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Abstract

Local Stochastic Gradient Descent (SGD) with periodic
model averaging (FedAvg) is a foundational algorithm in
Federated Learning. The algorithm independently runs SGD
on multiple workers and periodically averages the model
across all the workers. When local SGD runs with many
workers, however, the periodic averaging causes a significant
model discrepancy across the workers making the global loss
converge slowly. While recent advanced optimization meth-
ods tackle the issue focused on non-IID settings, there still
exists the model discrepancy issue due to the underlying peri-
odic model averaging. We propose a partial model averaging
framework that mitigates the model discrepancy issue in Fed-
erated Learning. The partial averaging encourages the local
models to stay close to each other on parameter space, and it
enables to more effectively minimize the global loss. Given
a fixed number of iterations and a large number of workers
(128), the partial averaging achieves up to 2.2% higher vali-
dation accuracy than the periodic full averaging.

Introduction

Local Stochastic Gradient Descent (Local SGD) with pe-
riodic model averaging has been recently shown to be a
promising alternative to vanilla synchronous SGD (Robbins
and Monro 1951). The algorithm runs SGD on multiple
workers independently and averages the model parameters
across all the workers periodically. FedAvg (McMabhan et al.
2017) is built around local SGD and has been shown to be
effective in Federated Learning to solve problems involving
non-Independent and Identically Distributed (non-1ID) data.
Several studies have shown that local SGD achieves linear
speedup with respect to number of workers for convex and
non-convex problems (Stich 2018; Yu, Yang, and Zhu 2019;
Yu, Jin, and Yang 2019; Wang and Joshi 2018b; Haddadpour
et al. 2019).

While the periodic model averaging dramatically reduces
the communication cost in distributed training, it causes
model discrepancy across all the workers. Due to variance
of stochastic gradients and data heterogeneity, the indepen-
dent local training steps can disperse the models over a wide
region in the parameter space. Averaging a large number of
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such different local models can significantly distract the con-
vergence of global loss as compared to synchronous SGD
that only has one global model. The model discrepancy can
adversely affect the convergence both in IID and non-IID
settings. To scale up the training to hundreds, thousands, or
even millions of workers in Federated Learning, it is crucial
to address this issue.

Many researchers have put much effort into addressing
the model discrepancy issue in non-IID settings. Variance
Reduced Local-SGD (VRL-SGD) (Liang et al. 2019) and
SCAFFOLD (Karimireddy et al. 2020) make use of extra
control variates to accelerate the convergence by reducing
variance of stochastic gradients. FedProx (Li et al. 2020)
adds a proximal term to each local loss to suppress the dis-
tance among the local models. FedNova (Wang et al. 2020)
normalizes the magnitude of local updates across the work-
ers so that the model averaging less distracts the global loss.
All these algorithms employ the periodic model averaging as
a backbone of the model aggregation. Thus, although they
mitigate the model discrepancy caused by the data hetero-
geneity, the issue still exists due to the underlying periodic
model averaging scheme.

Breaking the convention of periodic full model averaging,
we propose a partial model averaging framework to tackle
the model discrepancy issue in Federated Learning. Instead
of allowing the workers independently update the full model
parameters within each communication round, our frame-
work synchronizes a distinct subset of the model parame-
ters every iteration. Such frequent synchronizations encour-
age all the local models to stay close to each other on pa-
rameter space, and thus the global loss is not strongly dis-
tracted when averaging many local models. Our empirical
study shows that the partial model averaging effectively sup-
presses the degree of model discrepancy during the training,
and it results in making the global loss converge faster than
the periodic averaging. Within a fixed iteration budget, the
faster convergence of the loss most likely results in achiev-
ing a higher validation accuracy in Federated Learning. We
also theoretically analyze the convergence property of the
proposed algorithm for smooth and non-convex problems
considering both IID and non-IID data settings.

We focus on how the partial model averaging affects the
classification performance when it replaces the underlying
periodic model averaging scheme in Federated Learning. We



evaluate the performance of the proposed framework across
a variety of computer vision and natural language processing
tasks. Given a fixed number of iterations and a large number
of workers (128), the partial averaging shows a faster con-
vergence and achieves up to 2.2% higher validation accuracy
than the periodic averaging. In addition, the partial averag-
ing consistently accelerates the convergence across various
degrees of the data heterogeneity. These results demonstrate
that the partial averaging effectively mitigates the adverse
impact of the model discrepancy on the federated neural net-
work training. The partial averaging method has the same
communication cost as the periodic averaging and does not
require extra computations.
Contributions — We highlight our contributions below.

