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Abstract

Both full fine-tuning (Full FT) and parameter-efficient methods like LoRA add
weight updates without regard to the spectral structure that pretraining has estab-
lished. This allows noisy gradients from a small fine-tuning distribution to freely
perturb the robust features learned through pretraining. We first identify spectral
preconditioning as the key missing ingredient: reparameterizing each weight W
through its full-rank SVD and freezing one singular basis confines every update to
the pretrained column space, yielding a preconditioned optimizer that outperforms
unconstrained Full FT at the same parameter count. To make this insight practical,
we propose FURA (Full-Rank Adaptation), which factorizes W via a block tensor-
train decomposition W = LSR: the large core L is frozen at the pretrained
block-wise SVD basis while only the small core R and per-block singular values
S are trained. This single design choice simultaneously delivers full-rank spectral
preconditioning, full-rank update capacity, and parameter, step time, memory effi-
ciency on par with LoRA. FURA outperforms Full FT on LLM fine-tuning (+1.37
on LLaMA-3-8B commonsense reasoning), LLM math reinforcement learning, and
VLM visual instruction tuning. The 4-bit quantized version QFuRA also outper-
forms QLoRA. Code is available at https://github.com/yequanzhao/FuRA.

1 Introduction
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Figure 1: FURA delivers higher ac-
curacy than Full FT with LoRA-level
runtime and the lowest GPU memory.

Large language models [10, 36] (LLM) acquire rich, transfer-
able representations during pretraining on web-scale corpora.
Fine-tuning these models on a small, task-specific dataset,
whether through supervised finetuning (SFT) or reinforce-
ment learning with verifiable rewards (RLVR) [40, 52],
can unlock strong downstream performance. Full fine-
tuning (Full FT) updates every parameter and remains the
performance ceiling on most benchmarks, but incurs pro-
hibitive memory and compute costs. Parameter-efficient
methods such as LoRA [15] circumvent this cost by con-
straining the update ∆W to a low-rank subspace, yet a
persistent accuracy gap relative to Full FT [39] motivates
continued research into more expressive alternatives includ-
ing [25, 31, 55, 28].

We argue that both Full FT and LoRA share a deeper limitation: neither respects the spectral
structure of the pretrained weight. The update is unconstrained in direction and can push the model
along axes orthogonal to the feature manifold that pretraining established. Specifically, the update
∆W, whether computed directly from gradients (Full FT) or accumulated in a low-rank adapter BA
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Figure 2: FURA replaces each pretrained linear layer W with a lossless block tensor-train factoriza-
tion W = LSR. Tensors are flattened to matrix for better demonstration. Each slice is initialized
by the full-rank SVD of weight block Wk, and performs spectral preconditioned update.

(LoRA), is added to W without regard to its learned spectral geometry. Because the fine-tuning data
is orders of magnitude smaller and narrower in distribution, its gradients are noisier estimates of the
true task-relevant directions. Allowing these noisy updates to freely perturb robust pretrained features
risks degrading generalization, a failure mode closely related to catastrophic forgetting [19]. This
observation suggests a different design principle: rather than adding an unconstrained perturbation to
W, fine-tuning should re-align the pretrained features in a way that is guided by, and confined to,
the subspace the model has already learned. If the pretrained weight encodes a coordinate system for
useful representations, adaptation should re-orient within that coordinate system rather than demolish
and rebuild it.

Through a controlled study of SVD FT (§3.2), we further validate that confining weight updates to the
pretrained column space can produce superior performance in LLM fine tuning. However, directly
doing so can introduce a large number of training variables like full FT. This motivates us to develop
FURA (Full-Rank Adaptation, Figure 2), a parameter-efficient method that simultaneously delivers
1) full-rank update capacity, 2) high accuracy through full-rank spectral preconditioned update, and
3) LoRA-level parameter efficiency.

FURA outperforms other PEFT methods and Full FT without sacrificing inference efficiency: +2.87
over DoRA [25] and +1.37 over Full FT on LLaMA-3-8B Commonsense SFT, outperforms Full FT
on Qwen-1.7B/7B math RLVR, +1.1 over Full FT on VLM visual instruction tuning, all with similar
memory and wall-clock step time of LoRA. The 4-bit quantized version QFuRA also surpasses
QLoRA [7] by +2.51 on LLaMA-3-70B math fine-tuning.

Contributions. Our research contributions are summarized below.

• We study the spectral properties of LLM fine-tuning and identify spectral preconditioning as a key
missing ingredient. We show that both full fine-tuning and LoRA ignore the pretrained spectral
structure, while controlled SVD-based fine-tuning demonstrates that aligning updates with this
structure yields better performance than full fine-tuning.

• Based on these observations, we propose FURA, a block tensor-train factorization that makes
spectral preconditioning a practical PEFT method. A single architectural choice simultaneously
achieves full-rank spectral preconditioning, full-rank update capacity, and LoRA-level parameter
and computing efficiency.

• We prove two key properties of FuRA: although it trains only a small fraction of parameters, it can
realize full-rank updates; and its effective update acts as a column-space projection combined with
singular-value preconditioning.

• We demonstrate that FURA outperforms Full FT on both SFT and RLVR tasks with only < 2%
trainable parameters and no task-specific rank tuning, establishing a new state of the art for
parameter-efficient LLM adaptation.

2 Background and Related Work

PEFT methods for LLMs. LoRA [15] constrains the weight update to ∆W = BA⊤ with rank
r ≪ min(din, dout), training only O(r(din + dout)) parameters per layer. This low-rank constraint
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primarily serves parameter efficiency rather than reflecting task-specific inductive bias. Subsequent
work improves LoRA along several directions: QLoRA [7] adds weight quantization, DoRA [25]
decouples magnitude and direction, AdaLoRA [55] adapts rank across layers, and VeRA [20] shares
fixed random bases while training only diagonal scales. Tensor-train decomposition [34, 33, 35] offer
another route; adapters such as LoRETTA [49] and LoRTA [14] train all tensor cores but leave ∆W
low-rank. Despite these advances, a performance gap with Full FT remains.

PEFT with higher or full rank capacity. A natural remedy is to lift the rank cap. MoRA [18]
reshapes the adapter into a square matrix to allow higher-rank updates; RandLoRA [1] uses fixed
random bases with trainable scales; BOFT [26] applies a butterfly-factored orthogonal transform, and
QuanTA [3], FourierFT [8], etc. S2FT [48] and LIFT [28] train structured- or unstructured-sparse
subsets of weights, achieving full-rank updates but requiring gather/scatter operations that are less
tensor-parallel friendly. These methods achieve nominally full-rank ∆W at the LoRA budget, but
have not consistently closed the gap to Full FT on standard benchmarks. We argue that rank alone is
insufficient; the subspace in which the update operates is equally important.

Spectrum-informed adapters. A related line of work leverages the pretrained weight’s SVD to
guide adaptation. PiSSA [31] initializes LoRA from top-r singular directions, MiLoRA [47] uses
bottom-r, Spectral Adapter [54] parameterizes updates in the spectral basis, and SVFT [23] trains
a dense middle matrix between frozen SVD factors. While these approaches incorporate spectral
information, they face two limitations. First, the low-rank constraint forces a choice of spectral slice,
yet the optimal subspace is task-dependent: SFT emphasizes principal directions, whereas RLVR
favors off-principal ones [56]. Second, SVD-based initialization is only a soft constraint, allowing
updates to drift away from the pretrained subspace during training [50].

3 Spectral Preconditioning Improves LLM Fine-tuning

Throughout this paper, W ∈ Rdout×din denotes a pretrained linear layer with forward pass y = Wx.
And we use W′ to denote the fine-tuned weight.

3.1 Observations from Full FT Training Dynamics

Both Full FT and existing PEFT methods update weights without considering the spectral structure
learned during pretraining, risking disruption of the pretrained feature geometry. We hypothesize
that fine-tuning should instead preserve and exploit this structure. To investigate this, we analyze the
training dynamics of Full FT on LLaMA-3-8B fine-tuned on Math-10K [16] (Figure 3).

Gradients are spectrally diffuse, while weight spectrum remain stable. Let W = UΣV⊤

denote the SVD of a pretrained weight. We quantify how much a matrix M lies in the pretrained
column space col(U) using the column-space energy ratio:

ρ(M; U) =
∥U⊤M∥2F
∥M∥2F

. (1)

We have ρ ∈ [0, 1] and ρ = 1 indicates full alignment with span(U). Gaussian random matrices has
expected energy ratio rank(U)/dout (see Appendix E.2). Tracking the energy ratio of the gradient
GW during Full FT (Figure 3a), we observe that ρ(GW,U) stays near the random baseline, showing
gradients are updating all directions and are not particularly aligned with pretrained directions. In
contrast, ρ(W′,U) ≈ 1 throughout training, indicating that the Full FT implicitly preserves the
weight’s spectral structure despite diffusive gradient updates.

Singular values shift selectively; singular vectors rotate broadly. Comparing the SVDs of W′

and W (Figure 3b), we find that only a few singular values change significantly, while most remain
close to their pretrained values. In contrast, the singular vectors exhibit substantial rotation: cosine
similarities between columns of U′ and U vary widely, with no clear bias toward principal or off-
principal directions. The above findings suggest that Full FT, despite being unconstrained, implicitly
preserves the pretrained column space, concentrating spectral changes on a few singular values while
allowing broad directional rotation. This raises a natural question: what if we explicitly enforce these
patterns as architectural constraints?
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Figure 3: (a) Gradient lives outside singular basis of pretrained weight, but weight keep stable.
(b) Singular values shift selectively, while singular vectors rotate broadly. (a) (b) demonstrates layer
15 q_proj result, the full sweeps are in Figures 6 and 7 (Appendix). (c) SVD FT outperforms Full FT
on both target domain and source domain.

