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a b s t r a c t 

This paper addresses instances of the temporal fixed-charge multi-commodity flow ( tfMCF ) problem that 

arise in a very large scale dynamic transportation application. We model the tfMCF as a discrete-time 

Resource Task Network (RTN) with cyclic schedule, and formulate it as a mixed-integer program. These 

problems are notoriously hard to solve due to their time-expanded nature, and their size renders their 

direct solution difficult. We exploit synergies between flows of certain commodities in the formulation 

to devise model condensation techniques that reduce the number of variables and constraints by a factor 

of 25%–50%. We propose a solution algorithm that includes balanced graph partitioning, Lagrangian de- 

composition and a linear programming filtering heuristic. Computational results show that the proposed 

algorithm allows the solution of previously intractable instances, and the primal solution obtained by the 

heuristic step is within 2% duality gap of the linear relaxation of the original problem. 

© 2023 Elsevier B.V. All rights reserved. 
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. Introduction 

The growth in online retailing has disrupted shopping patterns 

nd directly impacted logistic networks. More than 85% of online 

hoppers consider shipping speed a top priority in the decision to 

hop online ( Cui, Lu, Sun, & Golden, 2020 ). The demand for quick

elivery requires the outbound transportation network to be op- 

rated efficiently around-the-clock in order to achieve better ship- 

ing speed in a cost-effective manner. This necessitates taking into 

ccount timing information when making decisions to accurately 

odel intra-day capacity needs when designing the network. We 

ormulate this problem as a temporal fixed-charge multicommodity 

ow problem . 

In the classical fixed-charge multicommodity flow problem 

 fMCF ), the input consists of a (directed or undirected) graph 

 = (V, E) , non-negative edge costs F e , capacities u e for all e ∈ E,

nd a set C of commodities (o c , d c ) , each having an integer demand 

c . The goal is to install y e ∈ N units of capacity on each edge e ∈ E

where a unit of capacity for edge e is u e ) so that the resulting ca-

acitated graph admits a feasible multicommodity flow transport- 

ng all demands. The unit-capacity installation cost for each edge 

 ∈ E is F e , and the goal is to minimize the total capacity instal-
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ation cost. The fMCF problem is NP-hard as the well-known NP- 

ard Steiner tree problem is a special case (see Karp (1972) ). 

The fMCF problem stated above is static in nature in that 

ts focus is on one-shot decisions about capacity installation in an 

nderlying fixed network. The focus of this paper is on dynamic as- 

ects of network design, where the timing of when to move trucks 

nd sort packages needs to be decided. We are interested in ex- 

ensions of fMCF where for each integral capacity installation, we 

ow also require to know when this capacity is supposed to be 

nstalled. In the end, we aspire to find timed capacity installations 

hat allow for the existence of a feasible multicommodity flow over 

ime . Such dynamic models reflect the reality of many practical de- 

ision processes, where the detailed timing of actions is crucial, 

nd where decisions at a certain point in time impact future ones. 

ynamic models have been widely studied, and we provide a short 

eview and pointers to the extensive literature in Section 1.2 . 

Models capturing temporal aspects of scheduling traditionally 

ither use a discrete or continuous representation of time. Continu- 

us time formulations tend to be more compact in comparison to 

heir discrete counter-parts. Continuous formulations are, however, 

nown to have weak linear programming (LP) relaxations which, 

sing current IP solver technology, limits their use to the solution 

f small instances only. Discrete formulations with variables in- 

exed by time tend to have stronger relaxations (e.g., see Pochet & 

arichet, 2008 ). They are also more convenient in modeling syn- 

hronized events and shared resources. However, in order to ob- 

ain accurate models for the given timing application, a very large 
ble timing-aware network design via lagrangian decomposition, 
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Acronyms 

f MCF Fixed multi-commodity flow problem 

t f MCF Temporal fixed-charge multicommodity flow prob- 

lem 

DDD Dynamic Discretization Discovery 

DS Delivery station 

FC Fulfillment center 

IB Inbound 

IP Integer program 

LB Lower bound 

LP Linear program 

MIP Mixed-integer program 

OB Outbound 

OD Origin-destination pair 

RTN Resource task network 

SC Sort center 

SND Service network design 

UB Upper bound 

Parameters 

(o c , d c ) (origin, destination) pair of com- 

modity c

arrival UB 
v , j,d,t 

Cumulative number of packages 

ordered by ODs in bucket O 

˜ t , ̃ h 
v , j 

between time 0 and time (t −
minArrival v , j,d ) 

cube max 
v Max total volume of the OD among 

the ODs in a bucket 

cube min 
v Min total volume of the OD among 

the ODs in a bucket 

δ(π ) Set of edges in graph G whose ends 

lie in different parts of π
ε Condensation factor 

γi,m 

Conversion factor between unit of 

extent size m and unit of task ca- 

pacity i 
ˆ �cost Upper bound to the total line-haul 

cost 

λ Vector of Lagrangian multipliers 

λm,t Lagrange multiplier of the equality 

b out 
m,t = b m,t 

O 

˜ t , ̃ h 
v , j 

Bucket of ODs with origin v , target 

˜ t and horizon 

˜ h 

minArrival v , j,d Minimum transit time of the path 

of any OD in bucket O 

˜ t , ̃ h 
v , j 

μ Step-size parameter in the subgra- 

dient method 

pkgCount e Upper bound to total number of 

packages in edge e 

pkgCount c Packages to be shipped along path 

P c of commodity c

pkgCount v , j,d Total number of packages of ODs in 

in bucket O 

˜ t , ̃ h 
v , j 

that have destination 

d

pkgCube c Total volume to be shipped along 

path P c of commodity c

π = (V 1 , . . . , V q ) Balanced partition of the vertex set 

V (G ) 

	r,t Amount of flow injected into re- 

source r at time t ∈ T r 
2 
σv , j Average cube parameter for each 

bucket O 

˜ t , ̃ h 
v , j 

τi Duration of task i 

τm 

Duration of task i corresponding to 

extent m 

iter LP ∈ { 0 , 1 , . . . , iter max } Set of iterations for the Lagrangian 

decomposition to solve the LP re- 

laxation 

θc Demand of commodity c
˜ 	˜ r ,t Amount of flow injected into con- 

densed resource ˜ r at time t ∈ T ˜ r 

˜ σ Maximum of ˜ σv , j over all buckets 

bucket O 

˜ t , ̃ h 
v , j 

if at least 1, or 1 oth- 

erwise 

˜ σv , j Maximum ratio of σv , j and the av- 

erage cube of any commodity in the 

bucket 

ζ Rounding threshold in the heuristic 

B max 
i,t 

Capacity of task i at time t

C i Cost of adding a vehicle for trans- 

portation task i 

d ∈ D 

˜ t , ̃ h 
v , j 

Set of destinations d of ODs in 

bucket O 

˜ t , ̃ h 
v , j 

F e Edge cost 

G (V, E) Graph with vertices V and edges E

m ∈ M 

˜ t , ̃ h 
v , j 

Extent set of bucket O 

˜ t , ̃ h 
v , j 

N c Relevant horizon of commodity c in 

days 

N ˜ r Relevant horizon of condensed re- 

source ˜ r in days 

P c Path for commodity c

r + m 

Resource fed by extent m 

r −m 

Resource depleted by extent m 

R max 
r,t Upper bound to level of resource r

at time t ∈ T r 
target c Target arrival time of commodity c

in days 

target ˜ r Target arrival time of condensed re- 

source ˜ r in days 

u e Edge capacity 

w e Weight of edge e based on the 

number of paths P c for OD pair 

(o c , d c ) ∈ C with e ∈ E c 
y e ∈ N Units of capacity of edge e , where a 

unit of capacity is u e 

Sets 

T day = { 0 , . . . , T − 1 } Time period in a day, where T is the 

total number of time periods in a day 

T c = { 0 , . . . , N c T − 1 } Time horizon of commodity c

T m 

= { 0 , . . . , n day 
r T − 1 } Time horizon of extent m associated 

with commodity c ∈ C
T r = T c Time horizon of resources r ∈ R i of 

commodity c
˜ h ∈ H Set of horizon lengths 

˜ m ∈ 

˜ M Set of condensed extents 

˜ m ∈ 

˜ M 

˜ t , ̃ h 
v , j,d 

Set of condensed extents of ODs in 

bucket O 

˜ t , ̃ h 
v , j 

that have destination d

˜ m ∈ 

˜ M e Set of condensed extents with trans- 

portation tasks on edge e 

˜ r ∈ 

˜ R Set of condensed resources 
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˜ t ∈ T A Set of targets 

c ∈ C or (o c , t c ) ∈ C Commodities 

e ∈ E or u v ∈ E Edges in graph G (V, E) with vertices 

u and v 
e ∈ E c Set of edges in OD path P c 
i ∈ I Tasks 

i ∈ I LM Last-mile tasks 

i ∈ I S Sortation tasks 

i ∈ I T Transportation tasks 

i ∈ I in,dest 
p ⊂ I in p Subset of tasks that start in a vertex 

that belongs to region p, but have as 

destination a vertex outside the re- 

gion 

i ∈ I in p Set of tasks that start in a vertex in 

region p

i ∈ I out 
p Set of tasks that start in a vertex that 

is not in p, but end in a vertex of p

j ∈ J v Set of indices j used in the logarith- 

mic definition of OD buckets 

m ∈ M 

+ ,in 
r,p Extents of tasks in I in p that feed re- 

source r

m ∈ M 

+ ,out 
r,p Set of extents of tasks in I out 

p that 

feed resource r

m ∈ M 

+ 
r Extents that feed resource r

m ∈ M 

−,in 
r,p Extents of tasks in I in p that depletes 

resource r

m ∈ M 

−
r Extents that deplete resource r

m ∈ M c Extents of commodity c

m ∈ M i Extents of task i 

m ∈ M 

+ 
r Extents that feed resource r

m ∈ M 

−
r Extents that deplete resource r

p ∈ [ q ] Set of balanced partitions (regions) 

r ∈ R 

inter Intermediate resources for each com- 

modity c

r ∈ R 

prod Product resources for each commod- 

ity c

r ∈ R 

supply Supply resources for each commodity 

c

r ∈ R c Resources for each commodity c

t ∈ T e Union of horizons of all ODs whose 

path uses edge e 

t ∈ T ˜ r Time horizon of condensed resource 

˜ r in days 

u v ∈ A Arcs with origin vertex u and desti- 

nation vertex v and transit time τ

Decision variables 

�LB Lower bound for the optimum of (8) 

�LR 
p Optimum of the Lagrangian subproblem (7) 

b out 
m,t Duplicate of extent size variable b m,t for extent m ∈ 

M i where corresponding transportation task i has 

its origin in a region different from that of its desti- 

nation 

b ˜ m ,t Size of condensed extent ˜ m at time t ∈ T ˜ m 

b m,t Size of extent m at time t ∈ T m 

R ˜ r ,t Level of condensed resource ˜ r at time t ∈ T ˜ r 

R r,t Level of resource r at time t ∈ T r 
y i,t Discrete occurrence of task i ∈ I T at time t ∈ T day . 

It represents the number of vehicles installed each 

day. 

umber of time points, and hence (discrete) variables are needed. 

ince solvability is the top priority, we model the temporal nature 

f tfMCF using a fine-grained discrete, time-indexed model. 
3 
.1. Problem statement 

We propose a version of tfMCF that arises in very large scale 

ynamic transportation applications. In this setting, the vertices 

f the underlying graph G = (V, E) correspond to fulfilment centers 

FCs; warehouses that store the goods to be shipped), sort centers 

SCs; intermediate locations that facilitate sortation), and delivery 

tations (DSs; terminal network nodes for packages), respectively. 

or each edge u v ∈ E, one is given the set of vehicle types avail-

ble to transport packages between u and v , and their capacities. 

hese vehicles can be of different transportation modes (e.g. air 

nd ground). Once again, a set C of commodities is given at the in- 

ut; we will sometimes refer to (o c , d c ) as a origin, destination pair

ssociated with commodity c, and write (o c , d c ) ∈ C and c ∈ C in-

erchangeably. In the context of this work, o c will always be an FC, 

nd d c could either be an SC, or a DS. In the application of interest,

ach pair (o c , d c ) ∈ C comes with a shipment path P c connecting o c 
o d c , the number pkgCount c of packages to be shipped along this 

ath, and the total volume pkgCube c of these packages (also re- 

erred as cube, interchangeably). Precise information on how the 

kgCount c packages of commodity (o c , d c ) are released at o c are 

rovided, and this determines how packages for this commodity 

re released into the network over time. Finally, the traffic asso- 

iated with (o c , d c ) is supposed to be classified as grouped (say

n shipping containers) or ungrouped (where packages are loaded 

nto transportation vehicles by themselves). In the following, the 

erms containerized and fluid-loaded will be used sometimes to re- 

er to grouped and ungrouped ODs, respectively. Whether an OD is 

rouped or ungrouped affects the volume of each elementary unit 

package or container) associated with the commodity, the pro- 

essing time at intermediate vertices, and the utilization of trans- 

ort vehicles, among other things. 

