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Abstract

This work addresses efficient inference and learning in switching Gaussian linear
dynamical systems using a Rao-Blackwellised particle filter and a corresponding
Monte Carlo objective. To improve the forecasting capabilities, we extend this
classical model by conditionally linear state-to-switch dynamics, while leaving
the partial tractability of the conditional Gaussian linear part intact. Furthermore,
we use an auxiliary variable approach with a decoder-type neural network that
allows for more complex non-linear emission models and multivariate observations.
We propose a Monte Carlo objective that leverages the conditional linearity by
computing the corresponding conditional expectations in closed-form and a suitable
proposal distribution that is factorised similarly to the optimal proposal distribution.
We evaluate our approach on several popular time series forecasting datasets as
well as image streams of simulated physical systems. Our results show improved
forecasting performance compared to other deep state-space model approaches.

1 Introduction

The Gaussian linear dynamical system (GLS) [4. 38} |31]] is one of the most well-studied dynamical
models with wide-ranging applications in many domains, including control, navigation, and time-
series forecasting. This state-space model (SSM) is described by a (typically Markovian) latent linear
process that generates a sequence of observations. The assumption of Gaussian noise and linear state
transitions and measurements allows for exact inference of the latent variables—such as filtering
and smoothing—and computation of the marginal likelihood for system identification (learning).
However, most systems of practical interest are non-linear, requiring more complex models.

Many approximate inference methods have been developed for non-linear dynamical systems: Deter-
ministic methods approximate the filtering and smoothing distributions e.g. by using a Taylor series
expansion of the non-linear functions (known as extended Kalman filter (EKF) and second-order
EKF) or by directly approximating these marginal distributions by a Gaussian using moment matching
techniques [26} 27, 2,13/ 136]. Stochastic methods such as particle filters or smoothers approximate
the filtering and smoothing distributions by a set of weighted samples (particles) using sequential
Monte Carlo (SMC) [13}[16]. Furthermore, system identification with deep neural networks has been
proposed using stochastic variational inference [[17,115] and variational SMC [23} 29} 20].

A common challenge with both types of approximations is that predictions/forecasts over long forecast
horizons suffer from accumulated errors resulting from insufficient approximations at every time step.
Switching Gaussian linear systems (SGLS) [} [12]—which use additional latent variables to switch
between different linear dynamics—provide a way to alleviate this problem: the conditional linearity
can be exploited by approximate inference algorithms to reduce approximation errors. Unfortunately,
this comes at the cost of reduced modelling flexibility compared to more general non-linear dynamical
systems. Specifically, we identify the following two weaknesses of the SGLS: 1) the switch transition
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model is assumed independent of the GLS state and observation; ii) conditionally-linear emissions
are insufficient for modelling complex multivariate data streams such as video data, while more
suitable emission models (e.g. using convolutional neural networks) exist. The first problem has been
addressed in [21] through augmentation with a Polya-gamma-distributed variable and a stick-breaking
process. However, this approach uses Gibbs sampling to infer model parameters and thus does not
scale well to large datasets. The second problem is addressed in [11] using an auxiliary variable
between GLS states and emissions and stochastic variational inference to obtain a tractable objective
function for learning. Yet, this model predicts the GLS parameters deterministically using an LSTM
with an auto-regressive component, resulting in poor long-term forecasts.

We propose auxiliary variable recurrent switching Gaussian linear systems (ARSGLS), an extension
of the SGLS to address both weaknesses by building on ideas from [21] and [[11]. ARSGLS improves
upon the SGLS by incorporating a conditionally linear state-to-switch dependence, which is crucial
for accurate long-term out-of-sample predictions (forecasting), and a decoder-type neural network
that allows modelling multivariate time-series data with a non-linear emission/measurement process.
As in the SGLS, a crucial feature of ARSGLS is that approximate inference and likelihood estimation
can be Rao-Blackwellised, that is, expectations involving the conditionally linear part of the model
can be computed in closed-form, and only the expectations wrt. the switch variables need to be
approximated. We leverage this feature and propose a Rao-Blackwellized filtering objective function
and a suitable proposal distribution for this model class.

We evaluate our model with two different instantiations of the GLS: in the first scenario, the GLS is
implemented with a constrained structure that models time-series patterns such as level, trend and
seasonality [14} 34]; the second scenario considers a general, unconstrained conditional GLS. We
compare our approach to closely related methods such as Deep State Space Models (DeepState)
[30] and Kalman Variational Auto-Encoders (KVAE) [11] on 5 popular forecasting datasets and
multivariate (image) data streams generated from a physics engine as used in [[11]]. Our results show
that the proposed model achieves improved performance for univariate and multivariate forecasting.

2 Background

2.1 Gaussian Linear Dynamical Systems

The GLS models sequence data using a first-order Markov linear latent and emission process:
Xy = AXy_1 + Bu; + wy, w; ~ N (0, R), (1a)
= Cx¢ + Dug + vy, v ~ N(0,Q), (1b)

where the vectors u, x and y denote the inputs (also referred to as covariates or controls), latent
states, and targets (observations). A, and C' are the transition and emission matrix, B and D are
optional control matrices, and R, @) are the state and emission noise covariances. In the follow-
ing, we will omit the optional inputs u to ease the presentation, however, we use inputs e.g. for
our experiments in Sec.[5.2} The appealing property of the GLS is that inference and likelihood
computation is analytically tractable using the well-known Kalman filter algorithm, alternating
between a prediction step p(x; | y1.4-1) = [ p(x¢ | X¢—1)p(x¢—1 | ¥1:4—1)dx;—1 and update step
p(xe | y1:t) < p(x¢ | ¥1:0-1)p(ye | X¢), where p(x; | x;—1) is the state transition and p(y; | x;) is
the emission/measurement process corresponding to Egs. and (D), respectively.

2.2 Particle Filters

In non-linear dynamical systems, the filter distribution p(x; | y1.¢) is intractable and needs to be
approximated. Particle filters are SMC algorithms that approximate the filter distribution at every time-
step ¢ by a set of P weighted particles {x(”)}”, combining importance sampling and re-sampling.
Denoting the Dirac measure centred at x; by § (xt) the filter distribution is approximated as
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where uvgp ) and w,gp ) denote the unnormalised and normalised importance-weights, respectively,
(p) (p)

v(xgp ), X, ) is the incremental importance-weight, and 7(x; | xy.;_;) is the proposal distribution.
To alleviate weight degeneracy issues, a re-sampling step is performed if the importance-weights
satisfy a chosen degeneracy criterion. A common criterion is to re-sample when the effective sample

size (ESS) drops below half the number of particles, i.e. Pgss = ( 2521( (P))2) < P/2.