3.2 Insights from SVD Fine-Tuning Experiment

We study a controlled SVD Fine-tuning (SVD FT) to validate the above hypothesis. We decompose
each pretrained weight via SVD, W = UΣV⊤, freeze the left-singular basis U, and fine-tune only
Σ and V⊤. This SVD FT has identical parameter count and initialization to full FT, differing only in
parameterization. It induces a spectral preconditioning, where the effective update from V⊤ is

∆W
∣∣
V

= −η UΣ2U⊤ GW , (2)

with GW = ∂L/∂W. The projection UU⊤ restricts updates to col(U), formalizing the column-
space preservation observed earlier, while Σ separates magnitude from direction, aligning with the
distinct spectral dynamics.

We evaluate LLaMA-3-8B trained with Full FT and SVD FT on Math-10K, measuring both target
domain math reasoning (GSM8K [6]) and source domain commonsense reasoning performance (Fig-
ure 3c). We observe that: (1) SVD FT improves target-domain performance, indicating that gradients
within col(U) suffice for effective learning; (2) SVD FT improves source-domain generalization,
whereas Full FT degrades relative to the pretrained model.

This experiment suggests that spectral preconditioning better preserves pretrained structure,
mitigating forgetting and promoting generalizable representations.

4 The FURA Framework

SVD FT demonstrates the benefits of spectral preconditioning but is impractical: it retains a full-size
trainable factor and doubles forward-pass cost. We propose FURA, which addresses both issues
using a Block Tensor-Train (BTT) parameterization.

FURA reparameterizes each linear layer with a 2-core Block Tensor-Train (BTT) decomposition
[35], which can be interpreted as block-wise SVD. The full-rank 2-core BTT can be used to represent
arbitrary matrix. By carefully selecting a special block size, we can perform spectral preconditioned
update as for the SVD FT, while with a cost on par with LoRA.

Block tensor-train (BTT) decomposition. We focus on 2-core decomposition case. Given W ∈
Rdout×din , choose an m × n grid such that dout = ma and din = nb. Each block Wij ∈ Ra×b is
factorized into Lij ∈ Ra×r and Rij ∈ Rr×b, forming cores L ∈ Rm×n×a×r and R ∈ Rm×n×r×b.
The matrix-vector product y = Wx becomes

yαβ =
∑
γσ

Lαβγσ

∑
δ

Rσβγδ xγδ. (3)

At full rank r = min(a, b), this BTT is applying full-rank SVD for each individual block and hence
the representation is equivalent to the original dense matrix. For a square, full-rank decomposition
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Figure 4: (a) Effective rank of ∆W; full sweep is in Figure 8 (Appendix). (b) Singular-direction
heatmaps show sharper active/inactive separation, reflecting spectral preconditioning from frozen L.
(c) FURA better preserves pretrained capabilities.

(dout = din = d, m = n = a = b = r =
√
d), the total parameter count and MVM FLOPs are both

2d2 [35], same as SVD.

The FURA parameterization. We decompose each pretrained weight using a parameter-efficient
BTT configuration and keep the diagonal singular values as separate trainable parameters. Setting
m = 1 yields blocks with a large core Lk ∈ Rdout×r and a small core Rk ∈ Rr×b with b≪ din. At full
rank r = b, this decomposition is lossless while only introduces dinb additional parameters. For each
block, full-rank SVD yields Wk = UkΣkV

⊤
k , and we set Lk = Uk∈Rdout×b, Sk = diag(Σk)∈Rb,

Rk = V⊤
k ∈ Rb×b. Stacking blocks, we got BTT cores L = [L1, . . . ,Ln], S = [S1, . . . ,Sn],

R = [R1, . . . ,Rn]. FURA freezes L and trains only S and R. The fine-tuned weight is assembled
column-block-wise:

W′
k = Lk diag(S

′
k)R

′
k, W′ =

[
W′

1

∣∣W′
2

∣∣ · · · ∣∣W′
n

]
, (4)

where [·|·] denotes horizontal (column-block) concatenation. Algorithm 1 in Appendix summarizes
the procedure.

Complexity analysis. The block-SVD initialization is a one-time cost (e.g. ∼ 1 minute for 8B
model). During training, FURA matches LoRA in both memory and step time (Table 1). The
trainable count is |R|+ |S| = nrb+ nr ≈ d3/2, roughly 2% of pretrained weight size at d = 4096;
the L-stage reduces to a single dense MVM and the R-stage to a batched BMM, both well supported
in deep learning frameworks; after training, the cores merge back into a single dense matrix so there
is no additional inference overhead. We defer the full breakdown to Appendix B.

Advantages of FURA. This single design choice delivers the following properties

• Full-rank capacity. Each block’s update lies in col(Lk), and across blocks these subspaces
span the full output space, leaving ∆W unconstrained in rank. The optimizer, rather than a
preset rank, controls layer capacity. As shown in Fig. 4 (a), the effective rank of FURA update
is significantly higher than LoRA. The lower effective rank compared to Full FT suggests that
the spectral preconditioner focuses capacity on task-relevant directions rather than distributing it
uniformly. Importantly, the full-rank block-wise singular basis is preserved, avoiding commitment
to specific spectral subspaces. We formalize this in Section 5, Claim 1.

• Spectral preconditioning. The spectral preconditioning from SVD FT (Section 3.2, Eq. (2)) extends
naturally to FURA’s block structure. The trainable S decouples magnitude and direction, enabling
finer spectral control, similar in spirit to DoRA [25]. As shown in Figure 4 (b), the optimizer
selectively updates important singular directions while preserving others. The full preconditioner is
derived in Section 5, Claim 2.

• Better generalization. FURA outperforms Full FT and LoRA on target-domain math reasoning
using only ∼2% trainable parameters, while better preserving (improving) source-domain com-
monsense reasoning accuracy [Fig. 4 (c)]. By restricting updates to the pretrained column space, it
favors reweighting existing features over introducing arbitrary directions that may overfit to the
fine-tuning distribution.
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Table 1: System overhead comparison. Avg is the average accuracy on LLaMA-3-8B commonsense
SFT Detail setups and analysis are in Appendix B.1.

Method Train. (%) Extra (%) Full-rank ∆W? Step (s) Memory (GB) Avg (%)

Full FT 100.00 0 Yes 0.201 76.9 86.64
LoRA (r=64) 1.39 1.39 No 0.043 26.8 83.46
DoRA (r=64) 1.42 1.42 No 0.045 26.8 85.04
RandLoRA (r=64) 0.33 2.57 No (random) 0.059 25.7 83.28
LIFT (r=32) 6.23 0 Yes (sparse) 0.144 56.0 87.88
FURA (ours) 1.46 1.46 Yes (dense) 0.046 22.7 88.01

Remark 4.1 (Design space). The FURA design has two axes: (1) preserve the output subspace
(m = 1, the default) or input subspace (n = 1); and (2) keep S as a separate trainable vector
(the default) or merged into the trainable / frozen core. We characterize each choice’s effective
preconditioner in Section 5 (Claim 2, Table 2) and ablate them in Section 6.5.

5 Theoretical Insights

In this section, we present two theoretical claims regarding the theoretical properties of FURA. We
support each claim with a short derivation and provide the full proofs to Appendix E.2.

Claim 1 (Full-rank update capacity). Although FURA trains only R and S, the update ∆W has
full-rank capacity: it can reach any rank up to min(din, dout) whenever the pretrained weight W is
full rank, in contrast to LoRA-style adapters that hard-cap rank(∆W) ≤ r.
Proposition 5.1 (No explicit rank cap). Under the FURA parameterization in Eq. (4), with L frozen
and S,R trainable, the update ∆W = W′ −W is not rank-constrained (Lemma E.2).

Sketch of Proof. Per block, ∆Wk lies in col(Lk) (Propositions E.3 and E.4, appendix); across the n
blocks, these subspaces collectively span col(W).
Remark 5.2. While Claim 1 establishes full-rank reachability, the rank measure alone does not capture
the geometry of the reachable updates. Two further structural properties follow from the per-block
construction (Appendix E.2): (i) the default m=1 orientation processes the input as n disjoint block
slices, with no cross-block information transfer at the BTT layer; and (ii) each per-block update is
confined to col(Lk), so ∆W lies in a product of pretrained subspaces. The cross-block locality (i)
is the primary expressivity cost, and could be relaxed at extra parameters by prepending an n×n
input-mixing matrix before the BTT contraction; we leave this extension to future work.

Claim 2 (Spectral preconditioning). The effective update under FURA is not standard SGD on
W: it applies column-space projection and singular-value preconditioning, both induced by the
frozen block-wise SVD basis. We provide the explanations below.

Consider a single block with SVD Wk = UkΣkV
⊤
k and the k-th block input xk. Let g = ∂L/∂y

and Gk = gx⊤
k denote the unconstrained gradient. Under the default FURA setting (train R and S,

freeze L = U), the forward pass is yk = Uk diag(Sk)Rk xk. A single gradient step yields

∆Wk = −ηUk diag(Sk)
2 U⊤

k Gk︸ ︷︷ ︸
from R update

+ Uk diag(∆Sk)V
⊤
k︸ ︷︷ ︸

from S update

, (5)

where diag(Sk)
2 arises because diag(Sk) appears twice: once in the chain rule ∆Rk =

diag(Sk)U
⊤
k Gk and another is structural in the reconstruction Uk diag(Sk)∆Rk. The precon-

ditioner Uk diag(Sk)
2 U⊤

k in the first term combines two effects:

• Column-space projection. Since Uk has orthonormal columns (U⊤
k Uk = I, but UkU

⊤
k ̸= I for

rectangular blocks), the update ∆Wk is restricted to col(Uk), the pretrained left-singular subspace.
In FURA, Uk is always rectangular, making this projection non-trivial.

