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Time-Optimal Trajectory Generation
with Multi-level Continuous Kinodynamics Constraints

Ruixuan Liu'2, Changliu Liu?, and Jessica Leu!

Abstract— Time-optimal trajectory generation (TOTG) is
critical in robotics applications to minimize travel time and
increase robot task efficiency. To ensure the trajectory is feasible
and executable by the robot, it is important to constrain the
trajectory kinodynamics subject to the robot actuator limits. A
typical actuator has multiple limits, 1) peak limit, and 2) multi-
level continuous limits with different operation time windows.
The peak limit bounds the instantaneous kinodynamics (IKD),
whereas the continuous limits bound the system continuous kin-
odynamics (CKD). Existing works only constrain IKD, usually
by the actuator peak limit, to achieve time optimality. However,
a joint capable of operating at its peak limit momentarily
will overheat and damage robot life if the motion continues.
Alternatively, users can constrain the IKD with a reduced peak
limit to avoid violating continuous limits. However, the reduced
peak limit would inevitably sacrifice task efficiency. To address
the challenge, this paper studies TOTG with both IKD and
CKD, and proposes TOTG-C. It formulates the TOTG as a
nonlinear programming (NLP). In particular, it proposes a
novel formulation to encode the multi-level CKD constraints
efficiently. To the best of our knowledge, TOTG-C is the first
work that explicitly considers multi-level CKD constraints. We
demonstrate the effectiveness and robustness of the proposed
TOTG-C both in simulation and real robot experiments.

Index Terms— Time-Optimal Trajectory Generation, Contin-
uous kinodynamics Constraints, Constrained Nonlinear Pro-
gramming.

I. INTRODUCTION

Robots are widely used in applications such as assembly
[1], [2], package sorting [3], object manipulation [4], [5],
human-robot collaboration [6], [7], etc. To increase automa-
tion efficiency, time-optimal trajectory generation (TOTG) is
critical. It minimizes travel time and maximizes robot task
efficiency. To ensure the time-optimal trajectory is executable
by the robot, it is important to constrain the time-optimal tra-
jectory based on robot hardware constraints. One important
type of constraint is the robot actuator kinodynamics limit.
In general, a typical actuator has multiple limits, including
1) peak limit, and 2) multi-level continuous limits with
different operation time windows. The peak limit bounds the
instantaneous kinodynamics (IKD). It specifies, for example,
the maximum velocity and torque that an actuator can reach
instantaneously. On the other hand, the continuous limits
bound the system continuous kinodynamics (CKD), which
specify the average output of the actuator for a period of
time.

TOTG has been widely studied [8], [9], [10]. However,
existing works lack the ability to incorporate full robot
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Fig. 1: Ilustration of the time-optimal trajectory generation problem.
Given a sequence of task-level reference waypoints W, TOTG generates a
time-optimal trajectory X (¢) for the robot to execute the task. Conventional
TOTG has the kinodynamics profile 7 of the planned trajectory satisfying
the robot hardware limits using instantaneous kinodynamics, i.e., red dashed
lines. This paper enables enforcing the continuous kinodynamics, i.e.,
shaded red areas, to be bounded by the hardware specifications as well.

capabilities since they only constrain IKD. To achieve time
optimality, people usually constrain IKD by the actuator
peak limit. However, a joint that can momentarily operate
at the peak limit may not be able to operate at such a
high level continuously. This is because the robot will then
exceed the actuators’ continuous limits, which can lead to
overheating, excessive wear, and ultimately, reduce robot
life. Alternatively, conventional approaches reduce the peak
limit and constrain the IKD with the reduced peak limit to
avoid violating continuous limits. However, the reduced peak
limit results in slower motion and significantly decreases task
efficiency.

