 𝛾p (𝜆)

)
≥ 2

ℓ𝜆−6

Proof. Since 𝜆 ∈ Λpf
, we know that the server of the opti-

mal solution was at 𝑞★
𝜆
somewhere during 𝐼p (𝜆), but was out-

side 𝐵

(
𝑞★
𝜆
, 2ℓ𝜆−6

)
at 𝑡𝜆 ; thus, the optimal solution incurred a cost

of at least 2
ℓ𝜆−6

inside 𝐵

(
𝑞★
𝜆
, 2ℓ𝜆−6

)
during 𝐼p (𝜆). Observing that

𝐵

(
𝑞★
𝜆
, 2ℓ𝜆−6

)
⊆ 𝐵

(
𝑎𝜆, 2

ℓ𝜆−2)
implies that 𝑐

(
OPT ∩ 𝛾p (𝜆)

)
≥ 2

ℓ𝜆−6
.

□

Proposition 3.16. For every 𝑖 , Γp
𝑖
is a set of disjoint cylinders.

Proof. Assuming otherwise, there exist 𝑖 and two level-𝑖 ser-

vices 𝜆1, 𝜆2 ∈ Λpf
such that 𝛾p (𝜆1), 𝛾p (𝜆2) ∈ Γ

p

𝑖
are not disjoint.

This implies that 𝐼p (𝜆1) ∩ 𝐼p (𝜆2) ≠ ∅; hence, WLOG, assume that

𝑡𝜆1 ∈ 𝐼p (𝜆2) = (𝑟𝑞★𝜆
2

, 𝑑𝑞★
𝜆
2

]. Thus, 𝑞★
𝜆2

was pending during 𝜆1, and

moreover had level at most ℓ𝜆2 . But since 𝛾p (𝜆1), 𝛾p (𝜆2) are not

disjoint, we have 𝛿
(
𝑎𝜆1 , 𝑎𝜆2

)
≤ 2

ℓ𝜆
1
−1
, but this implies that

𝛿

(
𝑎𝜆1 , 𝑞

★
𝜆2

)
≤ 𝛿

(
𝑎𝜆1 , 𝑎𝜆2

)
+ 𝛿

(
𝑎𝜆2 , 𝑞

★
𝜆2

)
≤ 2

ℓ𝜆
1
−1 + 2ℓ𝜆1−3 ≤ 2

ℓ𝜆
1

Thus, 𝑞★
𝜆2
∈ 𝐸𝜆1 . But requests in 𝐸𝜆1 are either served by 𝜆1 or

have their level increased to ℓ𝜆1 + 1, in contradiction to 𝜆2 being

primary. □

Proof of Lemma 3.13. The following holds:∑︁
𝜆∈Λpf

2
ℓ𝜆 ≤ 𝑂 (1) ·

∑︁
level 𝑖

𝑐

(
OPT ∩ Γ

p

𝑖

)
≤ 𝑂 (1) ·

∑︁
level 𝑖

OPT

𝑂 (logΔ) · OPT
where the first inequality is due to Proposition 3.15, the second

inequality is due to Proposition 3.16, and the third inequality is due

to the fact that there are only𝑂 (logΔ) possible classes for primary

services. □

Bounding Certified Services. In this subsection, we focus on bound-

ing the cost of certified services; specifically, we prove the following

lemma.

Lemma 3.17.

∑
𝜆∈Λc 2

ℓ𝜆 ≤ 𝑂 (log(Δ𝑛)) · OPT.

Definition 3.18 (𝜎𝜆 and 𝐼c (𝜆)). Let 𝜆 ∈ Λc
be a certified service.

Let 𝜆′ ∈ Λc
be the certified service with maximum 𝜏𝜆′ subject to

ℓ𝜆′ = ℓ𝜆 , 𝜏𝜆′ ≤ 𝑡𝜆 and 𝛿 (𝑎𝜆′ , 𝑎𝜆) ≤ 6 · 2ℓ𝜆 . We define:

(1) The time 𝜎𝜆 := 𝜏𝜆′ if 𝜆
′
exists (otherwise, define 𝜎𝜆 = −∞).

(2) The time interval 𝐼c (𝜆) := (𝜎𝜆, 𝜏𝜆]; note that 𝑡𝜆 ∈ 𝐼c (𝜆).

Proposition 3.19. Let 𝜆1, 𝜆2 ∈ Λc be such that ℓ𝜆1 = ℓ𝜆2 = ℓ

and 𝛿
(
𝑎𝜆1 , 𝑎𝜆2

)
≤ 6 · 2ℓ . Assuming WLOG that 𝑡𝜆1 < 𝑡𝜆2 , and letting

𝜆 be the level-(ℓ𝜆1 + 4) service that made 𝜆1 certified, it holds that
𝑡𝜆 ∈ (𝜏𝜆1 , 𝑡𝜆2 ]. (In particular, 𝜏𝜆1 < 𝑡𝜆2 .)

Proof. The two possible cases which contradict our proposition

are that 𝑡𝜆 ≤ 𝜏𝜆1 or that 𝑡𝜆 > 𝑡𝜆2 . If 𝑡𝜆 ≤ 𝜏𝜆1 , consider the triggering

request 𝑞★
𝜆
: this request was a witness for 𝜆1, and thus in 𝐸𝜆1 ;

however, 𝜆1 chose which requests from 𝐸𝜆1 to serve according

to earliest deadline, and managed to serve all requests in 𝐸𝜆1 of

deadline ≤ 𝜏𝜆1 (by definition). The existence of 𝑞★
𝜆1

as a pending

request at 𝑡𝜆 is therefore a contradiction.

Otherwise, if 𝑡𝜆 > 𝑡𝜆2 , consider the service 𝜆
′
which certified

𝜆2; it must also be the case that 𝑡𝜆′ > 𝑡𝜆2 . Suppose that 𝑡𝜆 < 𝑡𝜆′ . In

this case, observe that all witnesses for 𝜆2 at 𝑡𝜆 are in 𝐸𝜆 ; therefore,

these witnesses would no longer be witnesses for 𝜆2 after 𝜆, in con-

tradiction to one of them triggering 𝜆′ and certifying 𝜆2. Similarly,

if 𝑡𝜆 > 𝑡𝜆′ , the service 𝜆
′
would leave no witnesses for 𝜆1 to trigger

𝜆. We thus again reached a contradiction. □

Definition 3.20 (certified cylinders). For a certified service 𝜆 ∈ Λc
,

define the certified cylinder 𝛾c (𝜆) := (𝐵
(
𝑞★
𝜆
, 3 · 2ℓ𝑞

)
, 𝐼c (𝜆)). Define

Γc to be the set of all certified cylinders; in addition, for every 𝑖

define Γc
𝑖
to be the set of certified cylinders formed from level-𝑖

services.

Proposition 3.21. For every 𝑖 , the set Γc
𝑖
is a set of disjoint cylin-

ders.

Proof. Consider any two cylinders 𝛾c (𝜆1), 𝛾c (𝜆2) ∈ Γc
𝑖
. If it

holds that 𝛿
(
𝑎𝜆1 , 𝑎𝜆2

)
> 6 · 2𝑖 , then the cylinders are spatially
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(a) (b)

Figure 2: Visualizations from the analysis of Algorithm 1.

disjoint and we are done. Thus, assume that 𝛿
(
𝑎𝜆1 , 𝑎𝜆2

)
≤ 6 · 2𝑖 ,

and WLOG assume that 𝑡𝜆1 < 𝑡𝜆2 . Proposition 3.19 implies that

𝜏𝜆1 < 𝑡𝜆2 ; from the definition of 𝜎𝜆2 , it is thus also the case that

𝜎𝜆2 ≥ 𝜏𝜆1 . Thus, the intervals 𝐼c (𝜆1), 𝐼c (𝜆2) are disjoint, and thus

𝛾c (𝜆1), 𝛾c (𝜆2) are disjoint. □

Having defined the certified cylinders and shown a disjointness

property in Proposition 3.21, we want to show that the optimal

solution has a large intersection with these cylinders. We show this

by claiming that the release-to-deadline intervals for requests in

𝐸𝜆 are contained in 𝐼c (𝜆), and thus must be served by the optimal

solution in this interval. Therefore, a Steiner tree spanning 𝐸𝑄 can

be charged to the optimal solution in this time interval. However,

one must still claim that enough of this cost takes place within the

ball defining the cylinder. This is possible as the requests of 𝐸𝜆 are

in 𝐵
(
𝑎𝜆, 2

ℓ𝜆
)
, while the radius of 𝛾c (𝜆) is 3 · 2ℓ𝜆 .

Proposition 3.22. Consider a set of points 𝑉 ⊆ 𝐵(𝜌, 𝑟 ), and let
𝐺 ′ be a subgraph of 𝐺 that connects 𝑉 . Then it holds that

ST
∗ (𝑉 ) ≤ 2 · 𝑐

(
𝐺 ′ ∩ 𝐵(𝜌, 3𝑟 )

)
Proof. Consider the edges in 𝐺 ′ contained in 𝐵(𝜌, 3𝑟 ). If those

edges connect all points in 𝑉 , then they form a valid solution for

Steiner tree on 𝑉 , and thus we are done. Otherwise, these edges

partition 𝑉 into connected components 𝑉1, · · · ,𝑉𝑘 . Since 𝑉 are

connected in 𝐺 ′, these connected components must be connected

somewhere outside 𝐵(𝜌, 𝑟 ); in particular, connected component con-

tains a path which exits 𝐵(𝜌, 3𝑟 ); since the connected component

contains a point in 𝑉 ⊆ 𝐵(𝜌, 𝑟 ), the total weight of this component

is at least 2𝑟 .