• Singular-value preconditioning. Within col(Uk), gradients are scaled by σ2 along each singular
direction, amplifying high-signal components and suppressing low-signal ones. This induces an
adaptive, spectrum-dependent learning rate. Note that with optimizer like AdamW or Muon that
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Table 2: Effective gradient-induced ∆Wk per design corner of FURA (up to the learning rate −η).
Principal-biased (PiSSA-like) and off-principal-biased (MiLoRA-like) updates arise as two corners
of the same framework. The default configuration used in the main experiments is the last row.

Trainable side S placement Effective ∆Wk

Train L (output), freeze R = V⊤
k S in trainable L gx⊤

k VkV
⊤
k

Train L (output), freeze R = diag(Sk)V
⊤
k S in frozen R gx⊤

k Vk diag(Sk)
2 V⊤

k
Train R (input), freeze L = Uk S in trainable R UkU

⊤
k gx⊤

k
Train R (input), freeze L = Uk diag(Sk) S in frozen L Uk diag(Sk)

2 U⊤
k gx⊤

k
Train R, keep S separate trainable (default) separate, trainable Uk diag(Sk)

2 U⊤
k gx⊤

k +Uk diag(∆Sk)V
⊤
k

update with normalized/orthogonalized gradient, the update still keeps a σp, 1 < p < 2 spectral
weighting as the structural part Uk diag(Sk)∆Rk applies outside the optimizer.

Design choices. FURA exposes two design axes; Table 2 enumerates all corners.

(1) Subspace preservation. Choosing orientation m=1 with L frozen (the default) preserves the
per-block pretrained output subspace: every block update satisfies col(∆Wk) ⊆ col(Uk). The
symmetric choice n=1 with R frozen instead preserves the per-block pretrained input subspace,
row(∆Wk) ⊆ row(V⊤

k ). Both orientations share the same trainable parameter count and full-rank
update capacity (Claim 1), but bias the optimizer toward different pretrained directions.

(2) Placement of S. Keeping S as a separate trainable vector (default) yields the diag(Sk)
2 precon-

ditioner of Eq. (5) plus the magnitude term Uk diag(∆Sk)V
⊤
k . Merging S into the trainable core

removes spectral reweighting (“fair” projector UkU
⊤
k , MiLoRA-like); merging it into the frozen

core produces a principal-biased diag(Sk)
2-weighted projector (PiSSA-like). Derivations for all four

placements: Appendix E.3.

6 Experiments

Setup. Tasks. We evaluate FURA on two settings of major interest to the LLM community: 1)
Commonsense reasoning SFT, in which we fine-tune on Commonsense-170K [16] and evaluate
on the standard eight-task suite (BoolQ, PIQA, SIQA, HellaSwag, WinoGrande, ARC-e, ARC-c,
OBQA) [4, 2, 38, 53, 37, 5, 32]; 2) Math reinforcement learning with verifiable rewards, in which
we run GRPO [40] on a math prompt set and evaluate on four held-out benchmarks: MATH-500,
AMC23, AIME-24, and AIME-25 [13, 42, 43, 44]. Models. For commonsense SFT we use LLaMA-
2-7B [46] and LLaMA-3-8B [10]; for math RLVR we use Qwen3-1.7B [36] and Qwen2.5-7B
[45]. We additionally evaluate 4-bit quantized fine-tuning on LLaMA-3-8B and LLaMA-3-70B.
Baseline methods. We compare against Full FT and four families of parameter-efficient methods
covering the leading LoRA variants: (i) low-rank adapters LoRA [15] and DoRA [25]; (ii) SVD-
initialized adapters PiSSA [31] and MiLoRA [47]; and (iii) full-rank capacity RandLoRA [1];. For
all baselines we use the rank and other hyperparameters reported as best in the original references.
Full hyperparameters and sweeps are in Appendix C.

6.1 Commonsense reasoning SFT (LLaMA-2-7B and LLaMA-3-8B)

Table 3 reports per-task accuracy on the eight-task commonsense suite for LLaMA-2-7B and LLaMA-
3-8B after training on Commonsense-170K. FURA achieves 88.01% average accuracy on LLaMA-
3-8B, outperforming LoRA by +4.45, DoRA by +2.87, and Full FT by +1.27. Methods that
initialize LoRA with principal (PiSSA, +2.44 over LoRA) or off-principal (MiLoRA, +1.50) singular
directions of the pretrained weight improve over LoRA; full-rank-capacity RandLoRA is essentially
at LoRA parity (83.28 vs. 83.46); while none outperforms Full FT. In contrast, FURA combines full-
rank capacity, preservation of the full-rank pretrained spectral structure, and spectral preconditioning
in a unified design, enabling it to surpass Full FT while tuning only 1.46% of parameters.
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Table 3: Commonsense reasoning, fine-tuned on Commonsense-170K.
Method Trainable % BoolQ PIQA SIQA HellaSwag Wino ARC-e ARC-c OBQA Avg

LLaMA-2-7B
Full FT 100.00 73.8 84.2 81.0 94.7 85.2 88.9 75.6 84.8 83.53
LoRA (r=64) 3.33 70.8 82.8 79.4 92.9 83.4 86.3 71.6 82.8 81.25
DoRA (r=64) 3.34 71.3 83.4 80.1 92.3 84.0 86.1 71.4 85.8 81.80
PiSSA (r=128) 3.33 72.5 85.3 80.8 87.2 86.1 87.1 74.3 85.6 82.36
FURA (ours) 1.53 74.6 86.7 82.5 95.2 86.3 89.0 75.6 85.4 84.41

LLaMA-3-8B
Full FT 100.00 75.4 88.0 81.8 96.5 89.3 93.1 83.0 86.0 86.64
LoRA (r=64) 1.39 71.8 85.3 80.9 93.4 84.5 90.0 77.0 84.8 83.46
DoRA (r=64) 1.42 74.6 87.4 81.2 94.7 87.1 89.4 79.5 86.4 85.04
PiSSA (r=128) 1.39 74.9 87.7 82.3 95.3 87.7 92.9 81.4 87.0 85.90
MiLoRA (r=64) 1.39 73.7 87.3 80.7 94.3 87.2 91.2 78.9 86.4 84.96
RandLoRA (r=64) 0.33 73.1 85.5 79.4 93.1 85.9 87.9 75.9 85.4 83.28
FURA (ours) 1.46 76.5 90.4 83.0 96.8 89.9 93.7 84.5 89.3 88.01

Table 4: Math RL with GRPO on Qwen3-1.7B and Qwen2.5-7B, 50 policy-gradient steps.
Model Method MATH-500 AMC23 AIME-24 AIME-25

Qwen3-1.7B

Base 52.2 30.0 5.8 7.5
Full FT 61.5 46.7 13.2 14.6
LoRA [15] 59.6 48.3 9.2 11.1
DoRA [25] 62.3 45.0 13.6 14.7
PiSSA [31] 49.1 30.8 2.2 4.7
MiLoRA [47] 58.5 41.7 7.6 11.7
RandLoRA [1] 62.2 55.0 13.8 18.3
FURA (ours) 62.5 55.8 13.8 13.8

Qwen2.5-7B

Base 48.4 40.0 5.0 2.9
Full FT 58.5 49.2 11.0 4.9
LoRA [15] 58.5 49.2 11.5 4.3
DoRA [25] 59.3 47.5 12.3 7.5
FURA (ours) 59.7 49.0 11.8 7.5

6.2 Math Reinforcement Learning

RL setup. We run GRPO [40] for 50 policy-gradient steps with 32 prompts per step and 8 rollouts
per prompt. The reward is {0, 1} based on symbolic equivalence of the extracted answer. Rollouts
are generated with vLLM [21]; optimization uses AdamW [29]. AIME-24/25 are reported as avg@8
at temperature T=0.6; MATH-500 and AMC23 use greedy decoding (T=0). All runs are on a single
NVIDIA H100 (94GB) for training.

Results. Beyond SFT, FURA also outperforms other PEFT methods and matches Full FT in
reinforcement learning with verifiable rewards (RLVR). Table 4 reports results on four held-out
mathbenchmarks for Qwen3-1.7B and Qwen2.5-7B, all results are averaged over 3 independent
seeds (mean±std are in Appendix D.3). On Qwen3-1.7B, FURA outperforms Full FT and other
PEFT methods on MATH-500, AMC23, AIME-24. PiSSA and MiLoRA underperform in RLVR
due to their low-rank commitment to principal/off-principal spaces, which does not align with RLVR
training dynamics [56, 50]. FURA preserves full-rank spectrum at a similar parameter budget, thus
generalizes better in RLVR. On Qwen2.5-7B, FURA also matches or outperforms Full FT.

6.3 VLM Visual Instruction Tuning (LLaVA-1.5-7B)

We follow the DoRA [25] setup to perform visual instruction tuning for LLaVA-1.5-7B [24]. Table 5
reports the 7-task average over VQAv2 [9], GQA [17], VisWiz [11], ScienceQA [30], TextVQA [41],
POPE [22], and MMBench [27]. FURA exceeds Full FT by +1.1 and matches DoRA (67.6) with
3.4× fewer trainable parameters (1.37% vs. 4.63%). Per-task evaluation results are in Appendix D.5.
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Table 5: Visual instruction tun-
ing of LLaVA-1.5-7B.

Method Params Avg.

Full FT 100% 66.5
LoRA [15] 4.61% 66.9
DoRA [25] 4.63% 67.6
FURA 1.37% 67.6

Table 6: 4-bit quantized fine-
tuning on LLaMA-3-8B.

Method Params Avg.

QLoRA [7] 1.39% 83.89
QDoRA [25] 1.42% 86.34
QFuRA 1.46% 87.30

Table 7: 4-bit quantized fine-
tuning on LLaMA-3-70B.

