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Introduction Online A/B tests have become an indispensable tool across all the technology industry: if performed
correctly, “online” experiments can inform effective decision making and product development. It should therefore not
be surprising that Gupta et al. [2019] estimates that online businesses alone collectively run hundreds of thousands of
experiments annually.

Modern online experiments are often run in marketplaces where multiple populations of units (e.g., buyers and sellers)
with competing interests and strategic responses interact and dynamically adapt their behavior to the treatment over
time. Despite the modern setting in which online randomized experiments are performed, the industry still heavily
relies on assumptions and corresponding designs that closely resemble those of classical randomized experiments
dating back to Neyman [1923/1990] and Fisher [1937]. A natural concern in these settings is that the presence of
cross-unit interference (spillovers) might invalidate the analysis. To address these shortcomings, a rapidly growing
literature on experimental design in settings with interference or spillovers has been developed over the last few decades
[Hudgens and Halloran, 2008, Rosenbaum, 2007, Aronow, 2012, VanderWeele et al., 2014, Ogburn and VanderWeele,
2014, Aronow and Samii, 2017]. In this paper we show that even in settings where interference is absent, multiple
randomization designs can lead to greater efficiency to estimate causal effects.

Our contribution Among other proposals, recently Bajari et al. [2021, 2023], Johari et al. [2022] introduced a rich
novel class of experimental designs — “multiple randomization designs” (in short, MRDs). MRDs allow estimation of
complex spillover effects by suitably randomizing across the collection of populations involved in the experiment. In
this work, we show how estimators derived from MRDs can be more efficient than standard ones, even in the absence
of any interference. In particular, we consider a dynamic context in which the experimenter has the ability to run a
switchback experiment, whereby treatment exposure of units is allowed to change over time. Via the lens of MRDs,
we show how a switchback design can be provably more efficient than a standard experiment, even in the absence
of cross-unit interference. Through our analysis we provide, to the best of our knowledge, the first finite-sample
randomization-based inference results for crossover designs. Our work complements corresponding recent model-based
results in Bojinov et al. [2020], Xiong et al. [2019], and randomization-based results for a simple two-period case in Shi
and Ye [2023].

Methodology Consider a binary randomized experiment where the experimenter can expose experimental units to
different treatments over time, and record the corresponding (potential) outcome at each time stamp. Such designs have
been referred to as rotation [Cochran, 1939], crossover [Brown Jr, 1980], or switchback experiments [Bojinov et al.,
2020]. We here consider randomization-based inference for such crossover designs in the absence of interference. We
consider the case in which we have measurements for N individuals over S periods of time. An example of such an
experiment with N = 6 units and S = 8 time periods is given in assignment matrix (1):

W =

1 2 3 4 5 6 7 8
1 T T C C C T C T
2 T T T C T C C C
3 C C C T T T C T
4 C C T C C T T T
5 C T C T T C T C
6 T C T T C C T C





Time Period
Individual Unit

. (1)

In our development we consider a balanced design, where each unit is in the treatment group for four periods, and in
every period exactly three units are in the treatment group (like in assignment matrix (1)). The experimental designs we
consider are represented via an assignment mechanism that randomizes uniformly over the space W of N × S binary
matrices with constant row and column sum:

W := W(N,S, p) =

{
W ∈ {0, 1}N×S :

S∑
s=1

Wn,s = pS, ∀n ∧
N∑

n=1

Wn,s = pN, ∀s

}
. (2)
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Here Wn,s = 1 if unit n is exposed to treatment at time step s, and Wn,s = 0 if unit n is exposed to control at
time step s. Under the potential outcome framework without cross-unit interference, for any given unit-timestamp
pair (n, s) there exist exactly two potential outcomes, yn,s(1) and yn,s(0). The population average outcome for
treatment w ∈ {0, 1} is given by yw := 1

NS

∑N
n=1

∑S
s=1 yn,s(w). In turn the average treatment effect τ is obtained

via τ := 1
NS

∑N
n=1

∑S
s=1 {yn,s(1)− yn,s(0)} = y1 − y0. Notice that these population quantities are not directly

observable. Given a (random) assignment matrix W ∈ W and pw = p1(w = 1) + (1 − p)1(w = 0), we define the
plug-in estimator for yw:

Ŷ w :=

∑
n,s 1(Wn,s = w)yn,s(w)∑

n,s 1(Wn,s = w)
=

1

pwNS

N∑
n=1

S∑
s=1

1(Wn,s = w)yn,s(w). (3)

In turn the estimator τ̂ = Ŷ 1 − Ŷ 0 for τ can be derived.

A low rank, parametric assumption on potential outcomes The potential efficiency gains of crossover designs
in the absence of interference across units or time can be most easily seen in a parametric framework. Suppose
yn,s(0) = µ+an+bs+ϵn,s, where an

i.i.d.∼ N (0, σ2
a), bs

i.i.d.∼ N (0, σ2
b ), ϵn,s

i.i.d.∼ N (0, σ2
ϵ ), and yn,s(1) = Yn,s(0)+τ .

It follows from the properties of the Gaussian distribution that, letting σ2 := σ2
a + σ2

b + σ2
ϵ :

yn,s(w)
i.i.d.∼ N (µ+ τ1(w = 1), σ2). (4)

Balanced crossover designs Under the parametric Gaussian assumption of Equation (31), the estimator Ŷ w is

unbiased for yw. The expected value of the variance VarW

(
Ŷ w

)
over hypothetical re-draws of the data is given by:

EN

{
VarW

(
Ŷ w

)}
=

ξ

p2NS

{
σ2
ϵ

(
1− 1

N
− 1

S

)
− σ2

a

N
− σ2

b

S

}
= O

(
σ2
ϵ

NS

)
. (5)

Here ξ := E[W 2
1,1] − E[W1,1W1,2] − E[W1,1W2,1] + E[W1,1W2,2], and the expectation is over draws from W in

Equation (2).

We next show that the estimator Ŷ w that one would obtain by considering natural “standard” designs by either
randomizing completely at random over each (unit, time) pair, or just over units, or over timestamps, are less efficient
than a balanced switchback design. In turn, this implies that the corresponding plug in estimate for τ̂ is less efficient.

Completely randomized designs In this case, the matrix of assignments is a collection of i.i.d. coin flips, each with
probability p. The estimator for the population mean we consider has the same form as in Equation (9); however,

the space of assignments WCRD and the weighting distribution is different. We hence use the notation Ŷ w,CRD to

emphasize that this estimator is obtained from a completely randomized design. Ŷ w,CRD is unbiased for Ŷ w, and has
variance:

EN

{
VarWCRD

(
Ŷ w,CRD

)}
=

(
1− pw
pw

)
σ2

NS
= O

(
σ2

NS

)
(6)

Individual-randomized designs In this case, our experiment is equivalent to a simple single randomized design with
N units, in which each unit has potential outcome yn(w) = S−1

∑S
s=1 yn,s(w) = yNn (w). While the estimator for the

population mean has (again) the same form as in Equation (9), we use Ŷ w,→ to denote it, to emphasize the dependence
on the space of valid assignments W→ (the space of binary matrices with constant rows, and such that exactly pN rows

are equal to one). Ŷ w,→ is unbiased for yw and has variance:

EWN

[
Var

(
Ŷ w,→

)]
=

1− pw
pw

1

N − 1

(
σ2
a +

σ2
b + σ2

ϵ

S
− 2

[
σ2
a

N
+

σ2
b

S
+

σ2
ϵ

NS

])
= O

(
σ2
a

N
+

σ2
ϵ

NS

)
.
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Time-randomized designs Symmetrically to the case above, here our experiment is equivalent to a simple single
randomized design with S units, in which each unit has potential outcome ys(w) = S−1

∑N
n=1 yn,s(w) = ySs(w).

