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ABSTRACT

We consider the problem of online service with delay on a general
metric space, first presented by Azar, Ganesh, Ge and Panigrahi
(STOC 2017). The best known randomized algorithm for this prob-
lem, by Azar and Touitou (FOCS 2019), is O(log? n)-competitive,
where n is the number of points in the metric space. This is also
the best known result for the special case of online service with
deadlines, which is of independent interest.

In this paper, we present O(log n)-competitive deterministic algo-
rithms for online service with deadlines or delay, improving upon
the results from FOCS 2019. Furthermore, our algorithms are the
first deterministic algorithms for online service with deadlines or de-
lay which apply to general metric spaces and have sub-polynomial
competitiveness.
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1 INTRODUCTION

In online service with deadlines/delay, a server exists on a metric
space of n points. Requests arrive over time on points in the metric
space, demanding service by the algorithm. The algorithm can serve
requests by moving the server to their location, incurring a cost
which is the distance traveled by the server on the metric space. In
online service with deadlines, each request has an associated deadline
by which it must be served. In online service with delay, a more
general problem, the deadline is replaced with delay costs which
accrue while the request is pending. Specifically, each request has
an associated, non-decreasing delay function, such that the total
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delay cost incurred by a pending request until time ¢ is the value of
its delay function at t.

Online service with delay was first introduced by Azar et al. [1],
who gave an O(log* n) randomized algorithm for the problem,
based on randomized embedding of the metric space into a tree
(specifically, a weighted hierarchically well-separated tree), then
solving the problem on the resulting tree. In [2], this was improved
to O(log? n)-competitiveness, through an improved algorithm for
online service on a tree. The result of [2] remains the best known
randomized result for this problem.

Without randomization, much less is known about this problem.
There is no known deterministic algorithm (of competitiveness
less than polynomial) which applies to general metric spaces. For
specific metric spaces, some results are known. When the metric
space is uniform (or weighted uniform), the work of Azar et al. [1]
implies a constant-competitive deterministic algorithm. When the
metric space is a line, Bienkowski et al. [7] presented an O(log A)-
competitive deterministic algorithm; here, A is the aspect ratio
of the metric space, or the ratio between the largest and smallest
pairwise distances (for a line, note that A > n).

1.1 Our Results

We consider online service with deadlines/delay on a metric space
of n points, and present the following results.

(1) An O(log n)-competitive, deterministic algorithm for online
service with deadlines that runs in polynomial time. (Sec-
tion 3.)

(2) An O(log n)-competitive, deterministic algorithm for online
service with delay that runs in polynomial time. (Appen-
dix A.)

Both results improve upon the best known randomized algo-
rithm for service with deadlines/delay, which is the randomized
O(log? n)-competitive algorithm of [2]. Moreover, these are the
first deterministic algorithms of sub-polynomial competitiveness
for online service with deadlines/delay on general metric spaces.
Note that while the result for deadlines is implied by the result for
delay, we chose to present it independently. This is both for ease of
presentation and since the deadline case is of independent interest.

In fact, we show that our algorithms achieve a stronger result:
they are O(log min{n, m})-competitive, where m is the number
of requests in the input. Note that previous algorithms had no
guarantee in terms of the number of requests. Specifically, previous
algorithms were based on randomized tree embedding, and thus lose
©(log n) in competitiveness even when m is constant. We discuss
this result in the full version of the paper.
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1.2 Our Techniques

Online service with deadlines.. The algorithm for online service
with deadlines employs the main concept used in [3] for network
design problems with deadlines, which is to assign levels to requests
that increase over time, such that high-level requests are only served
in high-cost services. Services also have levels, determined by the
level of request whose deadline has been reached. The budget of
a service is exponential in its level, and a service of level ¢ only
serves requests of level at most £.

However, in network design the cost of serving a request is fixed
at all times, while in online service this cost depends on the current
location of the server. Thus, while levels are maintained for each
request, the participation of a request in a service depends both on
its level and on its distance from the server at the time of service;
the resulting parameter is called the adjusted level of the request.
As a service of level ¢ restricts itself to requests with adjusted level
at most ¢, each service is confined to some “service ball” centered
at the server’s location.

In addition, online service calls for a more aggressive raising
of levels. In particular, the following properties are crucial to the
analysis:

(1) Upon the deadline of a request, a service is started with level
much larger than that of the triggering request.

(2) Upon the end of a service, requests in its service ball are
upgraded to a higher level than that of the service.

Compare this to the network design framework of [3], in which
the constant difference in levels between service and triggering
request can be any positive number without breaking the analysis
(and is chosen to be 1). In addition, for network design the level of
an eligible request only increased to the level of the service.

Finally, the server itself must occasionally move to more oppor-
tune locations. In our algorithm, this depends on the triggering
request: if its adjusted level is dictated by its distance from the
server, we say that the service is primary. In this case, the server
is moved to the request at the end of the service; otherwise, the
server returns to its initial position.

Analysis. The optimal solution for online service is harder to
characterize than in network design. Optimal services in network
design can be charged independently (where the requests served
are an “intersecting set”), while the tour of the optimal server in
online service is not easily partitioned. This calls for a novel type
of analysis that we introduce.

In our analysis, we construct space-time cylinders, where each
cylinder is associated with a shape in the metric space (e.g., a ball)
and a time interval. We then show two properties: first, that the
optimal solution incurs enough cost inside each cylinder; second,
that the cylinders are disjoint (either temporally or spatially). This
yields a lower bound on the cost of the optimal solution; as each
cylinder is associated with a service in the algorithm, this connects
the cost of the algorithm with that of the optimal solution. The
aggressive upgrading of requests and services is dictated by this
analysis: upgrading requests forces OPT to incur high cost inside
each cylinder, while upgrading services implies disjointness of the
cylinders. We first use cylinders in a simple way, such that the
cylinders’ associated shapes are balls in the metric space. Then,
to show our final result, we perforate those balls by removing
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balls of much-smaller radius; we then show that the charge to the
optimum is maintained, while achieving a greater degree of cylinder
disjointness (and thus a better competitive ratio).

Online service with delay. The algorithm for online service
with delay is similar to the algorithm for deadlines. In deadlines, a
service is started when the deadline of a request expires; in delay, a
service is started when the total delay for a set of pending requests
becomes large. (In fact, we consider the residual delay for this
condition, which is the amount of delay that exceeds investment
from past services.) Specifically, when requests of adjusted level at
most ¢ gather a total delay of 2¢, we say that level £ has become
critical and trigger a service. This service uses a prize-collecting
algorithm for Steiner tree to choose whether to serve requests or
invest in them, offsetting their future delay. This use of a prize-
collecting approximation algorithm is similar to that in [3].

The salient difference between the deadline and delay case lies
in moving the server upon a primary service (where “primary” is
defined somewhat similarly to deadlines). Considering deadlines as
a specific case of delay, an expired deadline is equivalent to infinite
delay incurred in a very concentrated neighborhood (i.e., a single
point). Analogously, for the case of delay, in a primary service we
attempt to identify a small-radius ball within which a constant
fraction of the residual delay exists. If such a ball is found, the
server would move to its center at the end of the service. Otherwise,
the delay is well-spread, and the server would remain stationary.
The intuition here is that when the delay is well-spread, the optimal
solution must also make significant movements to avoid incurring
large delay.

1.3 Related Work

Multiple servers. Online service with delay has also been consid-
ered when the algorithm has k > 1 servers. In the first paper of Azar
et al. [1], an O(k - poly log(n))-competitive randomized algorithm
was given for this problem. As the algorithm only used randomiza-
tion in the initial embedding stage, its dependence on k is linear (as
online service with delay is a generalization of the k-server problem,
which has an Q(k)-competitiveness lower bound for deterministic
algorithms). For uniform metric spaces, a better use of random-
ization was done in [16], achieving an O(log nlog k)-competitive
algorithm. For online service with deadlines on a general metric
space, an O(poly log(An))-competitive randomized algorithm was
presented by Gupta et al. [15].

Network design with deadlines/delay. A set of problems
related to online service is network design with deadlines/delay.
In such problems, connectivity requests with deadlines or delay
arrive over time, and must be served by transmitting a subgraph
that provides the desired connectivity. A notable example is Steiner
tree, in which requests demand connecting a terminal to some
root node. It can be seen that Steiner tree with deadlines/delay is a
special case of online service with deadlines/delay: the reduction
involves forcing the server to remain at the root node through a
stream of requests with immediate deadline (or very high delay
cost). The special case of Steiner tree in which the metric space
is itself a tree is called multilevel aggregation, and has received
much attention [2, 5, 10]; this is true also of its special cases, TCP
acknowledgement (e.g., [11, 14, 18]) and joint replenishment ([6,
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8, 12]). Multilevel aggregation itself has also yielded algorithms
for online service with delay (see [2]). A general framework for
network design problems was introduced in [3]; some techniques
introduced in [3] are used in this paper for online service. These
techniques were also used by Chen et al. [13] for a generalization
of joint replenishment.