Method Params GSM8K

QLoRA [7] 1.17% 81.27
QDoRA [25] 1.18% 81.80
QFuRA 1.45% 83.78

Table 8: Ablation study over FURA design corners. Color code: blue = frozen, red = trainable.
Group Notation Train. % SFT Avg MATH-500 AMC23

Full Full FT W 100 86.64 63.6 47.5
FURA Full LSR 100 88.04 64.2 57.5

PEFT (m=1)
LSR (default) 1.46 87.91 63.6 57.5
(LS)R 1.46 87.12 61.4 55.0
L (SR) 1.46 84.09 62.8 47.5

PEFT (n=1)
LSR 1.46 86.79 61.2 52.5
(LS)R 1.46 83.30 61.4 42.5
L (SR) 1.46 83.75 62.2 42.5

6.4 QFuRA: 4-bit quantized fine-tuning

Following QLoRA [7], we construct QFuRA by quantizing the frozen large core L in 4-bit Nor-
malFloat (NF4) while keeping the trainable R and S in bf16. Tables 6 and 7 report the 8-task
Commonsense-170K average on LLaMA-3-8B and GSM8K [6] accuracy after fine-tuning on
MetaMathQA-100K [51] for LLaMA-3-70B. On LLaMA-3-8B, QFuRA reaches 87.30%, surpassing
QLoRA [7] by +3.41 and QDoRA [25] by +0.96 at 1.46% trainable parameters; on LLaMA-3-70B,
QFuRA scores 83.78 on GSM8K, beating QLoRA and QDoRA. The results validate that FURA is
robust to quantizing the frozen large core. Per-task scores are in Appendix D.4.

6.5 Ablations: BlockTT design corners

We ablate FURA design corners on LLaMA-3-8B Commonsense-170K SFT and Qwen3-1.7B GRPO
math RL. Table 8 compares FURA Full (all BlockTT factors trainable) and the six FURA PEFT
corners spanning the two design axes of Section 5 (Claim 2): block orientation (m=1 vs. n=1) and
placement of S (separate trainable, merged into the frozen core, or merged into the trainable core).

Training every factor (FURA Full) is the best, but the PEFT variant closes nearly the entire gap (87.91
vs. 88.04 SFT; matching RL), confirming that the gain comes from full-rank spectral preconditioning
rather than additional trainable capacity. Across the six PEFT corners the default preserving output
subspace (m = 1) and keeping singular values as separate parameters (LSR) wins on both SFT and
RL. Intuitively, freezing L retains the pretrained output feature space while letting the trainable R
remix based on new input patterns in the fine-tuning data; freezing R instead pins the input subspace
and could filter out task-specific input features that the fine-tuning data carry. We additionally ablate
the BlockTT shape factorization (n, b) of the input dimension and show that balanced factorization
achieves better result; results are in Appendix D.6.

7 Conclusion, Limitation, and Broader Impact
We have identified spectral preconditioning as a missing ingredient in current fine-tuning, and have
proposed FURA, which delivers full-rank update capacity, spectral preconditioning, and LoRA-level
parameter efficiency from a single architectural choice. We have demonstrated that in both SFT and
RLVR FURA matches or surpasses Full FT with level step time and GPU memory on par with LoRA.
Several directions remain open: a deeper theoretical account of why spectral-preconditioned updates
improve generalization; initializations from decompositions beyond SVD; custom kernels to further
accelerate the block tensor-train contraction; and a stronger QFURA that exploits the orthonormal
rows of the frozen core L for more aggressive quantization. We hope these directions inspire further
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research on the spectral structure of pretrained models and the design of parameter-efficient adaptation.
FURA could reduce computation and energy cost to access high-quality model adaptation and avoid
excessive energy spent on tuning LoRA ranks. It inherits the general societal risks of LLM fine-tuning
but introduces no new generative capabilities beyond those of the base checkpoints.
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A FURA Algorithm

Algorithm 1 FURA: Full-Rank Adaptation

Require: Pretrained weight W ∈ Rdout×din , block count n, block width b = din/n
1: Reshape W into blocks: W ∈ Rn×dout×b

2: for k = 1, . . . , n do
3: Uk,Σk,Vk ← SVD(Wk) ▷ lossless, r = b
4: end for
5: Lk ← Uk, Sk ← diag(Σk), Rk ← V⊤

k ▷ assign cores
6: Freeze L; set R and S as trainable
7: while training do
8: Reshape input: X ∈ Rn×b

9: Forward: y =
∑n

k=1 Lk diag(Sk)Rk X k ▷ two batched GEMMs
10: Update R and S via optimizer (gradient flows through L but L is not updated)
11: end while
12: Deploy: merge cores into W′ ∈ Rdout×din via Eq. (4) ▷ no serving overhead

B FURA Complexity analysis

This section expands the brief complexity discussion in Section 4 (and the headline numbers in
Table 1).

B.1 System cost measurement protocol

This section documents the protocol used for the step-time and peak-memory numbers in Table 1.

Setup. LLaMA-3-8B Commonsense-170K SFT, 300 optimizer steps, single H100 NVL (95.8 GB),
seed 43. Per-device batch 8, gradient accumulation 2 (effective tokens/step 32,768), sequence length
2048, bf16 mixed precision, gradient checkpointing on, AdamW with η=2×10−4, linear LR schedule
with 3% warmup. Identical for every method; only the adapter recipe varies.

Reported metrics. Step (s) is the median wall-clock per optimizer step over the final 200 steps
(after a 100-step warmup that excludes adapter-attach and SVD initialization). Memory (GB) is
torch.cuda.max_memory_allocated over the full run, including the warmup window..

B.2 Results and Analysis

FURA matches the per-step time of LoRA/DoRA at comparable budgets, achieves the lowest peak
GPU memory, and uniquely enables full-rank updates. We detail this below.

Trainable parameters. The trainable count is |R|+ |S| = nrb+nr. For a square d× d layer with
n = b = r =

√
d, this is ≈ d3/2, i.e., O(1/

√
d) of d2. At d = 4096, R has ∼0.26M parameters, and

the overall trainable fraction on LLaMA-3-8B is 1.46%, comparable to LoRA/DoRA (∼1.4%) and
far below LIFT’s ∼6.2%.

Forward pass. For a FURA layer with din = n · b, and rank r = b, the cores have shapes
R ∈ Rn×r×b, L ∈ Rn×dout×r, and S = [S1, . . . ,Sn] ∈ Rn×r with each Sk ∈ Rr stored as a vector.
The forward pass applies, for input x ∈ Rdin reshaped as X ∈ Rn×b,

Zk = RkX k (k = 1, . . . , n), Z ∈ Rn×r,

Z̃k = diag(Sk)Zk,

y =

n∑
k=1

LkZ̃k, y ∈ Rdout .
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Table 1 reports per-step wall-clock, throughput, and peak GPU memory for 300-step commonsense
SFT on LLaMA-3-8B. FURA runs at 0.046 s/step, matching LoRA/DoRA and 4.3× faster than
Full FT. Peak memory is 22.7 GB, lower than LoRA/DoRA and 3.4× below Full FT. Efficiency
comes from a sequential design: the L-stage reduces to a standard dense MVM, while the R-stage
uses fused small MVMs via torch.bmm. With b =

√
d = 64, these align well with tensor cores,

improving utilization over LoRA’s tall-skinny GEMMs.

Memory. FURA achieves lower peak memory than LoRA because its sequential factorization
LSRx produces a single intermediate activation per layer of size Rn×r, whereas LoRA’s parallel
residual Wx+BAx stashes two additional activations: the down-projection Ax ∈ RT×r and the
input x ∈ RT×d feeding BAx. Compared to sparse fine-tuning method LIFT [28], FURA uses
dramatically less memory because LIFT must additionally keep the full bf16 backbone gradient buffer
(∼16 GB on 8 B params) plus a per-weight bool mask, whereas FURA produces its full-rank update
entirely through the small factored cores R,S and never materializes a backbone-sized gradient.

Deployment. After training, the three cores L,S,R merge into a single dense matrix W′ ∈
Rdout×din via Eq. (4), incurring no serving latency relative to the base model.

Initialization cost. Block-SVD initialization is a one-time cost: 52.9 s on LLaMA-3-8B (160
target linear layers), versus ∼1 s for LoRA/DoRA. This is < 0.2% of full SFT runtime (10 hours for
Commonsense-170K finetuning). The cost can be further reduced by Fast SVD methods like [12].

C Hyperparameters

FURA hyperparameters for Tables 1, 3, 4, 6, and 7. Tables 9, 10, 11, and 13 list the FURA training
configuration used for the four task suites. All FURA runs use the project default corner: m = 1
and S kept as a separate trainable vector. The LLaMA-3-8B QFuRA row of Table 6 uses the same
settings as the LLaMA-3-8B column of Table 9, with the frozen large core L NF4-quantized via
bitsandbytes and the optimizer swapped to PagedAdamW8bit. The LLaMA-3-70B QFuRA row
of Table 7 uses Table 13.

Table 9: FURA hyperparameter configuration for the commonsense reasoning tasks (Table 3).
Hyperparameters (FURA) LLaMA-2-7B LLaMA-3-8B

Dropout 0.0 0.0
Optimizer AdamW AdamW
LR 3×10−4 2×10−4

LR Scheduler Linear Linear
Weight decay 0 0
Batch size (per-device × grad-accum) 8× 2 = 16 8× 2 = 16
Warmup ratio 0.03 0.03
Epochs 3 3
Max sequence length 2048 2048
Mixed precision bf16 bf16
Gradient checkpointing on on
Where Q,K, V,O,Up,Down,Gate
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Table 10: FURA hyperparameter configuration for math GRPO RL (Table 4). Reward ∈ {0, 1}
via math_utils.is_equiv; vLLM rollout at gpu_memory_utilization= 0.25; GRPO clip ratio
0.2, KL coefficient 0, no entropy bonus.