While the estimator for the population mean has (again) the same form as in Equation (9), we use Ŷ w,↓ to denote it, to
emphasize the dependence on the space of valid assignments W↓ (the space of binary matrices with constant columns,

and such that exactly pS columns are equal to one). Ŷ w,↓ is unbiased for yw and has variance

EWS

[
Var

(
Ŷ w,↓

)]
=

1− pw
pw

1

S − 1

(
σ2
b +

σ2
a + σ2

ϵ

N
− 2

[
σ2
b

S
+

σ2
a

N
+

σ2
ϵ

NS

])
= O

(
σ2
b

S
+

σ2
ϵ

NS

)
.

Conclusion From our derivation, we see how the expected variance of the simple estimator Ŷ w obtained from a
switchback design is smaller than the corresponding variance incurred by adopting other competing designs (completely
randomized design, time-randomized, unit-randomized). In particular, this is because — by virtue of the balancing —
the effect of the variance components σ2

a and σ2
b is of second order — whereas these terms appear as leading terms in

the other variances. In turn, this directly translates into more precise estimates of the average treatment effect. While
we have here focused on the case in which the potential outcomes satisfy the assumption of Equation (31), we expect a
similar result to hold beyond this parametric specification.

In this discussion we have focused on the case with no spillovers. In practice many crossover designs are motivated by
concerns that treatments have spillovers or carryover effects over time. If the experimenter is confident these carryover
effects last only S periods, one may limit changes in treatment status to a set of fixed time points, say every 2S periods,
and use only outcomes in the periods after carryover effects have been exhausted for estimation. See Bojinov et al.
[2020], Shi and Ye [2023].
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A Estimation and Inference for Crossover Designs

In this section, we discuss randomized-based inference for crossover designs in the absence of interference. We provide
exact finite sample results for balanced crossover designs as the ones in assignment matrix (1). We show that these
balanced designs can lead to more efficient estimates than the ones obtained using SRDs, even in the absence of
interference. We here consider the case in which we have measurements for N individuals over S periods of time. The
assignment mechanism we consider randomizes uniformly over the space W of N × S binary matrices with constant
row-wise and column-wise sum:

W := W(N,S, p) =

{
W ∈ {0, 1}N×S :

S∑
s=1

Wn,s = pS, ∀n ∧
N∑

n=1

Wn,s = pN, ∀s

}
.

Remark 1. The problem of sampling uniformly from W has a long history in the combinatorics and statistics literature.
See, e.g., Johnsen and Straume [1987], Diaconis and Gangolli [1995], Miller and Harrison [2013a], Barvinok [2012].
In our simulations in Appendix C, we use the fastball algorithm [Strona et al., 2014a] to accomplish this goal.

We assume here no interference: for any given unit (n, s) there exist exactly two potential outcomes, yn,s(1) and
yn,s(0). The average outcome for treatment w ∈ {0, 1}, that would be observed if every unit were assigned to treatment
w at every time step, is given by:

yw :=
1

NS

N∑
n=1

S∑
s=1

yn,s(w). (7)

The estimand of interest is the average treatment effect

τ :=
1

NS

N∑
n=1

S∑
s=1

{yn,s(1)− yn,s(0)} = y1 − y0. (8)

Given a (random) assignment matrix W ∈ W, we define the plug-in estimator for yw:

Ŷ w :=

∑
n,s 1(Wn,s = w)yn,s(w)∑

n,s 1(Wn,s = w)
=

1

pwNS

N∑
n=1

S∑
s=1

1(Wn,s = w)yn,s(w), (9)

where pw = p1(w = 1) + (1− p)1(w = 0). In order to characterize the variance of Ŷ w we define the row and column
“population” averages of the potential outcomes:

yNn (w) :=
1

S

S∑
s=1

yn,s(w) and ySs(w) :=
1

N

N∑
n=1

yn,s(w).

and their sample estimator counterparts:

Ŷ
N

n (w) :=
1

pwS

∑
s:Wn,s=w

yn,s(w) and Ŷ
S

s(w) :=
1

pwN

∑
n:Wn,s=w

yn,s(w).

Lemma 1. Without any interference, the estimator Ŷ w is unbiased for yw and has variance

Var

(
Ŷ w

)
= ξw

δ(w)2

N2S2
. (10)

Here, letting W̃
(w)
n,s = 1(Wn,s = w) be the matrix identifying units in treatment w,

ξw := E[(W̃ (w)
1,1 )2]− E[W̃ (w)

1,1 W̃
(w)
1,2 ]− E[W̃ (w)

1,1 W̃
(w)
2,1 ] + E[W̃ (w)

1,1 W̃
(w)
2,2 ],

and δ(w)2 :=
∑N

n=1

∑S
s=1(δ

NS
n,s(w))

2 is the sum of squared residuals, where

δNS
n,s(w) := yn,s(w)− yNn (w)− ySs(w) + yw.

Remark 2. The potential efficiency gains of balanced crossover designs can be most easily seen in a parametric
framework. Suppose Yn,s(0) = µ + an + bs + ϵn,s, where an ∼ N (0, σ2

a), bs ∼ N (0, σ2
b ), ϵn,s ∼ N (0, σ2

ϵ ), and
Yn,s(1) = Yn,s(0) + τ . We show in Appendix C.2 that the balanced crossover design is (in expectation) provably
more efficient than either a (i) completely randomized design, a (ii) individual-randomized experiment, and a (iii)
time-randomized experiment, where at a given time step, all individuals have the same experience, and time steps are
randomly assigned to treatment.
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To estimate the variance in Equation (10), we introduce unbiased estimators of the variance of the average outcomes
along rows and columns of the matrix of outcomes:

V̂ar

(
Ŷ

N

n (w)

)
:=

1− pw
p2w

1

S(S − 1)

∑
s:Wn,s=w

[(
yn,s(w)− Ŷ

N

n (w)

)2
]
,

and

V̂ar

(
Ŷ

S

s(w)

)
:=

1− pw
p2w

1

N(N − 1)

∑
n:Wn,s=w

[(
yn,s(w)− Ŷ

S

s(w)

)2
]
.

Under simple random sampling from W, as showed in Lemmas 10 and 11,

E
[
V̂ar

(
Ŷ

N

n (w)

)]
= Var

(
Ŷ

N

n (w)

)
and E

[
V̂ar

(
Ŷ

S

s(w)

)]
= Var

(
Ŷ

S

s(w)

)
.

We can now define an unbiased estimator of the variance term in Equation (10).
Lemma 2. Define the estimator

V̂ar

(
Ŷ w

)
:=

ξw
p2
wNS

1 + ξw
p2
wNS

{∑
(n,s):Wn,s=w

[
yn,s(w)

2
]

pwNS
− 1

N

N∑
n=1

[(
Ŷ

N

n (w)

)2

− V̂ar

(
Ŷ

N

n (w)

)]

− 1

S

S∑
s=1

[(
Ŷ

S

s(w)

)2

− V̂ar

(
Ŷ

S

s(w)

)]
+ Ŷ

2

w

}
. (11)

It holds E
[
V̂ar

(
Ŷ w

)]
= Var

(
Ŷ w

)
.