2.3 Switching Gaussian Linear Systems with Rao-Blackwellised Particle Filters

Switching Gaussian linear systems (SGLS), also referred to as conditional GLS or mixture GLS,
are a class of non-linear SSMs that use additional (non-linear) latent variables s.; that index the
parameters (transition, emission, control, and noise covariance matrices) of a GLS, allowing them to
“switch” between different (linear) regimes:

xy = A(sy)xi—1 + B(se)uy + wi(sy), wi(se) ~ N(0, R(st)),
vt = C(st)xt + D(st)ug + vi(se), vi(se) ~ N(0,Q(st)).
The switch variables s; are typically categorical variables, indexing one of K base matrices; however,
other choices are possible (see Sec. [3.1)). Omitting the inputs u again, the graphical model factorises

T
as p(y1.7,Xo.1,S1:7) = P(X0) [ [;=1 P(¥e | Xt,80)p(Xt | X¢—1,8¢)p(St | S1—1), where p(s1 | s0) =
p(s1) is the switch prior (conditioned on u; if inputs are given). Note that we use an initial state x
without corresponding observation for convenience

“4)

A crucial property of this model is that, while the complete model exhibits non-linear dynamics, given

a sample of the trajectory sgz:):)p, the rest of the model is (conditionally) linear. This allows for efficient

approximate inference and likelihood estimation. The so-called Rao-Blackwellised particle filter
(RBPF) leverages the conditional linearity by approximating expectations—that occur in filtering and
likelihood computation—wrt. the switch variables s1.7 using SMC, while computing expectations
wrt. the state variables x;.7 analytically. To achieve this, the posterior distribution is factorised as

P(X1:4,81:¢ | Y1:t) = P(Xist | S1:t, Y1:6)P(S1:¢ | Y1:¢)- )

The first term of Eq. (3) is tractable given a sample trajectory si’ft) using a Kalman smoother. How-

ever, for forecasting and loss computation (Sec.[3.3.2) we only require the state from the last step
p(x¢ | s1.t,y1.¢) for which even the Kalman filter suffices (cf. supplementary material for details).
The second term of Eq. (B) can also be computed recursively using Bayes rule:

p(S1:t | Y1:f,) X P(Yt \ Sl:ta}’l:t—l) p(St | St—laMyM) p(S1:t—1 \ Y1:t—1)- (6)

Here and in the following we explicitly show the terms that cancel due to the Markov-property. The
predictive distribution

p(Yt \ Sl:t»y1:t71) = /p(Yt | xtystaﬁlet{fyM)p(xt | Sl:t7y1:t71)dxt

is a by-product of the first term in Eq. (§); it can be computed in closed-form using the Kalman filter.
Since all terms in p(s;.¢ | ¥1.+) can be computed in closed-form, this distribution can be approximated
by a set of particles using SMC (cf. Eq. (2)). The corresponding incremental importance-weights are
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The resulting joint filter distribution for both the state and switch variables is a mixture of Gaussians:

( )

P
plxe,se | i) & Y wi?a(s”) N (x| me(si), Va(sth)), ®)
p=1

where the history sgi)_l is dropped. To be precise, the mean mt(sgi) ) and variance Vt(sgﬂ) ) of the

filtered state x; depend on the whole trajectory sﬁp) , although from an algorithmic perspective, only

)

the current switch sﬁp is required to compute the incremental importance-weights in Eq.(7).

2We do not include an initial, unconditional switch variable s, as the optimal proposal distribution would be
proportional to p(so, Xo); thus not using observations in the initial proposal distribution would lead to inefficient
proposals for the following time steps.



3 Auxiliary Variable Recurrent Switching Gaussian Linear Systems

The SGLS provides an attractive tradeoff between model complexity and efficient inference. However,
this model is limited in the following respects: i) switch transitions are assumed to be independent
of the state variable; ii) multivariate observations with a complex non-linear dependence—such as
streams of image data—are not well-described by a conditionally linear emission model. We propose
the auxiliary variable recurrent SGLS (ARSGLS) to address both of these issues in Secs. @] and @}
Furthermore, we leverage the conditional linearity using a RBPF (Sec. [3.3) with a suitable proposal
distribution that is structurally simliary to the optimal (minimum variance) proposal distribution. The
resulting graphical model and corresponding proposal distribution is visualised in Fig. [I] and the
algorithm for filtering and loss computation is presented in Alg. [I]in the supplementary material.
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Figure 1: Left: Forward graphical model of ARSGLS, incl. inputs (controls) u;. Shaded/unshaded nodes
indicate observed/hidden variables. New components (auxiliary variable, state-to-switch recurrence) are marked
in red. Right: Inference proposal distribution for time step ¢. The left part is identical (shared) to the forward
model, the right part is the approximated likelihood function given by a ladder-type encoder, and the proposal
distribution results from taking the product of the two respective Gaussian functions (cf. Sec.[3.3.3] Eq. (T4)).
To visualise the marginalisation of x;—1 and x; as well as the product of Gaussian functions of the variables s;
and z;, we explicitly denote the distribution parameters (location, covariance) of the respective Gaussians by ¢.

3.1 Gaussian Recurrent Switch Transition

Although the classical SGLS is capable of generating sequences with non-linear dynamics (due to
non-linear switches), it makes a very limiting assumption: the switch variables s1.7 are independent
of the state variables x;.p, resulting in open loop switch dynamics. However, most non-linear
systems can be approximated by a conditionally linear system only through linearisation at the
current state. Thus, a feedback (closed loop) coupling with the states x;_; would be necessary
(cf. Fig.[2|for an example with a simple non-linear system). Unfortunately, using a more powerful
switch transition model p(s; | s;—1,%;—1) complicates inference [5 21]]: In order to compute
p(s1:t | y1t) = f p(s1:t,X¢ | y1.¢)dxy, the previous state variable must be integrated out in closed-
form (since we want to avoid sampling the states). While this problem has been addressed in [21]],
we take a different route that admits a re-parametrised proposal distribution, suitable for optimisation
with stochastic gradient descent. It has been shown that Gaussian-distributed switch variables [6] can
perform as well or better than continuous relaxations of categorical variables [24] in this setting. We
propose to use Gaussian switch variables with a learnable Gaussian prior p(s;) and conditionally
linear state-to-switch transformations that allow for closed-form marginalisation of the state variable:

st = F(s?P)xio1 + f5P) +e(s), e(s?)) ~ N(0,5(s))), )

where f is a non-linear function (neural network), and F'(s;_1) and S(s;—1) are the transition and
covariance matrix predicted by the previous switch variable. Marginalising the states results in

p(sels{T)_1) = N (se; F(sP) ymu—1 (s8] 1)+ F(s)), F(sP)Veer (7)) FT (s +S(s))). (10)

The SGLS parameters {A, B,C, D, R, Q, F, S} can be predicted from the Gaussian s( ?) and s(p )
in different ways, e.g. 1) as the dlrect outputs a neural network; or ii) as a weighted average of a set
of base matrices, where the weights are predicted by a neural network. We use the latter approach,
which has been shown to be effective by previous work [6]. Deterministic weighted averages are also
used in [37, [15,[11], while the “direct” approach of predicting the parameters is used e.g. by [30].