Hyperparameters (FURA) Qwen3-1.7B Qwen2.5-7B

Optimizer AdamW AdamW
LR 1×10−4 1×10−4

LR Scheduler none (constant) none (constant)
Warmup ratio 0.0 0.0
Weight decay 0 0
GRPO steps 50 50
Prompts per step 32 32
Group size (rollouts / prompt) 8 8
Epochs per step 1 1
Max model length (vLLM) 2048 2048
Eval max tokens 2048 2048
Train rollout temperature 1.0 1.0
Eval temperature 0.6 (AIME-24/25), 0.0 (MATH-500/AMC23)
Seed 42 42
Where All linear projections (trainable_type=all)

Table 11: FURA hyperparameter configuration for visual instruction tuning of LLaVA-1.5-7B on
llava_v1_5_mix665k (5,197 steps = 1 epoch). Same recipe as the LLaVA-1.5 DoRA fine-tune of
[25] with FURA substituted for DoRA; best LR selected from {2, 3, 4}×10−4.

Hyperparameters (FURA) LLaVA-1.5-7B

Dropout 0.05
Optimizer AdamW
LR 3×10−4

LR Scheduler Cosine decay
Weight decay 0
Batch size (per-device × grad-accum) 4× 4 = 16
Warmup ratio 0.03
Epochs 1
Model max length 2048
Mixed precision bf16
Gradient checkpointing on
Where Q,K, V,O,Up,Down,Gate

Table 12: Math-10K SFT hyperparameter configuration for the LR / batch-size sweep on LLaMA-3-
8B (§D.1). All three methods share the same training schedule (3 epochs on Math-10K, AdamW,
linear LR decay, 0.03 warmup ratio, max sequence length 2048, bf16); only LR and effective batch
size vary across the sweep. Best LRs found per (method, effective batch size) are reported in §D.1.

Hyperparameters Full FT LoRA FURA

Optimizer AdamW
LR Scheduler Linear
Weight decay 0
Warmup ratio 0.03
Epochs 3
Max sequence length 2048
Mixed precision bf16
Adapter rank / α — r=64, α=128 r=full, m=1
Effective batch size (sweep) {16, 64, 256} {16, 64, 256} {16, 64, 256}
LR sweep (bsz = 16) {8, 10, 20, 30}×10−6 {3, 6, 10, 20}×10−5 {2, 3, 4, 6}×10−4

Seed 43
Where Q,K, V,O,Up,Down,Gate
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Table 13: QFuRA hyperparameter configuration for math fine-tuning of LLaMA-3-70B on
MetaMathQA-100K (Table 7). Mirrors the QPiSSA recipe (η = 2×10−5, batch 1×128, sequence
length 512) with the rank-r SVD adapter replaced by QFuRA’s quantized BlockTT factorization. The
frozen large core L is 4-bit-quantized via bitsandbytes storage layout; the trainable cores R and S
stay in bf16.

Hyperparameters (QFuRA) LLaMA-3-70B

Optimizer PagedAdamW 8-bit
LR 2×10−5

LR Scheduler Cosine decay
Weight decay 0
Batch size (per-device × grad-accum) 1× 128 = 128
Warmup ratio 0.03
Steps 100
Max sequence length 512
Mixed precision bf16
Trainable param dtype bf16
Seed 42
Where Q,K, V,O,Up,Down,Gate

D Extended experimental results

This section collects the per-task scores behind the headline averages reported in the body. Subsec-
tion D.3 expands Table 4 (Math RL with GRPO on Qwen3-1.7B and Qwen2.5-7B) into per-seed
mean±std across 3 seeds. Subsection D.4 expands Table 6 (QFuRA on LLaMA-3-8B Commonsense-
170K) to all eight tasks, Subsection D.5 expands Table 5 (FURA on LLaVA-1.5-7B visual instruction
tuning) to all seven vision-language benchmarks, and Subsection D.1 reports the LR and effective-
batch-size sweep for LLaMA-3-8B SFT on Math-10K.

D.1 LLaMA-3-8B Math-10K SFT: LR and batch-size sweep

We additionally ran an LR and effective-batch-size sweep on LLaMA-3-8B SFT on Math-
10K [28], evaluated on GSM8K [6]. Hyperparameters shared across all runs are in Table 12.
We sweep the learning rate at the default effective batch size of 16 for each method: Full FT over
{8×10−6, 1×10−5, 2×10−5, 3×10−5}, LoRA over {3×10−5, 6×10−5, 1×10−4, 2×10−4}, and
FURA over {2, 3, 4, 6}×10−4. We then sweep the effective batch size in {16, 64, 256}, picking the
best LR per (method, batch size) by the standard square-root-rule rescaling around the small-batch
optimum. Best LRs we found are η = 1×10−5 (Full FT, bsz 16), η = 2×10−5 (Full FT, bsz 64
and 256); η = 6×10−5 (LoRA, bsz 16), η = 2×10−4 (LoRA, bsz 64), η = 6×10−4 (LoRA, bsz
256); η = 3×10−4 (FURA, bsz 16), η = 6×10−4 (FURA, bsz 64), η = 8×10−4 (FURA, bsz 256).
Figure 5 plots the resulting GSM8K accuracy across the LR sweep at bsz = 16 (left) and across the
batch-size sweep with best per-batch LR (right).
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Figure 5: LLaMA-3-8B Math-10K SFT, GSM8K accuracy. Left: LR sweep at effective batch size
= 16. Right: batch-size sweep. Peak per method is annotated on the left panel.

D.2 LLaMA-2-7B and LLaMA-3-8B Commonsense-170K Results

Source of the baseline numbers. For Tables 3, the FURA result is the averaged result across 3
random seeds, with specified numbers per seed in Table 14. FURA result has low variance across
different random seeds. The LLaMA-2-7B rows and the LLaMA-3-8B Full FT / LoRA / DoRA
rows, together with the LIFT comparison numbers are reproduced from the hyperparameter setting
in LIFT paper [28], which itself uses the LLM-Adapters [16] recipe of r=64 adapters on five linear
modules q_proj k_proj v_proj up_proj down_proj, best learning rate for each method, and
others aligned with Tables 9. Tuning all 7 modules downgrades the LoRA performance [16]. We
additionally ran the RandLoRA, MiLoRA, and PiSSA baselines on LLaMA-3-8B in-house under the
same recipe and 8-task evaluation harness, sweeping the learning rate per method. RandLoRA and
MiLoRA peak at η = 1×10−4; PiSSA peaks at η = 2×10−5.

Table 14: FuRA (PEFT) seed sweep on LLaMA-3-8B fine-tuned on Commonsense-170K (3 epochs).
Seed BoolQ PIQA SIQA HellaSwag Wino ARC-e ARC-c OBQA Avg

42 76.30 90.60 83.00 96.80 90.10 93.80 85.40 89.00 88.13
43 76.60 89.90 83.20 96.80 89.70 93.60 84.10 89.40 87.91
44 76.50 90.80 82.80 96.90 89.80 93.60 84.00 89.60 88.00

Mean 76.47 90.43 83.00 96.83 89.87 93.67 84.50 89.33 88.01
Std 0.12 0.39 0.16 0.05 0.17 0.09 0.64 0.25 0.09

D.3 Math RL: per-seed mean±std across 3 seeds

This subsection expands Table 4 into per-seed mean±std across three independent seeds (42, 43,
44) for each (model, method) cell. Sample std is taken across n=3 seeds, so the SEM ≈ 0.6× std.
AIME-24/25 are avg@8 at T=0.6; MATH-500 and AMC23 are greedy@1 at T=0. The Paper Table
(Table 4) reports the per-seed mean from the same set of runs.
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Table 15: Math RL with GRPO: per-seed mean±std across 3 seeds (42, 43, 44). The Paper Table
(Table 4) reports the per-seed mean of the same runs.

Model Method MATH-500 AMC23 AIME-24 AIME-25

Qwen3-1.7B

Full FT 61.53± 2.10 46.67± 3.82 13.21± 0.66 14.58± 1.10
LoRA 59.60± 0.92 48.33± 7.64 9.15± 2.90 11.10± 0.63
DoRA 62.33± 2.58 45.00± 10.90 13.60± 4.42 14.73± 0.24
PiSSA 49.07± 5.56 30.83± 10.10 2.22± 1.27 4.71± 4.34
MiLoRA 58.53± 0.50 41.67± 3.82 7.63± 0.86 11.67± 1.81
RandLoRA 62.23± 0.58 55.00± 2.50 13.83± 1.03 18.30± 1.46
FURA 62.47± 1.33 55.83± 1.44 13.75± 1.10 13.75± 1.50

Qwen2.5-7B

Full FT 58.47± 2.53 49.17± 5.77 10.97± 2.69 4.87± 1.96
LoRA 58.47± 0.23 49.17± 10.10 11.52± 1.22 4.30± 1.47
DoRA 59.30± 0.42 47.50± 3.54 12.29± 2.67 7.49± 1.16
FURA 59.73± 0.99 49.00± 2.50 11.81± 1.20 7.50± 2.54

D.4 QFuRA: per-task scores on Commonsense-170K (LLaMA-3-8B)

Table 16: 4-bit QFuRA vs. QLoRA, QDoRA, and bf16 full fine-tuning on LLaMA-3-8B
Commonsense-170K. Bold = column-best across the 4-bit quantized methods.

Method Trainable % BoolQ PIQA SIQA HellaSwag Wino ARC-e ARC-c OBQA Avg

Full FT (bf16) 100.00 75.4 88.0 81.8 96.5 89.3 93.1 83.0 86.0 86.64

4-bit QLoRA (r=64) 2.05 72.7 86.6 80.8 93.7 85.4 89.9 76.2 85.8 83.89
4-bit QDoRA (r=64) 2.06 75.5 88.0 81.1 95.9 88.4 91.8 82.0 88.0 86.34
4-bit QFuRA (ours) 1.46 73.0 89.9 82.7 96.6 89.1 93.1 83.4 90.6 87.30

Table 6 (full results Table 16) are all our own runs as specified in Tables 9. QFuRA wins seven of eight
per-task columns among the 4-bit methods (all but BoolQ, where QDoRA leads by 2.5pp), and the
gain over QDoRA is concentrated on ARC-c (+1.4), ARC-e (+1.3), OBQA (+2.6), and PIQA (+1.9).
QFuRA’s training and evaluation hyperparameters are documented in Table 9 (LLaMA-3-8B column)
with the only delta being NF4 quantization of L via bitsandbytes and the PagedAdamW8bit
optimizer.