Classic online k-server. In k-server, the classic variant of online
service with deadlines/delay, requests arrive over a sequence rather
than over time to be served by one of k servers. (Here, unlike in
service with deadlines/delay, the case of a single server is trivial.)
Deterministically, the best competitiveness bound for this problem
is ©(k) [20, 21], where determining the exact constant is an open
problem. With randomization, poly-logarithmic competitive ratios
have been achieved relatively recently [4, 9].

2 PRELIMINARIES

In online service with deadlines/delay, we are given a metric space
of n points. We represent this metric space as a weighted, simple
graph G of n nodes, such that the distance d(u,v) between two
points in the metric space is the weight of the shortest path between
the nodes in the graph. Each request g in the input request set Q
arrives at time rg; slightly abusing notation, we also use g to denote
the point in G on which the request exists. A server exists in the
metric space, such that moving the server to a pending request g
serves the request (the server movements are immediate, and do
not require time).

In the deadline case, each request ¢ € Q has deadline dq, and
must be served in the interval (rq, dq]; we assume WLOG that
the deadlines of all requests are distinct (this can be enforced by
arbitrary tie breaking by the algorithm). The goal is to minimize the
total movement of the server during the course of the algorithm,
while still serving all requests by their deadline.

In the delay case, each request g € Q has a nondecreasing delay
function dg(t), defined for every time ¢t > rq, such that the total
delay cost that pending request q accrues by time # is dg (t).

Without loss of generality, we assume that dq(rq) =0, and that
delay rises continuously. (Indeed, the former assumption translates
to an additive constant to every solution, while the latter can again
be enforced by the algorithm.) For ease of presentation, and in
keeping with some previous work, we also assume that the delay of
every request tends to infinity as time advances; that is, that every
request must be served eventually. (We remark that our algorithm
can also be seen to work without this assumption.)

For every number x, we define (x)* := max{x, 0}. Given a point
v € G and a radius r, we define B(v, r) to be the set of nodes u € G
such that §(v,u) < r.

3 ONLINE SERVICE WITH DEADLINES

In this section, we consider online service with deadlines, and prove
the following theorem.

THEOREM 3.1. There exists an O(log n)-competitive deterministic
algorithm for online service with deadlines.

3.1 The Algorithm

Steiner tree. Our algorithm contains a component which produces
an approximate solution to the (offline) Steiner tree problem. In
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this problem, one is given a set of terminal nodes in a graph, and
must output a minimum-cost subtree spanning those terminals.
A classic result for approximating offline Steiner tree [19] shows
that there exists a 2-approximation for this problem; we denote
this approximation algorithm by ST, such that ST(U) denotes the
output of the algorithm on the graph G given the set of terminals
U. Slightly abusing notation, we also use ST(U) to denote the cost
of the approximate solution. Similarly, we use ST*(U) to denote
some optimal solution for Steiner tree on terminals U (or its cost).

Algorithm’s description. We now describe the behavior of
the algorithm for online service with deadlines. The algorithm is
divided into services, which are instantaneous events in which the
algorithm decides to move its server to serve requests. For every
pending request g, the algorithm maintains a level £, which limits
the set of services for which the request can be eligible (initially,
ly = —00). In addition, with a the current location of the server, we
define the adjusted level of a request q to be

?q = max{{’q, [logé(a, q)]}

Upon deadline of request g, the algorithm starts a new service
A. The service A also has a level ¢), which is larger by a constant
from the adjusted level of the triggering request g. The level of A
determines which pending requests are considered for service by
A; specifically, a request ¢’ is eligible for service only if ?q' < .
This means that A restricts itself to requests that are both of level
at most £, and are within the ball B(a, 2[/1), where a is the current
location of the server.

Once the eligible requests have been identified, the algorithm
attempts to solve them by order of increasing deadlines, subject to
a budget of ©(2%). This makes use of a Steiner tree approximation
component, to design an efficient path through the chosen requests.
The algorithm then traverses this path, serving the chosen requests
and finishing at its starting position a. For the remaining, unserved
eligible requests, their level is raised to above the level of the service;
specifically, to level £ + 1.

Finally, note that for the triggering request g, Eq is dictated by
either £y or 6(q, a). If it is dictated by the latter, the service is called
a primary service, and the service would move the server from a
to q. Otherwise, the server would remain at a at the end of the
service. The pseudocode description of the algorithm is given in
Algorithm 1.

3.2 Analysis

Our goal now is to analyze Algorithm 1 and prove Theorem 3.1.
Recall that we denote by A the aspect ratio of the metric space, i.e.,
the ratio between the largest and smallest pairwise distances. For
ease of exposition, we first prove the following weaker theorem;

THEOREM 3.2 (WEAKER VERSION OF THEOREM 3.1). There exists
an O(log(nA))-competitive deterministic algorithm for online service
with deadlines.

After proving Theorem 3.2, we show how to strengthen some
components in the analysis to obtain Theorem 3.1.

Basic Definitions and Properties. We denote by A the set of services
performed by the algorithm.
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Algorithm 1: Online Service with Deadlines

1 Event Function UPONREQUEST(q)

2 L set £y «— —oo.

3 Event Function UPONDEADLINE(g)

4 start a new service, denoted by A.

5 let a be the current location of the server.

6 if ?q # tq then say 1 is primary else A is not primary.
7 set service level £) «— ?q +3.

8 let Q' be the set of currently pending requests.
9 letE; — {q' € Q’\?q/ <4}

o let Q) « {q},S « 0.

1 for ¢’ € E) by order of increasing deadline do
12 add ¢’ to Q.

13 let S « ST(Q,).
14 if ¢(S) > 4- 2% then
15 L break from the loop.

6 perform DFS tour of S, serving Q.
7 foreach ¢’ € E; \ O, do
18 L set by «— £+ 1.

o if A is primary then move the server to q.

Definition 3.3 (basic service definitions). Let A € A be a service.
We define:

o The triggering request of A, denoted qj{, to be the request
whose deadline started A.

e The location a) to be the initial location of the server when
A is triggered.

o The service time t) := dq;.

o The request set Q) to be the requests served by A (i.e., the
final value of the variable of that name in UPONDEADLINE).

o The request set Ej, as defined in Line 9; these requests are
called eligible for A.

e The forwarding time of A, denoted 7, to be the maximum
deadline of a request in Q.

o The cost of A, denoted by c(A), to be the total cost of moving
the server in A. For a set of services A’, we define ¢(A’) :=
Saen c(A).

We now define two subsets of services which are of particular fo-
cus: primary services and certified services. (Note that a service can
belong to both subsets.) We later show that bounding the costs of
these two subsets is enough to bound the total cost of the algorithm.

Definition 3.4 (primary services). A service A € A is called pri-
mary if it is set to be primary in Line 6; that is, if l’q; # fq; att).
We denote by AP C A the set of primary services in the algorithm.

Definition 3.5 (witness requests and certified services). At a certain
point in time, a request g is called a witness for a service A if its
level £; was last modified by A (at Line 18).

Note that the triggering request of a non-primary service A’ is
always a witness for an earlier service 1; we say that A’ certifies
A, and call A a certified service. We denote by A® C A the set of
certified services in the algorithm.
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PROPOSITION 3.6. Every certified service A € A€ is certified by
exactly one other service.

PRrROOF. Suppose, for contradiction that A is certified by two ser-
vices, A1, A2, and assume WLOG that ty, < ty,. It must be that the
triggering requests qj{l, qu were witnesses for 1 at t;,, t3,, respec-
tively. Thus, these requests were also of level £} + 1, which implies
O, =0, =0 +4

We claim that after 11, there remain no witness requests for A,
in contradiction to qz‘ being such a witness. Indeed, consider the
state immediately before A;: all witness requests for A at that time
have level £ + 1, and exist within the ball B(ay, 24) (as they were
eligible for 1). Both qzl, qj{z are witness requests for A at that time,
and thus: Thus,

S(a,h,qj{z) < S(a,h,qj{l) +5(q§l,a,1) +5(aA,qX2)
<273 42l 400 <20,

Therefore, qz € E),; note that all requests in E,, are either served
2
in A1 or become witnesses for A1. ]

PROPOSITION 3.7. The cost of a service A is at most O(1) - 2.