1. We propose a novel partial model averaging framework
for large-scale Federated Learning. The framework tack-
les the model discrepancy in a foundational model aver-
aging level. Our theoretical analysis provides a conver-
gence guarantee for non-convex problems, achieving lin-
ear speedup with respect to the number of workers.

2. We explore benefits of the proposed partial averaging
framework. Our empirical study demonstrates that the
global loss is not strongly distracted when partially av-
eraging the local models, which results in a faster con-
vergence. We also report extensive experimental results
across various benchmark datasets and models.

3. The partial averaging framework is readily applicable to
any Federated Learning algorithms. Our study introduces
promising future works regarding how to harmonize the
layer-wise model aggregation scheme with many Fed-
erated Learning algorithms such as FedProx, FedNova,
SCAFFOLD, and adaptive averaging interval methods.

Background

Local SGD with Periodic Model Averaging — We consider
federated optimization problems of the form

min
xcR4

F(x):= ZpiFi(X) , 1

where p; = n;/n is the ratio of local data to the total dataset,
and F;(x) = 771—1 > ¢ep fi(x,€) is the local objective func-
tion of client 4. 12 is the global dataset size and n; is the local
dataset size.

The model averaging can be expressed as follows:

w =Y pixj, )
=1

where m is the number of workers (local models), xfC is the
local model of worker 7 at iteration k, and uy is the aver-
aged model. Note that, p; = 1/m when the data is IID. The
parameter update rule of local SGD with periodic averaging
(FedAvg) is as follows.

o pilx, — pg(x,)],  kmod T is 0
Xer1 =\ xi i ) 3)
xj, — pg(x3,), otherwise

Algorithm 1: Local SGD with partial model avg.

Input: Initial parameters xq, learning rate 7, and
model averaging interval 7
1 fork =11 K do 4 4 4
2 A local SGD step: x}, = x},_; — ug(x}_1);
3 J + kmodT;
4 Average j*" subset of the model across all m
: _ 1 i .
workers: Uj gy = 57 D000 X(; 3
5 Each worker updates ;j** subset of the local
model: ij,k) =Ugik)

6 end

7 Returnug = L 37" x4

where 7 is the model averaging interval and g(+) is a stochas-
tic gradient computed from a random training sample &. This
update rule allows all the workers to independently update
their own models for every 7 iterations.

Model Discrepancy — Assuming the local optimizers are
stochastic optimization methods, the most typical training
algorithm for neural network training, all m local models
can move toward different directions on parameter space
due to the variance of the stochastic gradients. In Feder-
ated Learning, the data heterogeneity also makes such an
effect more significant. We call the difference between the
local models and the global model model discrepancy. If the
degree of model discrepancy is large, the local models are
more likely attracted to different minima adversely affect-
ing the convergence of global loss. Note that synchronous
SGD does not have such an issue since it guarantees all the
workers always view the same model parameters.

Partial Model Averaging Framework

Algorithm 1 presents local SGD with partial model aver-
aging. Each worker independently runs SGD until the stop
condition is satisfied (K iterations). After every SGD step,
the algorithm averages a distinct subset of model parameters
across all m workers. Each subset consists of g parameters,
where d is the total number of model parameters and 7 is
the model averaging interval. In this setting, each subset is
averaged after every T iterations. At the end of the training,
Algorithm 1 returns the fully-averaged model ug.

Figure 1 shows schematic illustrations of the periodic av-
eraging (a) and the partial averaging (b). They show the
expected movement of two local models on the parameter
space within one communication round (7 = 3). While the
periodic averaging allows fully-independent local updates,
the partial averaging frequently synchronizes a part of the
model parameters suppressing the model discrepancy.

In this work, we use mini-batch SGD as a local solver for
simplicity. The framework can be applied to any advanced
optimizers by simply changing the parameter update rule
at line 2. For instance, FedProx (Li et al. 2020) can be ap-
plied by replacing the g(x%) term with the gradient com-
puted from the FedProx loss function.