D.5 VLM visual instruction tuning: per-task scores (LLaVA-1.5-7B)

We follow the exact LLaVA-1.5 [24] + DoRA [25] fine-tuning recipe: 1 epoch on
llava_v1_5_mix665k (5,197 optimizer steps), per-device batch 4 with gradient accumulation
4 (effective batch 16), sequence length 2048, bf16, gradient checkpointing on, AdamW, cosine LR
schedule with 3% warmup, and mm_projector_lr= 2×10−5. FURA replaces DoRA on all seven
linear projections of the language tower (Q, K, V, O, Gate, Up, Down) under the project default
corner (output_one_block / small core trainable / s_merged_to=keep_trainable / full rank),
with the CLIP-L/336 vision encoder and the MLP projector kept in their LLaVA-1.5 recipe. We swept
the FURA LR over {2, 3, 4}×10−4; LR= 3×10−4 wins the 7-task average and is the row reported
below.

Evaluation protocol. We follow the DoRA paper’s Table 12 conventions: VQAv2 = test-dev2015
Overall (server eval); GQA = testdev_balanced; VisWiz = test Overall (server eval); SQA = full
Acc on all 21K questions; VQAT = TextVQA val Acc; POPE = mean F1 across {random, popular,
adversarial}×100; MMBench = dev split, CircularEval. Full FT, LoRA, and DoRA columns are
quoted from [25] Table 12.
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Table 17: Per-task LLaVA-1.5-7B visual instruction tuning results on the 7 vision-language bench-
marks of [25], Table 12. Full FT / LoRA / DoRA quoted from the DoRA paper; FURA is our run at
LR= 3×10−4 (best of {2, 3, 4}×10−4). Bold = column-best.

Method # Params (%) VQAv2 GQA VisWiz SQA VQAT POPE MMBench Avg.

Full FT 100 78.5 61.9 50.0 66.8 58.2 85.9 64.3 66.5
LoRA [15] 4.61 79.1 62.9 47.8 68.4 58.2 86.4 66.1 66.9
DoRA [25] 4.63 78.6 62.9 52.2 69.9 57.0 87.2 66.1 67.6
FURA (ours) 1.37 78.7 62.7 54.4 67.3 58.1 86.6 64.5 67.6

Takeaways. FURA matches DoRA’s 7-task average while training 3.4× fewer parameters (1.37%
vs. 4.63% of 7.06B model parameters). FURA wins VisWiz (+2.2) and TextVQA (+1.1), ties
POPE within 0.6, and trails on the reasoning-heavy SQA (−2.6) and MMBench (−1.6) splits. The
wall-clock cost is also lower: at the same effective batch and step count, FURA trains in 21h11m on
a single H100 vs. DoRA’s 35h46m (41% faster).

Param count derivation (1.37%). For each linear with in_features = n · b, the trainable count
under the default FURA corner is btt_r + btt_s = nb2 + nb = in_features · (b+1), while
the dense btt_l ∈ Rin_features×out_features core stays frozen. With 32 LLaMA-2-7B blocks × 7
projections per block, in_features ∈ {4096, 11008} factor as (64, 64) and (86, 128) respectively,
giving 32 · (6 · 4096 · 65+11008 · 129) ≈ 96.6M trainable parameters out of LLaVA-1.5-7B’s 7.06B
total (≈ 95.4M from btt_r plus 1.1M from btt_s, with embeddings, lm_head, norms, the CLIP
vision tower, and the MLP projector all kept frozen): 96.6/7060 = 1.37%.

D.6 Ablation details

The body of Section 6.5 reports only the SFT 8-task average and the MATH-500/AMC23 RL columns.
Table 19 below give the corresponding per-task SFT scores and Table 19 adds the AIME-24/AIME-25
RL columns for both ablation slices. Color code matches the body: blue = frozen, red+underbar =
trainable.

Table 18: FURA PEFT design corners, full SFT per-task results (LLaMA-3-8B Commonsense-
170K).
Group Notation Train. % BoolQ PIQA SIQA HSwag Wino ARCe ARCc OBQA Avg

Full Full FT W 100 75.40 88.00 81.80 96.50 89.30 93.10 83.00 86.00 86.64
FURA LSR 100 76.10 90.80 82.90 96.80 89.30 94.40 85.20 88.80 88.04

PEFT (m=1)
LSR (default) 1.46 76.6 89.9 83.2 96.8 89.7 93.6 84.1 89.4 87.91
(LS)R 1.46 74.0 90.8 81.9 95.9 89.4 93.4 84.0 87.6 87.12
L (SR) 1.46 74.8 76.6 82.2 95.4 86.4 90.9 81.6 84.8 84.09

PEFT (n=1)
LSR 1.46 75.0 89.5 81.9 96.2 88.1 93.2 83.0 87.4 86.79
(LS)R 1.46 67.0 85.6 80.6 93.5 86.3 90.2 78.4 84.8 83.30
L (SR) 1.46 66.3 85.6 79.5 94.7 86.1 90.5 80.5 86.8 83.75

Table 19: FURA PEFT design corners, full RL benchmarks (Qwen3-1.7B GRPO math).
Group Notation Train. % MATH-500 AMC23 AIME-24 AIME-25

Full Full FT W 100 63.6 47.5 13.8 15.4
FURA LSR 100 62.4 50.0 17.1 18.3

PEFT (m=1)
LSR (default) 1.46 63.6 57.5 15.0 17.5
(LS)R 1.46 61.4 55.0 10.0 12.9
L (SR) 1.46 62.8 47.5 12.5 16.7

PEFT (n=1)
LSR 1.46 61.2 52.5 9.6 13.8
(LS)R 1.46 61.4 42.5 12.9 13.8
L (SR) 1.46 62.2 42.5 9.6 8.3
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Shape factorization ablation

Holding the s-placement recipe fixed at the headline default LSR, this sub-ablation varies how the
input dimension din is split into block sizes (n, b) with n · b = din. We evaluate three regimes on
LLaMA-3-8B Commonsense-170K (1 epoch, η = 2×10−4, seed 43) covering the full balanced-to-
extreme axis.

Table 20: Shape factorization ablation: how the input dimension din = n ·b is split into BlockTT block
sizes. LLaMA-3-8B, Commonsense-170K, 1 epoch, η = 2×10−4, seed 43, default s-placement
LSR. Bold = column-best.
Shape variant Train. % BoolQ PIQA SIQA HSwag Wino ARCe ARCc OBQA Avg

Default (b≈
√
din) 1.46 75.70 90.80 83.80 96.80 88.70 93.70 84.60 90.40 88.06

Unbalanced (b=8) 0.03 68.00 86.20 74.10 91.20 75.70 90.20 77.10 77.40 79.99
Extreme (b=1, n=din) 0.14 35.80 47.70 32.90 24.50 47.40 25.30 24.20 27.60 33.18

Concretely on LLaMA-3-8B: Default uses (n=32, b=128) for Q/K/V/O (head-aligned,
n=num_heads, b=head_dim), (n=64, b=64) for Gate/Up, and (n=112, b=128) for Down (clos-
est factor pair). Unbalanced uses (n=512, b=8) for Q/K/V/O and Gate/Up, and (n=1792, b=8)
for Down. Extreme uses b=1, n=din on every module.

A more balanced shape factorization is preferred: pushing b toward 1 (large n) hurts model quality:
Avg drops from 88.06 (balanced) to 79.99 (b=8) to 33.18 (b=1, near chance level on most tasks).
Under LSR the trainable count is dominated by |R| = r · din with effective rank r = min(a, b);
shrinking b shrinks both the achievable rank and the small-core size, so very small b is a double
penalty on representational capacity and trainable budget. The Extreme row ends up with more
trainable parameters than the Unbalanced row ( 0.14% vs. 0.03% ) because the separately-held S
vector dominates the parameter count once r=1, yet model quality is worse.

E Extended proof

E.1 Properties of the energy ratio (1)

In the following lemma, we summarize the properties of the energy ratio (1) to support our observa-
tions on the spectral analysis for the Full FT.
Lemma E.1 (Properties of the Energy Ratio). Let U ∈ Rdout×k have orthonormal columns. Then:

(i) (Boundedness and geometric interpretation). For any M ∈ Rdout×din with ∥M∥F > 0,
0 ≤ ρ(M; U) ≤ 1 .

Moreover:

• ρ(M;U) = 1 if and only if col(M) ⊆ col(U), i.e., every column of M lies in the
column space of U.

• ρ(M;U) = 0 if and only if col(M) ⊥ col(U), i.e., every column of M is orthogonal
to the column space of U.

• ρ(M;U) ∈ (0, 1) if and only if M spreads its energy between col(U) and its orthogo-
nal complement.

(ii) (Gaussian baseline). If G ∈ Rdout×din has i.i.d. entries with zero mean and variance
σ2 > 0, then

E
[
ρ(G; U)

]
=

k

dout
. (6)

Proof. Part (i).

Write M = [m1, . . . ,mdin ] column-wise. Since U has orthonormal columns, P = UU⊤ is the
orthogonal projector onto col(U). Note that ∥U⊤mj∥2 = ∥Pmj∥2 for each column. We decompose
each column as

mj = Pmj + (I−P)mj ,
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where the two components are orthogonal. By the Pythagorean theorem:
∥mj∥2 = ∥Pmj∥2 + ∥(I−P)mj∥2 .

Summing over columns:
∥M∥2F = ∥U⊤M∥2F + ∥(I−P)M∥2F .