The overall goal of the proposed model is to compute a feasible 

ulticommodity flow over time that maximizes speed , where the 

atter is measured by the number of packages (over all commodi- 

ies) that arrive on time (i.e., it arrives at the destination within 

arget c days, where the latter is a given non-negative integer pa- 

ameter). The main decisions to be optimized are the transporta- 

ion schedule (timing and lot sizing), and the hourly throughput 

t each node. For operational consistency, the optimal transporta- 

ion schedule is repeated day-over-day (cyclic schedule). We will 

rovide more details on this in Section 2.4 . 

.2. Literature review 

The history of the Steiner tree problem (and therefore the his- 

ory of work on fixed charge network design problems) goes back 

o a problem posed by Fermat, and was first defined by Gauss in a 

etter to one of his students (see page 37 in Vazirani, 2001 ). It first

as coined the Steiner tree problem in much later work by Courant 

 Robbins (1941) . The Steiner tree problem is one of Karp’s 21 orig- 

nal NP-hard problems ( Karp, 1972 ). The more general class of fixed 

harge network design problems was first defined in an articles of 

irsch & Dantzig (1968) , a technical report version of which ap- 

eared in 1954. Single and multi-commodity versions, respectively, 

f the fixed charge network design appeared first in seminal pa- 

ers of Balinski (1961) , and Gomory & Hu (1961) . 

Research effort s f ollowing the definition of the problem in the 

bove mentioned early work are summarized in two survey pa- 

ers by Magnanti & Wong (1984) and Minoux (1989) . The paper 

f Magnanti and Wong formally defines an uncapacitated version 

f fMCF . We refer the reader to a recent and up to date survey

n fixed charge network design in Chapter 3 of the recent book by 

rainic, Gendreau, & Gendron (2021) . 
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Temporal aspects of network design were first studied by Ford 

nd Fulkerson in their seminal work in Ford & Fulkerson (1958, 

962) . The authors focused on network flows over time, and more 

pecifically on the single-commodity maximum flow special case. 

n their work, the authors introduced a so called time-expanded 

ersion of the underlying base graph. These static networks have 

ultiple layers , one for each discrete time step, and each contain- 

ng a copy of the node set of the underlying base graph. An arc 

 v ∈ A with transit time τ in the base graph gives rise to sev-

ral copies in the time expanded graph, one for each pair of copies 

f u and v that are in layers of temporal distance τ . Static flows 

n the time expanded graph correspond to dynamic flows in the 

ase graph and vice-versa; we refer the reader to a thorough dis- 

ussion of this correspondence in the work of Fleischer & Tardos 

1998) . 

In many applications, the size of the time-expanded network 

or a given base graph has pseudo-polynomial rather than poly- 

omial size. This in turn often means that discrete formulations 

ased on these time-expanded networks have super-polynomial 

ize as well. Thus, using such a formulation to obtain a practical 

lgorithm for a given problem is often challenging. In fact, tempo- 

al versions of combinatorial optimization problems are often prov- 

bly more difficult than their static counterparts: Klinz & Woegin- 

er (2004) showed that the dynamic version of the minimum-cost 

o, d) -flow problem is (weakly) NP-hard. Hall, Hippler, & Skutella 

2007) later also showed that dynamic variants of the most ba- 

ic (unweighted) multicommodity flow problems are (weakly) NP- 

ard. Subsequently, Fleischer & Skutella (2007) introduced care- 

ully constructed, polynomial-sized partial versions of complete 

ime expanded networks to obtain a fully-polynomial-time approx- 

mation scheme for the (weakly NP-hard) quickest multicommodity 

ow problem over time. For a more thorough survey of the litera- 

ure in the area of dynamic flows, we refer the reader to the recent

ork of Skutella (2009) . 

The fMCF problem broadly falls into the class of service network 

esign (SND) problems. Roughly speaking, in these problems we 

re given origin and destination nodes corresponding to customers, 

n an underlying network. Customers are the recipients of a ser- 

ice which, for us, corresponds to the timely and efficient trans- 

ortation of goods from the customers’ origins to their respective 

estinations. Transportation is accomplished by a service provider 

hich, in our setting, is a consolidation-based freight carrier; i.e., 

ormally, the goods transported for one customer do not consume 

ll of a standard transportation vehicle. Hence, goods from several 

ustomers can be consolidated to achieve transportation efficiency. 

he overall objective in typical SND instances is to minimize the 

otal cost of providing service. 

Mathematical programming, and in particular mixed integer 

inear programming, are among the most widely used tools in for- 

ulating and solving SND problems. Most prominent formulations 

xtend classical fixed-charge, capacitated multicommodity flow 

odels as described above (see Crainic, 20 0 0; Crainic, 20 03 and 

ieberneit, 2008 ). SND problems instances arise in static and dy- 

amic variants. Static SND problem instances are assumed to have 

o time-dependent problem aspects. In dynamic SND instances on 

he other hand, aspects of the model are time-dependent; e.g., like 

n our setting, the traversal of an arc in the network is assumed to 

ake a certain non-negative transit time. The main classes of math- 

matical models used for dynamic SND problems are either based 

n continuous and compact formulations, or they inherently rely 

n the time-expanded version of the underlying graph as discussed 

bove. As mentioned, both classes of formulations have drawbacks: 

ontinuous formulations are known to be compact but weak, while 

iscrete, time-expanded formulations are known to have strong 

elaxations that are hard to solve because of their size (e.g., see 

oland & Savelsbergh, 2019 ). We also refer the reader to Floudas & 
4 
in (20 04, 20 05) for a comparison of discrete and continuous time 

odels for scheduling applications. 

Static and especially dynamic versions of fixed-charge multi- 

ommodity flow problems are known to be extremely challenging. 

s noted, one reason for this is the pseudo-polynomial size of the 

ime-expanded formulation. Another reason lies in the fact that 

hese models are often highly degenerate. Not surprisingly, clas- 

ical decomposition techniques for integer programming formula- 

ions like Lagrangian relaxation, Benders and Dantzig-Wolfe refor- 

ulations are useful in this context as well. An in-depth discus- 

ion of these topics is beyond the scope of this paper. We refer the 

eader to standard text books on integer programming ( Conforti, 

ornuéjols, & Zambelli, 2014; Nemhauser & Wolsey, 1988 ) as well 

s the treatment in (Chapter 3 of) the excellent recent survey in 

rainic et al. (2021) . 

In their work, Boland, Hewitt, Marshall, & Savelsbergh 

2017) observed that optimal solutions for practical SND in- 

tances are often supported in rather small subgraphs of the time- 

xpanded graph of the model. Motivated by this, the authors 

resent an iterative algorithm – the so called dynamic discretiza- 

ion discovery (DDD) method. This algorithm starts with a small 

ubgraph of the time-expanded graph, and solves a lower-bound 

odel whose optimum value is guaranteed to be no larger than 

hat of the given SND problem instance. Given the solution to this 

ower-bound model, the authors then either convert it into a feasi- 

le solution for the original problem, or show how to augment the 

artial time-expanded graph in order to obtain a stronger lower- 

ound model. Boland et al. (2017) provide empirical evidence of 

he effectiveness of the DDD method using a family of SND in- 

tances described in previous work by Crainic, Frangioni, & Gen- 

ron (2001) . Since its invention, the DDD method has been ap- 

lied to numerous temporal problems; e.g., see the work of Hewitt, 

rainic, Nowak, & Rei (2019) on SND instances that arise in the 

ess-than-truckload freight transportation setting, or more recent 

ork of Lagos, Boland, & Savelsbergh (2020, 2022) on continuous 

ime versions of the inventory routing problem. 

Temporal modeling is also of essential importance in the chem- 

cal process industry ( Wassick & Ferrio, 2011 ). Grossmann, Que- 

ada, Raman, & Voudouris (1996) as well as Pinto & Grossmann 

1998) provide an overview of the use of mathematical program- 

ing in the area of chemical batch processing for production 

lanning and scheduling. Especially important in this context is 

he work of Kondili, Pantelides, & Sargent (1993) who develop a 

eneral framework to represent processes. The latter work was 

xtended later by Pantelides (1994) who introduced the flexible 

esource-task network framework for the modeling of complex in- 

erconnected processes. In this paper, we present a discrete RTN- 

ased mathematical model for tfMCF . The specific problem at 

and in this paper requires our model to encode cyclic temporal 

apacity installation plans. Schedule cyclicity, especially in the con- 

ext of RTN models is a well known model feature. We refer the 

eader to previous work of Yee & Shah (1998) who develop integer 

rogramming models for periodic production scheduling problems. 

astro, Barbosa-Póvoa, & Matos (2003) , Castro, Barbosa-Póvoa, & 

ovais (2005) present RTN-based, discrete and continuous models 

or periodic scheduling problems arising in the chemical industry. 

n more recent work Wu & Maravelias (2019) , Wu and Maravelias 

ropose a state task network integer programming model for a pe- 

iodic production scheduling application. For an extensive survey 

n previous work on scheduling applications in the process indus- 

ry, we refer the reader to the survey by Harjunkoski et al. (2014) . 

Another recent example of temporal network modeling can be 

ound in the work of Hoch, Liers, Neumann, & Martınez (2020) , 

here the authors discuss disjoint path problems in temporal 

raphs that arise in aircraft trajectory planning applications. The 

ain focus of the latter paper lies in studying complexity issues. 
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Finally, Adjiashvili, Bosio, & Weismantel (2012) , Adjiashvili, 

osio, Weismantel, & Zenklusen (2014) introduced dynamic coun- 

erparts of a class of packing problems. The authors study the com- 

lexity of these problems, and present approximation algorithms. 

We conclude this brief review section, mentioning that the lit- 

rature on static and dynamic network design is much too large to 

dequately cover in this paper. There are several excellent surveys 

n the area that can be consulted by the interested reader: Powell, 

aillet, & Odoni (1995) provide an in-depth discussion on the use 

f time-expanded networks in formulations arising in logistic plan- 

ing models. The very recent book by Crainic et al. (2021) provides 

 thorough survey of the state of the art in network design when 

pplied to transportation and logistics; Chapters 2, 3, and 12 of the 

ook are particularly relevant for this paper as they focus of static 

nd dynamic fixed-charge network flow problems and algorithms. 

.3. Gaps in the literature 

While there exists a large body of research on time-expanded 

etworks, temporal fixed-charge multi commodity flow and re- 

ource task network, to the best of our knowledge none of the 

xisting literature attempts to solve problems of the size of our 

nstances, taking advantage of specific properties of the problem 

uch as its geometric nature and synergies between commodities. 

ur work is motivated by the need to capture operationally rel- 

vant constraints that are not present in the classic versions of 

hese problems, and have a scalable solution methodology that can 

rovide a good feasible solution and valid optimality guarantees 

o instances of the order of 100M+ variables and constraints. The 

odeling and solution techniques proposed in this paper were de- 

eloped with this problem in mind, but can be extended to other 

eal-world applications of tfMCF . 

.4. Contributions 

This paper presents a mixed-integer-programming (MIP) model 

or tfMCF . MIP formulations encoding discrete timing models are 

ell known to be very large and notoriously difficult to solve. 

iming-aware optimization has become increasingly important in 

ecent years, and much work has gone into the development of 

echniques for finding more efficient models (e.g., see Boland et al., 

017; Boland & Savelsbergh, 2019; Newman & Kuchta, 2007; Pes- 

oa, Uchoa, de Aragão, & Rodrigues, 2010; Wang & Regan, 2002; 

ang & Regan, 2009 for examples). 

The proposed tfMCF model is extremely large, even for 

oderately-sized input graphs. For example, in the application 

onsidered in this study, while input graphs often have moderate 

ize (up to a few thousand vertices and edges), the resulting mixed 

nteger programs sometimes have up to a half billion variables and 

onstraints. Hence, there is no hope to solve the resulting MIPs as 

s, even on the largest available hardware. The main contribution 

f this paper is to present several techniques that make use of in- 

erent problem structure in order to reduce its size. We develop a 

olution algorithm based on our new model and demonstrate that 

ts solution times are vastly superior to standard MIP based strate- 

ies. The main ingredients in the present work are: 

1. the modeling of this temporal fixed-charge multicommodity flow 

problem ( tfMCF ) as a discrete-time Resource Task Network 

(RTN) ( Pantelides, 1994 ) with cyclic schedule ( Castro, Barbosa- 

Póvoa, & Matos, 2003 ). 