3.2 Non-linear Multivariate Emission Model

Time-series data is often non-Gaussian or multivariate with a complex dependence on hidden variables
(e.g. images, point clouds, discrete data). To model such data, we augment the recurrent SGLS with a
Gaussian latent variable z;.7 that decouples the observations from the SGLS through the conditional
independence p(X1.¢ | S1.¢, Z1:t,y1:t) = P(X1:¢ | S1.¢, Z1:¢). The resulting joint distribution is given as
T
p(y1.1, Z1:1, Xo:1, S1:7) = P(X0) HP(Yt | 2¢)p(2e | Xe,8¢)p(Xe | Xe—1,8¢)p(St | St—1,%¢—1).
t=1

This auxiliary variable z; enables the use of arbitrary conditional distributions p(y; | z;) for which
the distribution parameters are predicted by a non-linear emission model such as a neural network.
Samples of the auxiliary variables can be interpreted as pseudo-observations in the SGLS. This
emission model and auxiliary is similar to the additional latent variable in the KVAE [[L1]; cf. Sec. E]
for further details on the similarities and differences.

3.3 Inference and Parameter Estimation

We extend the RBPF from Sec. to infer the latent variables {s,x,z}; and we use maximum
likelihood estimation to learn the model parameters 6 (shared between multiple time-series). These
include 1) the base matrices of the (recurrent) SGLS, ii) the parameters of the state prior, iii) the
switch prior and transition (neural network), and iv) the auxiliary variable decoder (neural network).

3.3.1 Rao-Blackwellised Particle Filtering

Filtering can be performed analogous to the standard Rao-Blackwellised particle filter (cf. Sec.[2.3).
To this end, we factorise the posterior distribution similarly as was shown for the SGLS:

P(Z1:6,X1:4,S1:¢ | Y1:6) = P(X1:t | Za:t, S10, YD) P(Z1:t, S0t | Y1:e)- (11)
The first term in Eq. (IT) can again be computed in closed-form while the second density can be
approximated using SMC. The incremental importance weights for this model are given as
2" |2y, s pls” |2 s o

(Zip)v tp) ‘Sgpt) ng;vt) 1)

The numerator p(y¢, z;, St | Y1.t—1,Z1:t—1,S1.¢—1) reveals that the switch transition (last term) with
state-to-switch dynamics is no longer Markovian. This is because we marginalise the filtered
state p(s | s1u—1,21:0-1) = J (St | St—1,X¢—1)P(X¢—1 | Z1:4-1,S1:4—1)dX;—1 that depends on all
previous switches and pseudo-observations similarly to the generative case in Eq. (I0). As for the
SGLS in Sec.[2.3] the conditional distribution of the auxiliary variable (second term) is a by-product
of the Kalman filter prediction and update step that is required for computing the first term in Eq. (T1):

e | 2152 = [ ol |t | 225
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p(xe |21 sP)) = /p<xt|xt_hs£”>>p<xt_ 12{%) 1 s) 1 )dx; 1.

3.3.2 Parameter Estimation

For learning the model parameters shared between different time-series we use maximum like-
lihood estimation and stochastic gradient descent (SGD). In the SMC setting, an unbiased es-
timator of the marginal likelihood p(y;.7;0) = Ht 1 Z 1 wt( )(9) can be obtained from the
unnormalised importance-weights [9] (cf. supplementary materlal for more details). Consequently,
E[log p(y1.7; 0)] < log p(y1.1;0) due to Jensen’s inequality. Based on this, [29} 23] [20] proposed
a tractable lower bound to the log-marginal likelihood that can be optimised with SGD:
T T P
Llyrrit) =Y logp(ye | yre—1;0) = Y log > 5" (6) < logp(yr.r;0).  (13)
t=1
We propose to use the same objective function, however, leveraging the conditional linearity of our
model, using the incremental importance-weights of Eq. (TI2)) for computing the importance-weights

(cf. Eq. @3)).



3.3.3 Ladder Proposal Distribution

Choosing a good proposal distribution is essential to obtain reliable estimates with low variance.
The optimal (minimum variance) proposal distribution is proportional to the joint distribution
p(¥Yt,2t,8¢t | S1:6—1, Z1:t—1, Y1+=T), i.€. the numerator of the incremental importance-weights. We
therefore propose a proposal distribution with similar structure, while reusing the known densities:

W(Znst | Zl:t—laslzt—la}’t) X Q(Zt,St | Yt)p(Zt,St | Z1:t-1781:t—1)

(14)
= Q(Zt, S¢ | Yt)p(zt | Zl:t—hsl:t)p(st | Zl:t—hslzt—l)

The last two terms are the transition of the switches and the resulting auxiliary variable in the
generative model; the first term is a Gaussian approximation of the likelihood, predicted by an
encoder neural networkE] Both pairs of Gaussians are combined as a product of experts, resulting in a
Gaussian proposal distribution. The switch transition is readily available from the previous step t — 1,
while the predictive distribution for the auxiliary variable requires sampling s; first. We therefore
propose to structure the encoder with dependencies in the same direction as the generative model,
i.e. as presented in Eq. (T4). The resulting encoder resembles the encoder in the Ladder VAE [33].
Thus, combining it with the densities from the forward model, we obtain a proposal distribution
(2¢,8¢ | Z1:0—1,81:4—1,¥¢) = (St | Z1:6—1,S1:¢—1, Ye)T(Z¢ | Z1:4—1,S1:4, Y ) that is factorised such
that samples can be drawn in the same direction as the generative process, while reusing the predictive
quantities of the forward (generative) model. The proposal distribution is optimal if the Gaussian
encoder distribution is proportional to the likelihood.