Proor. First, observe the cost of traversing the Steiner tree solu-
tion for the set of requests Q, as formed in the algorithm. Note that
a possible Steiner tree solution for connecting Q; U {a)} would
be to use the Steiner tree solution calculated in the penultimate
iteration of the loop to connect all requests except q’, where ¢’ is
the final request added to Q,, then connect ¢’ to a; directly. The
cost of this solution is at most 4 - 2 (from the condition of the
loop) plus 8(ay,q’) (which is at most 2 since ¢’ € E,). Overall,
the cost of this solution is at most 5 - 2f; thus, the cost of the
Steiner tree chosen by the algorithm is at most 10 - 22, as it uses a
2-approximation. The cost of traversing this tree from q is thus at
most 20 - 22,

Second, the server possibly moves from its initial position a; to
q (if A is primary). The cost of this is at most 22 =1, Overall, the cost
of a service A is at most O(1) - 2£. ]

LEMMA 3.8. ALG < O(1) - (Zrenp 2% + D peac 2)

Proor. Using Proposition 3.7, we have that ALG < O(1) -
S 1ea 2%, Consider any non-primary service A € A\AP. Since the
service is non-primary, it certifies another service A’ € A€, such
that £}, = ) — 4. Thus, we have that 2 = 16 - 22 ; moreover,
Proposition 3.6 implies that services are only certified once, and
thus Y 1ea\ar 20 <16 - ¥ e pe 22 . Overall, we have that

3 e 3 )

AEAP AEAC

ALG < 0(1) - Z 2l < 0(1) -
AeEA

O

Charging Cylinders. Lemma 3.8 bounded the cost of the algorithm
by the sum of two terms which correspond to primary and certified
services. It remains to charge those terms to the optimal solution.
To this end, we describe a method for charging costs to the optimal
solution.

Charging balls. Recall that B(v, r) denotes the ball of radius r
centered at some point v € G. Overloading notation, we use this
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Figure 1: Visualization of Intersections

terminology not only as a set of nodes, but also as a set of edges and
“parts” of edges that exist within the ball; an informal visualization
is given in Figure 1a. More formally, B(v, r) contains all edges where
both endpoints are in B(v, r). In addition, when an edge e of weight
we has exactly one endpoint u in B(v, r), the part of e that belongs
to B(v, r) is the segment of weight r — §(v, u) closest to u. It is easy
to see that this definition preserves desirable properties for edges
in a ball; in particular, note that the edges and parts of edges in
B(v1,r1) and in B(vg, ro) are disjoint if §(v1,v2) > r1 + ra.
For the sake of charging costs, we create cylinders.

Definition 3.9 (cylinders). A cylinder is an ordered pair (B,I)
where B is some shape in the metric space G, and I is a time interval.

As hinted by the word “cylinder”, we later choose B to be a ball
(or a perforated ball, defined later). The movement of the optimal
solution inside the cylinder (i.e., during I and inside B) is then
charged to.

Definition 3.10 (shape/cylinder charging). We use the following
definitions to partition the costs of the optimal solution:
(1) Given a subgraph G’ C G and a shape B, we denote by
¢(G’ N B) the total weight of edges (or parts of edges) in G’
that belong to B.

(2) Given a cylinder y = (B, I), define c(OPTNy) := C(G;‘ N B),

where Gj is the subgraph of edges traversed by OPT during
L.

For a set T' of cylinders, define c(OPT N T) := X er c(OPT Ny)
for ease of notation. We now define disjointness for cylinders; a
disjoint set of cylinders can charge to the optimal solution simulta-
neously, as they each charge to different movements of the server.

Definition 3.11 (disjoint cylinders). A pair of cylinders (By,I;),
(Bg, I) are called disjoint if either By, By are disjoint, or Iy, I, are
disjoint.

A set of cylinders whose metric shape is a ball can be seen in
Figure 1b. Here, for the sake of visualization, we chose the metric
space G to be a line. The cylinders thus appear as rectangles in the
time-space plane. The tour of the optimal server over time appears
as a line, in which the dotted segments represent the passage of
time and the solid segments show movement through space. Only
the length of solid segments inside a cylinder could be counted
towards the intersection. Thus, since the cylinders in the figure are
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disjoint, the total charged amount does not exceed the total moving
cost of the optimal solution. This is stated in Observation 1.

OBSERVATION 1. Let T be a set of disjoint cylinders. Then

¢(OPTNT) < OPT

With Observation 1, the way to use cylinders becomes clear: we
want to construct a set of cylinders such that (a) their intersection
with OPT is large, and (b) they are disjoint (or can be partitioned
into a few disjoint subsets).

Bounding Primary Services. In this subsection, we focus on bound-
ing the cost of primary services. For every service A, define a; to be

the final location of the optimum’s server at t,. Define AP C AP
to be the primary services A such that § (aji, q;) > 276 Propo-

sition 3.12 shows that to bound the cost of primary services, it is
enough to bound the cost of APf.

PROPOSITION 3.12. ¥ 3cpp 24 < O(1) - OPT +O(1) - 35 por 2.

Proor. Define the potential function ¢(t) := 48(a(t),a*(t)),
where a(t), a*(t) are the server locations of the algorithm and the
optimum at ¢, respectively. Note that the potential function equals 0
at the beginning of the input, and can only take on positive values.
For a service A € AP, define A, to be the increase in potential
function by the service A through the movement of the algorithm’s
server in A. Note that:

(1) The only server movements in the algorithm are in primary
services (other services return the server to its previous
location).

(2) Increases in potential due to movements in OPT sum to at
most 4 - OPT.

Therefore, we have the following:

Z S(qj{, aA) < 40PT + Z (5(qj{, a;L) +A;L) (1)

AEAP AeAP

Consider a service 1 € AP\AP, such that 5(a*(t;k), q/’{) < 206,
In addition, note that the fact that A is primary implies that £; =
[log B(aa, q/’{ﬂ + 3, and thus 5((% qz) > 274; we have

=4-(8(a3.q) - 8(apa))
((WA) (qw) o))
4- (=2

{’,1 5) -3

I/\

Observing that 6(@, q}‘) < 2%73, we have (5(a,1, q;) +A) <0 for
every A € AP \Apf. Moreover, note that for every A € AP, it holds
that Ay < 45((1,1, qz), and thus 5(a/1, q:) +A) < 55(a,1,qz).
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Combining all observations, we get

PEZESTDY 5(q}, aA)

AEAP AEAP

<64-OPT+16 ). (5(qj{,a/1) +A/1)
AEAP

<64-OPT+16 » (5(qj{,a/1)+AA)
AeApf

<64-OPT+80 » 5(q;,a,1)
AeAPf

< 64-OPT + 10 Z 20
AeAPf

where the first inequality is from 5(q;, a )L) > 2274 the second
inequality is through Equation (1), the third inequality is from the
fact that for every A € AP \ APf we have 5(61/’{, aA) +A) <0, the
fourth inequality is through & (q} a ,1) +A) < 55(qj{, a ,1), and the
final inequality is due to é(qz, aA) < 2673, O

To finish bounding the cost of primary services, it is thus enough
to prove the following lemma.

LEMMA 3.13. 33 2 < O(log A) - OPT.

Definition 3.14 (primary interals and cylinders). For every service
A € APf| we define:

(1) The primary time interval I(4) := (r, - dq:].

(2) The primary cylinder y,(1) = (B(ay, 2472), I,(4)).

We also define I'P to be the set of all primary cylinders of services
from APf. In addition, for every i we define I“l.p to be the set of

primary cylinders of level-i services from APE,
PROPOSITION 3.15. For every A € APL it holds that
¢(OPT N yp(A)) > 2476
PrOOF. Since A € APf, we know that the server of the opti-
mal solution was at q/’{ somewhere during I,(4), but was out-
side B(q:, 2[/1_6) at t); thus, the optimal solution incurred a cost
of at least 2% inside B(qz, Zf/"_6) during I, (1). Observing that
B(q;, 2[/1_6) C B(ay, 2”72 implies that ¢(OPT N yp(4)) > 2476,
(]

PROPOSITION 3.16. For every i, l"l.p is a set of disjoint cylinders.