2. the exploitation of synergies between flows of certain com- 

modities in the formulation in order to devise model condensa- 

tion techniques. This yields models whose number of variables 

and constraints are reduced by a factor of 25%–50%. 
5 
3. the utilization of the geometric nature of the instances in the 

application studied to break down instances into regions us- 

ing balanced graph partitioning techniques ( Karypis, Aggarwal, 

Kumar, & Shekhar, 1999 ). The resulting decomposition is then 

used in a Lagrangian decomposition-based framework to solve 

our IP. The objective function of the balanced decomposition 

step is designed to yield a small number of dualized con- 

straints, when optimized. Partition-balance of the resulting cuts 

yields MIP subproblems that are similar in difficulty. Lagrangian 

subproblems are independent, and solved in parallel. 

4. the development of a linear programming filtering heuristic 

that allows to fix certain decision variables based on solutions 

to linear relaxation of the Lagrangian subproblems. Computa- 

tional experiments reveal that this heuristic yields a large num- 

ber of fixed variables, and that this in turn results in significant 

improvements in the algorithm’s running time. 

The scalability of our implementation allows the solution of 

reviously intractable instances. 

A formal description of tfMCF ’s model, and its mixed integer 

rogram is provided in Section 2 . Section 3 describes the pro- 

osed condensed formulation that bucketizes OD paths based on 

heir origin vertex and average cube (as well as transportation 

ode and containerization decision), which considerably reduces 

he size of the model. The spatial partition algorithm based on 

plit Lagrangian decomposition is discussed in Section 4 and, in 

ection 4.3 , a heuristic leveraging the LP relaxation of the sub- 

roblems from early iterations of the split Lagrangian is proposed. 

inally, Section 5 is devoted to the presentation and discussion of 

he results of the computational experiments. 

. A mixed-integer model for tfMCF 

In this section, we develop a mixed integer programming for- 

ulation for tfMCF . As mentioned, to accomplish this, we cast 

fMCF as an RTN. The versatility and generality of this framework 

akes it easy to add constraints to match evolving business oper- 

tions. We introduce RTN in the context of tfMCF first. 

.1. Resource task networks 

The main ingredients in RTNs are resources and tasks . Resources 

ften represent consumable materials like goods, but also available 

abor, equipment, etc., while tasks operate on resources and thereby 

odify (i.e., deplete, feed, or alter otherwise) these. 

In the case of tfMCF , we define sets R c of resources for each 

ommodity c ∈ C, and we then let the set of all resources R be the

nion of the R c ’s. We emphasize that R c and R c ′ are disjoint for 

ny two distinct commodities c, c ′ ∈ C. The resources for commod- 

ty (o c , d c ) help us keeping track of packages that reside at critical

oints along the path P c in the underlying network. More specifi- 

ally, for each (o c , d c ) , we have resources for each vertex on path

 c . We will later call r ∈ R c a supply resource if it corresponds to

ertex o c and if it is the starting point of any package order as- 

ociated with commodity c. Similarly, we will say that r ∈ R c is a

roduct resource if it corresponds to vertex d c , and if it is the final

esource a package belonging to commodity c is associated with. 

e will also call all other, non-supply and non-product resources 

ntermediate . We let R 

supply , R 

prod , and R 

inter be the corresponding 

ets of all supply, product, and intermediate resources. We will also 

 

X 
c , for X ∈ { supply, prod, inter} for sets of resources corresponding 

o a particular commodity c. Our model defines a set I of tasks 

hat is further subdivided into 

• Transportation tasks I T . Such a task is associated with a physical 

transportation process corresponding to an arc u v in the under- 

lying transportation network. Nodes u and v correspond to ge- 
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ographic locations, and the task represents the process of mov- 

ing goods from u to v . In terms of the underlying RTN, a trans-

portation process depletes the resource at node u , and feeds 

that at node v . In this paper, transportation tasks are associated 

with specific vehicle types, and this determines, for example, 

the throughput capacity of the task. 
• Sortation tasks I S . These tasks model processing that needs to 

happen at the various vertices in our network, like splitting 

the flow of incoming packages into various output streams, de- 

pending on their destination. Separate sortation tasks are de- 

fined for containerized and fluid-loaded packages. 
• Last-mile tasks I LM . These tasks model processing that is ap- 

plied to packages between the destination network node and 

final customer delivery. Last-mile tasks are introduced to model 

the end-to-end transit time of package flows. 

Each task i has a fixed duration and a set of associated task ex- 

ents M i . A task extent is an extension of the concept of batch 

ize, allowing a single task to operate on multiple disjoint sets 

f resources ( Wassick & Ferrio, 2011 ). In this case, the task in-

olves multiple operations that are synchronized in time, but the 

mount of resources processed (throughput) by each operation can 

e optimized independently. In our context, it can be interpreted 

s the flow associated with a commodity going through its associ- 

ted task at each time period. The presence of multiple extents for 

ach task models the fact that the material flow associated with 

arious commodities may share the capacity of a transport vehicle 

r a sortation process at a certain time. For ease of notation, we let 

m 

be the duration of the task i corresponding to extent m , and let 

 ∈ T m 

be the horizon of the extent m associated with commodity 

o c , d c ) ∈ C. 

Extents interact with certain resources. In the case of tfMCF 

his interaction is quite special, and we exploit this here to 

ake notation easier (in comparison to general RTNs defined in 

antelides (1994) and Wassick & Ferrio (2011) . We refer readers to 

ection Appendix A in the appendix for details). In our formulation 

etting, every extent interacts with exactly two resources of a sin- 

le OD; let these be r −m 

, and r + m 

. Extent m depletes resource r −m 

(cor-

esponding to the usual interaction parameter of −1 ), and it feeds 

esource r + m 

(corresponding to an interaction parameter of +1 ). For 

 resource r ∈ R we let M 

−
r be those extents that deplete r, and

imilarly, M 

+ 
r is the set of extents that feed r. From the above it

ollows that each extent m ∈ M belongs to a unique commodity 

 ∈ C. We can therefore define M c to be the set of extents of com-

odity c, and once again observe that M c and M c ′ are disjoint 

or distinct commodities c and c ′ . The set of all extents M is the

isjoint union of the M c sets, over all commodities c. 

.2. Timing assumptions 

We adopt a discrete time representation where the modeled 

ime horizon is divided into slots of uniform length. Each day has 

 set T day of discrete time units 0 , . . . , T − 1 , where events (i.e.,

rrivals, departures, etc.) may happen. We define the overall time 

orizon of commodity c as the set T c ; i.e. 

 c = { 0 , . . . , N c T − 1 } , 
here N c is the relevant horizon , in number of days, during which 

e are expected to model each commodity c. N c should be large 

nough to accommodate the maximum transit hours needed for 

ommodity c. Notice that the length of the time horizon can differ 

etween OD pairs to avoid generating unnecessary time indices, 

nd, in turn, variables and constraints. Each commodity c speci- 

es a parameter target c ≤ N c , and a package for commodity c is 

onsidered to be delivered on time , whenever it arrives at the des- 

ination within target c days. We refer to speed as the number of 
6 
ays between when the package is injected into supply resource 

 ∈ R 

supply and when it reaches its product resource r ∈ R 

prod . The 

yclicity assumptions are defined in Section 2.4 

.3. A mixed-integer programming formulation 

Throughout this paper, we make use of the fact that each re- 

ource and extent corresponds to a distinct commodity, and as- 

ociate certain commodity-specific parameters and sets with re- 

ources and extents, respectively. In particular, we will sometimes 

rite X r and X m 

in place of X c for X ∈ { target, N, T . . . } , whenever

 ∈ R c , and m ∈ M c . 

tfMCF is a cost constrained speed maximization problem, for- 

ulated as a mixed-integer linear program (MIP). The MIP uses 

ontinuous variables R r,t encoding the level of resource r at time 

 ∈ T r . These variables are constrained to have value no larger than 

 parameter R max 
r,t . We also have continuous variables b m,t repre- 

enting the size of extent m at time t ∈ T m 

. Our model also has

iscrete variables y i,t for transportation tasks i ∈ I T , and times 

 ∈ T day encoding the resource provisioning of transportation task i 

t time t . In a solution, the value of y i,t will represent the number

f vehicles installed for i ∈ I T at time t , each day . 

The MIP’s objective function is designed to maximize fulfillment 

ith an emphasis on speed , and this is accomplished through its 

wo terms: 

(i) 
∑ 

r∈R 

prod R r,N r T −1 – which describes the total flow arriving 

within the respective commodity’s horizon, and hence en- 

codes the goal to maximize fulfillment, and 

(ii) 
∑ 

r∈R 

prod R r,target r T −1 – which describes the total flow arriving 

on time, and hence encodes the speed objective. 

As we will see shortly, feasibility implies that flow that con- 

ributes to the speed term (ii) above, will also contribute to term 

i). The implied double counting emphasises speed; i.e., it empha- 

ises our primary goal of maximizing on-time fulfillment. 

We introduce parameters 	r,t to denote the amount of flow 

possibly 0) that is injected into (supply) resource r, at time t . For 

ach task i ∈ I , and corresponding extent m , we define conversion 

arameters γi,m 

to account for multiple units of measure used for 

ifferent types of processing capacities. Finally, ˆ �cost is a given cost 

pper bound of transport vehicles. We also define the initial re- 

ource level R r, −1 as 0 for all resources r ∈ R . 

max 
∑ 

r∈R 

prod 

(
R r,target r T −1 + R r,N r T −1 

)
(1a) 

s.t. R r,t =R r,t−1 + 

∑ 

m ∈M 

+ 
r 

b m,t−τm 
−

∑ 

m ∈M 

−
r 

b m,t +	r,t ∀ r ∈ R , t ∈ T r 

(1b) 

∑ 

m ∈M i 

∑ 

t ′ ∈T m : t ′ ≡t mod T 

γi,m 

b m,t ′ ≤ B 

max 
i,t ∀ i ∈ I S ∪ I LM , t ∈ T day (1c) 

∑ 

m ∈M i 

∑ 

t ′ ∈T m : t ′ ≡t mod T 

γi,m 

b m,t ′ ≤ B 

max 
i,t y i,t ∀ i ∈ I T , t ∈ T day (1d) 

 ≤ R r,t ≤ R 

max 
r,t ∀ r ∈ R , t ∈ T r (1e) 

cost (y ) := 

∑ 

i ∈I T 

∑ 

t∈T day 

C i y i,t ≤ ˆ �cost (1f) 

 i,t ∈ Z + ∀ i ∈ I T , t ∈ T day (1g) 

Constraint (1b) expresses resource balance : the level of resource 

at time t is comprised of its level at time t − 1 , minus negative 

xtents at time t , plus positive extents at earlier times, plus in- 

ections 	r,t ≥ 0 . Constraint (1c) limits the total size of extents of 
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Fig. 1. Raw network with four arcs (filled lines) and three ODs (dashed lines). 
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 task i ∈ I at some time t ∈ T day to a given amount B max 
i,t 

. Con-

traint (1d) is similar to the previous one and bounds the total 

ize of the extents of transportation tasks. However, in this case, 

he total capacity depends on the number of transportation re- 

ource units allocated for task i at time t ( y i,t ), with each of them

dding B max 
i,t 

to the total capacity. While all tasks have capacity 

onstraints limiting the extent size at some time t ∈ T day , only 

ransportation tasks i ∈ I T have a cost associated with its opera- 

ions, C i . Therefore, there is no need to model the occurrence of 

asks i ∈ I S ∪ I LM as discrete variables. Their activity is controlled 

y the capacity bound B max 
i,t 

alone. Constraint (1e) enforces resource 

imits , and can be used to model storage capacity in the system. 

onstraint (1f) imposes a user-specified upper bound 

ˆ �cost on the 

otal line-haul cost ( C i is the cost of adding a vehicle for trans-

ortation task i ); we use this constraint to de-incentivize solutions 

hat achieve high speed at the price of using many nearly empty 

ehicles. Throughout the remainder of this paper, we will refer to 

he MIP comprised of (1a) –(1g) simply as (1). 

.4. Cyclic schedule 

In our specific application, the demand associated with OD 

airs behaves in a cyclic way; i.e., we assume that demand ex- 

ibits daily repeating patterns and that the optimal schedules are 

epeated day-to-day. Like it was done in previous work by Castro 

t al. (20 03 , 20 05) , we adapt the general-purpose mathematical 

ormulation of an RTN to account for the ensuing cyclical patterns. 

hile task schedule and demand can be modeled in a single day 

orizon, it is important to keep track of commodity flows in a 

ultiple-day horizon to be able to compute the time in days be- 

ween order and delivery and, in turn, check if an package of com- 

odity c reaches its destination within a given target c number of 

ays. 

Therefore, the proposed formulation has a multi-day time win- 

ow that is consistent with the cyclic assumption. Specifically, for 

ackage orders of a commodity c, our model only registers the 

hipments at the origin facility o c in the first day, i.e., 	r,t = 0 ∀ r ∈
 

supply , t ∈ T r : t ≥ T . To account for processing capacity consump-

ion downstream, our model combines package flows for the same 

ime-in-a-day in different days. In physical terms, this means that 

 task carries packages ordered on multiple days of the extended 

ime window, n ∈ { 0 , . . . , N} . This is mathematically done by the

se of the modulo operation in task capacity constraints (1c) -( (1d) ),

hich enforces that all extents m assigned to a task i on different 

ays but at the same time of day consume capacity of such task 

 . Hence, b m,t , b m,t+ n day , b m,t+2 n day , . . . contribute to the same task

oad. 