We can convert𝐺 ∩ 𝐵(𝜌, 3𝑟 ) into a Steiner tree solution for𝑉 by

connecting at most 𝑘 − 1 pairs of points from 𝑉 directly, such that

the points of each pair belong to different components 𝑉𝑖 ,𝑉𝑗 . Since

the diameter of 𝑉 is at most 2𝑟 , and the cost of each connected

component is at least 2𝑟 , this modification at most doubles the cost

of 𝐺 ′ ∩ 𝐵(𝜌, 3𝑟 ). This completes the proof. □

A visual description of the proof of Proposition 3.22 is given

in Figure 2a. Here, the terminals 𝑉 (in blue) are connected by the

subgraph 𝐺 ′ such that the restriction to 𝐵(𝜌, 3𝑟 ) creates three con-
nected components. As the terminals are all in 𝐵(𝜌, 𝑟 ), adding the
two red, dashed edges would augment this restriction to a Steiner

tree solution for 𝑉 , where each edge costs at most the diameter of

the smaller ball (i.e., 2𝑟 ).

Proposition 3.23. For every certified service 𝜆 ∈ Λc and request
𝑞 ∈ 𝑄𝜆 , it holds that (𝑟𝑞, 𝑑𝑞] ⊆ (𝜎𝜆, 𝜏𝜆].

Proof. Define ℓ = ℓ𝑞 . By definition, it holds that 𝑑𝑞 ≤ 𝜏𝜆 . It

remains to show that 𝑟𝑞 ≥ 𝜎𝜆 . If 𝜎𝜆 = −∞, we are done; other-

wise, by the definition of 𝜎𝜆 , there exists a certified service 𝜆′ such
that ℓ𝜆′ = ℓ , 𝜎𝜆 = 𝜏𝜆′ and 𝛿 (𝑎𝜆′ , 𝑎𝜆) ≤ 6 · 2ℓ𝜆 . Applying Proposi-

tion 3.19, there exists a level-(ℓ +4) service 𝜆′′ in (𝜏𝜆′ , 𝑡𝜆], such that

𝛿

(
𝑞★
𝜆′′
, 𝑎𝜆′

)
≤ 2

ℓ
.

Now, observe that

𝛿 (𝑞, 𝑎𝜆′′ ) ≤ 𝛿 (𝑞, 𝑎𝜆) + 𝛿 (𝑎𝜆, 𝑎𝜆′ ) + 𝛿
(
𝑎𝜆′ , 𝑞

★
𝜆′′

)
+ 𝛿

(
𝑞★
𝜆′′ , 𝑎𝜆′′

)
≤ 2

ℓ𝜆 + 6 · 2ℓ𝜆 + 2ℓ𝜆 + 2ℓ𝜆+1 = 10 · 2ℓ𝜆 ≤ 2
ℓ𝜆′′

(2)

Assume for contradiction that 𝑟𝑞 < 𝜎𝜆 , which implies that 𝑟𝑞 <

𝜏𝜆′ . Since 𝑞 ∈ 𝑄𝜆 , we have that 𝑞 was pending during (𝜏𝜆′ , 𝑡𝜆]. Thus,
𝑞 was pending during 𝜆′′; combining with Equation (2), it must be

that 𝑞 ∈ 𝐸𝜆′′ . But then it must be that 𝜆′′ raised the level of 𝑞 to

ℓ𝜆′′ + 1 = ℓ𝜆 + 5, in contradiction to 𝑞 ∈ 𝑄𝜆 ⊆ 𝐸𝜆 . □

Proposition 3.24. For every certified cylinder 𝛾c (𝜆), it holds that
2
ℓ𝜆−1 ≤ 𝑐 (OPT ∩ 𝛾c (𝜆)).

Proof. Consider the union of edges traversed by the optimum

during (𝜎𝜆, 𝜏𝜆], and denote it by 𝐺∗; note that 𝑐 (OPT ∩ 𝛾c (𝜆)) =
𝑐
(
𝐺∗ ∩ 𝐵

(
𝑎𝜆, 3 · 2ℓ𝜆

) )
. From Proposition 3.23, 𝐺∗ must connect 𝑄𝜆 ;

Noting that 𝑄𝜆 ⊆ 𝐵
(
𝑎𝜆, 2

ℓ𝜆
)
, Proposition 3.22 implies ST

∗ (𝑄𝜆) ≤
2·𝑐

(
𝐺∗ ∩ 𝐵

(
𝑞★
𝜆
, 3 · 2ℓ𝜆

))
. Now, note that since 𝜆 is a certified service,

Line 15 was reached, and thus the approximate solution of the

algorithm for ST(𝑄𝜆∪{𝑎𝜆}) had cost at least 4·2ℓ𝜆 . Since the Steiner-
tree algorithm is a 2-approximation, we have ST

∗ (𝑄𝜆 ∪ {𝑎𝜆}) ≥
2 · 2ℓ𝜆 . Finally, since 𝑎𝜆 can be connected directly to any request in

𝑄𝜆 at cost at most 2
ℓ𝜆
, we have ST

∗ (𝑄𝜆 ∪ {𝑎𝜆}) ≤ ST
∗ (𝑄𝜆) + 2ℓ𝜆 ,

which therefore implies ST
∗ (𝑄𝜆) ≥ 2

ℓ𝜆
. Combining, we have that

2
ℓ𝜆−1 ≤ 𝑐 (OPT ∩ 𝛾c (𝜆)). □

Proof of Lemma 3.17. The following holds:∑︁
𝜆∈Λc

2
ℓ𝜆 ≤ 𝑂 (1) ·

∑︁
level 𝑖

𝑐
(
Γc𝑖 ∩ OPT

)
≤ 𝑂 (1) ·

∑︁
level 𝑖

OPT

≤ 𝑂 (log(Δ𝑛)) · OPT
where the first inequality is due to Proposition 3.24, the second

inequality is due to Proposition 3.21, and the final inequality is

due to the fact that the number of possible classes for services is

𝑂 (log(Δ𝑛)). □

Proof of Theorem 3.2. We have

ALG ≤ 𝑂 (1) · ©­«
∑︁
𝜆∈Λc

2
ℓ𝜆 +

∑︁
𝜆∈Λpf

2
ℓ𝜆 + OPTª®¬

≤ 𝑂 (log(Δ𝑛)) · OPT
where the first inequality is due to Lemma 3.8 and Proposition 3.12,

and the second inequality is due to Lemmas 3.13 and 3.17. □
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Improved Analysis through Perforated Cylinders. We now alter our

cylinder construction to obtain Theorem 3.1. We do so by changing

the shape of cylinders in the metric space from a ball to a perforated
ball. A perforated ball used in our proofs is formed from a ball of

radius 𝑟 by removing balls of radius
𝑟

𝑐 ·𝑛2
around every point in the

metric space, for some constant 𝑐 > 1. Since the radii of removed

balls are small, we claim that the intersection of cylinders using

these new, perforated balls with OPT is only smaller by a constant

factor from the original intersection. However, the perforation en-

sures that cylinders with an Ω(log𝑛) gap do not intersect, yielding

increased disjointness and better competitiveness. An informal visu-

alization of perforated balls appears in Figure 2b, which shows the

intersection of a subgraph with such a ball. A formal description, as

well as the proofs of Lemmas 3.25 and 3.26 appear in Appendix B.

Lemma 3.25 (improved Lemma 3.13).∑︁
𝜆∈Λpf

2
ℓ𝜆 ≤ 𝑂 (log𝑛) · OPT.

Lemma 3.26 (improved Lemma 3.17).∑︁
𝜆∈Λc

2
ℓ𝜆 ≤ 𝑂 (log𝑛) · OPT.

Proof of Theorem 3.1. The proof of the theorem is identical to

that of Theorem 3.2, except that Lemmas 3.13 and 3.17 are replaced

with Lemmas 3.25 and 3.26. □

4 CONCLUSIONS AND FUTURE DIRECTIONS
In this paper, we introduced the first deterministic algorithms for

online service with deadlines/delay for general metric spaces (of

subpolynomial competitiveness). Our algorithms also improve upon

the best known randomized algorithms for the problem. While

superconstant lower bounds for this problem are not yet known,

there is evidence that the 𝑂 (log𝑛) competitiveness shown in this

paper is tight. This is suggested by the fact that previous to our

work,𝑂 (log𝑛)-competitiveness was the best known bound for both

multilevel aggregation (see [3]) and online service with delay on

an equidistant line (see [7]), which are both special cases of the

problem considered in this paper. Introducing a superconstant lower

bound for this problem would thus be a great future direction. Also

note that currently, no separation is known between deterministic

and randomized algorithms: for service with deadlines/delay, as

well as for the mentioned special cases, the best known algorithms

are deterministic, and there exists no known superconstant lower

bound even for deterministic algorithms.

In addition, we believe that our techniques could be extended

to multiple servers, yielding a deterministic algorithm for 𝑘-server

with delay. This would require some combination of our techniques

with existing deterministic techniques for 𝑘-server on general met-

ric spaces, e.g., the work function algorithm [20].