We then have an unbiased estimator for the average treatment effect τ defined in Equation (8) via the simple plug-in
estimator

τ̂ := Ŷ 1 − Ŷ 0. (12)
Its variance can be lower and upper bounded via Cauchy-Schwarz leveraging the result in Lemma 2, so that we obtain a
conservative estimator of the variance of τ̂ as follows:

V̂ar
hi
(τ̂) ≤ V̂ar

(
Ŷ 0

)
+ V̂ar

(
Ŷ 1

)
+ 2

√
V̂ar

(
Ŷ 0

)
V̂ar

(
Ŷ 1

)
.

Remark 3. In this discussion we focus on the case with no spillovers. In practice many crossover designs are motivated
by concerns that treatments have spillovers or carryover effects over time. If the experimenter is confident these
carryover effects last only S periods, one may limit changes in treatment status to a set of fixed time points, say every 2S
periods, and use only outcomes in the periods after carryover effects have been exhausted for estimation. See Bojinov
et al. [2020], Shi and Ye [2023].

B Proofs for Crossover Designs

B.1 Moment characterization of the simple average

We consider the potential outcomes framework, with no interference. In what follows, we consider outcomes for the
treated group only. Analogous derivations apply for the control group and are omitted.

The average outcome (population mean) for the treated is given by:

ytr :=
1

NS

N∑
n=1

S∑
s=1

yn,s(tr). (13)

Given a (random) assignment matrix W ∈ W, we define the (unadjusted) estimator for the treated as follows:

Ŷ tr :=

∑
n,s 1(Wn,s = 1)yn,s(tr)∑N
n=1

∑S
s=1 1(Wn,s = 1)

= (pNS)−1
N∑

n=1

S∑
s=1

1(Wn,s = 1)yn,s(tr). (14)

6
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We now characterize the moments of Ŷ tr. To make progress, we consider an alternative representation of the estimator
in Equation (14). Define the following axis-deviations. For the units

δNn (tr) :=
1

S

S∑
s=1

(
yn,s(tr)− ytr

)
= yNn (tr)− ytr.

For the time stamps:

δSs (tr) :=
1

N

N∑
n=1

(
yn,s(tr)− ytr

)
= ySs(tr)− ytr.

Last, for the interactions
δNS
n,s(tr) := yn,s(tr)− yNn (tr)− ySs(tr) + ytr.

By construction:
N∑

n=1

δNn (tr) = 0,

N∑
n=1

δNS
n,s(tr) = 0.

Moreover,
S∑

s=1

δSs (tr) = 0,

S∑
s=1

δNS
n,s(tr) = 0.

Lemma 3 (Decomposition of potential outcomes). The potential outcome yn,s(tr) can be decomposed as follows:

yn,s(tr) = ytr + δNn (tr) + δSs (tr) + δNS
n,s(tr). (15)

Proof. It holds

ytr + δNn (tr) + δSs (tr) + δNS
n,s = ytr +

{
yNn − ytr

}
+
{
ySs(tr)− ytr

}
+
{
yn,s(tr)− yNn (tr)− ySs(tr) + ytr

}
= yn,s(tr).

In light of Equation (15) it is simple to show that Ŷ tr has a simple linear representation in terms of the random
assignment matrix W and the population mean ytr.

Lemma 4 (Linear Representation of Ŷ tr). It holds

Ŷ tr = ytr +
1

pNS

∑
n,s

Wn,sδ
NS
n,s.

Proof of Lemma 4 Leveraging Equation (15), we can write

Proof.

Ŷ tr =
1

pNS

∑
n,s

Wn,syn,s(tr)

=
1

pNS

∑
n,s

Wn,s

[
ytr + δNn (tr) + δSs (tr) + δNS

n,s(tr)
]

= ytr

∑
n,s Wn,s

pNS
+
∑
n

δNn (tr)
∑
s

Wn,s

pNS

+
∑
s

δSs (tr)
∑
n

Wn,s

pNS
+

1

pNS

∑
n

∑
s

Wn,sδ
NS
n,s(tr)

7
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and because
∑

s Wn,s = pS for all n and
∑

n Wn,s = pN for all s,

= ytr +
1

N

∑
n

δNn (tr) +
1

S

∑
s

δSs (tr) +
1

pNS

∑
n,s

Wn,sδ
NS
n,s(tr)

= ytr +
1

pNS

∑
n,s

Wn,sδ
NS
n,s(tr),

where in the last step we have leveraged the fact that
∑

n δ
N
n (tr) = 0 and

∑
t δ

S
s (tr) = 0.

Lemma 5. Ŷ tr is unbiased for ytr.

Proof of Lemma 5

Proof. The proof follows from linearity of the expectation operator and by observing that E [Wn,s] = p, and∑
n,s δ

NS
n,s(tr) = 0.

Lemma 6 (Auxiliary lemma on centered matrices). Let A ∈ RI×J be a matrix such that
∑J

j=1 Ai,j = 0 for all

i ∈ {1, . . . , I} and
∑I

i=1 Ai,j = 0 for all j ∈ {1, . . . , J}. It holds:

I∑
i=1

J∑
j=1

∑
i′ ̸=i

Ai,jAi′,j =

I∑
i=1

J∑
j=1

∑
j′ ̸=j

Ai,jAi,j′ = −
I∑

i=1

J∑
j=1

A2
i,j (16)

and
I∑

i=1

J∑
j=1

∑
i′ ̸=i

∑
j′ ̸=j

Ai,jAi′,j′ =

I∑
i=1

J∑
j=1

A2
i,j . (17)

Proof. For a fixed i, j, it follows that∑
i′ ̸=i

Ai′,j = A1,j +A2,j + . . .+Ai−1,j +Ai+1,j + . . .+AI,j = −Ai,j

where the second equality is a consequence of the fact that
∑

j Ai,j = 0 for all i. Hence,

I∑
i=1

J∑
j=1

∑
i′ ̸=i

Ai,jAi′,j =

I∑
i=1

J∑
j=1

Ai,j

∑
i′ ̸=i

Ai′,j = −
∑
i,j

A2
i,j .

Adopting the same logic, the symmetric results holds when summing over the columns:

I∑
i=1

J∑
j=1

∑
j′ ̸=j

Ai,jAi,j′ =

I∑
i=1

J∑
j=1

Ai,j

∑
j′ ̸=j

Ai,j′ = −
∑
i,j

A2
i,j .

Now for Equation (17), for fixed i, j:∑
i′ ̸=i

∑
j′ ̸=j

Ai′,j′ = A1,1 +A1,2 + . . .+A1,j−1 +A1,j+1 + . . .+A1,J

+A2,1 +A2,2 + . . .+A2,j−1 +A2,j+1 + . . .+A2,J

+ . . .

+Ai−1,1 +Ai−1,2 + . . .+Ai−1,j−1 +Ai−1,j+1 + . . .+Ai−1,J

+Ai+1,1 +Ai+1,2 + . . .+Ai+1,j−1 +Ai+1,j+1 + . . .+Ai+1,J

+ · · ·+
+AI,1 +AI,2 + . . .+AI,j−1 +AI,j+1 + . . .+AI,J

= −A1,j −A2,j − . . .−Ai−1,j −Ai+1,j − . . .−AI,j

= Ai,j ,

8



A PREPRINT - MARCH 27, 2024

from which
I∑

i=1

J∑
j=1

∑
i′ ̸=i

∑
j′ ̸=j

Ai,jAi′,j′ =
∑
i,j

A2
i,j .