Raw Network, RTN and MIP Network Flow Model: an example. 

onsider the physical network in Fig. 1 where there are 2 FCs, 1 

C and 2 DSs. Assume that there are three ODs: OD1, OD2 and 

D3 with (origin,destination) pairs given by (FC1,DS1), (FC1,DS2) 

nd (FC2,DS1), respectively. The paths associated to these ODs all 

ave the SC as the unique intermediate vertex. In the following fig- 

res, we associate a unique color with each of the ODs: OD1 is as- 

ociated with color red, OD2 is blue, and OD3 is purple. We show 

lements of the figure pertaining to a specific OD in the respective 

olor. For example, Fig. 1 displays the path of OD1 using dashed 

ed arcs. 

The RTN corresponding to the physical network Fig. 1 is shown 

n Fig. 2 , where resources are represented by circles and tasks by 

ectangles. Resources are labeled by triples (x, y, z) where x is the 

D identifier, y is the site name in the physical network that is as- 

ociated to the resource, while the value of z is “IB” (inbound) or 

OB” (outbound), depending on whether the resource is entering 

r leaving site y , respectively. Task labels are of two types: “X- Y 

V” when the task moves resources from site X to site Y and “Z
7 
ORT” when it sorts the resource in facility Z. In this figure we as- 

ign identifiers r i to each of the 15 resources. Similarly, identifiers 

 j are assigned to the seven tasks. Each task has several associated 

xtents that we label as m 1 , m 2 , . . . . Extent labels are placed next

o the label of the task they are associated with. We emphasize 

hat extent labels are relative to their task, and that, for example, 

xtent m 1 of task I 1 and extent m 1 of task I 2 represent distinct ob- 

ects of the RTN model. 

Figure 3 sketches how the RTN in Fig. 2 is transformed into the 

orresponding flow network that forms the basis of the MIP model 

n Section 2 . Notice that, the network in this figure is a simplifi-

ation of the true network as it does not reflect the fact that we 

re modeling flow over time. As such, there are as many copies 

f a vertex as there are periods in the planning horizon. To be pre- 

ise, a vertex x should be represented by x t , where t is a valid time

eriod. Similarly, an arc representing an extent of duration τ that 

ransforms resource x into resource y corresponds to timed arcs be- 

ween vertex copies x t and y t+ τ for appropriate values of t . In the 

gure, we also write the name of the flow variables b over the 

orresponding arc. Note, however, that according to the previous 

bservation, these names omit the subscript corresponding to the 

ime period. Also, observe that the 	 constants in the flow bal- 

nce constraints (1b) are only indicated for resources associated to 

he origin of the OD pair as this is the only place where packages 

an be injected into the network. As a final remark, notice that 

 dashed (purple) rectangle is used in this figure to highlight the 

rcs (i.e., task extents) that belong to the task whose identification 

s written next to that rectangle. 

. Reducing the MIP model via condensation 

The instances of tfMCF considered in this work have the prop- 

rty that the number of vertices on each commodity path is a 

mall constant (that is independent of the size of the input). Fur- 

hermore, the RTN model in these instances defines a constant 

umber of resources per vertex. Under these two assumptions, 

roblem (1) has O ( 
∑ 

c∈C |T c | ) variables and constraints. In practical 

nstances of tfMCF the number |C| of commodities tends to be 

rohibitively large. Thus, solving MIP model (1) for such instances 

an be computationally infeasible. In this section we describe con- 

ensation techniques that allow us to write a more compact MIP. 

Consider an origin vertex v ∈ V origin where V origin ⊂ V , and let 

ube min 
v and cube max 

v be the minimum and maximum average cube 

f OD pairs with origin v , respectively. Let T A and H be the sets of 

istinct target values target c and horizon lengths |T c | , respectively. 

or a parameter ε > 0 (called the condensation factor ), target ˜ t ∈ 
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Fig. 2. RTN corresponding to physical network in Fig. 1 . 

Fig. 3. MIP Network corresponding to the RTN in Fig. 2 . 
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 A , and horizon length 

˜ h ∈ H, we then let: 

 

˜ t , ̃ h 
v , j 

= { (o c , d c ) : c ∈ C, o c = v , target c = 

˜ t , |T c | = 

˜ h , and (2) 

pkgCube c / pkgCount c ∈ [ cube min 
v (1 + ε) j , cube min 

v (1 + ε) j+1 ) } 
e the bucket of ODs with origin v whose average cube is at least 

ube min 
v (1 + ε) j , and less than (1 + ε) times that, whose target is

˜ 
 , and whose horizon length is ˜ h . Note that, for a given origin v ,
ndices j may take on values in the set 

 v := { 0 , . . . , � log 1+ ε cube max 
v / cube min 

v �} . 
For the sake of simplicity, we describe here the creation of 

uckets for each origin vertex, average cube range, target and 

orizon values. Our implementation also considers transportation 

ode (i.e. air and ground) and containerization decision (i.e. con- 

ainerized and fluid loaded) in its definition of buckets. 

In the following, we let σv , j ∈ [ cube min 
v (1 + ε) j , cube min 

v (1 + 

) j+1 ) be a user-chosen average cube parameter for each bucket 

 

˜ t , ̃ h 
v , j 

. We further let ˜ σv , j ≤ 1 + ε be the maximum ratio of σv , j and 

he average cube of OD (o c , d c ) , over all (o c , d c ) ∈ O 

˜ t , ̃ h 
v , j 

. 

The main idea behind condensation is now as follows: since the 

Ds in O 

˜ t , ̃ h 
v , j 

are similar – they have the same origin, and average 

ube within a factor of (1 + ε) – we may treat them as one com-

odity. Merging the commodities in O 

˜ t , ̃ h 
v , j 

now allows us to merge 

he corresponding resource and extent sets. 
8 
We point out that the basic idea of condensation – the merging 

f commodities that share certain characteristics (like a common 

rigin) – is folklore, and has been applied before. The authors were 

nspired by prior work in the field approximate fractional multi- 

ommodity flow solvers, where the running time of earlier algo- 

ithms ( Fleischer, 20 0 0; Garg & Könemann, 20 07 ) was improved in

ubsequent work of Karakostas (2008) by combining commodities 

hat share an origin. Related ideas were also used by Jarrah, John- 

on, & Neubert (2009) in their work on problems in the context 

f the less-than-truckload freight shipment industry. The authors 

ake use of their specific application, where each shipment has 

 single path, and where the paths destined for the same vertex 

orm a tree. In this setting the authors reformulate their problem 

y considering flows on trees instead of on paths. While in our 

etting, paths with the same destination do not necessarily form a 

ree, the ideas are nevertheless related. 

In the following, we start by defining the elements of the con- 

ensed resource task network, before we continue defining the 

ondensed MIP (1) of (1). 

Condensing resources . Recall from the discussion in 

ections 2.1 and 2.3 that the RTN underlying MIP (1) defines 

 set R c of resources for each commodity c ∈ C. This set contains 

esources for all vertices v on the path P c in the underlying physi- 

al network, and for each resource type. For example, in the RTN 

epicted in Figure 2 corresponding to the tfMCF instance with 

etwork given in Fig. 1 , the unique SC has 6 associated resources 
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Fig. 4. Condensed MIP Network. 
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or the three ODs, and 2 resource types (IB and OB) given in the 

nstance. 

Let P 
˜ t , ̃ h 
v , j 

be the set of vertices of paths P c corresponding to ODs 

o c , d c ) ∈ O 

˜ t , ̃ h 
v , j 

. In the condensed RTN, we now create a resource for

very bucket O 

˜ t , ̃ h 
v , j 

, for every vertex in P 
˜ t , ̃ h 
v , j 

, and for every resource

ype. A particular resource r for OD (o c , d c ) ∈ O 

˜ t , ̃ h 
v , j 

, vertex u ∈ P c ,

nd resource type t is now mapped to the condensed resource ˜ r cor- 

esponding to the bucket containing (o c , d c ) , vertex u , and type t .

otice that several original resources may be mapped to the same 

ondensed resource, yielding the wanted condensation . For exam- 

le, Fig. 4 shows the condensation of the RTN in Fig. 2 where re-

ources r2 and r7 of the original RTN are mapped to the same 

ondensed resource. Given the above, the set of resources of the 

ondensed RTN is now given by ˜ R = { ̃ r : r ∈ R} . 
We also point out that whenever resources r ′ and r are mapped 

o the same condensed resource ˜ r , then these resources must be- 

ong to commodities c ′ and c, respectively, that lie in the same 

ucket; we will refer to this bucket as the bucket of ˜ r . For this rea-

on, we can now define target ˜ r and N ˜ r as the target value and hori-

on, respectively, of the bucket of ˜ r . 

Because paths of ODs that lie in the same bucket overlap (at the 

ery least in the origin), the above resource condensation yields an 

ften significant reduction in the number of resources in the RTN. 

his is again exemplified in Figs. 2 and 4 . 

Condensing extents . Recall that each extent m ∈ M c specifies a 

air (r −m 

, r + m 

) of R c resources that it depletes, and feeds, respec-

ively. The fact that we combine multiple similar ODs into buckets 

ow allows us to condense extents of commodities in O 

˜ t , ̃ h 
v , j 

whose 

esources map to the same condensed resources; i.e., define the 

xtent set of bucket O 

˜ t , ̃ h 
v , j 

as 

˜ 
 

˜ t , ̃ h 
v , j 

= { ( ̃ r −m 

, ̃  r + m 

) : m ∈ M c , (o c , d c ) ∈ O 

˜ t , ̃ h 
v , j 

} , 

here we use ˜ r −m 

and ˜ r + m 

to denote the condensed resources as- 

ociated with r −m 

and r + m 

, respectively. This is the case of extent 

 I1 ,m 1 in Fig. 4 which is the condensed extent obtained from ex- 

ents b I1 ,m 1 and b I1 ,m 2 in Fig. 3 . We let ˜ M be the extents of the

ondensed formulation; the set is comprised of the union of ex- 

ent sets ˜ M 

˜ t , ̃ h 
v , j 

for all buckets O 

˜ t , ̃ h 
v , j 

. In the following we say that 

xtent m ∈ M c for some OD (o c , d c ) of bucket O 

˜ t , ̃ h 
v , j 

with associated

esources (r −m 

, r + m 

) maps to condensed extent ( ̃ r −m 

, ̃  r + m 

) . 
9 
Condensing the MIP – Balance constraints . Consider bucket O 

˜ t , ̃ h 
v , j 

, 

nd let D 

˜ t , ̃ h 
v , j 

be the set of destinations of OD pairs in O 

˜ t , ̃ h 
v , j 

. For

ny d ∈ D 

˜ t , ̃ h 
v , j 

let O 

˜ t , ̃ h 
v , j,d 

be the set of ODs in O 

˜ t , ̃ h 
v , j 

with destina-

ion d. Notice that resource condensation discussed above will 

ap the product resources of ODs in O 

˜ t , ̃ h 
v , j,d 

to the same con- 

ensed product resource. We will abuse notation in the fol- 

owing, and refer to this resource as d as well. The con- 

ensed formulation models the fact that packages of ODs in 

 

˜ t , ̃ h 
v , j 

travel between v and D 

˜ t , ̃ h 
v , j 

(more precisely, it models flow 

etween the single condensed supply resource at v , and the 

ondensed product resources at D 

˜ t , ̃ h 
v , j 

in the time-expanded RTN 

raph). The main ingredient for describing the feasible region is 

 suitably modified system of balance and capacity constraints 

1b) – (1d) . 

Recall that, for a condensed resource ˜ r , the set of resources r

hose condensed resource is ˜ r belongs to the same bucket. Hence, 

ll such resources r share the target and horizon values of their 

ucket; we will use target ˜ r and T ˜ r to refer to these. The con- 

ensed MIP has a balance constraint for each condensed resource 

˜  , and for each time t ∈ T ˜ r . The balance constraint for condensed

esource ˜ r and t ∈ T ˜ r is obtained by summing the original balance 

onstraints (1b) for pairs (r, t) , where r ∈ 

˜ R 

−1 ( ̃ r ) . Note that the

ummed balance constraints do not share any variables. In the re- 

ulting sum, we replace original extent variables by their respec- 

ive condensed variables (dropping duplicates). Similarly, replace 

he sum of original induction variables by the one condensed vari- 

ble 	˜ r ,t . 