Note that Algorithm 1 does not specify how to partition
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Figure 1: Example illustrations of a): periodic averaging and
b): partial averaging with two workers (7 = 3). While the
periodic averaging allows fully-independent local updates,
the partial averaging frequently synchronize a part of model
suppressing the model discrepancy.

the model parameters to 7 subsets. As long as the entire pa-
rameters are synchronized at least once within 7 iterations,
it is theoretically guaranteed to have the same maximum
bound of the convergence rate. We discuss the impact of the
model partitioning on the training results in Appendix.

Convergence Analysis
Preliminaries

Notations — To consider the model partitions in the con-
vergence analysis, we borrow partition-wise notations and
assumptions from (You et al. 2019). All vectors in this pa-
per are column vectors. x € R? denotes the parameters
of one local model and m is the number of workers. The
model is partitioned into 7 subsets such that x; € R% for
J € {l,--- 7}, where 337_, d; = d. We use g;(x,¢&) to
denote the gradient of f(-) with respect to x;, where ¢ is a
single training sample. For convenience, we use g;(x) in-
stead. The gradient computed from the whole training sam-
ples with respect to x; is denoted by V,;F(x). L; is Lips-
chitz constant of f(-) with respect to x;. Lax indicates the
maximum Lipschitz constant among all 7 model partitions:
max(L;),j € {1,---,7}. Likewise, 0® = Y77, 07. We
provide all the proofs in Appendix.

Convergence Analysis for IID Data

Assumptions — We analyze the convergence rate of Algo-
rithm 1 under the following assumptions.

1. Smoothness: f(-) is L;-smooth for all x;;

2. Unbiased gradient: E¢[g;(z)] = V,;F(x);

3. Bounded variance: E¢lllg;(z) — V;F(x))|’] < o3,
where 032 is a positive constant;

Theorem 1. Suppose all m local models are initialized to

the same point uy. Under Assumption 1 ~ 3, if Algorithm 1

runs for K iterations using the learning rate 7 that satisfies
L2, . *7(T — 1) + nLmax < 1, then the average-squared

gradient norm of uy, is bounded as follows

1 & 9
E [K ; |VF(uk)|2] < n—KIE[F(ul) — F(uny)]
N, o
+ E;LJ% 4)

T

+i(r—1)Y  Lio}
j=1

Remark 1. For non-convex smooth objective functions
and IID data, local SGD with the partial model averaging
ensures the convergence of the model to a stationary point.
Particularly, the convergence rate is not dependent on the
partition size or the synchronization order across the par-
titions. That is, as long as the entire model parameters are
covered at least once in 7 iterations, Algorithm 1 guarantees
the convergence.

m

Remark 2. (linear speedup) If the learning rate n = %
the complexity of (4) becomes

O(V%Kpo(g),

where all the constants are removed by O. Thus, if K > m3,
the first term dominates the second term achieving linear
speedup. Note that the partial averaging has the same com-
plexity of the convergence rate as the periodic averaging
method (Wang and Joshi 2018b).

Convergence Analysis for Non-IID Data

For non-IID convergence analysis, we use an assumption on
the data heterogeneity that is presented in (Wang et al. 2020).

Assumptions — Our analysis is based on the following
assumptions.

1. Smoothness: f(-) is L;-smooth for all x;;
2. Unbiased gradient: Es[g(; ;) ()] = V,; Fi(z);

3. Bounded variance: E;[||g(; ()

where JJZ is a positive constant;

= ViFi(@))|*] < o7,

4. Bounded Dissimilarity: For any sets of weights {p;
0}m,, > ", p; = 1, there exist constants 3?
1 and k* > 0 such that >..", p;||VE;(x)]?
B S piV )| + 2

INIVIV

Theorem 2. Suppose all m local models are initialized
to the same point u;. Under Assumption 1 ~ 4, if Algo-
rithm 1 runs for K iterations and the learning rate sat-

. S R 1 ;
isfies 1 < . — mm{2’ () 2pE L) | the average




squared gradient norm of uy, is bounded as follows

1 & 4
}1; IIVF(Uk)IIQ] < e (E [F'(u1) — F(winy)])

+and " pr > Liod
=1 =1
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Remark 3. For non-convex smooth objective functions
and non-1ID data, local SGD with the partial model aver-
aging ensures the convergence to a stationary point. Likely
to IID data, the partition size or the synchronization order
across the partitions do not affect the bound.