Definition 1 (Checkerboard representation of balanced-crossover designs). For any N,S, p, a balanced-crossover
design can be obtained by repeatedly stacking (horizontally and vertically) identity matrices I of dimension 1/p.
Specifically, W ⋆ can be seen as:

W ⋆ =

I1/p I1/p . . . I1/p
I1/p I1/p . . . I1/p
. . . . . . . . . . . .
I1/p I1/p . . . I1/p

 ,

where in this matrix, each “row-block” (aggregating 1/p rows) is obtained by horizontally stacking Sp identity matrices
I1/p and each “column-block” (aggregating 1/p columns) is obtained by vertically stacking Np identity matrices I1/p.

Lemma 7 (Cross-moments of balanced crossover designs). Let W ∈ {0, 1}N×S be a random draw from the space of
balanced staggered design (binary) matrices. I.e., for a fixed p ∈ [0, 1], W is a random draw from the space of binary
matrices for which

∑
t Wn,s = pS for all n, and

∑
n Wn,s = pN for all s. Then, for m ̸= n and q ̸= s,

ξ1 := E[W 2
n,s] = p, ξ2 := E[Wn,sWn,q] =

p(pS − 1)

S − 1
, ξ3 := E[Wn,sWm,t] =

p(pN − 1)

N − 1
,

and

ξ4 := E[Wn,sWm,q] = p
(pN − 1)(pS − 1) + pSN(1− p)

(N − 1)(S − 1)
.

Proof. First, notice that any random matrix W ∈ W satisfies
∑

n,s Wn,s = pNS. That is, P (Wn,s = 1) = E[Wn,s] =
p, hence

ξ1 := E[W 2
n,s] = p.

Next, notice that any W ∈ W satisfies for all n that
∑

s Wn,s = pS. The product Wn,sWn,q = 1 when Wn,s = 1
and Wn,q = 1, and Wn,sWn,q = 0 otherwise. Because the row of a randomly drawn matrix W from W is formed by
selecting pS columns without replacement from a set of S candidate columns, the probability that both Wn,s = 1 and
Wn,q = 1 for q ̸= s is simply given by

ξ2 := E[Wn,sWn,q] = p(pS − 1)/(S − 1).

A symmetric argument for the columns yields

ξ3 := E[Wn,sWm,s] = p(pN − 1)/(N − 1).

For the last result, we have to observe the following: in light of Definition 1, any matrix W ∈ W has to be obtained by
suitably permuting the rows and the columns of a sequence of stacked identity matrices with dimension 1/p, such that
under the chosen permutation the row-wise and column-wise sums are preserved. This in particular means that for any
given entry Wn,s, given its value, the number of non-zero entries lying on a different row and on a different column
is fixed. In particular, to reason about ξ4, condition on the event that Wn,s = 1. The number of non-zero entries in
the (N − 1)(S − 1) entries Wm,q with m ̸= n and q ̸= s is given by (pN − 1)(pS − 1) + SNp(1− p). This can be
observed by appealing to the “minimal representor” of Definition 1:

• the identity block to which unit (n, s) belongs to contains (1/p) − 1 additional entries (s,m) such that
Wm,q = 1.

• horizontally, there are Sp− 1 other matrices, each of which has exactly (1/p)− 1 additional entries (s,m)
such that Wm,q = 1.

• vertically, there are Np− 1 other matrices, each of which has exactly (1/p)− 1 additional entries (s,m) such
that Wm,q = 1.

• in the blocks that do not lie along the same axes as the block of unit (n, s) there are (Sp − 1 + Np − 1)
identities, each with 1/p ones.

9
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Then, under the condition that Wn,s = 1, it holds:∑
m ̸=n

∑
q ̸=s

Wm,q =

(
1

p
− 1

)
[1 + (Sp− 1) + (Np− 1)] +

(
1

p

)
[(Sp− 1) + (Np− 1)] (18)

= SNp− pS − pN + 1, (19)

hence

ξ4 := E[Wn,sWm,q] = p

{
SNp− pS − pN + 1

(S − 1)(N − 1)

}
.

Lemma 8. The variance of Ŷ tr is given by

Var

(
Ŷ tr

)
=

δ(tr)2

(pNS)2
(ξ1 − ξ2 − ξ3 + ξ4) ,

where δ(tr)2 :=
∑

n,s(δ
NS
n,s(tr))

2.

Proof. From the result in Lemma 4,

Var

(
Ŷ tr

)
=

Var
(∑

n,s Wn,sδ
NS
n,s(tr)

)
(pNS)2

=

E
{(∑

n,s Wn,sδ
NS
n,s(tr)

)2}
(pNS)2

. (20)

The last equality follows from the fact that for a random variable X with E[X] = 0, Var(X) = E[X2] together with
the observation that E[

∑
n,s Wn,sδ

NS
n,s(tr)] = p

∑
n,s δ

NS
n,s(tr) = 0. Hence,

Var

(
Ŷ tr

)
=

∑N
n=1

∑N
m=1

∑S
s=1

∑S
s=1 E[Wn,sWn,q]δ

NS
n,s(tr)δ

NS
m,q(tr)

(pNS)2

=

∑
n,s E[W 2

n,s](δ
NS
n,s(tr))

2

(pNS)2

+

∑N
n=1

∑S
s=1

∑
q ̸=s E[Wn,sWn,q]δ

NS
n,s(tr)δ

NS
n,q(tr)

(pNS)2

+

∑N
n=1

∑S
s=1

∑
m ̸=n E[Wn,sWm,t]δ

NS
n,s(tr)δ

NS
m,t(tr)

(pNS)2

+

∑N
n=1

∑S
s=1

∑
m ̸=n

∑
q ̸=s E[Wn,sWm,q]δ

NS
n,sδ

NS
m,q(tr)

(pNS)2

= ξ1

∑
n,s(δ

NS
n,s(tr))

2

(pNS)2
+ ξ2

∑N
n=1

∑S
s=1

∑
q ̸=s δ

NS
n,s(tr)δ

NS
n,q(tr)

(pNS)2

+ ξ3

∑N
n=1

∑S
s=1

∑
m ̸=n δ

NS
n,s(tr)δ

NS
m,t(tr)

(pNS)2
+ ξ4

∑N
n=1

∑S
s=1

∑
m̸=n

∑
q ̸=s δ

NS
n,s(tr)δ

NS
m,q(tr)

(pNS)2
.

Now notice that because
∑

n δ
NS
n,s(tr) = 0 and

∑
s δ

NS
n,s(tr) = 0, we can apply the results in Lemma 6, and it holds for

all n, s ∑
q ̸=s

δNS
n,q(tr) = −δNS

n,s(tr), and
∑
m ̸=n

δNS
m,s(tr) = −δNS

n,s(tr)

Hence,
N∑

n=1

S∑
s=1

∑
q ̸=s

δNS
n,s(tr)δ

NS
n,q(tr) = −

N∑
n=1

S∑
s=1

(δNS
n,s(tr))

2,

and
N∑

n=1

S∑
s=1

∑
m̸=n

δNS
n,s(tr)δ

NS
m,s(tr) = −

N∑
n=1

S∑
s=1

(δNS
n,s(tr))

2,

10
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as well as
N∑

n=1

S∑
s=1

∑
m ̸=n

∑
q ̸=s

δNS
n,sδ

NS
m,q =

N∑
n=1

S∑
s=1

(δNS
n,s)

2.

Calling δ(tr)2 :=
∑

n,s

{
δNS
n,s(tr)

}2
and substituting, we get to the final expression

Var

(
Ŷ tr

)
=

δ(tr)2

(pNS)2
(ξ1 − ξ2 − ξ3 + ξ4) . (21)

Proof of Lemma 1. The results presented in Lemma 1 follow from the previous derivations. Specifically, unbiasedness

of Ŷ tr follows from Lemma 5. The expression for the variance was showed to be true in Lemma 8.