To address the challenge, this paper studies TOTG with
both IKD and CKD as illustrated in Fig. 1 and 2. Instead
of only constraining the system IKD, i.e., the red dashed
bounds, we also explicitly constrain the system CKD, i.e., the
shaded areas, when generating the time-optimal trajectory.
Given a sequence of task waypoints as shown in Fig. 1,
an illustrative comparison is shown in Fig. 2. Conventional
TOTG only considers the system IKD constraints and pushes
the performance to its limits as depicted in Fig. 2(1), which
maximizes the task efficiency but harms the robot life. In this
work, we aim to integrate CKD constraints by enabling the
robot to fully utilize its original peak capability but simul-
taneously avoid violating CKD constraints. In particular, we
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Fig. 2: A comparison between conventional TOTG and ours (TOTG-
C). Given the task waypoints in Fig. 1, (1) Example kinodynamics (e.g.,
acceleration) profile planned using conventional TOTG, and (2) Example
kinodynamics profile planned using ours. Shaded blue and red regions:
bounded CKD with different time windows. Dashed red lines: system IKD
constraints, e.g., acceleration bounds.

propose TOTG-C to generate time-optimal trajectories sub-
ject to both hardware peak limits and multi-level continuous
limits with different time windows (i.e., blue and red shaded
regions). TOTG-C formulates the trajectory generation prob-
lem as nonlinear programming (NLP). In order to integrate
the complex continuous limits, we propose a novel mixed-
integer formulation to efficiently encode the multi-level CKD
constraints with different time windows. To our knowledge,
TOTG-C is the first work that considers multi-level CKD
constraints in time-optimal trajectory generation. We test and
evaluate the proposed TOTG-C in both simulations and real
robot experiments. The experiment results demonstrate that
the proposed TOTG-C can effectively and robustly generate
time-optimal trajectories subject to both IKD and multi-level
CKD constraints. Due to the additional CKD constraints, the
kinodynamics profile would have more early rises and drops,
as illustrated in Fig. 2(2), and the task execution would be
longer. Nevertheless, we allow the robot to operate at its
original peak level to minimize the loss of task efficiency. To
further highlight the advantages of TOTG-C, we estimate the
hardware wear of real robots executing trajectories planned
by TOTG-C. By fully satisfying the hardware constraints
(i.e., both IKD and CKD constraints), TOTG-C can max-
imize task efficiency while significantly reducing hardware
damage as the energy consumption is lower and the estimated
robot actuator life is longer.

A. Related Works

Time-optimal trajectory generation has been widely stud-
ied. Early works [8], [11] use numerical integration (NI)
to obtain a time-optimal trajectory via bang-bang control.
However, NI-based methods are prone to failure due to
the challenge of identifying switch points. [12], [13] solve
TOTG using dynamic programming. Recent works [14], [15]
leverage black-box optimization techniques to search for
the time-optimal trajectory, which only apply to polynomial
trajectories. On the other hand, [9] formulates the TOTG as a
convex optimization (CO), which gives a general and robust
formulation. [10] leverages reachability analysis to solve the
TOTG for second-order systems by multiple linear program-
ming (LP) sub-problems, which significantly improves the
computation time. Recent efforts [16], [17], [18], [19] devote
to extending the optimization-based formulation to address
the TOTG for higher order constraints, e.g., jerk bounds.
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Fig. 3: Tlustration of the discrete trajectory generation in the sys-
tem state space. Given a sequence of N + 1 waypoints, ie., W =
[Wo, W1,...,Wy], the trajectory is divided into N segments, and each
has a time duration of At;. The entire trajectory is interpolated to have
M + 1 reference states, where M = M; + Mo + --- + Mp . The time
duration between points ; and x;y1 is denoted as d¢;. Black: interpolated
reference states. Green: system starting state. Purple: system states that pass
through the waypoints. Red: system final state.

Recent works [20], [21] formulate the TOTG problem as a
nonlinear programming (NLP) problem and generate time-
optimal trajectories for quadrotors. Despite TOTG has been
widely studied, existing works only consider bounds on the
system IKD, and thus, lack the ability to incorporate full
robot capabilities.

B. Contributions

The contributions of this paper are listed as follows,

1) We propose TOTG-C, which formulates the TOTG
as a general NLP to address both IKD and CKD
constraints. Particularly, we propose a novel mixed-
integer formulation to efficiently encode multi-level
continuous kinodynamics limits.