PRrROOF. Assuming otherwise, there exist i and two level-i ser-
vices A1, Ay € APf such that Yp (A1), yp(A2) € l"l.lD are not disjoint.
This implies that I, (A1) N I (42) # 0; hence, WLOG, assume that
th, € p(A2) = (rqxz, dqiz ]. Thus, q}z was pending during A4, and
moreover had level at most ¢;,. But since y, (A1), yp(A2) are not
disjoint, we have §(ay,, ay,) < 22171 but this implies that

5((1/11,(]:2) < 5(a/11,a/12) +5(GA2,qL) < 2{/11*1 + 2“1*3 < 201

Noam Touitou

Thus, q}z € E,,. But requests in E,, are either served by A1 or

have their level increased to £, +1,in contradiction to Az being
primary. O

Proor oF LEMMa 3.13. The following holds:

>at<ow- Y c(OPTmr}’)
Ae AP level i
<0(1) - Z OPT

level i

O(logA) - OPT

where the first inequality is due to Proposition 3.15, the second
inequality is due to Proposition 3.16, and the third inequality is due
to the fact that there are only O(log A) possible classes for primary
services. O

Bounding Certified Services. In this subsection, we focus on bound-
ing the cost of certified services; specifically, we prove the following
lemma.

LEMMA 3.17. Y jepc 24 < O(log(An)) - OPT.

Definition 3.18 (o) and I.(1)). Let A € A° be a certified service.
Let A’ € A® be the certified service with maximum 7, subject to
&y =, 7y <ty and 8(ay,ay) < 6-2%. We define:

(1) The time o = 1), if I’ exists (otherwise, define o} = —0).

(2) The time interval I (1) := (0, 73 ]; note that ¢; € I.(A).

PROPOSITION 3.19. Let A, A2 € AS be such that £y = ¢, = ¢
and §(ay,, ay,) < 6- 2. Assuming WLOG that t;, < ty,, and letting
A be the level-(£y, + 4) service that made Ay certified, it holds that
ty € (1p,sta,]. (In particular, T), < t),.)

Proor. The two possible cases which contradict our proposition
are thatty < 7, orthatty > t),.Ift) < 7, , consider the triggering
request q/’{: this request was a witness for A;, and thus in Ej,;
however, A; chose which requests from E,, to serve according
to earliest deadline, and managed to serve all requests in E;, of
deadline < 7, (by definition). The existence of qzl as a pending
request at ¢, is therefore a contradiction.

Otherwise, if t; > t;,, consider the service A’ which certified
Az; it must also be the case that t3, > t,. Suppose that t; < t/.In
this case, observe that all witnesses for Ay at t) are in E; therefore,
these witnesses would no longer be witnesses for A3 after A, in con-
tradiction to one of them triggering A" and certifying Ay. Similarly,
if t) > ty, the service A’ would leave no witnesses for 1; to trigger
A. We thus again reached a contradiction. O

Definition 3.20 (certified cylinders). For a certified service A € A€,
define the certified cylinder y. (1) := (B(q}, 3- 2[‘1),10(/1)). Define
T'¢ to be the set of all certified cylinders; in addition, for every i

define I to be the set of certified cylinders formed from level-i
services.

PROPOSITION 3.21. For every i, the set I} is a set of disjoint cylin-
ders.

Proor. Consider any two cylinders yc(41),yc(d2) € Tf. If it
holds that §(ay,,ay,) > 6 - 2¢, then the cylinders are spatially
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(b)

Figure 2: Visualizations from the analysis of Algorithm 1.

disjoint and we are done. Thus, assume that 5(@1, aAZ) < 6- 2,
and WLOG assume that ), < t,,. Proposition 3.19 implies that
), < tj,; from the definition of o, it is thus also the case that
o), 2 1y, Thus, the intervals I (41), I (A2) are disjoint, and thus
Ye (A1), yc(A2) are disjoint. O

Having defined the certified cylinders and shown a disjointness
property in Proposition 3.21, we want to show that the optimal
solution has a large intersection with these cylinders. We show this
by claiming that the release-to-deadline intervals for requests in
E are contained in I (1), and thus must be served by the optimal
solution in this interval. Therefore, a Steiner tree spanning Eg can
be charged to the optimal solution in this time interval. However,
one must still claim that enough of this cost takes place within the
ball defining the cylinder. This is possible as the requests of E, are
in B(ay, 2[/‘), while the radius of y¢(2) is 3 - 2.

PROPOSITION 3.22. Consider a set of points V. C B(p,r), and let
G’ be a subgraph of G that connects V. Then it holds that

ST*(V) <2-¢(G' nB(p,3r))

Proor. Consider the edges in G’ contained in B(p, 3r). If those
edges connect all points in V, then they form a valid solution for
Steiner tree on V, and thus we are done. Otherwise, these edges
partition V into connected components Vi, -, Vi. Since V are
connected in G’, these connected components must be connected
somewhere outside B(p, r); in particular, connected component con-
tains a path which exits B(p, 3r); since the connected component
contains a point in V C B(p, r), the total weight of this component
is at least 2r.

We can convert G N B(p, 3r) into a Steiner tree solution for V by
connecting at most k — 1 pairs of points from V directly, such that
the points of each pair belong to different components V;, V;. Since
the diameter of V is at most 2r, and the cost of each connected
component is at least 2r, this modification at most doubles the cost
of G’ N B(p, 3r). This completes the proof. O

A visual description of the proof of Proposition 3.22 is given
in Figure 2a. Here, the terminals V (in blue) are connected by the
subgraph G’ such that the restriction to B(p, 3r) creates three con-
nected components. As the terminals are all in B(p, ), adding the
two red, dashed edges would augment this restriction to a Steiner
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tree solution for V, where each edge costs at most the diameter of
the smaller ball (i.e., 2r).

PROPOSITION 3.23. For every certified service A € A® and request
q € Qy, it holds that (rq,dq] C (03, 72].

Proor. Define ¢ = g. By definition, it holds that dq <7y lt
remains to show that ry > o). If 0} = —co, we are done; other-
wise, by the definition of o), there exists a certified service A’ such
that £, = ¢, o) = 7» and 8(ay/,ay) < 6 - 2%, Applying Proposi-
tion 3.19, there exists a level-(£+4) service A”” in (zy/, )], such that
5(q/’{,,,a,1») <2t

Now, observe that

8(qayr) < 8(qay) +8(ay ay) +5(a;v,qz,,) +5(q;,,, a,p/)
<2 4620 420 4 2041 = 10. 20 < 287 ()

Assume for contradiction that rq < 0, which implies that rq <
7). Since g € Q;, we have that g was pending during (7, t;]. Thus,
q was pending during A”; combining with Equation (2), it must be
that g € E,»~. But then it must be that A’ raised the level of g to
fy +1=1{) +5, in contradiction to g € Q) C E). O

PROPOSITION 3.24. For every certified cylinder y.(A), it holds that
2671 < ¢(OPT Ny (A)).

Proor. Consider the union of edges traversed by the optimum
during (oy, 73], and denote it by G*; note that ¢(OPT N y.(1)) =
c(G* N B(aA, 3- 2‘7)). From Proposition 3.23, G* must connect Qy;
Noting that Q; C B(ay, 2% ), Proposition 3.22 implies ST*(Q,) <
2-C(G* N B (q/.’f 3.20 ) ) Now, note that since A is a certified service,
Line 15 was reached, and thus the approximate solution of the
algorithm for ST(Q;U{a; }) had cost at least 4-2. Since the Steiner-
tree algorithm is a 2-approximation, we have ST*(Q; U {a;}) >
2 - 2%, Finally, since a, can be connected directly to any request in
Q; at cost at most 2%, we have ST*(Q; U {ay}) < ST*(Q,) + 24,
which therefore implies ST*(Q;) > 2%. Combining, we have that
2671 < ¢(OPT Ny (A)). o

Proor oF LEMMa 3.17. The following holds:

Z 2% < 0(1) - Z ¢(Tf N OPT)

AEAC level i

<0(1)- Z OPT

level i

< O(log(An)) - OPT

where the first inequality is due to Proposition 3.24, the second
inequality is due to Proposition 3.21, and the final inequality is
due to the fact that the number of possible classes for services is
O(log(An)). o

Proor oF THEOREM 3.2. We have
ALG < O(1) - Z 20 4 Z 20 + OPT

AeAe AeAprf
< O(log(An)) - OPT

where the first inequality is due to Lemma 3.8 and Proposition 3.12,
and the second inequality is due to Lemmas 3.13 and 3.17. O
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Improved Analysis through Perforated Cylinders. We now alter our
cylinder construction to obtain Theorem 3.1. We do so by changing
the shape of cylinders in the metric space from a ball to a perforated
ball. A perforated ball used in our proofs is formed from a ball of
radius r by removing balls of radius ﬁ around every point in the
metric space, for some constant ¢ > 1. Since the radii of removed
balls are small, we claim that the intersection of cylinders using
these new, perforated balls with OPT is only smaller by a constant
factor from the original intersection. However, the perforation en-
sures that cylinders with an Q(log n) gap do not intersect, yielding
increased disjointness and better competitiveness. An informal visu-
alization of perforated balls appears in Figure 2b, which shows the
intersection of a subgraph with such a ball. A formal description, as
well as the proofs of Lemmas 3.25 and 3.26 appear in Appendix B.