Lemma 9. The term δ(tr)2 :=
∑

n,s δ
NS
n,s(tr)δ

NS
n,s(tr) can be written as

δ(tr)2 =
∑
n,s

yn,s(tr)
2 − S

N∑
n=1

{
yNn (tr)

}2 −N

S∑
s=1

{
ySs(tr)

}2
+NS(ytr)

2

Proof. Notice that we can write the individual term δNS
n,s(tr) as follows:

(δNS
n,s(tr))

2 =
(
yn,s(tr)− yNn (tr)− ySs(tr) + ytr

)2
= (yn,s(tr))

2 +
{
yNn (tr)

}2
+
{
ySs(tr)

}2
+ (ytr)

2

− 2yn,s(tr)y
N
n (tr)− 2yn,s(tr)y

S
s(tr) + 2yn,s(tr)ytr

+ 2yNn (tr)y
S
s(tr)− 2yNn (tr)ytr + 2ySs(tr)ytr.

Now summing over n, s:

δ(tr)2 =
∑
n,s

(δNS
n,s(tr))

2

=
∑
n,s

(yn,s(tr))
2 + S

∑
n

{
yNn (tr)

}2
+N

∑
s

{
ySs(tr)

}2
+NS(ytr)

2

− 2S
∑
n

(yNn (tr))
2 − 2N

∑
s

(ySs(tr))
2 + 2NS(ytr)

2

+ 2NS(ytr)
2 − 2NS(ytr)

2 + 2NS(ytr)
2

=
∑
n,s

(yn,s(tr))
2 − S

∑
n

{
yNn (tr)

}2 −N
∑
s

{
ySs(tr)

}2
+NS(ytr)

2.

In light of Lemma 9, letting
ξ := ξ1 − ξ2 − ξ3 + ξ4

we can write

Var

(
Ŷ tr

)
=

ξ

(pNS)2
δ(tr)2 (22)

= ξ

{∑
n,s(yn,s(tr))

2 − S
∑

n

{
yNn (tr)

}2 −N
∑

s

{
ySs(tr)

}2
+NS(ytr)

2

(pNS)2

}

=
ξ

p2NS


∑

n,s(yn,s(tr))
2

NS︸ ︷︷ ︸
=:ϕ1

−
∑

n

{
yNn (tr)

}2
N︸ ︷︷ ︸

=:ϕ2

−
∑

s

{
ySs(tr)

}2
S︸ ︷︷ ︸

=:ϕ3

+(ytr)
2︸ ︷︷ ︸

=:ϕ4


=

ξ

p2NS
[ϕ1 − ϕ2 − ϕ3 + ϕ4] .

11



A PREPRINT - MARCH 27, 2024

Proof of Lemma 2 We now turn to the question of how to estimate the variance of the sample mean (i.e., estimate
Equation (22)). We use the representation in Lemma 9, and estimate each summand separately. In what follows, the
expectation operator E(·) and the variance operator Var(·) are always defined with respect to uniform random sampling
from W.

Given a random matrix W ∈ W, we let Ξ ⊂ [N ]× [S] be the set of indices (n, s) with Wn,s = 1.

Estimation of ϕ1 Notice that the number of matrices in W such that Wn,s = 1 is constant for all n, s. Hence, it
follows that under uniform sampling from W,

1

p
E

 ∑
(n,s)∈Ξ

yn,s(tr)

 =

N∑
n=1

S∑
s=1

yn,s(tr).

In turn, this implies that

ϕ̂1 :=
1

pNS

∑
(n,s)∈Ξ

yn,s(tr)
2 satisfies E

[
ϕ̂1

]
= ϕ1.

Estimation of ϕ2 Define the sample counterpart of yNn to be

Ŷ
N

n =
1

pS

∑
s:Wn,s=1

yn,s(tr).

It follows that

E
[
Ŷ

N

n

]
= yNn hence E

[{
Ŷ

N

n

}2
]
=
{
yNn
}2

+Var

(
Ŷ

N

n

)
.

Lemma 10. The variance of the mean-along the treated columns of the n-th unit, Ŷ
N

n , is given by

Var

(
Ŷ

N

n

)
=

1− p

p

1

S

{
1

S − 1

S∑
s=1

(
yn,s(tr)− yNn

)2}
.

An unbiased estimator of Var
(
Ŷ

N

n

)
is given by

V̂ar

(
Ŷ

N

n

)
=

1− p

p

1

S

 1

pS − 1

∑
t:Wn,s=1

(
yn,s(tr)− Ŷ

N

n

)2
 .

Proof of Lemma 10. The proof of Lemma 10 stems from the simple observation that, due to the balancedness constrain,
we can view every row in the matrix as a simple “single” randomized experiment with S units, in which exactly pS
are treated. In this case, the variance of the sample mean (along the columns of a fixed row) and its estimator are well
known. See e.g. Cochran [1977, Theorem 2.4].

In light of Lemma 10, it follows that

ϕ̂2 :=
1

N

N∑
n=1

[{
Ŷ

N

n

}2

− V̂ar

(
Ŷ

N

n

)]
satisfies E

[
ϕ̂2

]
= ϕ2.

Estimation of ϕ3 The estimation of ϕ3 is symmetric to that of ϕ2:

E
[
Ŷ

S

s

]
= ySs which implies E

[{
Ŷ

S

s

}2
]
=
{
ySs
}2

+Var

(
Ŷ

S

s

)
.

Lemma 11. The variance of Ŷ
S

s is given by

Var

(
Ŷ

S

s

)
=

1− p

p

1

N

{
1

N − 1

N∑
n=1

(
yn,s(tr)− ySs

)2}
.

12
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An unbiased estimator of Var
(
Ŷ

S

s

)
is given by

V̂ar

(
Ŷ

S

s

)
=

1− p

p

1

N

 1

pN − 1

∑
n:Wn,s=1

(
yn,s(tr)− Ŷ

S

s

)2
 .

Proof of Lemma 11. The same argument used in Lemma 10 applies in this context, where we are averaging over treated
rows for a fixed column.

Hence, it follows that

ϕ̂3 :=
1

S

S∑
s=1

[{
Ŷ

S

s

}2

− V̂ar

(
Ŷ

S

s

)]
satisfies E

[
ϕ̂3

]
= ϕ3.

Estimation of ϕ4 For the last term,

E
[
Ŷ tr

]
= ytr implying E

[
Ŷ

2

tr

]
= ϕ4 +Var

(
Ŷ tr

)
.

Notice that Var
(
Ŷ tr

)
is itself the object we are interested in estimating.

Letting η̂4 := Ŷ
2

tr, it is straightforward to observe that

E
[
ϕ̂1 − ϕ̂2 − ϕ̂3 + η̂4

]
= ϕ1 − ϕ2 − ϕ3 + ϕ4 +

ξ

p2NS
(ϕ1 − ϕ2 − ϕ3 + ϕ4) (23)

=

(
1 +

ξ

p2NS

)
(ϕ1 − ϕ2 − ϕ3 + ϕ4) . (24)

Last, defining {
ϕ̂1 − ϕ̂2 − ϕ̂3 + η̂4

}
=

ξ

ξ + p2NS

{
ϕ̂1 − ϕ̂2 − ϕ̂3 + η̂4

}
.

it holds

E
{
V̂ar

(
Ŷ tr

)}
= Var

(
Ŷ tr

)
.

B.2 Efficiency of crossover designs

Consider the setting discussed in Equation (31). Outcomes are given by real-valued matrix of potential outcomes
indexed by a binary treatment, Y (w) ∈ RN×S , where

yn,s(w) = µ+ τ1(w = 1) + an + bs + ϵn,s,

where ϵn,s
i.i.d.∼ N (0, σ2

ϵ ), drawn independent of other quantities.