For any condensed extent ˜ m ∈ 

˜ M , we let ˜ M 

−1 ( ̃  m ) be the set 

f extents in M whose condensed extent is ˜ m . For any such con- 

ensed extent ˜ m , and for any time t ∈ T m 

, we replace the set of

ariables { b m,t : m ∈ 

˜ M 

−1 ( ̃  m ) } by b ˜ m ,t . 

Condensing the MIP – Capacity constraints . As described, in the 

apacity constraints (1c) and (1d) we replace terms of extent vari- 

bles b m 1 ,t , . . . , b m q ,t that have the same condensed extent ˜ m by a 

ingle term for variable b ˜ m ,t . The coefficient of this new variable is 

he average cube parameter σv , j of the bucket associated with the 

Ds of m 1 , . . . , m q . We also replace the B max 
i,t 

term on the right-

and side of the constraint by ˜ σ B max 
i,t 

, where ˜ σ is the maximum 

f σv , j over all buckets O 

˜ t , ̃ h 
v , j 

, if this is at least 1, and we let ˜ σ = 1 ,

therwise. 

Condensing the MIP – Resource limits . In (1) we have a resource 

imit constraint for each condensed resource ˜ r ∈ 

˜ R , and for each 
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l 1 1  
ime t ∈ T ˜ r . This constraint bounds the value of the condensed re-

ource variable by the sum of the bounds of those resource vari- 

bles that map to ˜ r ; similar to the extent case, we let this set be
˜ 
 

−1 ( ̃ r ) . We then have 

 ˜ r ,t ≤
∑ 

r∈ ̃  R 

−1 ( ̃ r ) 

R 

max 
r,t . (3) 

Condensing the MIP – Induction . The original model has an in- 

uction parameter 	r,t for each original resource r, and time t ∈ T r . 
e now define ˜ 	˜ r ,t for condensed resource ˜ r and time t ∈ T ˜ r by 

umming 	r,t over all resources r ∈ 

˜ R 

−1 ( ̃ r ) whose condensed re- 

ource is ˜ r . 

Condensation example . To illustrate the condensation procedure, 

e apply it to the example in Fig. 1 . There, if a condensation is

one that transforms OD 1 and OD 2 into a single OD with origin

n F C1 and destinations in DS1 and DS2 , the flow network corre- 

ponding to the condensed MIP model, following the conventions 

bove, is the one seen in Fig. 4 . The paths corresponding to the

ondensed OD are identified by the red arcs. In this simple exam- 

le the number of resources (task extents) was reduced from 15 

12) to 13 (11). 

.1. Strengthening the condensed MIP 

On the one hand, combining ODs into buckets reduces the 

umber of extent variables as well as the number of constraints. 

n the other hand, it results in several subtle issues that all stem 

rom the fact that the condensed LP can not distinguish between 

ow from different ODs in the same bucket. For example, packages 

ssociated with ODs in a bucket are now allowed to travel along 

aths belonging to different ODs in the same bucket. In the appli- 

ation discussed in this paper this is permissible. 

There are problems arising from the inability to distinguish 

ackages that are less harmless, and for which we need to add 

odel strengthenings. 

Bounding the flow into destinations . Let D 

˜ t , ̃ h 
v , j 

be the set of prod- 

ct resources of ODs in bucket O 

˜ t , ̃ h 
v , j 

, and let O 

˜ t , ̃ h 
v , j,d 

be the subset of

Ds in O 

˜ t , ̃ h 
v , j 

that have destination d. We need to ensure that the 

otal number of packages from bucket O 

˜ t , ̃ h 
v , j 

reaching product re- 

ources at d ∈ D 

˜ t , ̃ h 
v , j 

does not exceed the total number of packages 

f ODs in O 

˜ t , ̃ h 
v , j 

that have destination d (henceforth referred to by 

kgCount v , j,d ). This is accomplished by adding the following con- 

traint to (1): 

∑ 

˜  ∈ ˜ M 

˜ t , ̃ h 
v , j,d 

∑ 

t∈T d 
b ˜ m ,t ≤ pkgCount v , j,d ∀ v ∈ V 

origin , j ∈ J v , d ∈ D 

˜ t , ̃ h 
v , j 

, 

(4) 

here we let ˜ M 

˜ t , ̃ h 
v , j,d 

be the set of condensed extents of such ODs 

eeding the product resource corresponding to destination d. 

Early induction . Another subtle side effect has to do with how 

ow for ODs is introduced into the network. In our application, 

e are given an induction curve that specifies what fraction 	r,t of 

kgCount c for each OD c ∈ C is introduced at supply resource r of 

he OD at each time t of the day. Condensation, as described above, 

llows the model to ship more flow of OD c to d c as would nor-

ally be possible (see also Example 3.1 ). To counteract this phe- 

omenon, here called early induction , we add new constraints that 

imit the cumulative package count associated with the ODs of a 

ommon bucket arriving at a destination vertex by some time t . To 

ake this precise, we first let minArrival v , j,d be the minimum tran- 

it time of the path of any OD in O 

˜ t , ̃ h 
v , j,d 

. We then let arrival UB 
v , j,d,t 
10 
e the cumulative number of packages ordered by ODs in O 

˜ t , ̃ h 
v , j,d 

etween time 0 and time (t − minArrival v , j,d ) . The new constraint 

ow is as follows: ∑ 

˜  ∈ ˜ M 

˜ t , ̃ h 
v , j,d 

,t ′ ≤t 

b ˜ m ,t ′ ≤ arrival UB 
v , j,d,t ∀ v ∈ V 

origin , j ∈ J v , d ∈ D 

˜ t , ̃ h 
v , j 

, t ∈ T d 

(5) 

Limit total flow on arcs . Consider the path P c associated with 

D c ∈ C, and define pkgCount e to be the total number of packages 

raveling on OD paths containing edge e ∈ E; i.e., 

kgCount e = 

∑ 

c∈C : e ∈ P c 
pkgCount c . 

et ˜ M e be the set of all (condensed) extents associated with trans- 

ortation tasks on edge e . We then require the total value of ex- 

ents in M e (the total flow on e ) to be bounded by pkgCount e ; i.e.,

∑ 

˜  ∈ ˜ M e ,t∈T e 
b ˜ m ,t ≤ pkgCount e ∀ e ∈ E, (6) 

here T e is the union of horizons of all ODs whose path uses e . To

ummarize our discussion, we provide a full description of ( ̃ 1 ) . 

ax 
∑ 

˜ r ∈ ̃  R 

prod 

(
R ˜ r ,target ˜ r T −1 + R ˜ r ,N r T −1 

)
( ̃  1 a ) 

.t. R ˜ r ,t = R ˜ r ,t−1 + 

∑ 

m ∈ ˜ M 

+ 
˜ r 

b m,t−τm 
−

∑ 

m ∈ ˜ M 

−
˜ r 

b m,t + 	˜ r ,t ∀ ̃

 r ∈ 

˜ R , t ∈ T ˜ r 

( ̃  1 b) 

∑ 

˜ m ∈ ˜ M i 

∑ 

t ′ ∈T m : t ′ ≡t mod T 

σ ˜ m 

b ˜ m ,t ′ ≤ ˜ σB 

max 
i,t ∀ i ∈ I S ∪ I LM , t ∈ T day ( ̃  1 c) 

∑ 

˜ m ∈ ˜ M i 

∑ 

t ′ ∈T ˜ m : t ′ ≡t mod T 

σ ˜ m 

b ˜ m ,t ′ ≤ ˜ σB 

max 
i,t y i,t ∀ i ∈ I T , t ∈ T day ( ̃  1 d) 

 ≤ R ˜ r ,t ≤
∑ 

r∈ ̃  R 

−1 ( ̃ r ) 

R 

max 
r,t ( ̃  1 e ) 

1 f ) , (4) − (6) 

In the above MIP, we let ˜ M i be the set of condensed extents for 

ondensed task i , and we let σ ˜ m 

be the average cube parameter of 

he bucket corresponding to extent ˜ m ∈ 

˜ M i . Recall from the dis- 

ussion in the resource condensation section that resources ˜ r ∈ 

˜ R 

ave well-defined target value and horizon length, corresponding 

o those of resources that lie in the same bucket as ˜ r . 

The following small example shows that, despite adding con- 

traints (4) – (6) to (1), condensed and un-condensed flows may 

ehave quite differently, and early induction is not entirely pre- 

ented through the added constraints. 

xample 3.1. The example given in the figure below has two ODs, 

ach having total demand volume equal to one truck load (hence- 

orth denoted as 1 tl ), the same average cube, and target time t > 

 . Arcs in the figure are annotated by their transit times. For both 

Ds, tl / 2 packages are induced at time 0, and the same amount 

t time t/ 2 . For i = 1 , 2 , OD i has path 〈 f, s i , d〉 . For this simple ex-

mple, we assume that delay is only incurred while traversing arcs 

as opposed to also at nodes for sortation operations, etc.). 

Using the above setup, notice that at most tl / 2 units of OD 1 can 

ake it to destination d by time t in any un-condensed solution. 

ote that the two ODs are in a common bucket in the condensed 

odel. For the ODs of this bucket tl units of demand are available 

t time 0. Using early induction, we designate this demand as be- 

onging to OD , and send it to d along path 〈 f, s , d〉 . Another tl
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nits of demand becomes available at f at time t/ 2 , and is sent to

along path 〈 f, s 2 , d〉 . This way, the entire 2 tl units of demand for

oth of ODs arrives at d in time. 

Note that constraint (4) is clearly satisfied in this solution. To 

ee that (5) is satisfied, notice that both ODs in this example are in

he same bucket; let this be O 

˜ t , ̃ h 
f, j 

. Further, note that minArrival v , j,d 

quals t/ 2 , and hence arrival UB 
f, j,d,t 

equals 2 tl . Thus (5) is satisfied. 

inally, note that each arc in the example given belongs to exactly 

ne OD path, and that our solution sends exactly the demand of 

he corresponding OD along this path, and hence satisfies (6) as 

ell. 

The above example shows that we cannot always assume that 

 condensed solution may be converted losslessly into an uncon- 

ensed one (e.g., via standard flow decomposition techniques; see 

huja, Magnanti, & Orlin, 1988 ). This and other theoretical aspects 

nvolving the two formulations are discussed in the next subsec- 

ion. For now, we just highlight the fact that the condensed model 

roved to be of sufficient quality for the instances present in our 

pplication. 

.2. Properties of the condensed formulation 

Our first theorem relates the optimum values of (1) and (1). 

heorem 3.2. The optimum value of ( ̃ 1 ) is at least the optimum value

f (1). 

roof. Let (b, y, R ) be a feasible solution for (1). We now define

atural projections of b ′ and R ′ of b and R , respectively, such that 

b ′ , y, R ′ ) is feasible for ( ̃ 1 ) , and has value equal to that of (b, y, R ) .

et M be the set of all extents of the original formulation, and re-

all the ˜ m is the condensed extent corresponding to m ∈ M , and 

hat we defined 

˜ M as the set of condensed extents. Further, recall 

hat we defined 

˜ M 

−1 ( ̃  m ) as the set of extents in M whose cor-

esponding condensed extent is ˜ m . For ˜ m ∈ 

˜ M , and time t ∈ T ˜ m 

we

ow define 

 

′ 
˜ m ,t = 

∑ 

m ∈ ˜ M 

−1 ( ̃ m ) 

b m,t . 

We also let 

 

′ 
˜ r ,t = 

∑ 

r∈ ̃  R 

−1 ( ̃ r ) 

R r,t , 

or all condensed resources ˜ r of the condensed formulation, and 

or all times t . Recall that, by our choice of condensation, ˜ r = 

˜ r ′ for 

roduct resources r and r ′ only if the corresponding ODs have the 

ame target values and horizon lengths. This implies that the de- 

ned map from (b, y, R ) to (b ′ , y, R ′ ) is objective value preserving.

t remains to show that (b ′ , y, R ′ ) is feasible for ( ̃ 1 ) . 

Let ˜ r be a condensed resource, and t some time. Recall that 

onstraint ( ̃ 1 b) for ˜ r and t is the sum of the original balance con- 

traints of resources r and t where r ∈ 

˜ R 

−1 ( ̃ r ) and, therefore, is 

atisfied by the vector (b ′ , y, R ′ ) . 
Constraints ( ̃ 1 c) and ( ̃ 1 d) are the same as their uncondensed 

ounterparts, except the possibly altered σ coefficients. However, 

y definition, whenever σ is replaced by σ ′ then, by definition, 
11 
′ /σ ≤ ˜ σ . Thus, the scaling of B max parameters on the right side of 

he capacity constraints ensures that the capacity constraints hold. 