LEMMA 3.25 (IMPROVED LEMMA 3.13).

Z 2% < O(logn) - OPT.
AeAP!

LEMMA 3.26 (IMPROVED LEMMA 3.17).

Z 2% < O(logn) - OPT.
AENC

ProoF oF THEOREM 3.1. The proof of the theorem is identical to
that of Theorem 3.2, except that Lemmas 3.13 and 3.17 are replaced
with Lemmas 3.25 and 3.26. ]

4 CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we introduced the first deterministic algorithms for
online service with deadlines/delay for general metric spaces (of
subpolynomial competitiveness). Our algorithms also improve upon
the best known randomized algorithms for the problem. While
superconstant lower bounds for this problem are not yet known,
there is evidence that the O(log n) competitiveness shown in this
paper is tight. This is suggested by the fact that previous to our
work, O(log n)-competitiveness was the best known bound for both
multilevel aggregation (see [3]) and online service with delay on
an equidistant line (see [7]), which are both special cases of the
problem considered in this paper. Introducing a superconstant lower
bound for this problem would thus be a great future direction. Also
note that currently, no separation is known between deterministic
and randomized algorithms: for service with deadlines/delay, as
well as for the mentioned special cases, the best known algorithms
are deterministic, and there exists no known superconstant lower
bound even for deterministic algorithms.

In addition, we believe that our techniques could be extended
to multiple servers, yielding a deterministic algorithm for k-server
with delay. This would require some combination of our techniques
with existing deterministic techniques for k-server on general met-
ric spaces, e.g., the work function algorithm [20].

A ONLINE SERVICE WITH DELAY

This section considers the online service with delay problem. For
this problem, we prove the following theorem.

THEOREM A.1. There exists a O(log n)-competitive deterministic
algorithm for online service with delay.

Noam Touitou

A.1 The Algorithm

Prize-Collecting Steiner tree. Similar to the algorithm for dead-
lines, the algorithm for delay also requires an approximation al-
gorithm for Steiner tree. However, we now consider the prize-
collecting variant of the Steiner tree problem. In this variant, we are
given a set of terminals and a root node; in addition, each terminal
has an associated penalty. A solution is a subgraph that connects
some subset of the terminals to the root node. The cost of that
solution is the total weight of the subgraph, plus the penalties for
terminals that were not connected to the root node.

There exists a 3-approximation for prize-collecting Steiner tree,
due to Hajiaghayi et al. [17], which we denote PCST. We use
PCST(U, ; r) to denote running the approximation over the in-
put graph G, with terminal set U, penalty function 7 (that maps
from terminal to its penalty), and root node r. As before, we use
PCST(U, r; r) to refer to the cost of the approximate solution (edge
and penalty cost). We also use PCST* (U, r; r) to refer to the optimal
solution for the same input (and its cost).

Algorithm’s description. As in the deadline algorithm, every
pending request g has a level £; (which is initially —c0), and we
define the adjusted level of g to be ?q = max{{’q, [log d(q, a)]},
where a is the current location of the server. In addition, for every
request g the algorithm maintains an investment counter hq (which
is initially 0). This counter is raised by a service to pay for (past
or future) delay of a request. We denote by £,(¢), ?q(t), hq(t) the
values of {g, ?q, hq at time ¢ (if a service takes place at ¢, this refers
to the values immediately before the service). We also define the
residual delay of g at t to be yq(t) = (dg(t) — hq(t))+; intuitively,
this is the amount of current delay which no service has paid for.

The following definition of a critical level is used to trigger
services in the algorithm.

Definition A.2 (critical level). Fix any time ¢, and a level .

(1) Define Y;(¢) to be the total residual delay of requests g s.t.
tg <t
(2) We say that ¢ is critical if Yp(t) > 2¢.

The pseudocode for the algorithm is given in Algorithm 2. When-
ever a level £ becomes critical, the function UpoNCRITICAL is called,
which initiates a service 4; the level of this service ¢ is set to be
£+ 3. The service identifies the triggering set of requests Q/’{, which
are the requests whose total residual delay became critical (that is,
requests of adjusted level at most £} — 3 = ¢ with positive residual
delay). If there exists no triggering request of level at least £ — 4
(i.e., at least £ — 1), the service is called primary.

For a primary service A, the algorithm attempts to identify a
new location for placing the server after the service concludes. If a
constant fraction of the residual delay of Q;‘ exists inside a small
radius ball, the center of that ball will be the new location of the
server. Otherwise, the final location of the server will be its starting
location.

A service A identifies all requests eligible to the service, which are
all requests with adjusted level at most £, ; these are denoted E;. The
service then resets the residual delay of all requests in Ej. (Note,
in particular, that this resets the residual delay of all triggering
requests in Q;.) Then, the service performs time forwarding: it
observes the future delay of requests in E, and attempts to “pay” for
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those requests until a point in time furthest in the future. “Paying”
for a request g until time 7 can be done either through serving that
request, or by increasing its investment counter to at least dg (7).
Choosing between these options is done through calling PCST on
the eligible requests with a penalty function which represents the
required increase to investment counters. Specifically, the algorithm
finds the first time 7 in which the cost of PCST exceeds ¢ - 24, for
some constant c; the algorithm will serve requests and increase
counters according to the PCST solution for time 7.

Finally, at the end of the service, eligible requests that are still
pending are upgraded to a level higher than that of the service, and
the server moves to its new final location (if applicable).

Algorithm 2: Online Service with Delay

1 Event Function UPONREQUEST(q)

2 L set fg < —oo, hq<—0.

3 Event Function UPONCRITICAL({)

4 start a new service, denoted by A, and set £ « £+ 3.

5 let t be the time, a be the server’s location, and Q’ be the
set of pending requests.

6 letQ; — {q’ eQ"?q <6 =3 Aye(t) >0}.

7 if for everyq’ € Q;‘ we have g < £; — 4 then say A is
primary else A is not primary.

8 if A is primary and there exists a’ € G s.t. yg(t) > 2474
where R := Q% N B(a’,27%) then

9 ‘ define a’ as mentioned.
o else
11 L set a’ < Null.

h2 set Ey — {q EQ'|?q < gl
13 foreach ¢’ € E; do set hy — max{hg,dy (1)}.

// Zero residual delay.
ha set Q) « {q},S « 0.
s for every time t’ > ¢, define the penalty function

mp 2 Ey = RY U {0} such that

e (q) = (dq/(t’) - hq/)Jr for every g’ € E;.

6 let 7 > t be the first time in which

PCST(E;, m7;a) = 6 - 28,

h7 let S to be the solution PCST(E), n;a), and let Q) C E;
be the set of requests served by S.

s perform DFS tour of S, serving Q, and finishing at a.

o foreach ¢’ € E;\Q, do

) L set hy « max{hq/, dg (T)}.

21 set gy — £+ 1.

b2 if @’ # Null then move the server from a to a’.

Alevel-¢ service is triggered when level £—3 becomes critical, i.e.,
when requests of adjusted level at most ¢ — 3 gather large residual
delay. Figure 3 gives some intuition about how the residual delay of
those triggering requests are distributed. In Figure 3, the delay of
the triggering requests of a service A is shown as a heatmap inside
the ball B(a, 273) (more delay is a deeper shade of red). Figure 3a
shows a pattern that can only belong to a nonprimary service: in
primary services, the outer ring B(ay, 2473) \ B(ay, 27%) must
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Figure 3: Possible distributions for residual delay of trigger-
ing requests.

contain a constant fraction of the residual delay (as shown in the
proof of Proposition A.7). In secondary services, the server’s final
location is the same as its initial location. Figure 3b shows a delay
pattern which might belong to a primary service. If this is the case,
the server will again finish at its initial location, as delay is not
concentrated in a low-radius ball (a’ is not defined in Line 11).
Figure 3c shows a delay pattern which is highly concentrated in a
low-radius ball. Thus, if this pattern belongs to a primary service,
the server would move to the center of the low-radius ball at the
end of the service.

A.2 Analysis

We now focus on proving Theorem A.1.

Definition A.3 (basic service definitions). Let A be a service. We
define:

o The triggering requests QI to be as defined in Line 6.

o The location a) to be the initial location of the server when
A is triggered.

e The term t) to be the time of service A.

e The request set Q) to be the requests served by A (i.e., the
final value of the variable of that name in UPONDEADLINE).

e The request set E, as defined in Line 12; these requests are
called eligible for A.

o The forwarding time of A, denoted 7, to be 7 as defined in
Line 16.
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Definition A.4 (witness requests and certified services). Ata certain
point in time, a request q is called a witness for a service A if its
level ¢4 was last assigned to by A (at Line 18).