To illustrate how the balanced crossover designs we consider can lead to significant efficiency gains even in the absence
of interference, we consider the case in which potential outcomes are fixed, but drawn from the following distribution:

an
i.i.d.∼ N (0, σ2

a) for n = 1, . . . , N, and bs
i.i.d.∼ N (0, σ2

b ) for s = 1, . . . , S.

It follows from the properties of the Gaussian distribution that, letting σ2 := σ2
a + σ2

b + σ2
ϵ :

yn,s(w) ∼ N (µ+ τ1(w = 1), σ2). (25)

13
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Moreover, for each row, the corresponding mean over the columns follows a Gaussian distribution:

yNn (w) =
1

S

∑
s

yn,s(w)

= µ+ τ1(w = 1) + an +
1

S

S∑
s=1

(bs + ϵn,s)

i.i.d.∼ N
(
µ+ τ1(w = 1), σ2

a +
σ2
b + σ2

ϵ

S

)
.

Similarly, for each column the corresponding mean over the rows follows a Gaussian distribution:

ySs(w) =
1

N

∑
n

yn,s(w)

= µ+ τ1(w = 1) +
1

N

N∑
n=1

(an + ϵn,s) + bs

i.i.d.∼ N
(
µ+ τ1(w = 1),

σ2
a + σ2

ϵ

N
+ σ2

b

)
.

Balanced crossover designs First, consider the case in which we randomize using the balanced crossover design. The

variance of the simple plug-in estimator Ŷ w of Equation (12) was given in Lemma 8. Under the parametric Gaussian
assumption of Equation (31), the expected value of this quantity over hypothetical re-draws of the data is given by:

EN

{
VarW

(
Ŷ w

)}
=

ξ

(pNS)2
EN

[
δ(w)2

]
(26)

and since δ(w)2 =
∑

n,s(yn,s(tr))
2 − S

∑
n

{
yNn (tr)

}2 −N
∑

s

{
ySs(tr)

}2
+NS(ytr)

2 from Lemma 9:

=
ξ

p2NS

{
σ2
ϵ

(
1− 1

N
− 1

S

)
− σ2

a

N
− σ2

b

S

}
(27)

= O

(
σ2
ϵ

NS

)
. (28)

By contrast, we consider as alternative designs the cases in which (i) we are assignment treatment to the (n, s)-th
entry by means of a random Bernoulli coin flip with probability p — a completely randomized design, or (ii) a
unit-randomized design, in which pN units are assigned (at random) to either control or treatment, and their assignment
is constant over time and (iii) a time-randomized design, in which pS time-stamps are assigned (at random) to treatment,
and every unit n gets to see the same experience at a given time stamp s.

Completely randomized designs In this case, where the matrix of assignments is a collection of i.i.d. coin flips, each
with probability p, the estimator for the population mean has the same form as in Equation (9); however, the space of

assignments WCRD and the weighting distribution is different. We hence use the notation Ŷ w,CRD to emphasize that
this estimator is obtained from a completely randomized design. We now show that, when the potential outcomes satisfy
the distributional requirement of Equation (31), the variance resulting from this randomization scheme is provably
larger (in expectation). Before doing so, we state a useful technical lemma.
Lemma 12 (Approximating the variance of a ratio of random variables). Let X,Y be positive real valued random
variables with finite first two moments, E[X] = µX ,Var(X) = σ2

X and E[Y ] = µY ,Var(Y ) = σ2
Y . Let Z = X/Y . A

first order Taylor expansion approximation yields

Var(Z) ≈
(
µX

µY

)2 [
σ2
X

µ2
X

− 2
Cov(X,Y )

µXµY
+

σ2
Y

µ2
Y

]
. (29)

Lemma 13 (Moments of Ŷ w,CRD). Ŷ w,CRD is unbiased for yw. Its variance can be approximated by

Var

(
Ŷ w,CRD

)
≈
(
1− p

p

)
1

NS

(∑
n,s yn,s(w)

2

NS
− y

2
w

)
.

14
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Then, using Lemma 15 together with the Gaussian parametric assumption of Equation (31) we see that:

EN

{
VarWCRD

(
Ŷ w,CRD

)}
≈
(
1− pw
pw

)
1

NS

(∑
n,s E[yn,s(w)2]

NS
− E

[
y
2
w

])

=

(
1− pw
pw

)
σ2

NS
= O

(
σ2

NS

)
(30)

Exact formulae for the variance of the sample mean under the completely randomized design can be found, e.g., using
the results in Strand [1979].

Individual-randomized designs In this case, our experiment is equivalent to a simple single randomized design with
N units, in which each unit has potential outcome yn(w) = S−1

∑S
s=1 yn,s(w) = yNn (w). While the estimator for the

population mean has (again) the same form as in Equation (9), we use Ŷ w,→ to denote it, to emphasize the dependence
on the space of valid assignments WN (the space of binary matrices with constant columns, and such that exactly pS

columns are equal to one). The variance of Ŷ w,→ is

Var

(
Ŷ w,→

)
=

1− pw
pw

1

N − 1

1

N

N∑
n=1

(
yNn (w)− yw

)2
.

In the Gaussian case of Equation (31), we can write

E
[(
yNn (w)− yw

)2]
= E

[(
yNn (w)

)2 − 2yNn (w)yw + (yw)
2
]

= E
[(
yNn (w)

)2]
+ E

[
(yw)

2
]
− 2E

{
1

S

S∑
s=1

yn,s(w)

(
1

NS

N∑
m=1

S∑
q=1

ym,q(w)

)}

The sum of the first two expectations in the equation above is equal to

σ2
a +

σ2
b + σ2

ϵ

S
+ 2 (µ+ τ1(w = 1))

2
.

For the last term in the equation above, it holds

1

NS2
E

{
N∑

m=1

S∑
s=1

S∑
q=1

yn,s(w)ym,q(w)

}
=

1

NS2

S∑
s=1

E
[
yn,s(w)

2
]

+
1

NS2

S∑
s=1

S∑
q ̸=s

E [yn,s(w)yn,q(w)]

+
1

NS2

N∑
m ̸=n

S∑
s=1

E [yn,s(w)ym,s(w)]

+
1

NS2

N∑
m ̸=n

S∑
s=1

S∑
q ̸=s

E [yn,s(w)ym,q(w)] ,

which implies

∑
m,s,q

E
{
yn,s(w)ym,q(w)

NS2

}
= (µ+ τ1(w = 1))2 +

1

NS2

[
Sσ2 + S(S − 1)σ2

a + (N − 1)Sσ2
b

]
= (µ+ τ1(w = 1))2 +

1

NS2

[
S2σ2

a + SNσ2
b + Sσ2

ϵ

]
= (µ+ τ1(w = 1))2 +

σ2
a

N
+

σ2
b

S
+

σ2
ϵ

NS
.
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Hence,

EWN

[
Var

(
Ŷ w,→

)]
=

1− pw
pw

1

N − 1

(
σ2
a +

σ2
b + σ2

ϵ

S
− 2

[
σ2
a

N
+

σ2
b

S
+

σ2
ϵ

NS

])
= O

(
σ2
a

N
+

σ2
ϵ

NS

)
.

Time-randomized designs Symmetrically to the case above, here our experiment is equivalent to a simple single
randomized design with S units, in which each unit has potential outcome ys(w) = S−1

∑N
n=1 yn,s(w) = ySs(w).