Since both terms are non-negative and their sum equals ∥M∥2F > 0, we have 0 ≤ ∥U⊤M∥2F ≤
∥M∥2F , giving ρ(M;U) ∈ [0, 1].

Case ρ = 1: ρ(M;U) = 1 iff ∥(I−P)M∥2F = 0 iff (I−P)mj = 0 for all j iff mj ∈ col(U) for
all j iff col(M) ⊆ col(U).

Case ρ = 0: ρ(M;U) = 0 iff ∥U⊤M∥2F = 0 iff U⊤mj = 0 for all j iff mj ⊥ col(U) for all j iff
col(M) ⊥ col(U).

Case ρ ∈ (0, 1): This is the complement of the above two cases: M has nonzero projection onto both
col(U) and col(U)⊥, meaning its energy is distributed between the two subspaces.

Part (ii).

Let G have i.i.d. entries with mean zero and variance σ2. Denote the columns of U by u1, . . . ,uk.

Numerator:

E
[
∥U⊤G∥2F

]
=

din∑
j=1

k∑
i=1

E
[
(u⊤

i gj)
2
]
. (7)

Each u⊤
i gj =

∑dout

ℓ=1 (ui)ℓ Gℓj is a linear combination of independent zero-mean entries, so

E[(u⊤
i gj)

2] = Var(u⊤
i gj) = σ2

dout∑
ℓ=1

(ui)
2
ℓ = σ2∥ui∥2 = σ2 .

Therefore E[∥U⊤G∥2F ] = k · din · σ2.

Denominator:
E
[
∥G∥2F

]
= dout · din · σ2 .

Computing E[ρ(G;U)]: Let P = UU⊤ as in Part (i). By the Pythagorean decomposition established
there:

∥G∥2F = ∥U⊤G∥2F + ∥(I−P)G∥2F .
Therefore

ρ(G;U) =
∥U⊤G∥2F

∥U⊤G∥2F + ∥(I−P)G∥2F
.

Extend U to a full orthonormal basis Ū = [U | U⊥] ∈ Rdout×dout , where U⊥ ∈ Rdout×(dout−k).
Define H = Ū⊤G. Since Ū is orthogonal and G has i.i.d. N (0, σ2) entries, H also has i.i.d.
N (0, σ2) entries (orthogonal transformations preserve the i.i.d. Gaussian distribution). The first k
rows of H equal U⊤G and the remaining dout − k rows equal U⊤

⊥G = (I−P)G expressed in the
U⊥ basis. Thus:

∥U⊤G∥2F =

k∑
i=1

din∑
j=1

H2
ij , ∥G∥2F =

dout∑
i=1

din∑
j=1

H2
ij .

Let Xℓ = H2
ℓ /σ

2 for each entry ℓ. All Xℓ are i.i.d. χ2(1). Then:

ρ(G;U) =

∑k·din

ℓ=1 Xℓ∑dout·din

ℓ=1 Xℓ

.

The numerator is a partial sum of the denominator, and all terms are i.i.d. By symmetry, each term
contributes equally in expectation to the total sum. Therefore:

E

[ ∑k·din

ℓ=1 Xℓ∑dout·din

ℓ=1 Xℓ

]
=

k · din
dout · din

=
k

dout
,

where the first equality follows from the exchangeability of the {Xℓ}: for i.i.d. positive ran-
dom variables X1, . . . , XN , the expectation E[X1/(X1 + · · · + XN )] = 1/N by symmetry, so
E[(

∑n
ℓ=1 Xℓ)/(

∑N
ℓ=1 Xℓ)] = n/N .
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E.2 Claim 1: Full-rank Update Capacity

We follow [54] to define the rank capacity of an weight update ∆W = fθ(W ) as

R(fθ;W ) := max
θ

rank(fθ(W )) − min
θ

rank(fθ(W )) (8)

which describes the range of matrix ranks the weight update can achieve.
Lemma E.2 (Rank capacity of slice-wise spectral-core adaptation). Let W ∈ Rm×n be a full-rank
pretrained weight matrix with rank(W) = min(m,n).

(Column-sliced form). Suppose n = n0n1, and write

W = [W1, . . . ,Wn1
], Wi ∈ Rm×n0 .

For each slice, consider a full-rank factorization

Wi = PiQi, Pi ∈ Rm×rc , Qi ∈ Rrc×n0 , rc = min(m,n0).

Fix Pi and tune {Qi}. Define

fθ(W) = [P1Q̃1, . . . ,Pn1
Q̃n1

].

Then
R(fθ;W) = rank([P1, . . . ,Pn1

]).

In particular, if m ≤ n, thenR(fθ;W) = m.

(Row-sliced form). Suppose m = m0m1, and write

W =

 W1

...
Wm1

 , Wj ∈ Rm0×n.

For each slice, consider a full-rank factorization

Wj = UjVj , Uj ∈ Rm0×rr , Vj ∈ Rrr×n, rr = min(m0, n).

Fix Vj and tune {Uj}. Define

gϕ(W) =

 Ũ1V1

...
Ũm1

Vm1

 .

Then
R(gϕ;W) = rank

([
V⊤

1 · · · V⊤
m1

])
.

In particular, if n ≤ m, thenR(gϕ;W) = n.

Proof. We first prove the column-sliced case. By construction,

fθ(W) = [P1Q̃1, . . . ,Pn1
Q̃n1

].

For each i, every column of PiQ̃i lies in col(Pi). Hence

col(fθ(W)) ⊆ col([P1, . . . ,Pn1
]),

which implies
rank(fθ(W)) ≤ rank([P1, . . . ,Pn1 ]).

Thus
max

θ
rank(fθ(W)) ≤ rank([P1, . . . ,Pn1 ]).

On the other hand, since each Q̃i ∈ Rrc×n0 is unconstrained, we can choose Q̃i so that the columns
of PiQ̃i span any subspace contained in col(Pi). Aggregating across all slices, we can realize any
column set in

col([P1, . . . ,Pn1
]).
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Therefore,
max

θ
rank(fθ(W)) = rank([P1, . . . ,Pn1 ]).

Moreover, by setting Q̃i = 0 for all i, we obtain fθ(W) = 0, hence
min
θ

rank(fθ(W)) = 0.

Thus,
R(fθ;W) = rank([P1, . . . ,Pn1

]).

Now assume m ≤ n and rank(W) = m. Since
W = [P1Q1, . . . ,Pn1Qn1 ],

all columns of W lie in col([P1, . . . ,Pn1
]), so

m = rank(W) ≤ rank([P1, . . . ,Pn1
]).

Since the latter is at most m, we conclude
rank([P1, . . . ,Pn1

]) = m,

and henceR(fθ;W) = m.

The row-sliced case follows symmetrically. For

gϕ(W) =

 Ũ1V1

...
Ũm1

Vm1

 ,

each row lies in row(Vj). Hence
row(gϕ(W)) ⊆ span{row(Vj)}m1

j=1,

which implies
max
ϕ

rank(gϕ(W)) = rank
([
V⊤

1 · · · V⊤
m1

])
.

Again the minimum rank is 0. If n ≤ m and rank(W) = n, then the row space must have dimension
n, yielding

R(gϕ;W) = n.

Constraints of block-wise fixed-subspace adaptation. Although the proposed slice-wise param-
eterization attains maximal rank capacity, it imposes strong structural constraints on the adapted
weight. We characterize these constraints below.
Proposition E.3 (Block-wise fixed-subspace constraint). Consider the column-sliced parameteriza-
tion

fθ(W) = [P1Q̃1, . . . ,Pn1
Q̃n1

],

with fixed {Pi}. Then for any θ:

col
(
fθ(W)(:,Ii)

)
⊆ col(Pi),

where Ii indexes columns belonging to slice i. Equivalently,
fθ(W) ∈ Scol := {[X1, . . . ,Xn1

] | col(Xi) ⊆ col(Pi)} .
Proposition E.4 (Row-space constraint (dual form)). For the row-sliced parameterization

gϕ(W) =

 Ũ1V1

...
Ũm1

Vm1

 ,

we have
row

(
gϕ(W)(Jj ,:)

)
⊆ row(Vj),

and hence

gϕ(W) ∈ Srow :=


 Y1

...
Ym1


∣∣∣∣∣∣∣ row(Yj) ⊆ row(Vj)

 .
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Implications. The above propositions show that adaptation is restricted to a product of subspaces
across slices. This leads to several nontrivial consequences:

(1) No cross-block subspace transfer. Columns in slice i cannot utilize directions in col(Pj) for
j ̸= i. Hence global redistribution of information across slices is prohibited.

(2) Restricted perturbation geometry. Let ∆W = fθ(W)−W. Then

∆W = [P1∆Q1, . . . ,Pn1∆Qn1 ],

so each block update lies in a fixed linear subspace. In particular,

∆W ∈ T := {[P1Z1, . . . ,Pn1
Zn1

]} ,
which is a strict subset of Rm×n unless all col(Pi) span Rm individually.

(3) Coupled global rank vs local expressivity. Although the global rank can reach
rank([P1, . . . ,Pn1

]), each slice individually satisfies

rank(PiQ̃i) ≤ rc.

Hence expressivity is locally bottlenecked even when global rank is maximal.

(4) Subspace preservation bias. The adaptation preserves the pretrained column subspaces
{col(Pi)}. Therefore, learning is biased toward reweighting and recombining existing features
rather than creating new directions.

Comparison to LoRA and spectral adapters. Unlike LoRA, which introduces a global low-
rank update ∆W = AB⊤ spanning all columns, the above parameterization enforces block-wise
independence of subspaces. Compared to spectral adapters that directly modify singular directions,
this approach fixes the singular subspaces and only adapts coefficients within them.

When is this favorable? This constraint is beneficial when pretrained subspaces are already
well-aligned with downstream tasks, as it: (i) preserves stable directions, (ii) reduces destructive
interference, and (iii) improves conditioning by restricting updates to structured subspaces.