A ONLINE SERVICE WITH DELAY
This section considers the online service with delay problem. For

this problem, we prove the following theorem.

Theorem A.1. There exists a 𝑂 (log𝑛)-competitive deterministic
algorithm for online service with delay.

A.1 The Algorithm
Prize-Collecting Steiner tree. Similar to the algorithm for dead-

lines, the algorithm for delay also requires an approximation al-

gorithm for Steiner tree. However, we now consider the prize-

collecting variant of the Steiner tree problem. In this variant, we are

given a set of terminals and a root node; in addition, each terminal

has an associated penalty. A solution is a subgraph that connects

some subset of the terminals to the root node. The cost of that

solution is the total weight of the subgraph, plus the penalties for

terminals that were not connected to the root node.

There exists a 3-approximation for prize-collecting Steiner tree,

due to Hajiaghayi et al. [17], which we denote PCST. We use

PCST(𝑈 , 𝜋 ; 𝑟 ) to denote running the approximation over the in-

put graph 𝐺 , with terminal set 𝑈 , penalty function 𝜋 (that maps

from terminal to its penalty), and root node 𝑟 . As before, we use

PCST(𝑈 , 𝜋 ; 𝑟 ) to refer to the cost of the approximate solution (edge

and penalty cost). We also use PCST
∗ (𝑈 , 𝜋 ; 𝑟 ) to refer to the optimal

solution for the same input (and its cost).

Algorithm’s description. As in the deadline algorithm, every

pending request 𝑞 has a level ℓ𝑞 (which is initially −∞), and we

define the adjusted level of 𝑞 to be ℓ𝑞 := max

{
ℓ𝑞, ⌈log𝛿 (𝑞, 𝑎)⌉

}
,

where 𝑎 is the current location of the server. In addition, for every

request 𝑞 the algorithm maintains an investment counter ℎ𝑞 (which

is initially 0). This counter is raised by a service to pay for (past

or future) delay of a request. We denote by ℓ𝑞 (𝑡), ℓ𝑞 (𝑡), ℎ𝑞 (𝑡) the
values of ℓ𝑞, ℓ𝑞, ℎ𝑞 at time 𝑡 (if a service takes place at 𝑡 , this refers

to the values immediately before the service). We also define the

residual delay of 𝑞 at 𝑡 to be 𝑦𝑞 (𝑡) :=
(
𝑑𝑞 (𝑡) − ℎ𝑞 (𝑡)

)+
; intuitively,

this is the amount of current delay which no service has paid for.

The following definition of a critical level is used to trigger

services in the algorithm.

Definition A.2 (critical level). Fix any time 𝑡 , and a level ℓ .

(1) Define 𝑌ℓ (𝑡) to be the total residual delay of requests 𝑞 s.t.

ℓ𝑞 ≤ ℓ .

(2) We say that ℓ is critical if 𝑌ℓ (𝑡) ≥ 2
ℓ
.

The pseudocode for the algorithm is given in Algorithm 2. When-

ever a level ℓ becomes critical, the function UponCritical is called,

which initiates a service 𝜆; the level of this service ℓ𝜆 is set to be

ℓ + 3. The service identifies the triggering set of requests𝑄★
𝜆
, which

are the requests whose total residual delay became critical (that is,

requests of adjusted level at most ℓ𝜆 − 3 = ℓ with positive residual

delay). If there exists no triggering request of level at least ℓ𝜆 − 4
(i.e., at least ℓ − 1), the service is called primary.

For a primary service 𝜆, the algorithm attempts to identify a

new location for placing the server after the service concludes. If a

constant fraction of the residual delay of 𝑄★
𝜆
exists inside a small

radius ball, the center of that ball will be the new location of the

server. Otherwise, the final location of the server will be its starting

location.

A service 𝜆 identifies all requests eligible to the service, which are

all requests with adjusted level at most ℓ𝜆 ; these are denoted 𝐸𝜆 . The

service then resets the residual delay of all requests in 𝐸𝜆 . (Note,

in particular, that this resets the residual delay of all triggering

requests in 𝑄★
𝜆
.) Then, the service performs time forwarding: it

observes the future delay of requests in 𝐸𝜆 , and attempts to “pay” for
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those requests until a point in time furthest in the future. “Paying”

for a request 𝑞 until time 𝜏 can be done either through serving that

request, or by increasing its investment counter to at least 𝑑𝑞 (𝜏).
Choosing between these options is done through calling PCST on

the eligible requests with a penalty function which represents the

required increase to investment counters. Specifically, the algorithm

finds the first time 𝜏 in which the cost of PCST exceeds 𝑐 · 2ℓ𝜆 , for
some constant 𝑐; the algorithm will serve requests and increase

counters according to the PCST solution for time 𝜏 .

Finally, at the end of the service, eligible requests that are still

pending are upgraded to a level higher than that of the service, and

the server moves to its new final location (if applicable).

Algorithm 2: Online Service with Delay

1 Event Function UponReqest(𝑞)

2 set ℓ𝑞 ← −∞, ℎ𝑞 ← 0.

3 Event Function UponCritical(ℓ)

4 start a new service, denoted by 𝜆, and set ℓ𝜆 ← ℓ + 3.
5 let 𝑡 be the time, 𝑎 be the server’s location, and𝑄 ′ be the

set of pending requests.

6 let 𝑄★
𝜆
←

{
𝑞′ ∈ 𝑄 ′

��ℓ𝑞 ≤ ℓ𝜆 − 3 ∧ 𝑦𝑞 (𝑡) > 0

}
.

7 if for every 𝑞′ ∈ 𝑄★
𝜆
we have ℓ𝑞′ < ℓ𝜆 − 4 then say 𝜆 is

primary else 𝜆 is not primary.

8 if 𝜆 is primary and there exists 𝑎′ ∈ 𝐺 s.t. 𝑦𝑅 (𝑡) > 2
ℓ𝜆−4

where 𝑅 := 𝑄★
𝜆
∩ 𝐵

(
𝑎′, 2ℓ𝜆−8

)
then

9 define 𝑎′ as mentioned.

10 else
11 set 𝑎′ ← Null.

12 set 𝐸𝜆 ←
{
𝑞′ ∈ 𝑄 ′

��ℓ𝑞 ≤ ℓ𝜆
}
.

13 foreach 𝑞′ ∈ 𝐸𝜆 do set ℎ𝑞′ ← max

{
ℎ𝑞′ , 𝑑𝑞′ (𝑡)

}
.

// Zero residual delay.
14 set 𝑄𝜆 ← {𝑞}, 𝑆 ← ∅.
15 for every time 𝑡 ′ ≥ 𝑡 , define the penalty function

𝜋𝑡 ′ : 𝐸𝜆 → R+ ∪ {0} such that

𝜋𝑡 ′ (𝑞′) =
(
𝑑𝑞′ (𝑡 ′) − ℎ𝑞′

)+
for every 𝑞′ ∈ 𝐸𝜆 .

16 let 𝜏 ≥ 𝑡 be the first time in which

PCST(𝐸𝜆, 𝜋𝜏 ;𝑎) ≥ 6 · 2ℓ𝜆 .
17 let 𝑆 to be the solution PCST(𝐸𝜆, 𝜋𝜏 ;𝑎), and let 𝑄𝜆 ⊆ 𝐸𝜆

be the set of requests served by 𝑆 .

18 perform DFS tour of 𝑆 , serving 𝑄𝜆 and finishing at 𝑎.

19 foreach 𝑞′ ∈ 𝐸𝜆\𝑄𝜆 do
20 set ℎ𝑞′ ← max

{
ℎ𝑞′ , 𝑑𝑞′ (𝜏)

}
.

21 set ℓ𝑞′ ← ℓ𝜆 + 1.
22 if 𝑎′ ≠ Null then move the server from 𝑎 to 𝑎′.

A level-ℓ service is triggered when level ℓ−3 becomes critical, i.e.,

when requests of adjusted level at most ℓ − 3 gather large residual
delay. Figure 3 gives some intuition about how the residual delay of

those triggering requests are distributed. In Figure 3, the delay of

the triggering requests of a service 𝜆 is shown as a heatmap inside

the ball 𝐵
(
𝑎𝜆, 2

ℓ𝜆−3)
(more delay is a deeper shade of red). Figure 3a

shows a pattern that can only belong to a nonprimary service: in

primary services, the outer ring 𝐵
(
𝑎𝜆, 2

ℓ𝜆−3) \ 𝐵 (
𝑎𝜆, 2

ℓ𝜆−5)
must

(a) (b)

(c)

Figure 3: Possible distributions for residual delay of trigger-
ing requests.

contain a constant fraction of the residual delay (as shown in the

proof of Proposition A.7). In secondary services, the server’s final

location is the same as its initial location. Figure 3b shows a delay

pattern which might belong to a primary service. If this is the case,

the server will again finish at its initial location, as delay is not

concentrated in a low-radius ball (𝑎′ is not defined in Line 11).

Figure 3c shows a delay pattern which is highly concentrated in a

low-radius ball. Thus, if this pattern belongs to a primary service,

the server would move to the center of the low-radius ball at the

end of the service.

A.2 Analysis
We now focus on proving Theorem A.1.

Definition A.3 (basic service definitions). Let 𝜆 be a service. We

define:

• The triggering requests 𝑄★
𝜆
to be as defined in Line 6.