While the estimator for the population mean has (again) the same form as in Equation (9), we use Ŷ w,↓ to denote it, to
emphasize the dependence on the space of valid assignments WS (the space of binary matrices with constant rows, and

such that exactly pN rows are equal to one). The variance of Ŷ w,↓ is

Var

(
Ŷ w,↓

)
=

1− pw
pw

1

S − 1

1

S

S∑
s=1

(
ySs(w)− yw

)2
.

A symmetric derivation to the one above for the unit-randomized design yields:

EWS

[
Var

(
Ŷ w,↓

)]
=

1− pw
pw

1

S − 1

(
σ2
b +

σ2
a + σ2

ϵ

N
− 2

[
σ2
b

S
+

σ2
a

N
+

σ2
ϵ

NS

])
= O

(
σ2
b

S
+

σ2
ϵ

NS

)
.

Then, we see that the expected variance of the simple estimator Ŷ w obtained from a staggered design is smaller than the
corresponding variance incurred by adopting other copmeting designs (completely randomized design, time-randomized,
unit-randomized). In particular, this is because — by virtue of the balancing — the effect of the variance components
σ2
a and σ2

b is of second order — whereas these terms appear as leading terms in the other variances.

C Simulations for the balanced crossover designs

C.1 Correctness of the variance formulae

In this section, we present simulation results to show the correctness of our derivation for the variance formulae in the
balanced crossover design of Appendix A.

In particular, we here show by means of simulation that (a) the formula of the variance of Equation (10) is correct, and
that (b) the variance estimator of Equation (11) is unbiased.

Towards this goal, we first draw a real-valued matrix Yw ∈ RN×S of potential outcomes, which we consider to be fixed
(here, this matrix represents the potential outcomes under treatment; it could equally represent the outcomes under
control). In practice, we let the entries of this matrix be random draws from a Gaussian distribution with mean and
variance equal to 1 — although any matrix of potential outcomes could be used to show these results. Then, for a fixed
pw ∈ (0, 1), we repeatedly draw binary random assignment matrices W ∈ W. We do so using the fastball algorithm
[Strona et al., 2014b]. Given valid assignment matrices, we compare:

• The analytic formula of the variance Var
(
Ŷ w

)
provided in Equation (10). Notice that in our simulation, this

analytic value be obtained exactly since the whole matrix of potential outcomes is known.

• The Monte Carlo estimate of the analytic variance (i.e., the empirical variance of Ŷ w across the draws W
obtained using the fastball algorithm).

• The Monte Carlo distribution of the estimated variances, i.e. the distribution of V̂ar
(
Ŷ tr

)
over the sampled

assignments W .

Towards this goal, we start with the simplest case of N = 4 and T = 4, and draw a matrix of potential outcomes
Yw ∈ R4×4. In this case, for pw = 0.5, the size of the space of valid assignments is |W| = 90. This quantity can be
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Figure 1: We compare the empirical distribution of Ŷ w over valid assignment W ∈ W (blue histogram) and the average
over re-randomizations (blue vertical line) with the population mean yw (red vertical line).
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Figure 2: Analytical “population” variance of the sample mean (horizontal solid line) and Monte Carlo estimate of the
variance sample mean as a function of the subset size used to obtain such estimate (blue line). For each size x ≤ |W|,
1000 random subsets of size x are used to form an estimate of the variance. We plot the mean across the 1000 random
subsets in blue. The shaded region covers the quantiles ranging from 2.5% to 97.5% of the distribution.

obtained explicitly using e.g. the results in [Miller and Harrison, 2013b]. We use the fastball algorithm to enumerate all
valid assignment matrices and perform the comparisons discussed above.

We verify empirically the unbiasedness of Ŷ w for yw as per Lemma 5 in Figure 1.

Next, because sampling from W is not trivial, we verify the extent to which we are able to obtain unbiased samples
from W with the fastball algorithm [Strona et al., 2014b] as follows. For a given size x ≤ |W| of the sample (horizontal
axis), we retain a random subset Ξ of x assignment matrices (without replacement). We compute the sample variance

Ṽarw(Ŷ w; Ξ) of the sample mean Ŷ w on this random subset of x assignment matrices:

Ṽarw

(
Ŷ w; Ξ

)
=

1

|Ξ|
∑
W∈Ξ

(
Ŷ w(W )−

[
1

|Ξ|
∑

W ′∈Ξ

Ŷ w(W
′)

])2

.

We are here indexing Ŷ w additionally by W to emphasize that the estimate depends on the assignment matrix. If we

were able to sample uniformly from W, Ṽarw(Ŷ w; Ξ) would be (by the law of large numbers) an unbiased estimate of

Var

(
Ŷ w

)
. We then repeat, for a given value of x, a random selection 1,000 assignment matrices Ξ (each selection

comprising x randomly chosen assignment matrices). We plot this comparison in Figure 2 the analytical “population”

value of Var(Ŷ w) (horizontal black line) to the Monte Carlo sampling variance of Ŷ tr as the number of samples to
compute the Monte Carlo estimate increase. Notice that, in the simple case of N = 4 and S = 4, where the size of
W = 90 and we can enumerate all the sample space, by construction we expect exactly the behavior in Figure 2.
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Figure 3: We compare the empirical distribution of the estimated sample variance V̂ar(Ŷ w) over valid assignment
W ∈ W (blue histogram) and the average over re-randomizations (blue vertical line) with the variance of the sample

mean Var(Ŷ w) (red vertical line).
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Figure 4: We replicate Figure 1 now for N = 150, S = 80, and p = 0.5.

Last, we compare the empirical distribution of the estimated variance of the sample mean to its analytical value in

Figure 3. Again, the fact that the average value of the estimate V̂ar(Ŷ w) coincides with the population value Var(Ŷ w)
confirms the calculation in Appendix A.

We replicate the plots above, now for N = 150 and S = 80. Again we let p = 0.5 and the data be drawn from a
Gaussian with unit mean and unit variance.

C.2 Efficiency of crossover designs

Consider the setting discussed in Remark 2: we have a real-valued matrix of potential outcomes indexed by a binary
treatment, Y (w) ∈ RN×S , where

yn,s(w) = µ+ τ1(w = 1) + an + bs + ϵn,s,

8.0 8.2 8.4 8.6 8.8
1e 5

0

200

400

600

Sample variance
Sample
Population

Figure 5: We replicate Figure 3 now for N = 150, S = 80, and p = 0.5.
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Figure 6: We replicate Figure 2 now for N = 150, S = 80, and p = 0.5.

where ϵn,s
i.i.d.∼ N (0, σ2

ϵ ), drawn independent of other quantities.

To illustrate how the balanced crossover designs we consider in Appendix A can lead to significant efficiency gains
even in the absence of interference, we consider the case in which potential outcomes are fixed, but drawn from the
following distribution:

an
i.i.d.∼ N (0, σ2

a) for n = 1, . . . , N, and bs
i.i.d.∼ N (0, σ2

b ) for s = 1, . . . , S.

It follows from the properties of the Gaussian distribution that, letting σ2 := σ2
a + σ2

b + σ2
ϵ :

yn,s(w) ∼ N (µ+ τ1(w = 1), σ2). (31)
Moreover, for each row, the corresponding mean over the columns follows a Gaussian distribution:

yNn (w) =
1

S

∑
s

yn,s(w)

= µ+ τ1(w = 1) + an +
1

S

S∑
s=1

(bs + ϵn,s)

i.i.d.∼ N
(
µ+ τ1(w = 1), σ2

a +
σ2
b + σ2

ϵ

S

)
.