We use the effective sample-size criterion mentioned in Sec. [2.2 with systematic re-sampling [8].
Following previous work, we omit the score function estimator term for re-sampled variables, resulting
in biased but lower variance gradient estimates. We refer to [23} 29| 20] for a discussion.

4 Related work

Extensions of the classical SGLS with a state-to-switch dependence have been proposed in previous
work [5} 211 6]: In [S]], the required marginalisation of previous Gaussian states is approximated
numerically through sampling. [21] uses logistic stick-breaking for the discrete switches and augments
the model with a Polya-Gamma distributed auxiliary variable, rendering the states conjugate to the
switch variables such that marginalising the Polya-Gamma variables leaves the original model intact.
Inference in this model is accomplished through Gibbs sampling, whereas our work uses a RBPF and
SGD for state and parameter inference. Different from these two approaches, [[6] uses a Gaussian
switch variable. In contrast to our work, inference is performed using stochastic variational inference
without exploiting the conditional tractability of the SGLS, instead sampling both states and switches.

Many efficient approximate inference methods have been proposed for the classical SGLS, including
approaches using variational inference [[12]], expectation propagation [39], and a RBPF [10]. Our
ARSGLS uses an extension of RBPF that includes the additional auxiliary variable (cf. Sec.[3.2) in
the SMC approximation. Learning through Monte Carlo objectives [28]] for particle filters has been
proposed in [23] 129/ 20]. Our objective function is a special case that exploits the conditionally linear
structure of the ARSGLS through Rao-Blackwellisation to reduce variance in the estimates.

Parameter learning with a conditional GLS and closed-form inference has been proposed previously
in DeepState [30] and the KVAE [11]]. Our model differs substantially in the i) graphical model, ii)
latent variable inference and iii) parameter learning:

i) DeepState and KVAE can be interpreted as a deterministic SGLS, where the GLS parameters
are predicted by an RNN, whereas our proposed model uses probabilistic switch transitions that
receive feedback from the previous state. Furthermore, the GLS parameters in DeepState have a fixed
structure that model time-series patterns such as level, trend and seasonality; transition and emission
matrices are fixed and the two (diagonal) noise covariance matrices are predicted by the RNN directly.
The KVAE uses unrestricted GLS parameters, which are predicted as a weighted average of a set of
base matrices, where the weights are given by the RNN. Our proposed model uses a similar weighted

3Note that we omitted inputs u;; however we use both u; and y; in the encoder. Furthermore, we made the
simplifying assumption that ¢ only depends on the latest observation y:. One way to go beyond that would be
to include y1..—1 through sufficient statistics, such as the natural parameters, of the state variable x;_;. We
decided to use only the latest observation y in our model, since information from x;—1 and thus y1..—1 is
incorporated into the proposal distribution through the state-to-switch recurrence.
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Figure 2: Filtered and forecasted emissions of a recurrent (left) and non-recurrent (right) SGLS for synthetic
data of a swinging pendulum. Observations are noisy x-/y-position (blue/orange). The plots show the mean (line)
and 3 std. deviations (shaded); filter and forecast range are separated by a vertical line, 50 (noisy) observations
(dots) are used for filtering, the forecast ground-truth is shown as a dashed line. The SGLS relies on the filter
update, whereas the RSGLS successfully uses state information to select the correct base matrices for prediction.

average of base matrices, but the weights are functions of a probabilistic Gaussian switch variable. A
further difference to both models is the dependence of the RNN/switch transition on observations
and controls: The RNN in DeepState is conditioned on inputs (controls), whereas the RNN in the
KVAE depends (auto-regressively) on samples of the previous (pseudo-) observation of the GLS.
In contrast, the switch transition of the ARSGLS is conditioned on the previous GLS state variable,
thus using information from all previous inputs and observations. Finally, the KVAE uses the same
type of auxiliary variable and non-linear emission model as our ARSGLS. However, the encoder is
conditioned only on the current observations; in contrast, the structure of our proposal distribution
(corresponding to the encoder in the KVAE) is chosen to resemble the optimal (minimum variance)
proposal distribution, thus including the current observation and inputs as well as the predictive
distribution of the previous state.

ii) Given the deterministically predicted GLS parameters, DeepState/KVAE uses the Kalman fil-
ter/smoother for inference. In contrast, we use a Rao-Blackwellised particle filter to infer non-linear
switch variables through SMC and the conditionally linear states through the Kalman filter.

iii) DeepState uses maximum likelihood for parameter learning where the log-likelihood is estimated
using the filter formulation (normalisation constants), whereas the KVAE is learnt using a variational
EM objective. Our proposed model is learnt through a (Rao-Blackwellised) particle filter-based
Monte Carlo objective (cf. prev. paragraph).

5 Experiments

5.1 Pendulum

We start with a qualitative assessment of the state-to-switch dependence from Sec. [3.1] We refer to
this model (without the auxiliary variable of Sec.[3.2)) as RSGLS. We consider noisy observations of
the xy-positions of a dampened pendulum. Initial states (angle, angular velocity) are drawn randomly
from a Gaussian centred at 180 deg (top position) and zero velocity. Both models are trained on 5000
sequences with 50 time-steps. For evaluation, we filter for 50 time-steps and forecast the next 100
time-steps. We visualise the resulting filter and forecast distribution together with noisy observations
(t < 50) and ground-truth (¢ > 50) in Fig. 2] As can be seen, the SGLS can not learn linearised
dynamics without information from the state. On the other hand, the RSGLS generates very accurate
forecasts with reasonable predictive uncertainty, showing the necessity of state-to-switch dynamics.

5.2 Time series forecasting

We evaluate our approach in the context of time-series forecasting on 5 popular public datasets
(electricity, traffic, solar, exchange, wiki) used in [32]]. The data is recorded with hourly
or daily frequency and exhibits seasonal patterns with different frequency (e.g. daily and weekly).