2) We evaluate the proposed TOTG-C in simulation and
demonstrate that the proposed method can effectively
and robustly solve time-optimal trajectories subject to
both IKD and CKD constraints.

3) We apply the TOTG-C on real robots and the exper-
iment showcases that TOTG-C can effectively reduce
the hardware wear, i.e., lower energy consumption and
longer estimated robot life, while achieving compara-
ble task efficiency.

C. Organization

The rest of the paper is organized as follows. Section II
introduces the key notations in this paper. Section III for-
mulates the multi-level CKD constraints and introduces the
proposed TOTG-C. Section IV demonstrates the experiment
results of TOTG-C and discusses future work. Section V
concludes the paper.

II. PRELIMINARIES
A. Problem Formulation

This paper formulates the TOTG as a discrete control
problem, where the system state is denoted as z; and
the control is represented as u,; at time step ¢. Based on
the robot task, a sequence of task-level waypoints W can
be determined as shown in Fig. 1. Let the waypoints be
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W = [Wy,Wh,...,Wx|,W; € R™ for an n degrees-of-
freedom (DOF) robot. The waypoints divide the trajectory
into N segments as shown in Fig. 3. Following the idea
in [22], the i-th segment is interpolated into M; intervals
with M; — 1 additional reference states (i.e., black dots in
Fig. 3). The goal of TOTG is to generate a time-optimal
trajectory X := {(z,t)}, where z = [xg,21,...,20],
t = [to,t1,...,tp] and M = Zfil M;. We have t5 = 0 and
tyr = T, where T is the total time duration of the planned
trajectory. Consequently, the delta time profile can be written
as ot = [0tp,dt1,...,0tp—1], Where 0t; = t;41 — t; as
labeled on Fig. 3. To execute the user-specified task W,
the planned trajectory X should drive the system to pass
through all the waypoints W, i.e., the purple dots in Fig. 3,
while satisfying the system kinodynamics constraints. We
use 7 = [79, 71, - .-, Ta] to denote the system kinodynamics.
Note that 7 is a general representation, which could be the
system position, velocity, acceleration, torque, etc.

B. Instantaneous kinodynamics

The instantaneous kinodynamics (IKD) depicts the system
kinodynamics value at any given instantaneous time. Thus,
IKD at time ¢; is defined as ;.

C. Continuous kinodynamics

The continuous kinodynamics (CKD) evaluates the aver-
age system kinodynamics value for a period of time ¢ (i.e.,
a time window), which is defined as

P D TEOL
= V2 T o, a) (1)
where s is the starting time index of the window and e satis-
fies > 7__ dt; = t. Depending on the hardware specifications,
there could be multiple different 7, e.g., 2s, 10s, etc.

III. TOTG-C: TOTG wITH CONTINUOUS
KINODYNAMICS CONSTRAINTS

We define the system state as x and control as u. The
discrete system dynamics can be written as

wip1 = f(aq,u4, 0t;). 2

Following the idea of direct shooting [23], a general TOTG
objective can be formulated as
M-1

min T = ot;. 3)

z,u,0t P
To reduce the problem complexity, we adopt the method
in [21] and equally divide the trajectory segments between
waypoints. Thus, we have 0t = %}:J € [1,N] for k €
[>iZo Mj, i_o M; — 1], as illustrated in Fig. 3. The
TOTG can be formulated as an NLP:

N
in T= At;,
iy, T=2
subject to (2), “4)

Vi€ [0,N], 2} =W;, k=Y M;,

™
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Fig. 4: Tllustration of the system CKD profile. ¢, the time of the reference
point at index s, is the starting time of a specified time window and ¢ is the
duration of the time window. Black interval: CKD over the whole trajectory.
Red interval: CKD over a specified duration ¢. Blue interval: CKD from ¢
to the previous reference state. Purple interval: CKD from ¢ to the latter
reference state.

where My = 0 and the superscript 7 denotes the position
component of the system state. Note that the dimension of the
decision variables in the simplified NLP (4) is significantly
reduced compare to (3). More importantly, the dimension of
At only depends on the number of waypoints N and is not
influenced by the interpolation density M;.