The adjusted resource bound constraints ( ̃ 1 e ) are clearly sat- 

sfied by the definition of ˜ R above. Finally, since the variables y 

re the same in both models, constraint (1f) is fulfilled. Constraints 

4) - (6) are satisfied by b ′ as the latter vector is obtained from a

easible solution b for (1). �

Note that ˜ σ = 1 in (1) if we choose all average cube param- 

ters equal to the lower bounds of their respective average cube 

ntervals. Theorem 3.2 therefore shows that the introduced scal- 

ng of right-hand sides of capacity constraints (1c) and (1d) is not 

eeded to obtain a relaxation in this case. We note however that, 

n our implementation, we choose σ parameters equal to the upper 

ounds of their respective average cube intervals without scaling 

he B max parameters. In theory, this could of course result in a con- 

ensed formulation whose objective value is significantly smaller 

han that of (1). However, in our practical experience, this tends 

ot to happen. 

Choosing σ parameters equal to the average cube interval up- 

er bounds, allows us to translate condensed solutions back to 

heir uncondensed counterparts (under certain conditions). In fact, 

nder the previous condition ˜ σ is equal to one and the following 

esult holds. 

heorem 3.3. Let (b ′ , y, R ′ ) be a solution for ( ̃ 1 ), and assume that all

verage cube parameters σ are chosen at their upper bounds. Then 

e can find (b, y, R ) that satisfies the constraints of (1) under the fol-

owing provisos: 

(i) For any bucket O 

˜ t , ̃ h 
v , j 

, and any OD (o d , d c ) ∈ O 

˜ t , ̃ h 
v , j 

we allow pack- 

ages of the OD to be routed along any o c , d c -path in the union

of paths of ODs in this bucket. 

(ii) We are allowed to modify induction parameters 	 so that the 

sum of variables associated with resources of any given bucket 

remains unchanged. 

(iii) We are allowed to relax resource capacity (storage capacity) 

constraints. 

The objective value of (b, y, R ) in (1) is at least that of (b ′ , y, R ′ )
n (1). 

roof. The linear systems describing feasible solutions of (1) as 

ell as ( ̃ 1 ) are easily seen to have network flow structure. We will 

hortly make this explicit, and proceed to show that this struc- 

ure enables us to use well known flow-decomposition techniques 

o strip the given bucket-granularity solution into one that has OD- 

ranularity. 

In our proof we convert (b ′ , y, R ′ ) into (b, y, R ) iteratively. The

 variables are not changed in this conversion. Variables b ′ , and 

 

′ are associated with specific buckets. We make use of this, and 

ranslate variables associated with buckets O 

˜ t , ̃ h 
v , j 

, for all v and j, in 

solation, one by one. 

For now, fix a bucket O 

˜ t , ̃ h 
v , j 

, and let us construct a digraph H 

˜ t , ̃ h 
v , j 

. 

he graph has one vertex for each condensed resource associated 

ith the bucket; i.e., 

 ( H 

˜ t , ̃ h 
v , j 

) = { ( ̃ r , t) : r ∈ R c , (o c , d c ) ∈ O 

˜ t , ̃ h 
v , j 

, t ∈ T r } . 
ecall that every condensed extent ˜ m has associated condensed 

esources ˜ r −
˜ m 

, and ˜ r + 
˜ m 

as well as duration τ ˜ m 

. We add arc 

( ̃ r −
˜ m 

, t) , ( ̃ r + 
˜ m 

, t + τ ˜ m 

) 
)

whenever the corresponding variable b ′ 
˜ m ,t 

is 

ositive. We also add hold-over arcs ( ( ̃ r , t − 1) , ( ̃ r , t) ) for r esour ce 

˜  , and t ∈ T ˜ r whenever R ′ 
˜ r ,t−1 

is positive; i.e., whenever packages 

eside at resource ˜ r in the time interval [ t − 1 , t) . Thus, 

(H 

˜ t , ̃ h 
v , j 

) = { (( ̃ r −
˜ m 

, t) , ( ̃ r + 
˜ m 

, t + τ ˜ m 

) 
)

: ˜ m ∈ 

˜ M 

˜ t , ̃ h 
v , j 

, b ′ ˜ m ,t > 0 } ∪ 
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{ ( ( ̃ r , t − 1) , ( ̃ r , t) ) : ˜ r ∈ 

˜ R i for i ∈ O 

˜ t , ̃ h 
v , j 

, t ∈ T ˜ r and R 

′ 
˜ r ,t−1 > 0 } . 

xtent variables b ′ yield natural associated arc flows by letting 

 

′ 
( ( ̃ r −˜ m 

,t) , ( ̃ r + 
˜ m 
,t+ τ ˜ m ) ) 

= b ′ ˜ m ,t , 

or all ˜ m ∈ 

˜ M 

˜ t , ̃ h 
v , j 

and for all t ∈ T ˜ m 

. Similarly, we define flows on

old-over arcs, by defining b ′ 
( ( ̃ r ,t−1) , ( ̃ r ,t) ) 

= R ′ 
˜ r ,t−1 

, for all resources 

˜  , and for all t ∈ T ˜ r . 

In the following, we say that a vertex ( ̃ r , t) is terminal if ( ̃ r , t +
) �∈ V (H) ; i.e., if t is maximal in T ˜ r . Call a vertex non-terminal oth-

rwise. In our setting, terminal vertices correspond to resources at 

he end of their respective horizons, and there are therefore no 

ut-going arcs at these vertices. With the above, we can now de- 

ne net in-flow parameters π̄˜ r ,t for each vertex ( ̃ r , t) ∈ V (H) as fol-

ows: 

• If ( ̃ r , t) is non-terminal, we let π̄˜ r ,t = −	˜ r ,t ; i.e., the total flow

entering ( ̃ r , t) minus the total flow leaving (including hold- 

over) should equal the negative injection volume at the node. 
• If ( ̃ r , t) is terminal, we let π̄˜ r ,t be equal to the total inflow on

arcs incident to ( ̃ r , t) . 

Note that, by definition, π̄˜ r ,t is positive for all terminal nodes 

n V (H) , and that it is non-positive anywhere else. Let δin ( ̃ r , t) and
out ( ̃ r , t) be the set of arcs in E(H) whose head and tail respec-

ively, is ( ̃ r , t) , for all ( ̃ r , t) ∈ V (H) . With the definitions above, and

rom the fact that variables b ′ satisfy constraint ( ̃ 1 b) , it now fol-

ows that ∑ 

 ∈ δin ( ̃ r ,t) 

b ′ e −
∑ 

e ∈ δ+ ( ̃ r ,t) 

b ′ e = π̄˜ r ,t , 

or all ( ̃ r , t) ∈ V (H) . In other words, b ′ is a feasible flow for the flow

nstance given by H and π̄ . For a thorough introduction to network 

ow theory, we refer the reader to the excellent textbooks ( Ahuja 

t al., 1988; Williamson, 2019 ). 

Observe now that any arc (( ̃ r , t) , ( ̃ r ′ , t ′ )) ∈ E(H) satisfies t ′ > t ,

nd hence H is acyclic. Standard flow-decomposition arguments to- 

ether with the acyclicity of H now imply that there are directed 

aths P 1 , . . . , P q and positive values b ′ 
P i 

for all i such that 

 

′ 
e = 

∑ 

i : e ∈ P i 
b ′ P i , 

or all e ∈ E(H) . In other words, we can split the arc flow b ′ into

aths. Each of these paths begins in a non-terminal, and ends in a 

erminal vertex. 

Note that, by definition, 	˜ r ,t = 

∑ 

r∈ ̃  R 

−1 ( ̃ r ) 	r,t , for any ( ̃ r , t) ∈ 

 (H) , and that all resources r ∈ 

˜ R 

−1 ( ̃ r ) belong to to OD pairs

n bucket O 

˜ t , ̃ h 
v , j 

. Once again by standard flow decomposition argu- 

ents, it can be seen that we may assume that each of the di- 

ected paths P j above belongs to a unique OD (o c , d c ) ∈ O 

˜ t , ̃ h 
v ,r , and 

he total number of packages on these paths is no larger than 

kgCount c . In the following, we will let P 

c be the set of directed 

aths in { P 1 , . . . , P q } that belong to OD (s c , t c ) ∈ O 

˜ t , ̃ h 
v , j 

. Flow decom-

osition implies that we can pick these sets such that each path 

 ∈ P 

c ends in a node ( ̃  p c , t 
′ ) ∈ V (H) , where ˜ p c is a condensed

roduct resource corresponding to OD (s c , t c ) , and some time t ′ .
low decomposition also implies that the set of paths with start 

ode ( ̃ r , t) for any ˜ r ∈ 

˜ R 

˜ t , ̃ h 
v , j 

, and 

˜ t ∈ T ˜ r has total flow equal to
 

r∈ ̃  R 

−1 ( ̃ r ) 	r,t . 

Note that we cannot argue that the paths in P 

c starting at ( ̃ r , t)

ave total flow value at most 	c 
˜ r ,t 

(hence requiring proviso (ii)). 

ote also that paths in set P 

c may in general be different from the

riginal path shipment path P c of an OD (o c , d c ) (requiring proviso

i)). 
12 
It remains to define values of variables in the un-condensed so- 

ution corresponding to ODs in O 

˜ t , ̃ h 
v , j 

. Consider a variable b m,t and 

et e = ( ̃ r −m 

, t) , ( ̃ r + m 

, t + τm 

) be the corresponding arc in E(H) . Sup- 

ose that the OD corresponding to extent m is (o c , d c ) ∈ O 

˜ n , ̃ h 
v , j 

. We

hen let 

 m,t = 

∑ 

P∈P c ,e ∈ P 
b ′ P 

.e., we sum the total flow value of paths of OD (o c , d c ) that con-

ain e (note, that, by definition, all ODs in a bucket have the same 

orizon, and hence variables exist). 

Similarly, consider variable R r,t for some resource r ∈ R c , 

o c , d c ) ∈ O 

˜ t , ̃ h 
v , j 

, and t ∈ T r . Let e = ((r, t) , (r, t + 1)) be the hold-over

rc corresponding to this resource at time t , and we then let 

 r,t = 

∑ 

P∈P c ,e ∈ P 
b ′ P 

he total value of flow assigned to paths in P 

i that contain e . Note

hat the above definition, and flow decomposition may yield val- 

es of R that violate (1e) (requiring relaxation (iii)). Note that con- 

traint (1e) is relaxed in all our experiments, i.e., we do not impose 

torage capacity constraint. 

Suppose that we apply the above procedure to all buckets O 

˜ t , ̃ h 
v , j 

, 

nd let the resulting solution be (b, y, R ) . Directly from the defini-

ions of H above, and from the way we defined the flow decom- 

osition, it follows that constraints (1b) are satisfied. Constraints 

1c) and (1d) are satisfied as well; this follows (a) as the corre- 

ponding task constraints in ( ̃ 1 ) were satisfied by b ′ , (b) b is essen-

ially obtained by splitting b ′ , and (c) our choice of average cube 

arameters σ equal to the upper bounds of the average cube in- 

erval of the respective bucket, and the definition of ˜ σ imply that 

ondensed flow over-estimates contribution to task capacity. 

By our definition of buckets target and horizon values of prod- 

ct resources coincide for ODs in each bucket. Hence, flow decom- 

osition can be seen to be objective function value preserving. �

. Heuristic solution via Lagrangian decomposition 

It is computationally challenging to solve (1) and ( ̃ 1 ) for large 

nstances (e.g.; those arising from large real-world transportation 

roblems) as a single, full-space optimization problem due to the 

omplexity of timing decisions at fine (e.g., hourly) granularity. To 

mprove its solution performance, and taking advantage of spe- 

ial structures in the formulation of the optimization problem, we 

ropose a solution algorithm based on geographical decomposition 

ombined with the so called split Lagrangian method ( Guignard & 

im, 1987 ). 

.1. Balanced partitioning 

Recall from Section 1 that we defined G = (V, E) to be the graph

ssociated with the input network. Furthermore, recall that each 

D pair (o c , d c ) ∈ C in the input has an associated o c , d c -path P c .

inally, let E c ⊆ E(G ) be the set of edges in o c , d c -path P c . 

The goal is to find a balanced partition π = (V 1 , . . . , V q ) of the

ertex set V (G ) : (i) V = V 1 ∪ . . . ∪ V q ; (ii) V v ∩ V u = ∅ , for all v � = u ;

nd (iii) | V v | ≤ (1 + α) | V | /q , for all v , where α is a given imbalance

arameter. In the context of the tfMCF , the subgraph induced by a 

ubset V i of the partition is called a region . 

Now, let δ(π ) be the set of edges in G whose ends lie in differ-

nt parts of π . We want to find a balanced partition that allows us 

o break the overall optimization problem into smaller problems 

hat are as independent as possible. In light of the split-Lagrangian 

pproach taken here, achieving approximate independence trans- 

ates into minimizing the number of path edges in δ(π ) . More for- 

ally, we define the weight w e of an edge e ∈ E(G ) as the number
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f paths P c for OD pair (o c , d c ) ∈ C with e ∈ E c . The goal is now to

nd a balanced partition π that minimizes 
∑ 

e ∈ δ(π ) w e . 