We experimented with two instantiations of our proposed model: Similar to previous work [30], we
implement the GLS as an innovation state space model (ISSM) with a constrained structure that
models temporal patterns such as level, trend and seasonality (cf. supplementary material for details).
In this model, labelled as RSGLS-ISSM, the dimension of the state x; and the transition and emission



CRPS rolling

exchange solar electricity traffic wiki
DeepAR 0.009+0.001 0.357£0.002  0.057+0.003 0.120+0.003 0.281+0.008
DeepState 0.010£0.001 0.379+£0.002  0.071+0.000 0.131£0.002 0.296+0.007
KVAE-MC 0.010£0.000  0.377+0.005 0.319+0.010 0.233+0.014 0.276+0.028
KVAE-RB 0.009+£0.000  0.384+0.005 0.296+0.024 0.179+0.001 0.245+0.004
RSGLS-ISSM (ours) 0.007£0.000  0.355+£0.004  0.070+0.001 0.148+0.003 0.248+0.006
ARSGLS (ours) 0.009£0.000  0.369+0.008 0.138+0.003 0.136+0.005 0.217£0.010

CRPS long-term

DeepAR 0.019£0.002  0.440£0.004  0.062+0.004 0.138+0.001 0.855£0.552
DeepState 0.017£0.002  0.379+0.002  0.088+0.007 0.131£0.005  0.338+0.017
KVAE-MC 0.020+£0.001  0.389+0.005  0.318+0.011 0.261+£0.016  0.341+0.032
KVAE-RB 0.018+0.001  0.393+0.006  0.305%0.022 0.221£0.002  0.317+0.013
RSGLS-ISSM (ours)  0.014£0.001  0.358+0.001  0.091+0.004 0.206+0.002  0.345+0.010
ARSGLS (ours) 0.022+0.001 0.371£0.007  0.154+0.005 0.175£0.008  0.283+0.006

Table 1: CRPS metrics (lower is better). Mean and std. deviation are computed over 4 independent runs for our
method and 3 runs for the competing methods. The method achieving the best result is highlighted in bold.

3 S S S S S

M 2 3 S S S S S o
M S S S S S 0
30 S S S S o

Figure 3: 20 time-steps of groundtruth (1st row) and 3 random trajectories from forecast distribution (remaining
rows) for ARSGLS on box dataset. Forecasts were generated after 20 filtering time-steps (not shown).

matrices A and C' are pre-defined and not learned; for this model, we do not use the non-linear
emission model from Sec. The second model, labelled ARSGLS, uses a general, unrestricted GLS;
here we use the complete model, including a non-linear emission model. We compare to two closely
related methods, i.e. DeepState [30]] and KVAE [11], and a strong baseline that uses an autoregressive
RNN (DeepAR) [33]. DeepState is implemented with the same ISSM structure as RSGLS-ISSM,
whereas KVAE is implemented with the same unconstrained GLS and measurement model as ARSGLS.
Furthermore, we note that the objective function proposed in [11] uses samples from the smoothing
distribution. However, in line with this work, the corresponding expectation can be computed in
closed-form; the resulting objective function has lower variance. We implemented both objective
functions, denoting them as KVAE-MC (Monte Carlo) and KVAE-RB (Rao-Blackwellised), respectively.

We use data prior to a fixed forecast date for training and test the forecasts on the remaining data.
The probabilistic forecasts are conditioned on the training range and computed with 100 samples
for each method. We evaluate in a rolling fashion and with a single long-term forecast. In case of
daily/hourly data, the rolling evaluation uses 5/7 windows each with a forecast covering 30 days/24
hours; long-term evaluation uses all 5/7 windows (i.e. 150 days/168 hours) without updating the
model with the new data. We score forecasts using the continuous ranked probability score (CRPS)
25]).

[25] |

CRPS(F1,y) = [ 200(F (0 )do. (1)

0

where Ay (q,y) = (o — Ijy<q))(y — q) is the quantile loss at the quantile level a € [0, 1], ¢ is the
predicted a-th quantile level and y is the observation. The results are summarised in Tab. [I] Both
of our model variants compare favorably or similarly to their respective closely related competitive
model (i.e. RSGLS-ISSM and DeepState; ARSGLS and KVAE). Only the auto-regressive baseline
DeepAR remains challenging on 2/5 datasets.

5.3 Simulated physical environments

We evaluate our model for unsupervised forecasting of high-dimensional multivariate data streams
(video), emitted from simulated physical environments. To this end, we consider the 4 synthetic
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Figure 4: Wasserstein distance in filter/smoothing (ARSGLS/ KVAE) range (¢ < 20) and forecast range (¢ > 20).
Results are averaged over 1000 test samples and 3 independent runs.

video datasets (Box, Box-Gravity, Polygon, Pong) used in [L1], consisting of streams of 32 x 32
binary images of an object moving in an environment and colliding with walls. We compare our
model to the KVAE-MC (proposed in [11]]) and our Rao-Blackwellised version KVAE-RB cf. [5.2). We
use the same model architecture as in [[11], except that each model has 10-dimensional states and
10 base matrices (cf. App.[7.7.3]for more details). All models are trained on 5000 time-series of 20
time-steps. We visualise forecasted trajectories in Fig.[3]

Next, we test the learned hidden dynamics quantitatively, comparing the forecasts to the true data.
This is challenging for image data: standard metrics such as predictive log-likelihood, (pixel-wise)
accuracy or squared error do not differentiate between small and large dis-placements of object in the
environment (e.g. if all pixels corresponding to the object are falsely predicted). Interpreting these
binary images as a 2D distribution over the xy-positions of the objects in the scene, we propose to
score the models using the Wasserstein metric with the Euclidean norm as distance function:

D(y,.§:) = / Wyr, 900 | y1)dSs. (16)

where p(y- | y1.¢) is the forecast distribution (time-steps 7 > t) or predictive distribution from the
filter (¢ = 7). The natural interpretation of this metric is the minimum average distance (in pixel
coordinates) needed to move each pixel from the forecast to its true position in the xy-plane. We
approximate p(y- | y1.c) = [ 2(¥7 | 2, X¢,8¢)p(2e, X¢, 8¢ | ¥1:0)dzexs8; (no s, in KVAE) using
32 samples and Monte Carlo integration. We evaluate the metric from Eq. (I6)—averaged over
3 independent runs and 1000 test data points—for 20 time-steps of filtering (in case of ARSGLS)
and smoothing (in case of KVAE) and 40 time-steps forecasting. Results (Fig. ) show that ARSGLS
produces more accurate forecasts.

6 Conclusion

In this work, we proposed an extension of the classical SGLS that addresses two weaknesses, while
leaving the conditional tractability of this model intact. We improve the forecasting capabilities by
conditionally linear state-to-switch recurrence with Gaussian switch variables, keeping the conditional
tractability of the GLS intact. Furthermore, we augment the emission model by an auxiliary variable
that allows for modelling multi-variate and non-Gaussian observations with complex non-linear
transformations such as convolutional neural networks. We leverage the conditional linear structure
of this model using Rao-Blackwellised particle filtering and we propose a corresponding Monte
Carlo objective for parameter estimation. Experiments on popular time series forecasting datasets
and simulated video data from physical environments demonstrate improvements compared to other
deep state-space model approaches.