To ensure the planned trajectory X := {(z,t)} is feasible
and executable by the real robot in the long-term, it is impor-
tant to enforce the trajectory to satisfy all the kinodynamics
constraints.

A. Peak Kinodynamics Limits

From a hardware standpoint, the peak limit specifies the
maximum performance the hardware can reach. It indicates
that at a given time step, the system kinodynamics value
cannot exceed the bound. For instance, a gantry can reach
up to a certain distance; a joint can spin up to a certain
velocity; an actuator can generate up to a certain amount of
torque. Thus, the peak limit is directly applied on the system
IKD, which is denoted as

Vi € [07 M}v Tmin S Ti S Tmax - (5)

From a control standpoint, the peak limit constrains the
maximum output of the system at an instantaneous time.
However, the robot capable of operating at the max level
momentarily will overheat and be damaged if it consistently
operates at the max level. Therefore, a typical actuator has
not only a peak limit specified but also multi-levels of
continuous limits. It is important to consider the continuous
kinodynamics constraints in TOTG to ensure the feasibility
and optimality of the generated trajectory.

B. Continuous Kinodynamics Limits

There are in general two types of continuous kinodynamics
limits that need to be considered, i.e., 1) continuous limit
over the entire trajectory, and 2) continuous limit over a
specified duration, i.e., a time window.
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a) Whole Trajectory: As defined in (1), the CKD of
the whole trajectory is calculated as

1 M-1 , 1
T :T{;Tiéti} , (6)

which corresponds to the black interval illustrated in Fig. 4.
The continuous limit over the whole trajectory enforces that

7T < Tmam’ @)

which imposes an additional nonlinear inequality constraint
to the TOTG in (4).

b) Time Window: Given a time window duration ¢ and
a starting time ¢s at the index s, the CKD is defined in
(1). However, it is likely that no such e exists that satisfies
>¢_, 6t; =t due to the discrete formulation. Thus, the CKD
over a time window ¢ is evaluated as

I g, F N
_zzi{;ﬂ?&iJrT,?(t*;&i)} ’ (8)

Residual CKD

SIS

where k is the index such that Zi:sl 0t; < tand Zf:s ot; >
t. The CKD over a time window in (8) corresponds to the
red interval in Fig. 4. To enforce the continuous limit over

a time window, it is necessary to satisfy
Vs e [0,M], 7L <7 ... )

However, the CKD evaluation in (8) is not deterministic
since time intervals At; are decision variables. To bound
the continuous limit, we have (9) formulated as

vse[o M, Vke[s+1 M]

{272615 + 72 t—Zét }

b _ 17 Z{:s &i St A Z{:s

sk 0, Otherwise.
The residual CKD in (8) makes (9) particularly difficult to
encode. The resulting CKD constraints in (10) adds M2 +M
additional nonlinear constraints to the TOTG and makes the
NLP inefficient to solve. Critically, the problem complexity
grows exponentially as M increases, which would easily
make the NLP intractable.

To address the challenge, instead of bounding the exact
CKD, we propose to bound the CKD in (8) by its upper-
bound approximation. As shown in Fig. 4, the blue and
purple intervals represent the CKD at the reference states
before and after ¢, 4, which are denoted as %>+ and 7, Finion
We can show that 7/ < max(7itew Tth“?h) Thus, the upper
bound approximation of (8) can be written as

{Zmﬁ}% hzgh{;ﬁ&}ﬁ}.

Y

m\»—A

—t
s,k < Tmax>

(10)
ti, Z Ea

[7!] = max {

low

To enforce the continuous limit, it is sufficient to show

Vs e [0,M],[7] < T (12)

maz

We propose a mixed-integer formulation of (12) to encode
the CKD constraint into the NLP in (4) as

Vs € [0, M], max{Ls,H 1< T

maa:’

N

Ls = { T; 5tzls 1} )
Zz:b Z (13)
1
Hy=—"" { T(Sthﬁ}z,
Zz s (%1 BN 722
where [, ; and h,; are integers defined as
L= 1, E;.:S 6t; <t,
’ 0, Otherwise.
(14)

~~

- ~ ,
b — 1, 35 0ty <t A Y5 0ty >
’ 0, Otherwise.