For every non-primary service A’, let ¢ € QI, be an arbitrary
request such that £5(ty) > €); — 4, and let A be the service for which
q is a witness. We say that A’ certifies A, and call A a certified service.
(Note that the chosen request g is unique, such that every service
certifies at most one other service.)

PROPOSITION A.5. If A’ certifies A, then £, +4 < £, < £, +5.

Proor. Consider the request ¢ € Q% which was a witness for A.
It holds that £, (t),) = £3+1. In addition, it holds that £ (t;,) < £, -3
(asq € Q;,) and that £;(t)/) > £, — 4 (as g made A" certify A). O

PROPOSITION A.6. Throughout the algorithm, for every level i it
holds that Y; < 2™*1 at every point in time.

Proor. Continuous delay growth cannot break this proposition,
as the algorithm triggers a service whenever a level i becomes
critical (i.e., when Y; reaches 2i), and this service then zeroes Y;.
The only conceivable way for this to happen is upon moving the
server from a to @’ in Line 22; indeed, this changes the adjusted
levels of requests, possibly increasing Y;(t) past 2. However, we
claim that this cannot increase Yy too much.

The server moved from a to @’ during some service A, triggered
by some level £ becoming critical; it holds that £} = ¢+ 3. Let t~, tt
be the times immediately before and after Line 22 in A. At t~, there
are no requests with adjusted level less than ¢ + 4, as ensured by
Line 21; in particular, Y; = 0 for every i < £ + 3. Moreover, it holds
that ¥; < 2! for every i > ¢ + 3, as only the maximal critical level
triggers a service. Thus, Y;(t~) < 2 for all i.

Consider any pending request g at ¢~ ; as mentioned, ?q(t_) >
£ + 4. We claim that ?q(t+) > ?q(t_) — 1; if this claim is correct,
then for every i we have Y;(t*) < Yi41(t7) < 21, and the proof is
complete.

If ?q(t_) = £4(t7), the claim holds as levels do not decrease.

Otherwise, we have that §(q, a) > 2?q(t 7)-1 Byt then the triangle
inequality implies that §(q,a”) > §(q,a) — §(a,a’) > 2l (t7)=1 _
2041 > 2?‘7(r)_2, where the final inequality uses fq(t_) > f+4.
This implies that ?q(fr) > ?q(t_) — 1, completing the proof. O

PROPOSITION A.7. During a service A, if the algorithm moves its
server from a to a’ in Line 22, then 2275 — 2478 < §(a,a’) <
20273 4 208,

Proor. First, we prove that §(a,a’) > 2475 — 2478 Since A
was started, we know that Y, 3 > 22473 From Proposition A.6,
we know that Yy, 5 < 224, moreover, the service 1 is primary,
and thus Q:{ contains requests of level at most £; — 5. Thus, the
total residual delay of QI incurred inside B(ay, 2[/1_5) is at most
2874 Now note that if §(a,a’) < 275 —2%78 then B(a’, 2278) ¢
B(a, 2[/1_5), which contradicts the definition of a’.

Second, we prove that §(a,a’) < 200=3 4 2ofa -8, Assuming oth-
erwise that 8(a,a’) > 273 + 278, we have that B(a’,278) and
B(a, 251_3) are disjoint, in contradiction to the former containing
much of the residual delay of A. O
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We define the cost of a service A, denoted ¢(A), to be the total
movement of the algorithm’s server in A plus the total amount by
which investment counters are raised in A.

PROPOSITION A.8. ALG < Y )cp c(A).

PRroOF. Note that every request q is eventually served, and upon
service hyq is at least the delay cost of that request. Thus, the sum of
counters upper-bounds delay costs, and the raising of every counter
is counted towards c(A) for some A. All movement costs in ALG
are also attributed to the cost of some service. O

PROPOSITION A.9. The total cost of service A is O(1) - 2.

Proor. From Proposition A.6, it holds that Yy, < 20+1, thus,
2641 bounds the cost of raising counters on Line 13.

In addition, the cost of traversing the PCST solution on Line 18
and investing in counters in Line 20 can be bounded using the
following argument: in the previous iteration, the cost of the PCST
solution was less than 6 - 2%, from the condition of the loop, which
implies that the cost of the optimal solution was less than 6 - 2%;
however, delay rises continuously, and thus this optimal solution
applies to the final iteration as well (at cost at most 6-2). Since the
approximation algorithm PCST that we use is a 3-approximation,
its cost of its output can be bounded by 18 - 24, The penalty part
of the solution is paid exactly in Line 20, while the served part of
the solution is traversed in DFS (at double the cost). Thus, the total
cost of Line 18 and Line 20 is at most 36 - 2,

Finally, the cost of moving the server in Line 22 (if it takes place)
is at most 2473 4 26275, O

PROPOSITION A.10. ALG < O(1) - (Zpenr 2% + T peac 242).

ProoF. The proofis similar to that of Lemma 3.8 for the deadline
case. Every non-primary service of level ¢ certifies another service
of level at least £—5 (through Proposition A.5). Since every service is
certified at most once, it holds that 33 c A\ ap 20 < 0(1)- 3 jepc 2.

O

Bounding Primary Services. As in the argument for deadlines, we
identify a subset of primary services which we need to bound. In
fact, for delay, we identify two such subsets. Define aj to be the
final location of the optimum’s server at t;. We define two disjoint
subsets of the primary services AP:
(1) Services in which the algorithm’s server ended at the starting
location (i.e. Line 22 did not run), denoted APS.
(2) Services in which the algorithm’s server moved to some
location @’ (i.e. Line 22 ran) such that 5(a3, a') > 207

denoted APf,
As stated in Proposition A.11, to bound the cost of all primary
services it is enough to bound the cost of these two subsets.

ProrosITION A.11.

Z 2% < 0(1) - OPT+0(1) - Z 20+ 0(1) - Z 202
AEAP AeAPf A€APS
ProoF. The proof is similar to the proof of Proposition 3.12.
We define the potential function ¢(t) = 48(a(t),a*(t)), where
a(t), a*(t) at the locations of the algorithm’s server and the opti-
mum’s server at ¢, respectively. Note that the potential function
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equals 0 at the beginning of the input, and can only take on positive
values. Note that in APS, the final and initial server locations are the
same; we thus only consider services in AP \ APS in the potential
argument. For every service 1 € AP \ APS, we define a to be the
final location of the server in A (the value of a’ in UPONCRITICAL).
Following the argument for Proposition 3.12, we have

Z 5(ai,a,1)S4OPT+ Z (5(a:1,a,1)+A,1) 3)
AEAP\APS AEAP\APS

Now, consider a service 1 € AP\ (APf U APS). For ease, define

*

a = a*(ty). After A the algorithm moves its server to a; such
that 5((13, a;) < 2%77. In addition, Proposition A.7 implies that

6(% ajl) > 2075 —20=8 = 7. 26478 Therefore:
Ay < 4(68(a), a3) - 8(ar a3 )
<4 (3(dp ) - 8(an ) +5(a )
4- (2‘1‘6 —5(% a’l))
<4 (-; -8(ax )
< —5(% ajl)

where the second inequality is due to the triangle inequality. There-
fore we have 5((1/1, ajl) +A) < 0forevery A € AP\ (AP U APS).

IA

Moreover, note that for every A € AP\AP® we have Ay < 46 (a 2 ajl).
Finally, note that for a service A € AP \ AP®, Proposition A.7 im-

plies that 5(% @) = 2073 = 2078 = 7. 2078 and thus 2 <

@ . 5((1,1, ajl). In addition, S(a;t, ail) <2073 42078 = % . 2h,

Combining all observations, we get
Dlatg Y oahe N o

AEAP AEAPS AEAP\APS
256
£ ’
< Z 2A+T‘ Z 5(a)k,a/1)
AEAPS AE€AP\APS
256
< Y 2+ 20 s0pPT 4+ (5(aA,a;L)+A)L)
_ 7
AeAps AEAP\APS
256
(7 oo ’
< Y 2hs = -|4opT+ > (6(aA,aA)+A/1)
AEAPS LeApt
256
) v, ’
< 3 e =2 40pT+5 ) §(and))
AEAPS AeAPf
256 165
< 2t 4+ 2= [ 40PT + — 20
PIEAEE 756 2
AEAPS LeAPt
=0(1) - OPT +0(1) - Z 2% 4+ 0(1) - Z 202

AeAPf AENPS
m}

Definition A.12 (primary interals and cylinders). For every service
A € APf U APS we define:
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(1) The primary time interval I, (1) := (minqu:{ rg-tal.
(2) The primary cylinder yp (1) := (B(ay, 2472), I, (2)).