This work offers several interesting research directions: the proposed approach can be generalised to
hierarchical models, interleaving linear and non-linear variables; observed data and the corresponding
ladder-encoder can be extended to handle multimodal and missing data similar to [[19]; offline
inference can be done through Rao-Blackwellised particle smoothing [22]] and used for learning with
a corresponding variational EM objective function; finally, the model parameters may be inferred
by means of a variational Bayesian approximation [7] with further extensions to online learning
scenarios under data drift [[18]].



Broader impact

This paper stems from the author’s work on time series forecasting and anomaly detection in industrial
settings. The proposed methods are applicable to forecasting from univariate and multivariate data
streams more generally. Business applications include supply chain monitoring and sales prediction.
Furthermore, accurate forecasts allows better resource management, such as waste reduction and
optimisation of energy consumption.
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7 Supplementary Material

7.1 Conditional Kalman Filter equations

As mentioned in Sec. 2.3 the first term in Eq. (3) can be computed using the standard Kalman
smoother. In this work, we are interested mainly in forecasting and parameter estimation (Sec. [3.3.2).

Thus, the filter distribution p(x; | sgﬁ) ,¥1:t—1) suffices, however the (conditionally) Gaussian joint

distribution p(x1.; | sngt) ,¥1:t—1) could be computed straightforwardly using a Kalman smoother
(e.g. running the RTS smoother backwards). Here we denote the location and covariance parameters
of the Gaussian distributions corresponding to the prediction step as m;_1, Vyj¢—1, the predictive
distribution (wrt. targets y) as my;, V4};, and the update (measurement) step as my, V;.

The prediction step is given as
p(x¢ | Sg{)t),}’u—l) :/ (%t | X¢-1,8 (p)) p(xi—1 | Sglft)fp}’l:t—ﬂ dx—1

= N (6 a1 (8), Vi1 (s2))), (17)
where
my1(8)) = APy me—1(s)_) + Bs?)

Vieo1(s1) = Als”)Veer (517 ) A(st™)" + R(si?).
Similarly, the predictive distribution (used in the update step below) is given as

p(Yt | sg{’t),yhtq) Z/ (Yt \ Xt, 8 (p)) (Xt | sg”f,yl it— 1)dXt

= N (ye; mup(s8), Vi (st)), (18)
where
my(st)) = C(sP) my_y (7)) + D(sP) u,

t t
V(1) = C(s(PWapua (¥ C ()T + Q(si).
And the update step yields
1
P(Xt | ng;)t)aYI:t) = EP(Yt | Xtyst) p(Xt | 5@7}’1:#1)

= N (x;mi (7)), Vi(s))), (19)

where Z is the normalisation constant and where
m(s{7)) = mu—a () + Vil 1 (sTDCT (s (1) (ye — mape(s)),

V() = Vi (81) = Vil s SEDCT (571 Vig, (SO WV (812
7.2 SMC marginal likelihood estimate
SMC provides unbiased estimates of the marginal likelihood p(y1.7) = Ht 1Pyt | yi—1) asa

by-product [9] that can be used for learning (cf. Sec.[3.3.2) D The conditionals p(y; | y1..—1) can be
estimated by

P(Yt \ Y1:t71) = //10(51:#1 \ Y1:t71)p(st7}’t | }’1:t71751:t71)d5td51:t71
= /P(Sl:tq | yi¢—1) /P(Yt | V1:t—1,81:4)D(S¢ | St—1) dsedsiiz—1

PYt | Y1:4—1,81:¢)P(St | S1:¢—1
= /p(slzt—l | y1:6-1) ]Eﬂ'(st | 51;t1)|: ‘3 Jp(s: | ) ds1:i—1

W(St | Sl:tfl)
w® E : (mp)
t 1N 7 )

gp)l ’Yt( Z ~(p) .

Q

Q

Mw ﬁMﬁa

S
Il
-
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The approximation of the inner importance-sampling expectation implies using a single sample

(conditioned on sngt)_l) as is standard in SMC. The approximation wrt. the outer integral follows

from p(s1.4—1 | Y1.4-1) = 25:1 wt(f)lé(sgf)t)_l), using the normalised importance-weights of the

previous step wgé)l = w5 @),
Note that the above estimate of the conditional p(y; | ¥1.t—1) = P(™V1:4)/p(y1..—1) is a ratio estimate,
since the previous importance-weights are normalized by the sum of importance-weights. Although

these ratio estimates are in general not unbiased, the product p(y1.7) ~ HZ;I 25:1 wﬁp ) yields an
unbiased estimator of the marginal likelihood [9} 23]].

7.3 Innovation State Space Model

Here we describe the structure of ISSM models used for RSGLS-ISSM. We start by simpler exemplar
instantiations of the ISSM that use a level, level-trend, or seasonality component. In the ISSMs
considered here, the emission and control matrices A, C' are determined entirely by the assumed time
series patterns. Only the diagonal state and observation noise covariances (), R and optionally the
control matrices B, D are learnable; these are computed as a weighted average of base matrices in
our model. We will omit the optional matrices B, D in the following for simplification.

An ISSM with only a level component has just a single latent variable; A = [1], C' = [1], and noise
covariances Q = [q1], R = [r1] are positive scalars. The latent state (level) evolves over time only
through innovation with additive noise, and the innovation strength is given by the (square root of
the) scalar covariance R.

An ISSM with level-trend components has a 2-dimensional latent state, one representing the level
and the other representing the slope of a linear trend; the model is defined by

1 1 1 0
A:[o 1]* c=[1 1], R:[o m]’ Q= [a]-
Both level and trend component evolve over time through additive noise (with covariance R), and the

level is additionally updated with the (previous) slope of the trend. The sum of the current level and
trend components are emitted (with additive noise given by scalar covariance Q).

ISSMs with seasonal component can be instantiated in several ways. Here we use the same seasonality
models as in [30]. These models are described by a set of seasonal factors that assume a certain
periodicity. For example, day-of-week patterns use 7 factors, one for each day of the week; similarly,
hour-of-day patterns use 24 factors. Each factor can be represented by one component of the latent
state. For day-of-week seasonality, we thus have a 7-dimensional latent state. The transition matrix A
is then the identity matrix, and the emission matrix C' = 1{qay ()= - is an indicator (vector) that

selects the component corresponding to the current day, zeroing out all other components. The noise
covariance matrix () is a (positive) scalar, and R = diag([rl7 o rr o1 {day(t):j};_l) is a diagonal
matrix, where all components except the one corresponding to the current day are zeroed out. This is
done here through element-wise multiplication (of the diagonal) with the same indicator as used for
the emission matrix.