• The location 𝑎𝜆 to be the initial location of the server when

𝜆 is triggered.

• The term 𝑡𝜆 to be the time of service 𝜆.

• The request set 𝑄𝜆 to be the requests served by 𝜆 (i.e., the

final value of the variable of that name in UponDeadline).

• The request set 𝐸𝜆 as defined in Line 12; these requests are

called eligible for 𝜆.
• The forwarding time of 𝜆, denoted 𝜏𝜆 , to be 𝜏 as defined in

Line 16.
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Definition A.4 (witness requests and certified services). At a certain
point in time, a request 𝑞 is called a witness for a service 𝜆 if its

level ℓ𝑞 was last assigned to by 𝜆 (at Line 18).

For every non-primary service 𝜆′, let 𝑞 ∈ 𝑄★
𝜆′

be an arbitrary

request such that ℓ𝑞 (𝑡𝜆) ≥ ℓ𝜆′ − 4, and let 𝜆 be the service for which

𝑞 is a witness. We say that 𝜆′ certifies 𝜆, and call 𝜆 a certified service.

(Note that the chosen request 𝑞 is unique, such that every service

certifies at most one other service.)

Proposition A.5. If 𝜆′ certifies 𝜆, then ℓ𝜆 + 4 ≤ ℓ𝜆′ ≤ ℓ𝜆 + 5.

Proof. Consider the request 𝑞 ∈ 𝑄★
𝜆′

which was a witness for 𝜆.

It holds that ℓ𝑞 (𝑡𝜆′ ) = ℓ𝜆+1. In addition, it holds that ℓ𝑞 (𝑡𝜆′ ) ≤ ℓ𝜆′−3
(as 𝑞 ∈ 𝑄★

𝜆′
) and that ℓ𝑞 (𝑡𝜆′ ) ≥ ℓ𝜆′ − 4 (as 𝑞 made 𝜆′ certify 𝜆). □

Proposition A.6. Throughout the algorithm, for every level 𝑖 it
holds that 𝑌𝑖 ≤ 2

𝑖+1 at every point in time.

Proof. Continuous delay growth cannot break this proposition,

as the algorithm triggers a service whenever a level 𝑖 becomes

critical (i.e., when 𝑌𝑖 reaches 2
𝑖
), and this service then zeroes 𝑌𝑖 .

The only conceivable way for this to happen is upon moving the

server from 𝑎 to 𝑎′ in Line 22; indeed, this changes the adjusted

levels of requests, possibly increasing 𝑌𝑖 (𝑡) past 2𝑖 . However, we
claim that this cannot increase 𝑌ℓ too much.

The server moved from 𝑎 to 𝑎′ during some service 𝜆, triggered

by some level ℓ becoming critical; it holds that ℓ𝜆 = ℓ + 3. Let 𝑡−, 𝑡+
be the times immediately before and after Line 22 in 𝜆. At 𝑡− , there
are no requests with adjusted level less than ℓ + 4, as ensured by

𝐿𝑖𝑛𝑒 21; in particular, 𝑌𝑖 = 0 for every 𝑖 ≤ ℓ + 3. Moreover, it holds

that 𝑌𝑖 ≤ 2
𝑖
for every 𝑖 > ℓ + 3, as only the maximal critical level

triggers a service. Thus, 𝑌𝑖 (𝑡−) ≤ 2
𝑖
for all 𝑖 .

Consider any pending request 𝑞 at 𝑡− ; as mentioned, ℓ𝑞 (𝑡−) ≥
ℓ + 4. We claim that ℓ𝑞 (𝑡+) ≥ ℓ𝑞 (𝑡−) − 1; if this claim is correct,

then for every 𝑖 we have 𝑌𝑖 (𝑡+) ≤ 𝑌𝑖+1 (𝑡−) ≤ 2
𝑖+1

, and the proof is

complete.

If ℓ𝑞 (𝑡−) = ℓ𝑞 (𝑡−), the claim holds as levels do not decrease.

Otherwise, we have that 𝛿 (𝑞, 𝑎) > 2
ℓ𝑞 (𝑡− )−1

. But then the triangle

inequality implies that 𝛿 (𝑞, 𝑎′) ≥ 𝛿 (𝑞, 𝑎) − 𝛿 (𝑎, 𝑎′) > 2
ℓ𝑞 (𝑡− )−1 −

2
ℓ+1 ≥ 2

ℓ𝑞 (𝑡− )−2
, where the final inequality uses ℓ𝑞 (𝑡−) ≥ ℓ + 4.

This implies that ℓ𝑞 (𝑡+) ≥ ℓ𝑞 (𝑡−) − 1, completing the proof. □

Proposition A.7. During a service 𝜆, if the algorithm moves its
server from 𝑎 to 𝑎′ in Line 22, then 2

ℓ𝜆−5 − 2
ℓ𝜆−8 ≤ 𝛿 (𝑎, 𝑎′) ≤

2
ℓ𝜆−3 + 2ℓ𝜆−8.

Proof. First, we prove that 𝛿 (𝑎, 𝑎′) ≥ 2
ℓ𝜆−5 − 2

ℓ𝜆−8
. Since 𝜆

was started, we know that 𝑌ℓ𝜆−3 ≥ 2
ℓ𝜆−3

. From Proposition A.6,

we know that 𝑌ℓ𝜆−5 ≤ 2
ℓ𝜆−4

; moreover, the service 𝜆 is primary,

and thus 𝑄★
𝜆
contains requests of level at most ℓ𝜆 − 5. Thus, the

total residual delay of 𝑄★
𝜆
incurred inside 𝐵

(
𝑎𝜆, 2

ℓ𝜆−5)
is at most

2
ℓ𝜆−4

. Now note that if 𝛿 (𝑎, 𝑎′) < 2
ℓ𝜆−5 − 2ℓ𝜆−8 then 𝐵

(
𝑎′, 2ℓ𝜆−8

)
⊆

𝐵
(
𝑎, 2ℓ𝜆−5

)
, which contradicts the definition of 𝑎′.

Second, we prove that 𝛿 (𝑎, 𝑎′) ≤ 2
ℓ𝜆−3 + 2ℓ𝜆−8. Assuming oth-

erwise that 𝛿 (𝑎, 𝑎′) > 2
ℓ𝜆−3 + 2ℓ𝜆−8, we have that 𝐵

(
𝑎′, 2ℓ𝜆−8

)
and

𝐵
(
𝑎, 2ℓ𝜆−3

)
are disjoint, in contradiction to the former containing

much of the residual delay of 𝜆. □

We define the cost of a service 𝜆, denoted 𝑐 (𝜆), to be the total

movement of the algorithm’s server in 𝜆 plus the total amount by

which investment counters are raised in 𝜆.

Proposition A.8. ALG ≤ ∑
𝜆∈Λ 𝑐 (𝜆).

Proof. Note that every request 𝑞 is eventually served, and upon

service ℎ𝑞 is at least the delay cost of that request. Thus, the sum of

counters upper-bounds delay costs, and the raising of every counter

is counted towards 𝑐 (𝜆) for some 𝜆. All movement costs in ALG

are also attributed to the cost of some service. □

Proposition A.9. The total cost of service 𝜆 is 𝑂 (1) · 2ℓ𝜆 .

Proof. From Proposition A.6, it holds that 𝑌ℓ𝜆 ≤ 2
ℓ𝜆+1

; thus,

2
ℓ𝜆+1

bounds the cost of raising counters on Line 13.

In addition, the cost of traversing the PCST solution on Line 18

and investing in counters in Line 20 can be bounded using the

following argument: in the previous iteration, the cost of the PCST

solution was less than 6 · 2ℓ𝜆 , from the condition of the loop, which

implies that the cost of the optimal solution was less than 6 · 2ℓ𝜆 ;
however, delay rises continuously, and thus this optimal solution

applies to the final iteration as well (at cost at most 6 ·2ℓ𝜆 ). Since the
approximation algorithm PCST that we use is a 3-approximation,

its cost of its output can be bounded by 18 · 2ℓ𝜆 . The penalty part

of the solution is paid exactly in Line 20, while the served part of

the solution is traversed in DFS (at double the cost). Thus, the total

cost of Line 18 and Line 20 is at most 36 · 2ℓ𝜆 .
Finally, the cost of moving the server in Line 22 (if it takes place)

is at most 2
ℓ𝜆−3 + 2ℓ𝜆−5. □

Proposition A.10. ALG ≤ 𝑂 (1) ·
(∑

𝜆∈Λp 2
ℓ𝜆 +∑

𝜆∈Λc 2
ℓ𝜆

)
.

Proof. The proof is similar to that of Lemma 3.8 for the deadline

case. Every non-primary service of level ℓ certifies another service

of level at least ℓ−5 (through Proposition A.5). Since every service is
certified at most once, it holds that

∑
𝜆∈Λ\Λp 2

ℓ𝜆 ≤ 𝑂 (1) ·∑𝜆∈Λc 2
ℓ𝜆
.

□

Bounding Primary Services. As in the argument for deadlines, we

identify a subset of primary services which we need to bound. In

fact, for delay, we identify two such subsets. Define 𝑎∗
𝜆
to be the

final location of the optimum’s server at 𝑡𝜆 . We define two disjoint

subsets of the primary services Λp
:

(1) Services in which the algorithm’s server ended at the starting

location (i.e. Line 22 did not run), denoted Λps
.