We also define I'Pf, TPS to be the sets of all primary cylinders of
services from APf, APS, respectively. We define TP = rpf U rps,
In addition, for every i we define Fl.p to be the subset of primary
cylinders from I'P that belong to level-i services.

Definition A.13 (D; /) For every primary service A € AP, let

RC Q/’{ be the set of requests unserved in the optimal solution at
t;. Define D;A = Yiger Yq(ty). (Here, recall that t) refers to the

time immediately before the service A.)

PROPOSITION A.14. Let A’ C APt U APS be a set of services
such that their primary cylinders are disjoint. Then it holds that

Sien (c(OPT Nyp(h) + D;,A) < OPT.

Proor. Denote by OPT™, OPT? the movement and delay costs
of the optimal solution, respectively. One can observe, as in Obser-
vation 1, that )3 ¢(OPT N y(4)) < OPT™. It remains to show
that e D; ) < OPT?.

Recall that the definition of D;’ 318 XgerYq(ta), where R C QI
is the subset of requests unserved by the optimal solution until t;.
Note that the optimal solution indeed incurs y4(ty) = dg(t)) — hqtx
delay for every request g € R. Moreover, delay is never charged
twice, as the service raises hq to be dg(t;) at service A. This com-
pletes the proof. O

ProPoSITION A.15. For every i, the set l"l.p is a set of disjoint cylin-
ders.

Proor. Assume for contradiction that there exist two services
A1, A2 of level i such that yp (A1), yp(A2) are not disjoint. As the
cylinders’ time intervals are not disjoint, without loss of generality,
assume that t) € I,(A2). Since the cylinders are also not spatially
disjoint, it holds that &(a P ,12) < 211, Now, from the definition
of I (A2), there exists a request g € Q;‘Z such that q is pending at ¢, .
Now, note that since q € QZ, it holds that § (q, a ,12) < 2173 which
implies §(q, ay,) < 2171 4+ 2173 < 21, Moreover, g < iatty,.These
facts imply that g was eligible for A1, but this would imply that ¢
increases in level to i + 1 after Ay, in contradiction to q € Q/’{Z O

PrROPOSITION A.16. Forevery A € APE it holds that

278 < ¢(OPT Nyp (1)) + D

Proor. Consider the location a’ to which the algorithm moved
its server at the end of A. From the definition of Apf, we know that
a*(ty) ¢ B(a’, 2%77). However, we also know from the definition
of @’ that at least 24=% of the residual delay of A accumulated inside
the ball B(a’ , 208 ) Thus, at least one of the following holds:

(1) The optimal server visited B(a’, 24~#) during I, (1) and left
by t;; thus, it incurred a moving cost of at least 24~8 inside
B(a’,2%77). Now, note that §(a’, @) +277 < 27342078 4
20=7 < 202 and thus B(a’, 2f’1_7) - B(a, 25/1_2”‘). Thus,
¢(OPT Nyp(R)) > 24478,
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(2) The optimal server did not visit B(a’, 24~8) during I,(1). In
this case, it must be that D;; = A

In both cases, 2478 < ¢(OPT Ny, (1)) + D;A. ]

PROPOSITION A.17. For every A € APS, it holds that
2278 < ¢(OPT N yp(R)) +D; .

PROOF. Let a* be the location of the optimal server at t;. At least

one of the following options holds:

(1) a* ¢ B(ay, 1.5 2%73). In this case, we have the following
subcases. Either the optimum did not visit B(ay, 2473%) dur-
ing I,(A), in which case all requests in Q/’{‘ remain unserved
in OPT at ¢, and D;’ 12 20473, or, the optimal solution vis-
ited B(ay, 2273) during I,(4), which in turn implies that
¢(OPT Nyp(4)) > 274 In both cases, c(OPT N yp(1)) +
D* . > 2fi—4

pA = ’

(2) a* € B(a,\, 1.5- 2[1_3). In this case, consider B(a*, 2{4_8):
since A € APS, it must be that the residual delay of A inside
B(a*, 2&_8) is at most 2274, But, the total residual delay of
Ais at least 2473, Thus, at least 2274 residual delay of A is
outside B(a*, 2[/1_8). If OPT was outside B(a*, 2[/1_8) during
I, (4), it must be that c(OPT N Yp n) = 202=8 (for this, note
that B(a*, 2"/1_8) C B(ay, 2[/1_2) and thus inside y, (4)). Oth-
erwise, OPT remained in B(a*, 25/1_8) during I (A), and thus
D;,)L > 274 In both cases, ¢(OPT Ny, (1)) + D;’/1 > 208,

In all cases, c(OPT n yp(),)) + D;,A > 20=8, O

LEMMA A.18. 3, ppfupps 224 < O(logn) - OPT.
PRroOF. Define p = 2°-n%. Combining Propositions A.16 and A.17
and Corollary B.3, for every service A € APf U APS we have that
2078 < ¢(OPT Nyy) + D},

< c(yf n OPT) +2.2071 ~n2/p+D;/1
<c(yf nopT)+2477+ D7 )

Simplifying, we get 2472 < c(yﬁ N OPT) + D; - Summing over all
A e APf U APS we have
17 . P *
AEA%JAPS 2% < 0(1) AGA;JAPS(C(YA NOPT) +D;, ).
Note that for every i, the cylinders of I“l.p are disjoint (Proposi-
tion A.15). Thus, defining # := {yf{hq € FC}, Proposition B.4 im-

plies that # can be partitioned into O(log n) disjoint sets. Proposi-
tion A.24 thus implies that 3, ¢ xc 24 < O(log n) - OPT, completing
the proof. O

Bounding Certified Services. In this subsection, we would like to
prove the following.

LEMMA A.19. Y epc 24 < O(logn) - OPT.

Definition A.20. Let A € A€ be a certified service. Let I’ € A€ be
the certified service with maximum 7). subject to £y, = 3, 7» < )
and 8(qy,qy) < 6 - 2%. We define:

Noam Touitou

(1) The time o) := 1), if A’ exists (otherwise, define o) = —).
(2) The time interval I. (1) := (0, 71 ]; note that ¢; € I.(A).

Definition A.21 (r. y and D7 ;). For every certified service 4 € A%
(1) Define 7 3 on requests g € E, such that

7:,(9) = (dg(z2) — max{dg(t2). hq(t)})".
(Here, recall that ¢, refers to the time immediately before
the service A.)
(2) Let R C E, be the subset of A-eligible requests unserved in
the optimal solution at 7). Define D:’ 1= Zger e ().

PROPOSITION A.22 (ANALOGUE OF PROPOSITION 3.19). Let services
M, Az € AC be such that £y, = ¢, = ¢ and §(ay,,ay,) < 6 - 2°.
Assuming WLOG thatt), <t,,,and letting A be the service that made
A1 certified, it holds that t; € (1, ty,]. (In particular, 7y < ty,.)

Proor. The two possible cases which contradict our proposition
are that t; < 7, or that tj > t,,. First, we prove that £} > 73,
Consider the triggering request q € Q/’{ that made A certify A;: this
request was a witness for A1, and thus in E A however, A; maintains
that eligible requests will not accumulate residual delay until after
time 7, . But, requests in Q/’{ have positive residual delay at ¢, ; thus
A > 7).

Now, assume for contradiction that ) > t,,. Consider the service
A" which certified Az; it must also be the case that tj, > t,,. Suppose
that t) < tj,. In this case, observe that all witnesses for Ay at ¢, are
in B(ay,, 2°); but it holds through triangle inequality that

8(ap,an) < 8(ap, ay,) +8(ay,.q) +8(q.ay) <6-2° +20 420473

Using Proposition A.5, £ < ¢ + 5, yielding that §(a),,a;) < 11- 2t
This implies that B(a;LZ, 25) C B(ay,12- 2%). However, Proposi-
tion A.5 again implies £; > ¢ + 4, and thus B(ay,, 2) C B(ay,2).
Combine this with the fact that the level of all witnesses for A at ¢
is at most £+1 which is less than £); we thus obtain that all witnesses
to A at tj are in E,. But, after A, these witnesses would no longer
be witnesses for Az, in contradiction to one of them triggering A’
and certifying Ay. Similarly, if ¢} > t), the service A’ would leave
no witnesses for A; to trigger A, which is a contradiction. O

Definition A.23 (certified cylinders). For a certified service A € A€,
define the certified cylinder yc (1) == (B(gy,3 2[‘7), I.(1)). Define
T'¢ to be the set of all certified cylinders; in addition, for every i
define I to be the set of certified cylinders formed from level-i
services.