The balanced separator problem is well-known to be NP-hard as 

ell as hard to approximate within a constant factor ( Bui & Jones, 

992 ). Because of its central place in divide-and-conquer type algo- 

ithmic strategies, graph partitioning algorithms are widely stud- 

ed, and the body of previous work is vast. Here, we use the 

ell-known graph partitioning package Metis ( Karypis et al., 1999 ) 

hich has been known to efficiently produce partitions of reliable 

erformance. Metis employs the famed multilevel graph partition- 

ng approach in which the input graph is recursively contracted 

o achieve smaller graphs. These smaller graphs are later uncon- 

racted and refined. 

.2. Split Lagrangian 

Lagrangian decomposition is a well-known technique to solve 

ptimization problems. Given a mathematical formulation of the 

roblem to be solved, in this technique the complicating con- 

traints are dualized such that the remaining formulation is sep- 

rable into multiple subproblems that are easier to optimize. The 

ualization of a constraint consists in adding a term to the objec- 

ive function that penalizes solutions that violate the constraint. 

he penalty factor associated to this term is the Lagrange mul- 

iplier corresponding to the constraint. The optimization problem 

btained by dualizing the complicating constraints is known to be 

 relaxation for the original problem. In the case of tfMCF , this 

eans the optimum of the latter problem yields an upper bound 

or (1). To tighten this bound, the Lagrange multipliers need to be 

ptimized. This task can be accomplished by solving the so called 

agrangian dual to produce the tightest bound which, for convex 

roblems (not the case for MIPs), coincides with the optimum of 

he original problem. For a thorough presentation of Lagrangian 

heory, the reader may refer to Nemhauser & Wolsey (1988) . 

We follow the split Lagrangian methodology proposed by 

uignard & Kim (1987) . In this approach copies of a carefully cho- 

en subset of variables are created to generate separable subprob- 

ems that are easy to solve. The constraints that impose equalities 

etween such variables and their copies are dualized in the usual 

agrangian way. Guignard and Kim showed that the bound ob- 

ained by split Lagrangian is never bigger (i.e., worse) and is often 

maller (i.e., better) than that of the classical Lagrangian relaxation 

pproach because every constraint in the original problem appears 

n one of the subproblems. Therefore, the optimization of multi- 

liers through the Lagrangian dual problem can be interpreted as 

ptimizing the primal objective function on the intersection of the 

onvex hulls of the constraint sets of the subproblems ( Guignard 

 Kim, 1987 Corollary 3.4). For a graphical interpretation of split 

agrangian as well as some practical examples, we refer the reader 

o this tutorial by Grossmann . For details on convergence, please 

efer to the original paper by Guignard & Kim (1987) . 

Here, we choose to demonstrate the application of Guignard 

nd Kim’s split Lagrangian approach to formulation (1) rather than 

ts condensed version in (1). We do this for notational ease but 

bserve that the work of Guignard & Kim (1987) can also be ap- 

lied to the condensed MIP. Modifying (1), we create duplicates 

 

out 
m,t of extent size variables b m,t for m ∈ M i where the correspond- 

ng transportation tasks i has its origin in a region different from 

hat of its destination. We add constraints that force equality of 

 

out 
m,t and the original variable b m,t to our model. We obtain the La- 

rangian subproblem of (1) by dualizing the latter equality con- 

traints. The resulting Lagrangian subproblem has block structure, 

nd decomposes neatly into independent regional problems. 

Lagrangian subproblem . We state the complete formulation of 

he Lagrangian subproblem corresponding to (1) for the region in- 

uced by V p , and p ∈ { 1 , . . . , q } . In the following, let λ be a given
13 
ector of Lagrangian multipliers. 

ax 
∑ 

r∈R 

prod 
p 

(
R r,n target 

r T −1 + R 

r,n day 
r T −1 

)
−

∑ 

i ∈I out 

∑ 

m ∈M i 

∑ 

t∈T m 
λm,t b 

out 
m,t 

+ 

∑ 

i ∈I in,dest 

∑ 

m ∈M i 

∑ 

t∈T m 
λm,t b m,t (7a) 

.t. R r,t = R r,t−1 + 

⎛ 

⎝ 

∑ 

m ∈M 

+ ,in 
r,p 

b m,t−τm 
+ 

∑ 

m ∈M 

+ ,out 
r,p 

b out 
m,t−τm 

⎞ 

⎠ 

−
∑ 

m ∈M 

−,in 
r,p 

b m,t + 	r,t ∀ r ∈ R p , t ∈ T r (7b) 

∑ 

 ∈M i 

∑ 

t ′ ∈T m : t ′ ≡t mod t day 

σi,m 

b m,t ′ ≤ B 

max 
i,t ∀ i ∈ I S p ∪ I LM 

p , t ∈ T day (7c) 

∑ 

m ∈M i 

∑ 

t ′ ∈T m : t ′ ≡t mod t day 

σi,m 

b m,t ′ ≤ B 

max 
i,t y i,t ∀ i ∈ I T p , t ∈ T day (7d) 

 r,t ≤ R 

max 
r,t ∀ r ∈ R p , t ∈ T r (7e) 

∑ 

i ∈I T 

∑ 

t∈T day 

C i y i,t ≤ ˆ �cost 
p (7f) 

 i,t ∈ Z + ∀ i ∈ I T , t ∈ T day (7g) 

We will refer to the optimum of the above Lagrangian subprob- 

em as �LR 
p . Above, λm,t is the Lagrange multiplier of the equal- 

ty constraint b out 
m,t = b m,t . The sets R p (and R 

prod 
p ) contain (prod-

ct) resources corresponding to vertices in V p . The set of tasks that 

tart in a vertex in region p is represented by I in p . The sets M 

+ ,in 
r,p 

nd M 

−,in 
r,p are formed by the extents of tasks in I in p that feed and

eplete resource r, respectively. Similarly, I out 
p is the set of tasks 

hat start in a vertex that is not in p, but end in a vertex of p, and

 

+ ,out 
r,p is the set of extents of tasks in I out 

p that feed resource r. 

lso, I in,dest 
p ⊂ I in p is the subset of tasks that start in a vertex that 

elongs to region p, but have as destination a vertex outside the 

egion. Thus, one such task is part of the I out 
p ′ for some p ′ � = p. Fi-

ally, we have I in,dest = 

⋃ 

p∈ [ q ] I 
in,dest 
p and I out = 

⋃ 

p∈ [ q ] I out 
p . 

The regional Lagrangian subproblems introduced above can be 

olved in parallel, and the sum of their objective values gives a re- 

axed upper bound (dual) to the original problem (1). For the split 

agrangian to converge, we need to optimize the Lagrange multi- 

liers (i.e. solve the Lagrangian dual). For the maximization prob- 

em (1), the Lagrangian dual is given by the minimization problem 

n (8) . 

LD = 

{ 

min 

λ

( ∑ 

p∈ [ q ] 
�LR 

p (λ) 

) 

: λ ∈ R 

n 

} 

(8) 

n order to solve the Lagrangian dual (8) , we update the Lagrange 

ultipliers using the classical subgradient method where we let 
k +1 
i,m,t 

= λk 
i,m,t 

+ μ( b out k 
i,m,t − b k 

i,m,t 
) , in every iteration k . In the lat- 

er formula, μ is the step-size parameter , which we choose accord- 

ng to Poljak’s rule ( Poljak, 1969 ): μ = ηk 

�LB −�LD 
k 

( b out k −b k ) 2 
, with ηk ∈ [0 , 1]

nd �LB being a lower bound for the optimum of (8) . We refer the 

eader to the excellent survey of Beasley (1993) for more details on 

he choice of parameters in implementing the subgradient method. 
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Statistics of the tested instances. 
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1 More details on the hardware can be obtained at https://instances.vantage.sh/ 

?min _ memory=769filter=r5b.24xlargeregion=us- west- 2r5b.24xlarge . 
.3. Proposed heuristic algorithm 

To be able to solve instances with hundreds of millions of 

ariables and constraints (see Section 5 ), we combine the multi- 

le strategies presented above (condensed formulation, balanced 

artition of the network, Split Lagrangian algorithm) into the 

euristic algorithm described in Algorithm 1 . Please refer to Ap- 

endix Appendix B for a diagram representation of the main steps 

n Algorithm 1 . 

lgorithm 1 Solution algorithm for tfMCF with rounding heuristic 

 

1: Partition the full network into a set P of q balanced regions 

using Metis . 

2: Condense the formulation for this reduced set of paths, bucke- 

tizing the origins for a given ε-approximation, and generate the 

RTN subproblem for each region using the condensed formula- 

tion. 

3: Initialize the Lagrange multipliers λ = 0 . 

4: Calculate the ˆ �cost 
p ∀ p ∈ [ q ] splitting ˆ �cost proportionally to the 

total package cube assigned to each region p. 

5: for all iter LP ∈ { 0 , 1 , . . . , iter max } do 

6: for all p ∈ [ q ] do 

7: Solve the LP-relaxation of the regional (condensed) sub- 

problems in parallel , given the regional 

cost bound 

ˆ �cost 
p . 

8: Use subgradient method to update the Lagrange multi- 

pliers. 

9: end for 

0: end for 

11: Compute the (relaxed) upper bound UB = 

∑ 

p∈ [ q ] �p . 

2: Fix the task occurrence variables y i,t to zero if their solution in 

the LP-relaxation of the Lagrangian subproblems is less than or 

equal to a given rounding threshold ζ . 

3: If y i,t ≤ ζ∀ i ∈ I T e , t ∈ T day for an edge e ∈ E, fix to 1.0 the trans-

portation task occurrence with the highest value in the LP. 

14: Solve the resulting reduced MIP ( rounding heuristic). 

5: Update the lower bound LB with the cost of the solution of the 

reduced MIP . 

6: if UB −LB 
UB > δ then � duality gap threshold not attained 

17: Solve warm-started version original MIP (1), providing the 

LP solution and 

the MIP feasible solution of the rounding heuristic to the 

solver. 

When solving the LP relaxation of the root node with Dual 

Simplex, 

update the UB at each iteration. If at any point UB −LB 
UB ≤ δ, 

stop . 

18: end if 

For some very-large-scale instances, even solving the linear re- 

axation can prove to be a challenge. Therefore, we use Lagrangian 

ecomposition to solve the linear relaxation of original MIP (1), 

nd limit the number of iterations to iter LP ∈ { 0 , 1 , . . . , iter max } . In

ur experiments ( Section 5 ), we observe that there are significant 

imilarities between the linear relaxation and the MIP solution, 

nd 70–80% of the discrete variables have the same value in the 

inear relaxation and original MIP. We take advantage of this fea- 

ure by proposing a rounding heuristic that leverages the solution 

f the linear relaxation of the Lagrangian subproblems to reduce 

he search space of the MIP, and improve its tractability. 

Based on a given a rounding threshold ζ ∈ [0 , 0 . 5] , we fix a

ubset of the task occurrences (discrete variables) to zero if their 

olution in the linear relaxation of the Lagrangian subproblem is 

elow the threshold, y i,t ≤ ζ (line 12 in Algorithm 1 ). However, 
14 
his heuristic can make low volume edges infeasible by fixing 

ll transportation task occurrences in an edge to zero (i.e., de- 

ctivate) because their values in the LP relaxation are all below 

he rounding threshold . In order to mitigate this behavior, for 

dges in which all transportation task occurrences are below the 

ounding threshold , y i,t ≤ ζ∀ i ∈ I T e , t ∈ T day (where I T e is the set of

ransportation task in edge e ∈ E), we fix to 1.0 (i.e., activate) the 

ransportation task occurrence with the highest value in the LP 

line 13 in Algorithm 1 ) 

The solution of this reduced MIP is a primal solution (lower 

ound) to (1), while the sum of the linear relaxation of the La- 

rangian subproblems gives a valid dual bound (upper bound) to 

1). If the optimality gap between the upper ( UB ) and lower bound 

 LB ) is within a pre-specified tolerance, the algorithm stops, else, it 

oes to a final step where we try to solve the original MIP (1) but

rovide a warm-start solution to the root node LP (using the solu- 

ion of the LP root node from the reduced MIP), and a warm-start 

easible solution (using the optimal solution of the reduced MIP) 

line 17 in Algorithm 1 .). In order to stop the solution as soon as

he duality gap tolerance, δ, is satisfied, we add a callback func- 

ion to the Dual Simplex solver used in the root node LP of this 

arm-started original MIP. At each iteration of the Dual Simplex, 

e check if the current best solution of the LP is lower than the 

urrent upper bound UB . If so, we update the UB and check again 

he optimality criterion, UB −LB 
UB ≤ δ. If satisfied, we interrupt the so- 

ution of the warm-started original MIP. 