As in [30], ISSMs with multiple seasonal components (corresponding to different periodicities) as
well as level or level-trend can be combined. The resulting transition matrix A and noise covariance
matrix R are block-diagonal, where each block corresponds to one component. Similarly, C'is a
concatenation of the corresponding components; consequently, the sum of the level, trend and each
currently "active" seasonal component is emitted with additive noise.

In the experiments of this paper, we used a combination of level component and 1 or 2 seasonal
components for the model variant RSGLS-ISSM: For data with daily measurement frequency (wiki,
exchange), we used only day-of-week seasonality, resulting in a latent state with 7 + 1 dimensions.
In case of hourly data (electricity, traffic, solar), we used both hour-of-day and day-of-week
seasonality, resulting in a latent state with 24 4 7 4 1 dimensions.

7.4 Algorithm

The algorithm for Rao-Blackwellised particle filtering and loss computation for the ARSGLS pro-
posed in Sec. [3is presented in Alg.
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Algorithm 1 Rao-Blackwellised particle filter with parameter estimation.

Require: s;_1, z;—1, my—1, V41 are tensors with a particle, data, feature dimension. logw;_; has

1:
2
3
4:
5:
6.
7
8

particle, data dimensions. Data u;, y; have data, feature dimensions. Tensors with counting
indices, i.e. s1.7, have an additional time dimension that is indexed as e.g. s;.

function FILTER_LOSS(S1.7, Z1.7, M1.T, V1.7, UL:T, Y1.T)

log w1, s1, Z1, M1, V1 < FILTER_STEP(uj,y1)
fort <+ 2...Tdo
log Wy, s¢, ¢, My, Vi < FILTER_STEP(log W;_1,8¢—1,%¢—1,M¢—1, Vi—1,Us, ¥¢)
end for
L + compute_marginal_estimate(w;.7) > Eq. (13)
return £

: end function

9: function FILTER_STEP(log wW;_1, St—1, Zt—1, Mt—1, Vi—1, Us, Vi)

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:

initial_step < is_initial(log w;—1,8¢—1, Z¢—1,Mt—1, Vi—1) > if not provided (None)
if initial_step then
log wy < log(1/P) > uniform weights, P is the number of particles
mi_1, Vie1 < mg, Vj > initial state prior p(xg)
p(st) < switch_prior(uy) > initial switch prior p(s1)
else

log wy < normalise(log w;)
10g Wy, St—1,2Z¢—1,Mt—1, ‘/t—l — resample(log Wy, St—1,Z¢—1,Mt—1, V;f—l)

p(st) < SWITCH_RECURRENT_TRANSITION(S;—1,m¢—1, Vi—1) > cf. below
end if
q(st), q(z¢) + encoder(ys, us) > Sec.
m(se) < p(se) x q(st) > Eq. (14)
St ~ m(S¢) > sample switch particles
1y + make_base_params(s;, u;) > base matrices A, B,C, D,Q, R
Myjy—1, Vyje—1 < prediction_step(m_1, Vi_1,%y) > Eq. (T7) in App.
My, Vi < auxiliary_predictive(my—1, Vyje—1, 1) > Eq. (I8)) in App.
p(ze) < N(ze; mype, Vige)
m(2e) < p(ze) x q(2) > Eq. (T4)
z ~ m(2¢) > sample auxiliary particles
my, Vi < update_step(ys, mqs, Vit Pt) > Eq. (19) in App.
p(yt) < decoder(z;) > Sec.
log y; <= log p(y+) + log p(z¢) + log p(s¢) — log q(z:) — log q(s:) > Eq. (12)

log w; < log w; + log ¢
return log Wy, s¢, z¢, My, Vi

end function

35: function SWITCH_RECURRENT_TRANSITION(S; 1, M1, Vi_1)

36:
37:
38:
39:
40:
41:

F, S; + make_recurrent_base_params(s;—1) > cond. linear state-to-switch transition

mg, Vs < marginalise_state(m;_1, Vi1, F}, St) > state-to-switch prediction step
Psjx < N (s¢; ms, Vs) > Gaussian state-to-switch transition
Ps|s < switch_transition(s;_1, uy) > Gaussian switch-to-switch transition
p(s¢) < gaussian_linear_combination(ps|x, Ps|s) > sum of means and covariances
return p(s;)

42: end function
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7.5 Further results

Here we provide further results for ARSGLS on wiki and Box datasets, evaluating the impact of the
encoder and the number of particles during training. Furthermore, we provide pixel accuracy results
for the experiments described in Sec.[5.3] On Box, we run each experiment with 3 different seeds
and for wiki, we run with 4 random seeds as in the main text. Note that for wiki we use a different
initialisation scheme compared to the experiments in the main text (Xavier instead of the default in
Pytorch 1.6), resulting in better scores.

7.5.1 Encoder and proposal distribution

box box

—— with encoder
without encoder 20

1.0
0.97
0.5 N
0.96 —— with encoder
without encoder
0.0

0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

accuracy
wasserstein

Figure 5: Pixel accuracy (left) and Wasserstein distance (right) on Box with/without encoder.

Here we show the importance of the encoder that approximates the likelihood function by a Gaussian
(cf. Sec.[3:33). We conducted experiments where we omit the encoder and thus use a bootstrap
proposal distribution. On wiki, using 32 particles during training without encoder yields CRPS
scores 0.265 £ 0.010 for rolling evaluation and 0.360 £ 0.006 for non-rolling (long-term) evaluation,
respectively. In contrast, the same number of particles with encoder yields significantly better CRPS
scores of 0.207 4= 0.000 and 0.263 £ 0.003, respectively.

Similarly, the accuracy and Wasserstein distance for the Box dataset is significantly better when using
our ladder-type encoder, as shown in Fig. [5] Without encoder for the proposal distribution, the model
is not able to learn the dynamics and fails to converge to a reasonable fit.

7.6 Number of particles

We evaluate our model for a different numbers of particles (1, 8, 16, 32, 64, 96) used during training.
The performance on the wiki dataset is shown in Fig.[6] Surprisingly, the forecasting performance
does not improve with more particles.

—— CRPS-rolling
0.28 CRPS-full

0.26

CRPS

0.24

0.22

—_—t
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Figure 6: CRPS scores on wiki dataset for varying number of particles used for training.