(2) Services in which the algorithm’s server moved to some

location 𝑎′ (i.e. Line 22 ran) such that 𝛿

(
𝑎∗
𝜆
, 𝑎′

)
≥ 2

ℓ𝜆−7
,

denoted Λpf
.

As stated in Proposition A.11, to bound the cost of all primary

services it is enough to bound the cost of these two subsets.

Proposition A.11.∑︁
𝜆∈Λp

2
ℓ𝜆 ≤ 𝑂 (1) · OPT +𝑂 (1) ·

∑︁
𝜆∈Λpf

2
ℓ𝜆 +𝑂 (1) ·

∑︁
𝜆∈Λps

2
ℓ𝜆

Proof. The proof is similar to the proof of Proposition 3.12.

We define the potential function 𝜙 (𝑡) := 4𝛿 (𝑎(𝑡), 𝑎∗ (𝑡)), where
𝑎(𝑡), 𝑎∗ (𝑡) at the locations of the algorithm’s server and the opti-

mum’s server at 𝑡 , respectively. Note that the potential function
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equals 0 at the beginning of the input, and can only take on positive

values. Note that in Λps
, the final and initial server locations are the

same; we thus only consider services in Λp \ Λps
in the potential

argument. For every service 𝜆 ∈ Λp \ Λps
, we define 𝑎′

𝜆
to be the

final location of the server in 𝜆 (the value of 𝑎′ in UponCritical).

Following the argument for Proposition 3.12, we have∑︁
𝜆∈Λp\Λps

𝛿

(
𝑎′
𝜆
, 𝑎𝜆

)
≤ 4OPT +

∑︁
𝜆∈Λp\Λps

(
𝛿

(
𝑎′
𝜆
, 𝑎𝜆

)
+ Δ𝜆

)
(3)

Now, consider a service 𝜆 ∈ Λp \ (Λpf ∪ Λps). For ease, define
𝑎∗
𝜆
:= 𝑎∗ (𝑡𝜆). After 𝜆 the algorithm moves its server to 𝑎′

𝜆
such

that 𝛿

(
𝑎′
𝜆
, 𝑎∗

𝜆

)
≤ 2

ℓ𝜆−7
. In addition, Proposition A.7 implies that

𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)
≥ 2

ℓ𝜆−5 − 2ℓ𝜆−8 = 7 · 2ℓ𝜆−8. Therefore:

Δ𝜆 ≤ 4(𝛿
(
𝑎′
𝜆
, 𝑎∗

𝜆

)
− 𝛿

(
𝑎𝜆, 𝑎

∗
𝜆

)
)

≤ 4 ·
(
𝛿

(
𝑎′
𝜆
, 𝑎∗

𝜆

)
− 𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)
+ 𝛿

(
𝑎′
𝜆
, 𝑎∗

𝜆

))
≤ 4 ·

(
2
ℓ𝜆−6 − 𝛿

(
𝑎𝜆, 𝑎

′
𝜆

))
≤ 4 · (−3

7

· 𝛿
(
𝑎𝜆, 𝑎

′
𝜆

)
)

≤ −𝛿
(
𝑎𝜆, 𝑎

′
𝜆

)
where the second inequality is due to the triangle inequality. There-

fore we have 𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)
+ Δ𝜆 ≤ 0 for every 𝜆 ∈ Λp \ (Λpf ∪ Λps).

Moreover, note that for every 𝜆 ∈ Λp\Λps
we have Δ𝜆 ≤ 4𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)
.

Finally, note that for a service 𝜆 ∈ Λp \ Λps
, Proposition A.7 im-

plies that 𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)
≥ 2

ℓ𝜆−5 − 2
ℓ𝜆−8 = 7 · 2ℓ𝜆−8, and thus 2

ℓ𝜆 ≤
256

7
· 𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)
. In addition, 𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)
≤ 2

ℓ𝜆−3 + 2ℓ𝜆−8 = 33

256
· 2ℓ𝜆 .

Combining all observations, we get∑︁
𝜆∈Λp

2
ℓ𝜆 ≤

∑︁
𝜆∈Λps

2
ℓ𝜆 +

∑︁
𝜆∈Λp\Λps

2
ℓ𝜆

≤
∑︁

𝜆∈Λps

2
ℓ𝜆 + 256

7

·
∑︁

𝜆∈Λp\Λps

𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)
≤

∑︁
𝜆∈Λps

2
ℓ𝜆 + 256

7

· ©­«4OPT +
∑︁

𝜆∈Λp\Λps

(𝛿
(
𝑎𝜆, 𝑎

′
𝜆

)
+ Δ𝜆)

ª®¬
≤

∑︁
𝜆∈Λps

2
ℓ𝜆 + 256

7

· ©­«4OPT +
∑︁

𝜆∈Λpf

(𝛿
(
𝑎𝜆, 𝑎

′
𝜆

)
+ Δ𝜆)

ª®¬
≤

∑︁
𝜆∈Λps

2
ℓ𝜆 + 256

7

· ©­«4OPT + 5
∑︁

𝜆∈Λpf

𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)ª®¬
≤

∑︁
𝜆∈Λps

2
ℓ𝜆 + 256

7

· ©­«4OPT + 165

256

∑︁
𝜆∈Λpf

2
ℓ𝜆ª®¬

= 𝑂 (1) · OPT +𝑂 (1) ·
∑︁

𝜆∈Λpf

2
ℓ𝜆 +𝑂 (1) ·

∑︁
𝜆∈Λps

2
ℓ𝜆

□

Definition A.12 (primary interals and cylinders). For every service
𝜆 ∈ Λpf ∪ Λps

, we define:

(1) The primary time interval 𝐼p (𝜆) := (min𝑞∈𝑄★
𝜆
𝑟𝑞, 𝑡𝜆].

(2) The primary cylinder 𝛾p (𝜆) :=
(
𝐵
(
𝑎𝜆, 2

ℓ𝜆−2), 𝐼p (𝜆)) .
We also define Γpf , Γps to be the sets of all primary cylinders of

services from Λpf ,Λps
, respectively. We define Γp = Γpf ∪ Γps.

In addition, for every 𝑖 we define Γ
p

𝑖
to be the subset of primary

cylinders from Γp that belong to level-𝑖 services.

Definition A.13 (𝐷∗
p,𝜆

). For every primary service 𝜆 ∈ Λp
, let

𝑅 ⊆ 𝑄★
𝜆
be the set of requests unserved in the optimal solution at

𝑡𝜆 . Define 𝐷
∗
p,𝜆

:=
∑
𝑞∈𝑅 𝑦𝑞 (𝑡𝜆). (Here, recall that 𝑡𝜆 refers to the

time immediately before the service 𝜆.)

Proposition A.14. Let Λ′ ⊆ Λpf ∪ Λps be a set of services
such that their primary cylinders are disjoint. Then it holds that∑
𝜆∈Λ′

(
𝑐
(
OPT ∩ 𝛾p (𝜆)

)
+ 𝐷∗

p,𝜆

)
≤ OPT.

Proof. Denote by OPT
𝑚,OPT𝑑 the movement and delay costs

of the optimal solution, respectively. One can observe, as in Obser-

vation 1, that

∑
𝜆∈Λ′ 𝑐 (OPT ∩ 𝛾c (𝜆)) ≤ OPT

𝑚
. It remains to show

that

∑
𝜆∈Λ′ 𝐷

∗
p,𝜆
≤ OPT

𝑑
.

Recall that the definition of 𝐷∗
p,𝜆

is

∑
𝑞∈𝑅 𝑦𝑞 (𝑡𝜆), where 𝑅 ⊆ 𝑄★

𝜆

is the subset of requests unserved by the optimal solution until 𝑡𝜆 .

Note that the optimal solution indeed incurs 𝑦𝑞 (𝑡𝜆) = 𝑑𝑞 (𝑡𝜆) −ℎ𝑞𝑡𝜆
delay for every request 𝑞 ∈ 𝑅. Moreover, delay is never charged

twice, as the service raises ℎ𝑞 to be 𝑑𝑞 (𝑡𝜆) at service 𝜆. This com-

pletes the proof. □

Proposition A.15. For every 𝑖 , the set Γp
𝑖
is a set of disjoint cylin-

ders.

Proof. Assume for contradiction that there exist two services

𝜆1, 𝜆2 of level 𝑖 such that 𝛾p (𝜆1), 𝛾p (𝜆2) are not disjoint. As the

cylinders’ time intervals are not disjoint, without loss of generality,

assume that 𝑡𝜆1 ∈ 𝐼p (𝜆2). Since the cylinders are also not spatially

disjoint, it holds that 𝛿
(
𝑎𝜆1 , 𝑎𝜆2

)
≤ 2

𝑖−1
. Now, from the definition

of 𝐼p (𝜆2), there exists a request 𝑞 ∈ 𝑄★
𝜆2

such that 𝑞 is pending at 𝑡𝜆1 .