The formulation in (13) reduces the constraint complexity
by removing the residual CKD. Moreover, the formulation in
(13) gives M additional nonlinear constraints, which makes
the NLP more tractable and can be solved efficiently.

To satisfy both peak and continuous limits, the TOTG-C
solves an NLP that establishes bounds on IKD and CKD,
which is formulated as

N

min T =
x,u,At

At;,
i=1
subject to (2), (5), (7) and (13), (15)
Vi € [0,N], 22 =W, k= ZMj.
j=0
To further improve the computation efficiency, we warm start
the TOTG-C by solving a simplified NLP.

C. Warm Start

We propose to warm start the NLP in (15) by solving
its sparser relaxed version. Given the waypoints W, the
trajectory is divided into N segments as shown in Fig. 3. The
original NLP (15) further interpolates the i-th segment into
M; intervals. The sparse NLP interpolates the i-th segment
into Ml’ intervals, where %, € Z+. The relaxed warm-up
NLP can be formulated as

N
mm T = At;,
z!u' At =
subject to (2) and (5), (16)
Vi € [0,N], 2'% = W, kfz
where ' = [z, 2, ..., 2] W = [up,ul, .. ),
and M’ = vazl M. Essentially, (16) solves a sparser

TOTG with IKD constraints only, and is easier to solve
due to the reduced problem complexity. Given «’, the
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Fig. 5: Waypoints distribution (joint 1 and 2) of the testing paths with 10
waypoints. Same color indicates points from the same path.

initial guess w;n;; is obtained by upsampling as wjn; =
[ug, Uhs - - s Uy, Wy e Wy ooyl ], and @ is calcu-
lated by numerical integration following (2). The solution
Tinit, Winit, At are provided to (15) to warm start the NLP.

IV. EXPERIMENT

We apply TOTG-C to a 6-DOF robot manipulator, in
which the robot joint positions, velocities, and accelerations
are denoted as ¢,¢,§ € RS. The actuator torque, 7 € RS,
can be calculated as

7 = M(q)§ + C(g,9)q + G(q),

where M(q) € R®*6 is a positive definite mass matrix,
C(q,q) € R6%C is the Coriolis matrix and G(q) € R ac-
counts for gravity torques. The system dynamics is modeled
using a double integrator, which can be written as

_[Ie Ieot;] | [AIeot?]
Tit+1 = |:0 -[6 zi + 165t1 Ui,

where I € R6%6 is an identity matrix. The system state
x; = [qi; ¢;] includes the robot joint position and velocity,
and the system control is u; = ¢;. The robot has peak
limits on its positions, velocities, and torques, i.e., (5). The
velocities and torques each have two levels of continuous
limits, i.e., 1) the continuous limits on velocities and torques
over the whole trajectory, i.e., (7), and 2) 2-second window
continuous limits on velocities and torques, i.e., (13). These
are common hardware specifications considered in industries.
The proposed TOTG-C is implemented using CasADI [24]
and the NLP in (15) is solved using the Interior Point
Optimizer (IPOPT) [25]. The results are generated with an
Apple M3 Pro CPU.

a7)

(18)

A. Computation Efficiency

To evaluate the performance of TOTG-C, we randomly
generate a set of paths with different numbers of waypoints,
ie., 2,4, 6,8, and 10. We generate 20 different paths for
each number of waypoints, giving a total of 100 different
paths. Fig. 5 illustrates the waypoint distribution of the
testing paths with 10 waypoints for joint 1 and joint 2. As
shown by the distribution plot, the testing waypoints span
over the robot workspace for the joints to better evaluate the
performance of the proposed TOTG-C. For each path, we
have an identical number of intervals between waypoints,

20 s
z L5 Imo
£ Irlnis
& o5

2 4 6 8 10

Number of Waypoints

Fig. 6: TOTG-C computation time. Red: M; = 5. Green: M; = 10. Blue:
M; = 15.