. Computational results 

In this section we report on computational experiments with 

lgorithm 1 which was implemented in Python and uses Xpress , 

ersion 8.11, as the MIP solver. All runs were made on an AWS 

nstance of type r5b.24xlarge equipped with 768.0 GiB of memory 

nd 96 virtual CPUs. 1 The algorithm’s performance was evaluated 

n four real instances of the tfMCF whose main characteristics are 

ummarized in Table 1 . Those instances were selected to be tested, 

s they illustrate the diversity of complexity we face in practice. 

In each run reported in this section, the algorithm was allowed 

 maximum of 24 hours of computing time and the target duality 

ap threshold was fixed to 1%, meaning that the optimization was 

alted whenever the upper ( UB ) and lower ( LB ) satisfy (UB −LB ) 
UB ×

00 ≤ 1 . In all runs we assume that time is discretized into hourly 

ntervals, and round up the task duration to the nearest hour. 

We focus our analysis mainly on two aspects. The first aims 

o assess the benefits of the condensation technique discussed in 

ection 3 . The second is devoted to measure the quality of the so- 

utions produced by Algorithm 1 for different parameter settings. 

The impact of condensation To evaluate the benefits of conden- 

ation, for each instance in our benchmark, we solve the MIP (1) 

btained for different values of the condensation factor ε in Eq. (2) . 

e compare the runs with no condensation and those with ε set 

o 0.5, 1 and 3. The results are summarized in Table 2 . The sym-

ols “-” in the cells in columns Dual bound and Primal bound 

https://instances.vantage.sh/?min_memory=769%26filter=r5b.24xlarge%26region=us-west-2
https://instances.vantage.sh/?min_memory=769filter=r5b.24xlargeregion=us-west-2r5b.24xlarge
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Table 2 

Condensation results. 
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ean that Xpress was unable to produce the respective bound. 

imilarly, in column Duality gap , this symbol is used to denote 

hat the gap could not be computed due to the absence of at least 

ne of the bounds. 

Inspecting the data in the last two columns of the table already 

ives an overall idea of the gains produced by condensation. This 

s best illustrated by the results of the Mid-size instance. With- 

ut condensation, after 24 hours of computation, the duality gap 

as 37.28%, far above the admissible threshold of 1%. The small- 

st condensation factor was enough to reach this threshold in 7.34 

ours, and increasing ε only made it faster to attain the required 

olution quality. For the Small instance, no condensation was nec- 

ssary to find an optimal solution within the time limit. Neverthe- 

ess, for all three condensation factors tested the target duality gap 

hreshold was reached in about half of the time. Notice that, in all 

ut one case, Xpress was unable to produce a feasible (primal) 

olution for the MIPs associated to instances Large and Huge . 

his highlights the need of a heuristic approach as provided by 

lgorithm 1 . 

Note that the bigger the instance, the bigger the impact of con- 

ensation, potentially because there are more paths to be grouped. 

ecall that condensation affects the number of resources and ex- 

ents, but not the number of tasks. Consequently, the number of 

nteger variables in the MIP remains the same, while the overall 

umber of variables and constraints reduces by a factor of 25%- 

0%. Also, one can see that the dual bounds get looser as the value

f ε increases. But, remarkably, the deterioration is small, show- 

ng that the condensed formulation is an useful approximation for 

he original MIP. Finally, it is worth noting that condensation was 

ssential to allow the solution of the LP relaxation of the Huge 

nstance, for which Xpress failed to compute the optimal of the 

riginal LP after 24 hours. 

The impact of the heuristic and its settings . We now report on the 

esults we obtained using the heuristic in Algorithm 1 . The heuris- 

ic was tested with two different partition strategies. In the first 

ne, named the “Full-space heuristic ”, the network was left un- 

artitioned, which is equivalent to set q = 1 in line 1 of the algo-

ithm. In the second one, called the “Decomposition heuristic ”, 

he network was partitioned into q = 20 regions by Metis using 

n imbalance factor of 0.2, and Lagrangian Decomposition step is 

imited to 3 iterations, iter max = 2 . The goal of testing these two 

trategies was to identify when the decomposition becomes neces- 

ary to ensure scalability. Table 3 displays the results obtained. In 

ll runs the condensation factor ε was set to 3. The rows identi- 
15 
ed by the “No heuristic ” in the “Condensation setup ” column 

eproduce results shown in Table 2 for ε = 3 and are kept here for 

eference. 

For each instance and each strategy, three values were tested 

or the rounding threshold ζ in line 12 in Algorithm 1 : 0.1, 0.2, 

nd 0.3. As expected, in all cases, the number of integer variables 

hat are fixed increases as ζ augments with the percentage rang- 

ng from about 80% to 90% of their total. The trade-off here is clear: 

he higher the number of integer variables fixed, the easier/faster 

t should be to find the solution of the reduced MIP, but the more 

uboptimal it may be relative to the original MIP. However, for the 

alues of ζ used in our tests, the loss in solution quality was small 

s can be observed in columns “Final primal bound ” and “Final 

uality gap ”. For all instances, the “Decomposition heuristic ”

trategy fixes slightly more variables than “Full-space heuristic ”

hen ζ ∈ { 0 . 1 , 0 . 2 } while, for some as yet unknown reason, the

everse happens when the rounding threshold equals 0.3. 

The importance of the network partitioning becomes evident 

or the Huge instance, which can not be solved with the “Full- 

pace heuristic ” for the two smallest rounding thresholds. Note 

hat for this instance and also for Large , the “Decomposition 

euristic ” with ζ = 0 . 1 is the only version that reached the 

hreshold duality gap of 1% in less than 24 hours of run-time. 

Another remarkable result can be noticed by inspecting 

olumns “Primal bound from heuristic ” and “Duality gap af- 

er solving LP relaxation of warm-started MIP ”. From there one 

ees that all primal bounds found in the reduced MIP heuristic 

re within 2% duality gap. Therefore, if the optimality tolerance 

as 2%, we could have stopped there and saved considerable time 

compare the times reported in columns “Solution time LP re- 

axation of warm-started MIP ” and “Total solution time ”). We 

ave observed that, if we stick to the 1% duality gap threshold, it 

ays off to choose a ζ = 0 . 1 because, even though it takes longer 

o solve the reduced MIP, it was not necessary to enter the step 

o solve the warm-started original MIP (line 17 of Algorithm 1 ). In 

act, the experiments revealed that, unless the problem is small 

nough ( Small and Mid-size cases), this step runs out of time 

ithout improving the primal and dual bounds. This can be seen 

y inspecting the columns “Duality gap after solving LP relax- 

tion of warm-started MIP ” and “Final duality gap ” for instances 

arge and Huge . 

Another analysis we made refers to the reason that led the al- 

orithm to stop. In line 17, the original MIP is solved after being 

ed with the warm-start solution obtained by the rounding heuris- 
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Table 3 

Heuristic results. 
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ic . However, there is no need to wait for the solver to compute 

he optimal of the linear relaxation when a suboptimal LP solution 

s already enough to ensure that the 1% desired duality gap has 

een reached. This check can be done at any time by comparing 

he current LP objective function against the primal bound gener- 

ted in line 17. Such a situation happened six times as indicated 

y the highlighted cells in column “Final dual bound ”. 

. Conclusion 

In this paper we have proposed a temporal fixed-charge mul- 

icommodity flow problem ( tfMCF ) to capture the optimization of 

ntra-day decisions in a transportation network in order to increase 

elivery speed, which in the application of interest means maxi- 

izing the number of packages delivered on time. We formulate 

he problem as a Resource Task Network (RTN), a framework com- 

only used for chemical process industry applications, and pro- 

ide an example of how to map between the raw transportation 

etwork and the corresponding RTN. 

The proposed mixed-integer program can become prohibitively 

arge as the number of origin, destination (OD) pairs increases. 

herefore, we have proposed a model condensation technique that 

roups similar OD pairs into buckets, and yields models whose 

umber of variables and constraints are reduced by a factor of 

5%–50%. We discuss theoretical properties of the condensed for- 

ulation and show that for some edge cases it is not guaranteed 

hat the condensed formulation results in a feasible solution to the 

ncondensed problem. We prove that the condensed formulation 

s a relaxation to the uncondensed problem, and that, under mild 

ssumptions, its solution is also feasible to the uncondensed prob- 

em. The computational results show that using the the condensed 

ormulation was crucial to fully solve the Mid-size instance (62M 

ariables and 33M constraints) and to solve the linear relaxation of 
16 
he Huge instance (294M variables and 155M constraints) within 

he allowed computing time. Across all instances, the condensed 

ormulation solves faster than the uncondensed formulation. The 

esults also show that the dual bounds get looser as the value 

f the condensation factor ε increases, but the deterioration is 

mall. 

The proposed condensation alone is not sufficient to solve the 

wo largest test instances (with 100M+ variables and constraints) 

fficiently. We have proposed a heuristic algorithm that combines 

alanced partitioning of the network, Split Lagrangian, and an LP 

ltering heuristic. The algorithm was tested for different round- 

ng threshold ( ζ = { 0 . 1 , 0 . 2 , 0 . 3 } ), as well as for a single region

full-space) and 20 regions. As expected, the number of fixed inte- 

er variables increases with the rounding threshold, ranging from 

0 to 90% of the total discrete variables. The higher the num- 

er of variables fixed, the easier/faster it is to solve the reduced 

IP, but the more suboptimal it may be compared to the orig- 

nal MIP. However, for all heuristic variations of all instances, if 

he algorithm was able to find a solution to the reduced MIP, 

his solution was already within 2% duality gap. For a stricter 

ptimality tolerance of 1% it pays off to use ζ = 0 . 1 and de- 

ompose the problem into 20 regions. This is the only heuris- 

ic configuration that found a solution within 1% optimality tol- 

rance for the Large and Huge instances in less than 24 hours of 

un-time. 

Overall, the modeling and solution methodology developed in 

his work made it possible to address a real-world problem with 

pplication to e-commerce logistics, and to solve practical in- 

tances of the order of 100M+ variables and constraints within a 

ay of solution time. As next steps, we would like to explore ways 

o co-optimize cost and speed to be able to evaluate their trade- 

ff, and to explore more heuristic techniques that can potentially 

educe the solution time even further. 
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ppendix A. RTN Formulation for tfMCF 

For our tfMCF problem, a few simplifications are introduced to 

he conventional RTN MIP formulation notation, taking advantages 

f the specific task-resource interactions modeled in the trans- 

ortation network. For illustration, starting from the multi-extent 

esource balance equation in Wassick & Ferrio (2011) : 

 r,t = R r,t−1 + 

∑ 

i ∈I 

τi ∑ 

θ=0 

αi,r,θ y i,t−θ + 

∑ 

i ∈I 

∑ 

m ∈M i 

τi ∑ 

θ=0 

βi,m,r,θ b i,m,t−θ +	r,t , 

∀ r ∈ R , t ∈ T , 

here, r ∈ R is the set of resources, t ∈ T is the set of time inter-

als, i ∈ I is the set of tasks, m ∈ M i is the set of extents of task

 , R r,t is the excess resource level of resource r at time t , y i,t rep-

esents task i starting at time t , b i,m,t represents the size of extent 

 of task i starting at time t , 	r,t represents the external supply 

r consumption of resource r at time t , τi is the length of task i in

erms of integer multiple of the unit grid length, αi,r,θ , βi,r,m,θ are 

he discrete and continuous resource task interaction parameters. 

1. The discrete resource task interactions are dropped, i.e. αi,r,θ = 

0 . Packages are treated as continuous resources in this study. 

For transportation tasks, vehicle resources are not explicitly 

considered, and the cost is calculated using the integer task 
Fig. B.1. Overview of the propos

17 
occurrence variables instead. This leads to fewer resources de- 

fined and therefore reduced number of variables in the resul- 

tant MIP problem. 

2. For continuous interactions, there is no intra-task resource pro- 

duction or consumption. More specifically, resource depletion 

only occurs at the beginning of a task, and generation at the 

end. There are no tasks that split a resource into multiple 

ones (no fractional interaction parameters). Therefore, it holds 

that for all tasks, βi,m,r,θ=0 = −1 for resource consumption, and 

βi,m,r,θ= τi 
= 1 for resource generation (otherwise, βi,m,r,θ = 0 ). 

We further drop the task index i and use extent only for the 

ease of notation, and also use τm 

for duration in place of τi as 

they are always equal. Finally, the continuous task resource in- 

teraction term 

∑ 

i ∈I 
∑ 

m ∈M i 

∑ τi 

θ=0 
βi,m,r,θ b i,m,t−θ is rewritten as ∑ 

m ∈M 

+ 
r 

b m,t−τm −
∑ 

m ∈M 

−
r 

b m,t , where M 

+ 
r and M 

−
r denote ex- 

tents that feed and deplete resource r, respectively. Here we 

make the use of the fact that task extents of different tasks do 

not overlap, and dropping the task index does not change the 

resultant constraints. 

ppendix B. Solution framework 

Figure B.1 shows the flowchart of the proposed Algorithm 1 . 
ed solution methodology. 
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