E.3 Preconditioner derivations

Let Wk = UkΣkV
⊤
k be the SVD of one block. Let L be the loss, y = Wx, g = ∂L/∂y. Standard

identities give the unconstrained per-block gradient ∂L/∂Wk = gx⊤
k . We specialize to the four

FURA variants.

Corner 1: output-side training, S merged to frozen R. The parameterization is Wk = LkRk

with Lk trainable and Rk = diag(Sk)V
⊤
k frozen. The gradient on Lk is

∂L/∂Lk = (gx⊤
k )R

⊤
k = gx⊤

k Vk diag(Sk).

A GD step Lk ← Lk − η gx⊤
k Vk diag(Sk) yields

∆Wk = ∆Lk ·Rk = −η gx⊤
k Vk diag(Sk)

2 V⊤
k ,

the “diag(S)2-weighted” row of Table 2: diag(Sk) enters once via R⊤
k in the gradient and once via

Rk in the reconstruction.

Corner 2: output-side training, S merged to trainable L. The parameterization is Wk = LkRk

with Lk = Uk diag(Sk) trainable and Rk = V⊤
k frozen. The gradient on Lk is

∂L/∂Lk = (gx⊤
k )R

⊤
k = gx⊤

k Vk.

A GD step yields ∆Lk = −η gx⊤
k Vk, hence

∆Wk = ∆Lk ·Rk = −η gx⊤
k VkV

⊤
k ,

the “fair” projector VkV
⊤
k row of Table 2: when S is absorbed into the trainable side, its scaling is

freely re-tuned by the optimizer and drops out of the effective preconditioner, leaving an unweighted
projection onto row(V⊤

k ).

25



Corner 3 (default): input-side training, S kept separate trainable. Parameterize Wk =
Lk diag(Sk)Rk with Lk = Uk frozen and Rk = V⊤

k , Sk trainable. The gradient on Rk is
∂L/∂Rk = diag(Sk)U

⊤
k gx⊤

k ; the gradient on Sk is the diagonal of U⊤
k gx⊤

k Vk. A GD step on
Rk gives ∆Rk = −η diag(Sk)U

⊤
k gx⊤

k , so the effective weight update from R is

∆Wk

∣∣
R

= Uk diag(Sk)∆Rk = −ηUk diag(Sk)
2 U⊤

k gx⊤
k ,

where diag(Sk) enters twice: once from Lk diag(Sk) multiplying ∆Rk, and once inside ∆Rk itself.
Combined with the S update:

∆Wk = −ηUk diag(Sk)
2 U⊤

k gx⊤
k + Uk diag(∆Sk)V

⊤
k ,

the default preconditioner of Equation (5). The first term combines column-space projection (UkU
⊤
k ,

non-trivial since Uk is rectangular) with singular-value preconditioning (diag(Sk)
2 scaling).

Corner 4: input-side training, S merged to frozen L. The parameterization is Wk = LkRk

with Lk = Uk diag(Sk) frozen and Rk = V⊤
k trainable. The gradient on Rk is

∂L/∂Rk = L⊤
k (gx

⊤
k ) = diag(Sk)U

⊤
k gx⊤

k .

A GD step yields ∆Rk = −η diag(Sk)U
⊤
k gx⊤

k , hence

∆Wk = Lk ·∆Rk = −ηUk diag(Sk)
2 U⊤

k gx⊤
k ,

the principal-biased Uk diag(Sk)
2 U⊤

k row of Table 2 (PiSSA-like): diag(Sk) enters once via L⊤
k

in the gradient and once via Lk in the reconstruction, mirroring Corner 1 with the input/output
sides swapped. The remaining row of Table 2 (input-side training with S merged into the trainable
R) follows by the same calculation as Corner 2 with the input/output sides swapped, yielding the
unweighted projector UkU

⊤
k .

F Full per-layer sweeps for the motivating figures

This section provides the full per-layer / per-module versions of the panels shown for a single
representative weight matrix in Figures 3 and 4 of the body. The body uses layer 15 q_proj as a
representative slice; the figures here verify that the trends hold across all transformer layers and
across the matched set of linear modules.
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Figure 6: Full per-layer / per-module sweep for Figure 3(a): energy-ratio ρ(GW;U) and ρ(W′;U)
tracked through Full FT training on LLaMA-3-8B / Math-10K. The body figure shows layer 15
q_proj; the same pattern (gradient near the random baseline, weight near 1.0) holds across all layers
and modules.
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Figure 7: Full per-layer / per-module sweep for Figure 3(b): comparison of singular values and
singular vectors of W versus W′ after Full FT on LLaMA-3-8B / Math-10K. The body figure shows
layer 15 q_proj; across all layers and modules only a few singular values change significantly while
most remain close to their pretrained values.
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Figure 8: Full per-layer / per-module sweep for Figure 4(a): effective rank of ∆W on the Qwen3-
1.7B GRPO math-RL task. The body figure shows a representative module; here we report all
modules in every transformer layer, confirming that FURA’s effective rank closely tracks Full FT
layer-by-layer while remaining well above LoRA.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Empirical claims in the abstract/introduction (LLaMA-3-8B Commonsense
88.01, +1.37 over Full FT; matching/surpassing Full FT on Qwen3-1.7B and Qwen2.5-7B
math RLVR; +1.1 over Full FT on LLaVA-1.5-7B; QFuRA over QLoRA) are supported by
Tables 3, 4, 5, 6, 7 in Section 6; theoretical claims are supported in Section 5.

Guidelines:

• The answer [N/A] means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A [No] or
[N/A] answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification: Section 7 discusses open directions and limitations: the lack of a deeper
theoretical account of why spectral preconditioning improves generalization, restriction to
SVD-based initialization, lack of custom kernels for the block tensor-train contraction, and
the unexplored quantization headroom of QFuRA. The remark following Proposition 5.1
also flags the cross-block locality of the default m=1 orientation as the primary expressivity
cost.

Guidelines:

• The answer [N/A] means that the paper has no limitation while the answer [No] means
that the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate “Limitations” section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
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judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]
Justification: Proposition 5.1 and the preconditioner identity of Eq. (5) are stated with
assumptions in Sections 5 and 4. Full proofs of the rank-capacity lemma and the block-wise
subspace-constraint propositions appear in Appendix E.2; preconditioner derivations for all
four design corners are in Appendix E.3.
Guidelines:

• The answer [N/A] means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: Section 4 specifies the FURA reparameterization (block-wise SVD, core sizes,
trainability switches); Section 6 (Setup paragraph and per-task subsections) and Appendix C
list optimizer, learning rates, batch size, schedule, reward definition, rollout protocol, and
hardware. Algorithm 1 (Appendix A) gives a reference forward-pass implementation.
Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• If the paper includes experiments, a [No] answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
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(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Anonymized code is submitted as supplemental material and will be re-
leased under a permissive license upon acceptance. All datasets (Commonsense-170K and
MATH-10K via [16], MetaMathQA-100K [51], llava_v1_5_mix665k) [25] and evalua-
tion benchmarks are publicly available and cited in Section 6.

Guidelines:

• The answer [N/A] means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not
be possible, so [No] is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: Section 6 (Setup paragraph and the RL/VLM/QFuRA subsections) summarizes
tasks, baseline protocols, and the unified FURA configuration; Appendix C details the SFT,
GRPO, and visual-instruction-tuning hyperparameters (Tables 9, 10, 11).

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
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Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: FURA Commonsense-170K SFT results on LLaMA-3-8B are averaged over 3
seeds with per-seed scores and standard deviations reported in Table 14 (Appendix D); the
math RLVR results in Table 4 are averaged over 3 independent seeds (Section 6.2).

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The authors should answer [Yes] if the results are accompanied by error bars, confidence

intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

• If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Section 6.2 and Appendix B.1 state that all runs use a single NVIDIA H100
(94GB) GPU. Table 1 reports per-step wall-clock and peak memory; Appendix B provides
the full per-component breakdown (forward pass, memory, deployment, SVD initialization
cost).

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The work develops a PEFT method evaluated on publicly released benchmarks
and pretrained checkpoints; it does not involve human subjects, private data, or deployment
decisions. Anonymity and licensing of reused assets are preserved (see items below).
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Guidelines:

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.

• If the authors answer [No], they should explain the special circumstances that require a
deviation from the Code of Ethics.

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: Section 7 notes the positive impact of broadening access to full-rank, spectrum-
aware fine-tuning at LoRA-level cost, and acknowledges that the method inherits the general
societal risks of LLM fine-tuning while introducing no new generative capabilities beyond
those of the base checkpoints.

Guidelines:

• The answer [N/A] means that there is no societal impact of the work performed.
• If the authors answer [N/A] or [No], they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: We release an adapter-training method, not new pretrained weights or scraped
datasets. The released code operates on existing, publicly distributed checkpoints that
already ship with their own safeguards.

Guidelines:

• The answer [N/A] means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.
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• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: All pretrained models (LLaMA-2-7B [46], LLaMA-3-8B/70B [10], Qwen3-
1.7B [36], Qwen2.5-7B [45], LLaVA-1.5-7B [24]), datasets (Commonsense-170K and
MATH-10K via [16], MetaMathQA [51], evaluation benchmarks cited individually in
Section 6), and tooling (vLLM [21], bitsandbytes) are used under their released licenses
and cited. The BTT primitive from [35] is reused with citation.
Guidelines:

• The answer [N/A] means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [Yes]
Justification: The supplemental code release for FURA includes READMEs, training scripts,
and configuration files for each reported run. No new datasets or pretrained weights are
released.
Guidelines:

• The answer [N/A] means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [N/A]
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Justification: The paper does not involve crowdsourcing or human-subject studies; all
experiments use publicly available benchmarks.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [N/A]
Justification: The paper does not involve human subjects; no IRB review is required.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.
Answer: [N/A]
Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.
Guidelines:

• The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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