Now, note that since 𝑞 ∈ 𝑄★
𝜆2
, it holds that 𝛿

(
𝑞, 𝑎𝜆2

)
≤ 2

𝑖−3
, which

implies 𝛿
(
𝑞, 𝑎𝜆1

)
≤ 2

𝑖−1 + 2𝑖−3 ≤ 2
𝑖
. Moreover, ℓ𝑞 ≤ 𝑖 at 𝑡𝜆1 . These

facts imply that 𝑞 was eligible for 𝜆1, but this would imply that 𝑞

increases in level to 𝑖 + 1 after 𝜆1, in contradiction to 𝑞 ∈ 𝑄★
𝜆2
. □

Proposition A.16. For every 𝜆 ∈ Λpf , it holds that

2
ℓ𝜆−8 ≤ 𝑐

(
OPT ∩ 𝛾p (𝜆)

)
+ 𝐷∗

p,𝜆
.

Proof. Consider the location 𝑎′ to which the algorithm moved

its server at the end of 𝜆. From the definition of Λpf
, we know that

𝑎∗ (𝑡𝜆) ∉ 𝐵
(
𝑎′, 2ℓ𝜆−7

)
. However, we also know from the definition

of 𝑎′ that at least 2ℓ𝜆−4 of the residual delay of 𝜆 accumulated inside

the ball 𝐵
(
𝑎′, 2ℓ𝜆−8

)
. Thus, at least one of the following holds:

(1) The optimal server visited 𝐵
(
𝑎′, 2ℓ𝜆−8

)
during 𝐼p (𝜆) and left

by 𝑡𝜆 ; thus, it incurred a moving cost of at least 2
ℓ𝜆−8

inside

𝐵
(
𝑎′, 2ℓ𝜆−7

)
. Now, note that 𝛿 (𝑎′, 𝑎) +2ℓ𝜆−7 ≤ 2

ℓ𝜆−3+2ℓ𝜆−8+
2
ℓ𝜆−7 < 2

ℓ𝜆−2
, and thus 𝐵

(
𝑎′, 2ℓ𝜆−7

)
⊆ 𝐵

(
𝑎, 2ℓ𝜆−2𝑐𝑥

)
. Thus,

𝑐
(
OPT ∩ 𝛾p (𝜆)

)
≥ 2

ℓ𝜆−8
.



STOC ’23, June 20–23, 2023, Orlando, FL, USA Noam Touitou

(2) The optimal server did not visit 𝐵
(
𝑎′, 2ℓ𝜆−8

)
during 𝐼p (𝜆). In

this case, it must be that 𝐷∗
p,𝜆
≥ 2

ℓ𝜆−4
.

In both cases, 2
ℓ𝜆−8 ≤ 𝑐

(
OPT ∩ 𝛾p (𝜆)

)
+ 𝐷∗

p,𝜆
. □

Proposition A.17. For every 𝜆 ∈ Λps, it holds that

2
ℓ𝜆−8 ≤ 𝑐

(
OPT ∩ 𝛾p (𝜆)

)
+ 𝐷∗

p,𝜆
.

Proof. Let 𝑎∗ be the location of the optimal server at 𝑡𝜆 . At least

one of the following options holds:

(1) 𝑎∗ ∉ 𝐵
(
𝑎𝜆, 1.5 · 2ℓ𝜆−3

)
. In this case, we have the following

subcases. Either the optimum did not visit 𝐵
(
𝑎𝜆, 2

ℓ𝜆−3)
dur-

ing 𝐼p (𝜆), in which case all requests in 𝑄★
𝜆
remain unserved

in OPT at 𝑡𝜆 , and 𝐷
∗
p,𝜆
≥ 2

ℓ𝜆−3
; or, the optimal solution vis-

ited 𝐵
(
𝑎𝜆, 2

ℓ𝜆−3)
during 𝐼p (𝜆), which in turn implies that

𝑐
(
OPT ∩ 𝛾p (𝜆)

)
≥ 2

ℓ𝜆−4
. In both cases, 𝑐

(
OPT ∩ 𝛾p (𝜆)

)
+

𝐷∗
p,𝜆
≥ 2

ℓ𝜆−4
.

(2) 𝑎∗ ∈ 𝐵
(
𝑎𝜆, 1.5 · 2ℓ𝜆−3

)
. In this case, consider 𝐵

(
𝑎∗, 2ℓ𝜆−8

)
:

since 𝜆 ∈ Λps
, it must be that the residual delay of 𝜆 inside

𝐵
(
𝑎∗, 2ℓ𝜆−8

)
is at most 2

ℓ𝜆−4
. But, the total residual delay of

𝜆 is at least 2
ℓ𝜆−3

. Thus, at least 2
ℓ𝜆−4

residual delay of 𝜆 is

outside 𝐵
(
𝑎∗, 2ℓ𝜆−8

)
. If OPT was outside 𝐵

(
𝑎∗, 2ℓ𝜆−8

)
during

𝐼p (𝜆), it must be that 𝑐
(
OPT ∩ 𝛾p (𝜆)

)
≥ 2

ℓ𝜆−8
(for this, note

that 𝐵
(
𝑎∗, 2ℓ𝜆−8

)
⊆ 𝐵

(
𝑎𝜆, 2

ℓ𝜆−2)
and thus inside 𝛾p (𝜆)). Oth-

erwise, OPT remained in 𝐵
(
𝑎∗, 2ℓ𝜆−8

)
during 𝐼p (𝜆), and thus

𝐷∗
p,𝜆
≥ 2

ℓ𝜆−4
. In both cases, 𝑐

(
OPT ∩ 𝛾p (𝜆)

)
+ 𝐷∗

p,𝜆
≥ 2

ℓ𝜆−8
.

In all cases, 𝑐
(
OPT ∩ 𝛾p (𝜆)

)
+ 𝐷∗

p,𝜆
≥ 2

ℓ𝜆−8
. □

Lemma A.18.

∑
𝜆∈Λpf∪Λps 2

ℓ𝜆 ≤ 𝑂 (log𝑛) · OPT.

Proof. Define 𝜌 = 2
9 ·𝑛2. Combining Propositions A.16 and A.17

and Corollary B.3, for every service 𝜆 ∈ Λpf ∪ Λps
, we have that

2
ℓ𝜆−8 ≤ 𝑐 (OPT ∩ 𝛾𝜆) + 𝐷∗p,𝜆
≤ 𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
+ 2 · 2ℓ𝜆−1 · 𝑛2/𝜌 + 𝐷∗

p,𝜆

≤ 𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
+ 2ℓ𝜆−9 + 𝐷∗

p,𝜆

Simplifying, we get 2
ℓ𝜆−9 ≤ 𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
+𝐷∗

p,𝜆
. Summing over all

𝜆 ∈ Λpf ∪ Λps
, we have∑︁

𝜆∈Λpf∪Λps

2
ℓ𝜆 ≤ 𝑂 (1) ·

∑︁
𝜆∈Λpf∪Λps

(
𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
+ 𝐷∗

p,𝜆

)
.

Note that for every 𝑖 , the cylinders of Γ
p

𝑖
are disjoint (Proposi-

tion A.15). Thus, definingℋ :=

{
𝛾
𝜌

𝜆
|𝛾𝜆 ∈ Γc

}
, Proposition B.4 im-

plies thatℋ can be partitioned into 𝑂 (log𝑛) disjoint sets. Proposi-
tion A.24 thus implies that

∑
𝜆∈Λc 2

ℓ𝜆 ≤ 𝑂 (log𝑛) ·OPT, completing

the proof. □

Bounding Certified Services. In this subsection, we would like to

prove the following.

Lemma A.19.

∑
𝜆∈Λc 2

ℓ𝜆 ≤ 𝑂 (log𝑛) · OPT.

Definition A.20. Let 𝜆 ∈ Λc
be a certified service. Let 𝜆′ ∈ Λc

be

the certified service with maximum 𝜏𝜆′ subject to ℓ𝜆′ = ℓ𝜆 , 𝜏𝜆′ ≤ 𝑡𝜆
and 𝛿 (𝑞𝜆′ , 𝑞𝜆) < 6 · 2ℓ𝜆 . We define:

(1) The time 𝜎𝜆 := 𝜏𝜆′ if 𝜆
′
exists (otherwise, define 𝜎𝜆 = −∞).

(2) The time interval 𝐼c (𝜆) := (𝜎𝜆, 𝜏𝜆]; note that 𝑡𝜆 ∈ 𝐼c (𝜆).

Definition A.21 (𝜋
c,𝜆 and𝐷∗

c,𝜆
). For every certified service 𝜆 ∈ Λc

:

(1) Define 𝜋
c,𝜆 on requests 𝑞 ∈ 𝐸𝜆 such that

𝜋
c,𝜆 (𝑞) :=

(
𝑑𝑞 (𝜏𝜆) −max

{
𝑑𝑞 (𝑡𝜆), ℎ𝑞 (𝑡𝜆)

})+
.

(Here, recall that 𝑡𝜆 refers to the time immediately before

the service 𝜆.)

(2) Let 𝑅 ⊆ 𝐸𝜆 be the subset of 𝜆-eligible requests unserved in

the optimal solution at 𝜏𝜆 . Define 𝐷
∗
c,𝜆

:=
∑
𝑞∈𝑅 𝜋

c,𝜆 (𝑞).

Proposition A.22 (analogue of Proposition 3.19). Let services
𝜆1, 𝜆2 ∈ Λc be such that ℓ𝜆1 = ℓ𝜆2 = ℓ and 𝛿

(
𝑎𝜆1 , 𝑎𝜆2

)
≤ 6 · 2ℓ .