PrROPOSITION A.24. Let A" C A° be a set of services such that their
certified cylinders are disjoint. Then it holds that

> (c(OPT A ye(A) + DZA) < OPT.
AeN

Proo¥. Denote by OPT™, OPT4 the movement and delay costs
of the optimal solution, respectively. One can observe, as in Obser-
vation 1, that Y3 ¢(OPT N yc(4)) < OPT™. It remains to show
that Zjen DY, < OPT?.

Recall that the definition of D:, 318 2ger e A (), where R C E) is
the set of requests unserved by the optimal solution until ;. For ev-
ery q € R, note that hf] = max{dq(t/l), hq(tl)} is exactly the value
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of the counter hy after Line 13 of A; thus, 7. 1 (q) = (dq(t/l) - h:])+'
Let t' € [ty, 7] be the point in time in which dg(t’) = h:l; the
optimal solution incurs a delay cost of dq(7;) — hg during the inter-
val [t/, 73], and thus the charging DZ’ 3 is valid. Moreover, A either
serves g, or raises hq to at least dg(7) (in Line 20); thus, the delay
of g during [#',7;] is only charged once to the optimal solution.
This completes the proof. O

ProposITION A.25. For every i, I} is a set of disjoint cylinders.

Proor. The proposition results from Proposition A.22 in the
same way that Proposition 3.21 results from Proposition 3.19. O

PROPOSITION A.26. For every certified service A € A® and request
q € Ej, it holds thatrq > o).

ProoF. If ) = —co then we are done. Otherwise, there ex-
ists a certified service A’ € AS such that £y = €, 1)y = oy,

and 5((1,1, a'A) < 6+ 2%, Define ¢ := ¢). Using Proposition A.22,
the service A’ that certified A’ occured in the interval (zy/,t)].
Thus, there must exist a witness request that made A"’ certify
A’; thus, there exists a request in Ej, N QI,,, But this means that
S(ay,ays) < 2 420773 < 5. 2f where the second inequality
uses Proposition A.5 for £, <€) +5.

Assume for contradiction that r4 < o = 7),. Thus, g is pending
at ¢y, and also has level at most ¢ (since q € E;). In addition we
have:

5(q, aAH) < 5(q, aA) +(S(a/1, a/y) +5(a/1/,a/1/,)
<246-2t45.20=12.20 <2t

where the final inequality uses Proposition A.5 to claim that £}, >
£ +4. Thus, g € Ej», and since it is not served by A"/, its level after
A is at least £y +1 > £+ 5; but this contradicts the level of g being
at most ¢ at t). This completes the proof of the proposition. O

PROPOSITION A.27. For every certified service A € AS, it holds that
2 < 2¢(OPT N ye(A)) + DY .

Proor. Denote by R C E, the set of requests in E; whose lo-
cation was visited by during I.(A). Thus, using Proposition 3.22,
it holds that ST*(R) < 2¢(OPT N3 - 24). Now, note that ST*(R U
{a;}) < ST*(R) + 2. Finally, note that the prize-collecting Steiner
tree problem whose solution is traversed by the algorithm uses the
penalty function 7 5. Combining, we get

201 < PCST*(E, 135 ay)

<ST*(RU {ay}) + Z 7 (q)
qEEA\R

< ST*(R) + 2% +D;,
< 2c(0PTn 3. zﬁ) +2 4D},

Where the first inequality stems from Line 16 together with the
fact that PCST is a 3-approximation and the second inequality is
since serving only R is a feasible solution to PCST*(E,, m3; ay).
Simplifying, we get that 24 < 2¢(OPT N y.(1)) + D: It O
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PROOF OF LEMMA A.19. Define p = 24 - n?. Combining Proposi-
tion A.27 and Corollary B.3, for every cylinder y; € I'C, we have

20 < 2¢(OPTNy,) + D},
< 2c(y§ mOPT) +4.3.2% w2 fp+ D,
< Zc(yf N OPT) #2071 47

Thus, Y 1epc 224 < 0(1) - Y 1ea(c(OPT N yyp) +D? ). Note that for
every i, the cylinders of I} are disjoint (Proposition A.25). Thus,
defining 7 = {yf lyy € FC}, Proposition B.4 implies that 7 can
be partitioned into O(logn) disjoint sets. Proposition A.24 thus
implies that 33 cpc 2% < O(log n) - OPT, completing the proof. O

Proor oF THEOREM A.1. The following holds:

ALG < O(1) - Z 20 4 Z 20 4 Z 2f2 + OPT
AeAc AeApf AeAps
< O(logn) - OPT

where the first inequality uses Propositions A.10 and A.11, and the
second inequality uses Lemmas A.18 and A.19 O

B IMPROVED ANALYSIS THROUGH
PERFORATED CYLINDERS

Perforated balls and cylinders.

Definition B.1 (perforated balls and cylinders). For every point
v € G, radius r, and number p > 1, define the perforated ball

B (v,r) := B(o, 1) — U B(zz', 1).
veG P
In addition, given a cylinder y = (B(v, r), I), define the perforated
cylinder y# := (B (v,r),I).

PROPOSITION B.2. For every subgraph G’, and every choice of
o,1, p, it holds that ¢(G’ N B(v, 7)) < ¢(G' N BP(v,1)) + erf’z.

Proor. Consider every edge e in G’. The total weight of the
edge e contained in balls of radius r/p is at most 2r/p (specifically,
this weight is contained in the intersection with the balls centered
in the two endpoints of the edge). The fact that the number of edges
in G’ is at most n? completes the proof. O

The following corollary follows immediately.

COROLLARY B.3. Forevery cylindery = (B(v, r),I) and parameter
p, it holds that

2rn®
c¢(OPTNy) < c(OPTNy") + —
p

ProposITION B.4. Suppose that for every integer i, I; is some set
of disjoint cylinders of the form (B(v, x),I) where [logx]| = i, and
define T = J; I;. Then for every parameter p > 2, and defining
H = {yPly € T}, the set H can be partitioned into O(log p) sets of
disjoint cylinders.
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ProOF. Define b = [log p] + 1, and define %; = {y”|y € I;}. For
every i € [b], define #; = Ujei+bz %;; note that Z is partitioned
into those b sets.

It remains to show that %; is a set of disjoint cylinders for ev-
ery i. Consider two cylinders yf R )/5 € %i, denote the centers of
their balls by v1,v2, and denote the radii of their balls by rq, ra,
respectively. If [logr;] = [logrz] = i, then yf, yg € J; in this
case, they must be disjoint: I} is a set of disjoint cylinders, and
yP C vy for every y. Otherwise, r; # rp; assume WLOG that
[logri] = [logra]+b. Now, consider that B” (v1, r1) and B(vz, r1/p)
are disjoint, by construction; now note that r, < ry/ 2b-1 < py /p,
and thus BP(v2,r2) € B(vy,r1/p), which shows that yf, y‘zo are

disjoint. Overall, we proved that 7 is a disjoint set. O

PROOF OF LEMMA 3.25. Define p = 2°n?. Combining Proposi-
tion 3.15 and Corollary B.3, for every cylinder y; € I'P, we have

2676 < ¢(OPT Nyy)

IA

c(yf N OPT) +2-.2072.22/p

IA

c(yf N OPT) 4207,
Simplifying, we get 2477 < c(yff N OPT). Defining the set of

{y/’f)m € Fp}, we have Y5t 2 < 0(1) -

e Apt c(OPT N yﬁ)). Now, using Proposition B.4, we know that

cylinders P =

P can be partitioned into O(log p) = O(logn) sets of disjoint
cylinders. Thus, 3 ; c ppf c(OPT n y/’{ ) < O(logn) - OPT. ]

PROOF OF LEMMA 3.26. Define p = 24 - n?. Combining Proposi-
tion 3.24 and Corollary B.3, for every cylinder y; € I'¢, we have

2871 < ¢(OPT N yy)
< c(y)’f ﬂOPT) +2-3.2%.02/p
< c(yf N OPT) 42072,

Simplifying, 26 < ¢(y} N OPT). Defining # = {1}

Y1 € FC},
we have Y jecpc 24 < 0(1) - Y jepc c(OPT N yf) Proposition B.4
yields that # can be partitioned into O(log p) = O(logn) sets of
disjoint cylinders. Thus, >’ 3 cac c(OPT N y’;) < O(logn)-OPT. O
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