Similarly, for each column the corresponding mean over the rows follows a Gaussian distribution:

ySs(w) =
1

N

∑
n

yn,s(w)

= µ+ τ1(w = 1) +
1

N

N∑
n=1

(an + ϵn,s) + bs

i.i.d.∼ N
(
µ+ τ1(w = 1),

σ2
a + σ2

ϵ

N
+ σ2

b

)
.

Balanced crossover designs First, consider the case in which we randomize using the balanced crossover design. The

variance of the simple plug-in estimator Ŷ w of Equation (12) was given in Lemma 8. Under the parametric Gaussian
assumption of Equation (31), the expected value of this quantity over hypothetical re-draws of the data is given by:

EN

{
VarW

(
Ŷ w

)}
=

ξ

(pNS)2
EN

[
δ(w)2

]
(32)

and since δ(w)2 =
∑

n,s(yn,s(tr))
2 − S

∑
n

{
yNn (tr)

}2 −N
∑

s

{
ySs(tr)

}2
+NS(ytr)

2 from Lemma 9:

=
ξ

p2NS

{
σ2
ϵ

(
1− 1

N
− 1

S

)
− σ2

a

N
− σ2

b

S

}
(33)

= O

(
σ2
ϵ

NS

)
. (34)
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By contrast, we consider as alternative designs the cases in which (i) we are assignment treatment to the (n, s)-th
entry by means of a random Bernoulli coin flip with probability p — a completely randomized design, or (ii) a
unit-randomized design, in which pN units are assigned (at random) to either control or treatment, and their assignment
is constant over time and (iii) a time-randomized design, in which pS time-stamps are assigned (at random) to treatment,
and every unit n gets to see the same experience at a given time stamp s.

Completely randomized designs In this case, where the matrix of assignments is a collection of i.i.d. coin flips, each
with probability p, the estimator for the population mean has the same form as in Equation (9); however, the space of

assignments WCRD and the weighting distribution is different. We hence use the notation Ŷ w,CRD to emphasize that
this estimator is obtained from a completely randomized design. We now show that, when the potential outcomes satisfy
the distributional requirement of Equation (31), the variance resulting from this randomization scheme is provably
larger (in expectation). Before doing so, we state a useful technical lemma.

Lemma 14 (Approximating the variance of a ratio of random variables). Let X,Y be positive real valued random
variables with finite first two moments, E[X] = µX ,Var(X) = σ2

X and E[Y ] = µY ,Var(Y ) = σ2
Y . Let Z = X/Y . A

first order Taylor expansion approximation yields

Var(Z) ≈
(
µX

µY

)2 [
σ2
X

µ2
X

− 2
Cov(X,Y )

µXµY
+

σ2
Y

µ2
Y

]
. (35)

Lemma 15 (Moments of Ŷ w,CRD). Ŷ w,CRD is unbiased for yw. Its variance can be approximated by

Var

(
Ŷ w,CRD

)
≈
(
1− p

p

)
1

NS

(∑
n,s yn,s(w)

2

NS
− y

2
w

)
.

Then, using Lemma 15 together with the Gaussian parametric assumption of Equation (31) we see that:

EN

{
VarWCRD

(
Ŷ w,CRD

)}
≈
(
1− pw
pw

)
1

NS

(∑
n,s E[yn,s(w)2]

NS
− E

[
y
2
w

])

=

(
1− pw
pw

)
σ2

NS
= O

(
σ2

NS

)
(36)

Exact formulae for the variance of the sample mean under the completely randomized design can be found, e.g., using
the results in Strand [1979].

Individual-randomized designs In this case, our experiment is equivalent to a simple single randomized design with
N units, in which each unit has potential outcome yn(w) = S−1

∑S
s=1 yn,s(w) = yNn (w). While the estimator for the

population mean has (again) the same form as in Equation (9), we use Ŷ w,→ to denote it, to emphasize the dependence
on the space of valid assignments WN (the space of binary matrices with constant columns, and such that exactly pS

columns are equal to one). The variance of Ŷ w,→ is

Var

(
Ŷ w,→

)
=

1− pw
pw

1

N − 1

1

N

N∑
n=1

(
yNn (w)− yw

)2
.

In the Gaussian case of Equation (31), we can write

E
[(
yNn (w)− yw

)2]
= E

[(
yNn (w)

)2 − 2yNn (w)yw + (yw)
2
]

= E
[(
yNn (w)

)2]
+ E

[
(yw)

2
]
− 2E

{
1

S

S∑
s=1

yn,s(w)

(
1

NS

N∑
m=1

S∑
q=1

ym,q(w)

)}

The sum of the first two expectations in the equation above is equal to

σ2
a +

σ2
b + σ2

ϵ

S
+ 2 (µ+ τ1(w = 1))

2
.
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For the last term in the equation above, it holds

1

NS2
E

{
N∑

m=1

S∑
s=1

S∑
q=1

yn,s(w)ym,q(w)

}
=

1

NS2

S∑
s=1

E
[
yn,s(w)

2
]

+
1

NS2

S∑
s=1

S∑
q ̸=s

E [yn,s(w)yn,q(w)]

+
1

NS2

N∑
m ̸=n

S∑
s=1

E [yn,s(w)ym,s(w)]

+
1

NS2

N∑
m ̸=n

S∑
s=1

S∑
q ̸=s

E [yn,s(w)ym,q(w)] ,

which implies∑
m,s,q

E
{
yn,s(w)ym,q(w)

NS2

}
= (µ+ τ1(w = 1))2 +

1

NS2

[
Sσ2 + S(S − 1)σ2

a + (N − 1)Sσ2
b

]
= (µ+ τ1(w = 1))2 +

1

NS2

[
S2σ2

a + SNσ2
b + Sσ2

ϵ

]
= (µ+ τ1(w = 1))2 +

σ2
a

N
+

σ2
b

S
+

σ2
ϵ

NS
.

Hence,

EWN

[
Var

(
Ŷ w,→

)]
=

1− pw
pw

1

N − 1

(
σ2
a +

σ2
b + σ2

ϵ

S
− 2

[
σ2
a

N
+

σ2
b

S
+

σ2
ϵ

NS

])
= O

(
σ2
a

N
+

σ2
ϵ

NS

)
.

Time-randomized designs Symmetrically to the case above, here our experiment is equivalent to a simple single
randomized design with S units, in which each unit has potential outcome ys(w) = S−1

∑N
n=1 yn,s(w) = ySs(w).

While the estimator for the population mean has (again) the same form as in Equation (9), we use Ŷ w,↓ to denote it, to
emphasize the dependence on the space of valid assignments WS (the space of binary matrices with constant rows, and

such that exactly pN rows are equal to one). The variance of Ŷ w,↓ is

Var

(
Ŷ w,↓

)
=

1− pw
pw

1

S − 1

1

S

S∑
s=1

(
ySs(w)− yw

)2
.

A symmetric derivation to the one above for the unit-randomized design yields:

EWS

[
Var

(
Ŷ w,↓

)]
=

1− pw
pw

1

S − 1

(
σ2
b +

σ2
a + σ2

ϵ

N
− 2

[
σ2
b

S
+

σ2
a

N
+

σ2
ϵ

NS

])
= O

(
σ2
b

S
+

σ2
ϵ

NS

)
.

Then, we see that the expected variance of the simple estimator Ŷ w obtained from a staggered design is smaller than the
corresponding variance incurred by adopting other copmeting designs (completely randomized design, time-randomized,
unit-randomized). In particular, this is because — by virtue of the balancing — the effect of the variance components
σ2
a and σ2

b is of second order — whereas these terms appear as leading terms in the other variances.
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