AssumingWLOG that 𝑡𝜆1 < 𝑡𝜆2 , and letting 𝜆 be the service that made
𝜆1 certified, it holds that 𝑡𝜆 ∈ (𝜏𝜆1 , 𝑡𝜆2 ]. (In particular, 𝜏𝜆1 < 𝑡𝜆2 .)

Proof. The two possible cases which contradict our proposition

are that 𝑡𝜆 ≤ 𝜏𝜆1 or that 𝑡𝜆 > 𝑡𝜆2 . First, we prove that 𝑡𝜆 > 𝜏𝜆1
Consider the triggering request 𝑞 ∈ 𝑄★

𝜆
that made 𝜆 certify 𝜆1: this

request was a witness for 𝜆1, and thus in 𝐸𝜆1 ; however, 𝜆1 maintains

that eligible requests will not accumulate residual delay until after

time 𝜏𝜆1 . But, requests in𝑄
★
𝜆
have positive residual delay at 𝑡𝜆 ; thus

𝑡𝜆 > 𝜏𝜆1 .

Now, assume for contradiction that 𝑡𝜆 > 𝑡𝜆2 . Consider the service

𝜆′ which certified 𝜆2; it must also be the case that 𝑡𝜆′ > 𝑡𝜆2 . Suppose

that 𝑡𝜆 < 𝑡𝜆′ . In this case, observe that all witnesses for 𝜆2 at 𝑡𝜆 are

in 𝐵
(
𝑎𝜆2 , 2

ℓ
)
; but it holds through triangle inequality that

𝛿
(
𝑎𝜆2 , 𝑎𝜆

)
≤ 𝛿

(
𝑎𝜆2 , 𝑎𝜆1

)
+ 𝛿

(
𝑎𝜆1 , 𝑞

)
+ 𝛿 (𝑞, 𝑎𝜆) ≤ 6 · 2ℓ + 2ℓ + 2ℓ𝜆−3

Using Proposition A.5, ℓ𝜆 ≤ ℓ + 5, yielding that 𝛿
(
𝑎𝜆2 , 𝑎𝜆

)
≤ 11 · 2ℓ .

This implies that 𝐵
(
𝑎𝜆2 , 2

ℓ
)
⊆ 𝐵

(
𝑎𝜆, 12 · 2ℓ

)
. However, Proposi-

tion A.5 again implies ℓ𝜆 ≥ ℓ + 4, and thus 𝐵
(
𝑎𝜆2 , 2

ℓ
)
⊆ 𝐵

(
𝑎𝜆, 2

ℓ𝜆
)
.

Combine this with the fact that the level of all witnesses for 𝜆2 at 𝑡𝜆
is at most ℓ+1 which is less than ℓ𝜆 ; we thus obtain that all witnesses
to 𝜆2 at 𝑡𝜆 are in 𝐸𝜆 . But, after 𝜆, these witnesses would no longer

be witnesses for 𝜆2, in contradiction to one of them triggering 𝜆′

and certifying 𝜆2. Similarly, if 𝑡𝜆 > 𝑡𝜆′ , the service 𝜆
′
would leave

no witnesses for 𝜆1 to trigger 𝜆, which is a contradiction. □

Definition A.23 (certified cylinders). For a certified service 𝜆 ∈ Λc
,

define the certified cylinder 𝛾c (𝜆) := (𝐵
(
𝑞𝜆, 3 · 2ℓ𝑞

)
, 𝐼c (𝜆)). Define

Γc to be the set of all certified cylinders; in addition, for every 𝑖

define Γc
𝑖
to be the set of certified cylinders formed from level-𝑖

services.

Proposition A.24. Let Λ′ ⊆ Λc be a set of services such that their
certified cylinders are disjoint. Then it holds that∑︁

𝜆∈Λ′

(
𝑐 (OPT ∩ 𝛾c (𝜆)) + 𝐷∗

c,𝜆

)
≤ OPT.

Proof. Denote by OPT
𝑚,OPT𝑑 the movement and delay costs

of the optimal solution, respectively. One can observe, as in Obser-

vation 1, that

∑
𝜆∈Λ′ 𝑐 (OPT ∩ 𝛾c (𝜆)) ≤ OPT

𝑚
. It remains to show

that

∑
𝜆∈Λ′ 𝐷

∗
c,𝜆
≤ OPT

𝑑
.

Recall that the definition of𝐷∗
c,𝜆

is

∑
𝑞∈𝑅 𝜋

c,𝜆 (𝑞), where𝑅 ⊆ 𝐸𝜆 is

the set of requests unserved by the optimal solution until 𝜏𝜆 . For ev-

ery 𝑞 ∈ 𝑅, note that ℎ′𝑞 := max

{
𝑑𝑞 (𝑡𝜆), ℎ𝑞 (𝑡𝜆)

}
is exactly the value
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of the counter ℎ𝑞 after Line 13 of 𝜆; thus, 𝜋
c,𝜆 (𝑞) =

(
𝑑𝑞 (𝑡𝜆) − ℎ′𝑞

)+
.

Let 𝑡 ′ ∈ [𝑡𝜆, 𝜏𝜆] be the point in time in which 𝑑𝑞 (𝑡 ′) = ℎ′𝑞 ; the
optimal solution incurs a delay cost of 𝑑𝑞 (𝜏𝜆) −ℎ′𝑞 during the inter-

val [𝑡 ′, 𝜏𝜆], and thus the charging 𝐷∗
c,𝜆

is valid. Moreover, 𝜆 either

serves 𝑞, or raises ℎ𝑞 to at least 𝑑𝑞 (𝜏𝜆) (in Line 20); thus, the delay

of 𝑞 during [𝑡 ′, 𝜏𝜆] is only charged once to the optimal solution.

This completes the proof. □

Proposition A.25. For every 𝑖 , Γc
𝑖
is a set of disjoint cylinders.

Proof. The proposition results from Proposition A.22 in the

same way that Proposition 3.21 results from Proposition 3.19. □

Proposition A.26. For every certified service 𝜆 ∈ Λc and request
𝑞 ∈ 𝐸𝜆 , it holds that 𝑟𝑞 > 𝜎𝜆 .

Proof. If 𝜎𝜆 = −∞ then we are done. Otherwise, there ex-

ists a certified service 𝜆′ ∈ Λc
such that ℓ𝜆′ = ℓ𝜆 , 𝜏𝜆′ = 𝜎𝜆 ,

and 𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)
≤ 6 · 2ℓ𝜆 . Define ℓ := ℓ𝜆 . Using Proposition A.22,

the service 𝜆′′ that certified 𝜆′ occured in the interval (𝜏𝜆′ , 𝑡𝜆].
Thus, there must exist a witness request that made 𝜆′′ certify
𝜆′; thus, there exists a request in 𝐸𝜆′ ∩ 𝑄★

𝜆′′
. But this means that

𝛿 (𝑎𝜆′ , 𝑎𝜆′′ ) ≤ 2
ℓ𝜆′ + 2ℓ𝜆′′−3 ≤ 5 · 2ℓ , where the second inequality

uses Proposition A.5 for ℓ𝜆′′ ≤ ℓ𝜆 + 5.
Assume for contradiction that 𝑟𝑞 ≤ 𝜎𝜆 = 𝜏𝜆′ . Thus, 𝑞 is pending

at 𝑡𝜆′′ , and also has level at most ℓ (since 𝑞 ∈ 𝐸𝜆). In addition we

have:

𝛿 (𝑞, 𝑎𝜆′′ ) ≤ 𝛿 (𝑞, 𝑎𝜆) + 𝛿 (𝑎𝜆, 𝑎𝜆′ ) + 𝛿 (𝑎𝜆′ , 𝑎𝜆′′ )
≤ 2

ℓ + 6 · 2ℓ + 5 · 2ℓ = 12 · 2ℓ ≤ 2
ℓ𝜆′′

where the final inequality uses Proposition A.5 to claim that ℓ𝜆′′ ≥
ℓ𝜆 + 4. Thus, 𝑞 ∈ 𝐸𝜆′′ , and since it is not served by 𝜆′′, its level after
𝜆′′ is at least ℓ𝜆′′ + 1 ≥ ℓ + 5; but this contradicts the level of 𝑞 being

at most ℓ at 𝑡𝜆 . This completes the proof of the proposition. □

Proposition A.27. For every certified service 𝜆 ∈ Λc, it holds that
2
ℓ𝜆 ≤ 2𝑐 (OPT ∩ 𝛾c (𝜆)) + 𝐷∗

c,𝜆
.

Proof. Denote by 𝑅 ⊆ 𝐸𝜆 the set of requests in 𝐸𝜆 whose lo-

cation was visited by during 𝐼c (𝜆). Thus, using Proposition 3.22,

it holds that ST
∗ (𝑅) ≤ 2𝑐

(
OPT ∩ 3 · 2ℓ𝜆

)
. Now, note that ST

∗ (𝑅 ∪
{𝑎𝜆}) ≤ ST

∗ (𝑅) + 2ℓ𝜆 . Finally, note that the prize-collecting Steiner
tree problem whose solution is traversed by the algorithm uses the

penalty function 𝜋
c,𝜆 . Combining, we get

2
ℓ𝜆+1 ≤ PCST

∗ (𝐸𝜆, 𝜋𝜆 ;𝑎𝜆)

≤ ST
∗ (𝑅 ∪ {𝑎𝜆}) +

∑︁
𝑞∈𝐸𝜆\𝑅

𝜋
c,𝜆 (𝑞)

≤ ST
∗ (𝑅) + 2ℓ𝜆 + 𝐷∗

c,𝜆

≤ 2𝑐

(
OPT ∩ 3 · 2ℓ𝜆

)
+ 2ℓ𝜆 + 𝐷∗

c,𝜆

Where the first inequality stems from Line 16 together with the

fact that PCST is a 3-approximation and the second inequality is

since serving only 𝑅 is a feasible solution to PCST
∗ (𝐸𝜆, 𝜋𝜆 ;𝑎𝜆).