TOPP-RA TOTG-C
Trajectory Time [s] 4.474 4.797
Peak Velocity Bound [rad/s]
+1.89 (-1.89, 1.89) (-1.89, 1.89)
Continuous Velocity Bound [rad/s]
Whole Traj: 0.97 0.653 0.59
2s: 2.7 1.117 1.128
Peak Torque Bound [Nm]
+1036 (-1018.4, 1036)  (-7.6, 1003.1)
Continuous Torque Bound [Nm]
Whole Traj: 288.4 382.051 288
2s: 1036 599.396 495.67

TABLE I: Comparison of the constraint satisfaction of the trajectories
generated by TOPP-RA and TOTG-C. Using joint 2 as an example, the
kinodynamics bounds, i.e., both peak and continuous, are listed in the left
column. (-, -) denotes the minimum and maximum IKD of the trajectory.
Italic numbers indicate constraint violations.

ie, My = My = = My, and test TOTG-C with
different number of intervals, i.e., M; = 5, 10, 15. For each
combination (W, M;), the TOTG-C is executed for 10 trials,
and the computation time is reported in Fig. 6. When there
are only two waypoints, TOTG-C generates the trajectory
within 0.1s. As the number of waypoints or the number
of intervals M; increases, the computation time increases.
But most cases are solved within Is. The variances in the
computation times for different testing examples indicate that
the solving time heavily depends on the difficulty of the task.
Note that the computation time in Fig. 6 includes the time
for solving both (16) and (15). Due to the nature of IPOPT, a
warm start in general improves the solver’s robustness but not
always necessarily reduces the computation time. When the
problem dimension is low, e.g., having only 2 or 4 waypoints
or M; = 5, we can achieve faster solving time without the
warm start, i.e., approximately 0.05s to 0.1s faster.

B. Simulation Analysis

We further use the package sorting task to validate the
TOTG-C performance in the real-world industrial context.
Instead of randomly generating paths, we have paths with 7
to 13 waypoints sampled from package sorting tasks. In these
tasks, TOTG-C on average achieves a shorter computation
time than the results in section IV-A, outputting solution in
0.5s to 1s.

We compare TOTG-C with TOPP-RA [10], a state-of-
the-art algorithm currently widely used in industries for
time-optimal trajectory generation. Table. I and Fig. 7 show
the comparison of the planned trajectories of one example
task with 9 waypoints. Due to the additional continuous
kinodynamics constraints, the planned trajectory by TOTG-
C (4.797s) is slightly slower than the one generated by
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Fig. 7: Comparison of the generated trajectory profiles from TOPP-RA
and the proposed TOTG-C. We plan a time-optimal trajectory for a 6-DOF
robot to execute a package sorting task. We show the planned position,
velocity, and torque profiles of the robot joint 2.
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Fig. 8: Comparison of the power consumption profiles for the robot
executing the trajectory generated by TOPP-RA and TOTG-C.

C. Robot Deployment

We execute the planned trajectories on a real robot to
demonstrate the advantages of TOTG-C. Each trajectory
is executed for 2 runs and the following results are the
average of the runs. Fig. 8 illustrates the power consumption
profiles of the robot executing trajectories from TOPP-RA
and TOTG-C. We can see that TOTG-C significantly reduces
the time for the robot to continuously operate on a high level.
As shown in Table. II, TOTG-C has a lower average power

consumption as well as a lower total energy consumption for
both the single joint and the entire robot. Moreover, enforcing

Avg Power [W] | Energy [Ws] | Actuator Life [h] T
J2 Robot 12 Robot J2
TOPP-RA | 713.08 1029.9 3206.7 4631.6 2.58¢e%
TOTG-C 649.58  950.69 | 3149.2 4608.9 3.05e4

continuous kinodynamics constraints improves robot life.