In contrast, Fig.[7]shows that using more particles leads to a significantly better forecasting perfor-
mance on the Box dataset as expected.
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Figure 7: Accuracy (left), Wasserstein distance (right) on Box for varying number of particles used for training.
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Figure 8: Pixel accuracies in filter/smoothing (ARSGLS/ KVAE) range (¢ < 20) and forecast range (¢ > 20).
Results are averaged over 1000 test samples and 3 independent runs.

7.6.1 Simulated physical environments

Additional to the the Wasserstein distance reported in the main text, we provide pixel accuracies in
Fig.[§]

7.7 Experiment details

7.7.1 Pendulum

The model used in the pendulum experiment has 3 and 5 state and switch dimensions, respectively. We
used 10 base matrices (for each of A, C, @, R and additionally F', S in case of the recurrent model);
the weights are predicted by an MLP with 1 hidden layer of 32 units with leaky relu activations (and a
softmax output). All covariance matrices (R, @), S) are diagonal and represented as log of the inverse
scale to ensure positive variance. State and switch prior p(xg), p(s1) are both trainable diagonal
Gaussians (scale parameters are again represented as log inverse scale), initialised as the standard
Normal. The switch transition function f(s;—1) (cf. Eq.(9)) is an MLP with 1 hidden layer of 32
units and leaky relu activations; no encoder (cf. Sec[3.3.3) is used in this experiment.

Both models are trained using the Adam optimizer with 5; = 0.9, 83 = 0.95, and (initial) learning
rate 1 x 10~2 with an exponential decay to 1 x 10~ over a total of 50 epochs. The batch size is 100,
P = 64 particles are used for learning and P = 100 particles for computing the empirical mean and
std. deviation of the GMM (cf. Eq. (8)) filter and forecast distribution in the evaluation plot.

7.7.2  Univariate time series forecasting

A short summary of the datasets, as used in [32], considered for these experiments are given:

* electricity: hourly electricity consumption of 370 customers;

» traffic: hourly occupancy rates of 963 car lanes of San Francisco bay area freeways;
* solar: hourly photo-voltaic production of 137 stations;

* exchange: daily exchange rate of 8 currencies;

* wiki: daily page view of 2000 Wikipedia pages.

For all datasets, the same model and training hyper-parameters (except learning rate) were used.
Furthermore, RSGLS-ISSM and ARSGLS use the same model architecture where possible. For these
datasets, each model are given time-features (hour of day, day of week, etc.) and time-series
indicators as inputs uj.7 as in [30, 33]. Time-series indicators are embedded in 50 dimensions
(except 8 dimensions for exchange dataset), and combined with the time-features by a single neural
network layer with 64 units and leaky relu activations.

The state dimension of RSGLS-ISSM is determined by the ISSM structure (cf. Appl7.3), whereas for
ARSGLS the state has 16 dimensions. The switch s and auxiliary variable z (in case of ARSGLS) have
10 dimensions each. Furthermore, 20 base matrices are used. In case of RSGLS these include only
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D,Q, R, F, S since A, C are determined by the ISSM. ARSGLS uses additionally learnable matrices
A, C. For both models B was not used. The weights for averaging the matrices are predicted by an
MLP with 1 hidden layer of 64 units with leaky relu activations and a softmax output (taking s; as
input). Covariance matrices (R, (7, S) are diagonal and parametrised as the log of the inverse scale.

The state prior p(X) is a trainable diagonal Gaussian, initialised as the standard Normal; the switch
prior p(s1 | uy) is a diagonal Gaussian for which the location and scale parameters are predicted by
a linear transformation (and additional softplus in case of scale), taking the 64 input features from
the embedding and subsequent neural network layer (see above) as inputs. Similarly, the switch
transition function f(s;—1,u;) (cf. Sec. is an MLP with 1 hidden layer of 64 units and leaky relu
activations, which takes both the 64 input features and the previous switch as inputs.

Encoders differ for RSGLS-ISSM and ARSGLS, respectively, since the latter has the additional auxiliary
variable (cf. Sec.[3.2). However, in both cases the proposal distribution is formed as a product of
Gaussians as described in Sec. [3.3.3] For RSGLS-ISSM, the encoder is a diagonal Gaussian for which
the parameters are predicted by an MLP with 1 hidden layer of 64 units and leaky relu activations
(outputs corresponding to the scale use softplus activations). The additional non-linear emission
model of ARSGLS is a diagonal Gaussian for which the parameters are predicted by an MLP with 2
hidden layers with 64 units and leaky relu activations. The ladder encoder shares an MLP that predicts
the parameters of the Gaussians corresponding to the auxiliary and switch variable, respectively. This
shared MLP has 3 hidden layers with leaky relu activations; the parameters of the Gaussians are
predicted from the 2nd and 3rd (last) hidden layer, respectively.

Each model is trained using the Adam optimizer with 81 = 0.9, 82 = 0.95. For solar, the initial
learning rate is 1 x 1072, for electricity 1 x 1072 and for all other datasets 5 x 10~3. In each
experiment, the learning rate is decayed over a total of 2500 iterations by a factor 10~2. The batch
size is 50 and P = 10 particles are used.

7.7.3 Simulated physical environments

Model architectures (for components that are similar between both models) are chosen as in [11],
except that the state dimension and number of base matrices is 10 for both, instead of 4 and 3,
respectively. Furthermore, the (diagonal) covariance matrices R, () (parameterised as log inverse
scale, i.e. log R~"/?) are learnable, whereas in [11] these are fixed hyperparameters.

The switch in ARSGLS has 8 dimensions, and the switch prior is a trainable diagonal Gaussian,
initialised as the standard Normal. The auxiliary variable has 6 dimensions for Pong (to encode the
position of the ball and both pads) and 2 dimensions for all other datasets as in [11]]. The switch
transition function f(s;—1) from Eq. () is an MLP with 1 hidden layer of 64 units and relu activations.
The ladder encoder of ARSGLS uses the same convolutional architecture for the auxiliary variable
as the encoder in KVAE, and an additional hidden layer with 64 units for the switch. In contrast to
the KVAE, the Gaussian from the encoder is combined with the respective Gaussian of the generative
model as a product of these densities (cf. Sec.[3.3.3).

The same optimisation hyper-parameters are used for training as in [11], with the exception that we
train each model for 400 epochs with an initial learning rate of 0.002, decaying every 20 epochs
by 0.85 (instead of 80 epochs with initial learning rate 0.007 with the same decay). The number of
particles in ARSGLS is P = 32.
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