Simplifying, we get that 2
ℓ𝜆 ≤ 2𝑐 (OPT ∩ 𝛾c (𝜆)) + 𝐷∗

c,𝜆
. □

Proof of Lemma A.19. Define 𝜌 = 24 · 𝑛2. Combining Proposi-

tion A.27 and Corollary B.3, for every cylinder 𝛾𝜆 ∈ Γc, we have

2
ℓ𝜆 ≤ 2𝑐 (OPT ∩ 𝛾𝜆) + 𝐷∗c,𝜆
≤ 2𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
+ 4 · 3 · 2ℓ𝜆 · 𝑛2/𝜌 + 𝐷∗

c,𝜆

≤ 2𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
+ 2ℓ𝜆−1 + 𝐷∗

c,𝜆

Thus,

∑
𝜆∈Λc 2

ℓ𝜆 ≤ 𝑂 (1) ·∑𝜆∈Λ (𝑐 (OPT ∩ 𝛾𝜆) +𝐷∗
c,𝜆
). Note that for

every 𝑖 , the cylinders of Γc
𝑖
are disjoint (Proposition A.25). Thus,

defining ℋ :=

{
𝛾
𝜌

𝜆
|𝛾𝜆 ∈ Γc

}
, Proposition B.4 implies that ℋ can

be partitioned into 𝑂 (log𝑛) disjoint sets. Proposition A.24 thus

implies that

∑
𝜆∈Λc 2

ℓ𝜆 ≤ 𝑂 (log𝑛) ·OPT, completing the proof. □

Proof of Theorem A.1. The following holds:

ALG ≤ 𝑂 (1) · ©­«
∑︁
𝜆∈Λc

2
ℓ𝜆 +

∑︁
𝜆∈Λpf

2
ℓ𝜆 +

∑︁
𝜆∈Λps

2
ℓ𝜆 + OPTª®¬

≤ 𝑂 (log𝑛) · OPT

where the first inequality uses Propositions A.10 and A.11, and the

second inequality uses Lemmas A.18 and A.19 □

B IMPROVED ANALYSIS THROUGH
PERFORATED CYLINDERS

Perforated balls and cylinders.

Definition B.1 (perforated balls and cylinders). For every point

𝑣 ∈ 𝐺 , radius 𝑟 , and number 𝜌 > 1, define the perforated ball

𝐵𝜌 (𝑣, 𝑟 ) := 𝐵(𝑣, 𝑟 ) −
⋃
𝑣′∈𝐺

𝐵

(
𝑣 ′,

𝑟

𝜌

)
.

In addition, given a cylinder 𝛾 = (𝐵(𝑣, 𝑟 ), 𝐼 ), define the perforated
cylinder 𝛾𝜌 := (𝐵𝜌 (𝑣, 𝑟 ), 𝐼 ).

Proposition B.2. For every subgraph 𝐺 ′, and every choice of
𝑣, 𝑟, 𝜌 , it holds that 𝑐 (𝐺 ′ ∩ 𝐵(𝑣, 𝑟 )) ≤ 𝑐 (𝐺 ′ ∩ 𝐵𝜌 (𝑣, 𝑟 )) + 2𝑟𝑛2

𝜌 .

Proof. Consider every edge 𝑒 in 𝐺 ′. The total weight of the

edge 𝑒 contained in balls of radius 𝑟/𝜌 is at most 2𝑟/𝜌 (specifically,

this weight is contained in the intersection with the balls centered

in the two endpoints of the edge). The fact that the number of edges

in 𝐺 ′ is at most 𝑛2 completes the proof. □

The following corollary follows immediately.

Corollary B.3. For every cylinder 𝛾 = (𝐵(𝑣, 𝑟 ), 𝐼 ) and parameter
𝜌 , it holds that

𝑐 (OPT ∩ 𝛾) ≤ 𝑐
(
OPT ∩ 𝛾𝜌

)
+ 2𝑟𝑛2

𝜌

Proposition B.4. Suppose that for every integer 𝑖 , Γ𝑖 is some set
of disjoint cylinders of the form (𝐵(𝑣, 𝑥), 𝐼 ) where ⌈log𝑥⌉ = 𝑖 , and
define Γ =

⋃
𝑖 Γ𝑖 . Then for every parameter 𝜌 ≥ 2, and defining

ℋ := {𝛾𝜌 |𝛾 ∈ Γ}, the setℋ can be partitioned into 𝑂 (log 𝜌) sets of
disjoint cylinders.
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Proof. Define 𝑏 = ⌈log 𝜌⌉ + 1, and defineℋ𝑖 = {𝛾𝜌 |𝛾 ∈ Γ𝑖 }. For
every 𝑖 ∈ [𝑏], defineℋ𝑖 =

⋃
𝑗∈𝑖+𝑏Zℋ𝑗 ; note thatℋ is partitioned

into those 𝑏 sets.

It remains to show thatℋ𝑖 is a set of disjoint cylinders for ev-

ery 𝑖 . Consider two cylinders 𝛾
𝜌

1
, 𝛾

𝜌

2
∈ ℋ𝑖 , denote the centers of

their balls by 𝑣1, 𝑣2, and denote the radii of their balls by 𝑟1, 𝑟2,

respectively. If ⌈log 𝑟1⌉ = ⌈log 𝑟2⌉ = 𝑖 , then 𝛾
𝜌

1
, 𝛾

𝜌

2
∈ ℋ𝑖 ; in this

case, they must be disjoint: Γ𝑖 is a set of disjoint cylinders, and

𝛾𝜌 ⊆ 𝛾 for every 𝛾 . Otherwise, 𝑟1 ≠ 𝑟2; assume WLOG that

⌈log 𝑟1⌉ ≥ ⌈log 𝑟2⌉+𝑏. Now, consider that 𝐵𝜌 (𝑣1, 𝑟1) and 𝐵(𝑣2, 𝑟1/𝜌)
are disjoint, by construction; now note that 𝑟2 ≤ 𝑟1/2𝑏−1 ≤ 𝑟1/𝜌 ,
and thus 𝐵𝜌 (𝑣2, 𝑟2) ⊆ 𝐵(𝑣2, 𝑟1/𝜌), which shows that 𝛾

𝜌

1
, 𝛾

𝜌

2
are

disjoint. Overall, we proved thatℋ𝑖 is a disjoint set. □

Proof of Lemma 3.25. Define 𝜌 = 2
6𝑛2. Combining Proposi-

tion 3.15 and Corollary B.3, for every cylinder 𝛾𝜆 ∈ Γp, we have
2
ℓ𝜆−6 ≤ 𝑐 (OPT ∩ 𝛾𝜆)

≤ 𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
+ 2 · 2ℓ𝜆−2 · 𝑛2/𝜌

≤ 𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
+ 2ℓ𝜆−7 .

Simplifying, we get 2
ℓ𝜆−7 ≤ 𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
. Defining the set of

cylinders ℋ
pf

:=

{
𝛾
𝜌

𝜆

���𝛾𝜆 ∈ Γp}, we have

∑
𝜆∈Λpf 2

ℓ𝜆 ≤ 𝑂 (1) ·∑
𝜆∈Λpf 𝑐

(
OPT ∩ 𝛾𝜌

𝜆

)
. Now, using Proposition B.4, we know that

ℋ
pf

can be partitioned into 𝑂 (log 𝜌) = 𝑂 (log𝑛) sets of disjoint
cylinders. Thus,

∑
𝜆∈Λpf 𝑐

(
OPT ∩ 𝛾𝜌

𝜆

)
≤ 𝑂 (log𝑛) · OPT. □

Proof of Lemma 3.26. Define 𝜌 = 24 · 𝑛2. Combining Proposi-

tion 3.24 and Corollary B.3, for every cylinder 𝛾𝜆 ∈ Γc, we have
2
ℓ𝜆−1 ≤ 𝑐 (OPT ∩ 𝛾𝜆)

≤ 𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
+ 2 · 3 · 2ℓ𝜆 · 𝑛2/𝜌

≤ 𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
+ 2ℓ𝜆−2 .

Simplifying, 2
ℓ𝜆−2 ≤ 𝑐

(
𝛾
𝜌

𝜆
∩ OPT

)
. Defining ℋ :=

{
𝛾
𝜌

𝜆

���𝛾𝜆 ∈ Γc},
we have

∑
𝜆∈Λc 2

ℓ𝜆 ≤ 𝑂 (1) · ∑𝜆∈Λc 𝑐

(
OPT ∩ 𝛾𝜌

𝜆

)
. Proposition B.4

yields thatℋ can be partitioned into 𝑂 (log 𝜌) = 𝑂 (log𝑛) sets of
disjoint cylinders. Thus,

∑
𝜆∈Λc 𝑐

(
OPT ∩ 𝛾𝜌

𝜆

)
≤ 𝑂 (log𝑛) ·OPT. □
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