TABLE II: Comparison of the robot consumption and estimated hardware
life by executing the trajectories generated by TOPP-RA and TOTG-C.

TOPP-RA (4.474s). Table. I details the constraint satisfaction
status of the planned trajectories. We display the results
for the robot joint with the largest motion, which is joint
2 in this case. We can see that TOPP-RA maximizes the
task efficiency by operating on the peak levels without
violating peak bounds. However, it violates the continuous
torque bound (indicated by the italic value) since it cannot
address continuous kinodynamics constraints. An alternative
conventional approach is to reduce the peak limits so that the
generated trajectory is more conservative. In this particular
example, we reduce the peak bounds to 70% of its original
peak limits, and the TOPP-RA generates a 6.739s trajectory
that satisfies all the constraints. This result demonstrates
that reducing the peak bounds notably sacrifices the task
efficiency as the trajectory time is significantly longer. More
importantly, the amount of peak performance to reduce
can vary from task to task, which is difficult to tune. On
the other hand, by explicitly bounding the CKD, TOTG-C
successfully satisfies all the hardware constraints. Moreover,
TOTG-C maximizes the task efficiency by pushing the robot
performance, i.e., velocity and torque, to its original peak
limits so that it can minimize the increase of robot motion
time due to the additional continuous limits. Fig. 7 displays
the planned trajectory profiles of joint 2 using TOPP-RA
and TOTG-C. From the velocity and torque profiles, we can
see that TOTG-C pushes the robot velocity and torque to
the original peak limits, which corresponds to the results in
Table. I. However, there are more early rises and falls, which
demonstrates that the algorithm effectively reduces the time
for the robot to continuously operate at the peak level.

Following common industrial standards, we estimate the
robot life using the method in [26] as L, = Ln#q(T:—q)3
where L,, is the rated lifetime. V. is the rated input speed
in rounds per minute (RPM) and 7, is the rated torque. Vg4
and 74,4 are the average input speed in RPM and average

torque, which are calculated as

Vo g Simg Vil 8t
avg T ’

o Zitg Vi-TP| - ot
M—-1

dico Vil ot

(19)

Tavg =

where V; is ¢; in RPM and g is the actuator gear ratio.
We measure the kinodynamics profiles from the real robot
executing the planned trajectories and Table. II displays the
estimated robot actuator life from real measurements under
continuous operation for joint 2. It is clear that by enforcing
both peak and continuous kinodynamics constraints, TOTG-
C can significantly improve the robot hardware life while
minimizing the sacrifice of task efficiency.

D. Discussion

The experiment results demonstrate that the proposed
TOTG-C reduces energy consumption and extends the esti-
mated robot life. Despite inevitable longer robot motion time
due to additional continuous constraints, TOTG-C minimizes
the increase of robot motion time by leveraging the robot’s
original peak level while enforcing continuous kinodynamics
constraints. Another advantage of TOTG-C is that it formu-
lates the problem into a general NLP form, which can be
easily customized to consider different robot embodiments
or additional constraints, e.g., task-space motion, collision
avoidance, higher-order systems, etc. Despite the promising
results, the major limitation of TOTG-C lies in computation
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efficiency. With additional complex CKD constraints, TOTG-
C is efficient since it generally solves the NLP within a
second. As a reference, the NLP for trajectory generation
in [21] solves in 1-2s. However, further improvement in the
computation efficiency is desired, and we aim to improve the
computation time in the future.

V. CONCLUSIONS

This paper proposes TOTG-C to generate time-optimal
trajectories subject to both hardware peak limits and multi-
level continuous limits. TOTG-C formulates the trajectory
generation problem as an NLP and proposes a novel mixed-
integer formulation to encode the multi-level CKD con-
straints efficiently. The experiment results demonstrate that
the proposed TOTG-C can efficiently and robustly generate
time-optimal trajectories subject to both IKD and multi-
level CKD constraints. By fully satisfying the hardware
constraints, the robot can effectively reduce the wear of
hardware, i.e., longer estimated robot life and lower energy
consumption, while maximizing the task efficiency.
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