Remark 4. (linear speedup) If the learning rate n = \/‘/—g
and p; = L Vi € {1,--- ,m}, the complexity of the above

maximum bound becomes

1 m

o( Tﬂ() +0(%).
where all the constants are removed by O. Thus, if K 3> m,
the first first term becomes dominant, and it achieves linear
speedup. Although the exact bounds cannot be directly com-
pared due to the different assumptions, our analysis shows
that the partial averaging method has the same complexity
of the convergence rate as the periodic averaging method
(Wang et al. 2020).

Impact of Partial Model Averaging on Local
Models

We empirically analyze the impact of the partial averaging
on the statistical efficiency of local SGD. Figure 2 shows
the squared distance between the global model u; and the
local model x} averaged across all m workers. The dis-
tance is collected from CIFAR-10 (ResNet20) training with
m = 128 workers. The left chart shows the distance com-
parison between the periodic averaging and the partial av-
eraging at the first 500 iterations and the right chart shows
the comparison in the middle of training (iteration 3000 ~
3500). It is clearly observed that the partial averaging ef-
fectively suppresses the maximum degree of model discrep-
ancy. While the periodic averaging has a wide spectrum of
the distance within each communication round, the partial
averaging shows a stable distance across the iterations.
When analyzing the convergence stochastic optimization
methods, the difference between the local gradients and
the global gradients is usually bounded by the distance be-
tween the corresponding model parameters under a smooth-
ness assumption on the objective function. The shorter dis-
tance among the models bounds the gradient difference more
tightly, and it makes the loss more efficiently converge. We
verify such an effect by comparing the local loss and the
global loss curves. We collect full-batch training loss of all
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Figure 2: The model discrepancy (the squared distance be-
tween the global model uy, and the local model X} aver-
aged across all m workers) comparison between the peri-
odic averaging and the partial averaging. The curves are col-
lected from ResNet20 (CIFAR-10) training. a): the curves
for the first 500 iterations. b): the curves for the iteration
3000 ~ 3500.
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Figure 3: The comparison between the minimum local loss
among all the workers and the global loss. The curves are
collected from ResNet20 (CIFAR-10) training for 150 com-
munication rounds. a): The full-batch training loss curves of
the periodic averaging. We compare the minimum local loss
and the global loss curves. b): The same curves of the partial
averaging.

individual local models (local loss) and compare it to the
loss of the global model (global loss) at the end of each com-
munication round. Figure 3.a and 3.b show the loss curves
of the periodic averaging and the partial averaging, respec-
tively. While the periodic averaging makes the global loss
frequently spikes, the partial averaging shows the global loss
that goes down more smoothly along with the minimum lo-
cal loss. Figure 4 shows the loss curves of four different
datasets. The partial averaging achieves a faster convergence
than the periodic averaging in all the experiments. This em-
pirical analysis demonstrates that the partial averaging ac-
celerates the convergence of the global loss by mitigating
the degree of model discrepancy.

Communication Cost

For large-scale deep learning applications on High-
Performance Computing (HPC) systems, the fully-
distributed communication model is typically used. The
most popular communication pattern for model averaging
is allreduce operation. In Federated Learning, server-client



communication model is more commonly used. Considering
the independent and heterogeneous client-side compute
nodes, the individual communication pattern (send and
receive operations) can be a better fit for model averaging.
Regardless of the communication patterns, the periodic
averaging and the partial averaging have the same total com-
munication cost. Given the local model size d, the periodic
averaging method requires one inter-process communica-
tion of all the d parameters after every 7 iterations. The
proposed partial averaging performs one communication at
every iteration, but only aggregates g parameters at once.
Thus, if 7 is the same, the two averaging methods have the
same total communication cost.

One potential drawback of the proposed method is the
increased number of inter-process communications. While
having the same total data size to be transferred, the par-
tial averaging method requires more frequent communica-
tions than the periodic full averaging method, and it results
in increasing the total latency cost. One may consider ad-
justing the number of model partitions to reduce the la-
tency cost while degrading the expected classification per-
formance. We consider making a practical trade-off between
the latency cost and the statistical efficiency as an important
future work.

Experiments

In this section, we present key experimental results that
demonstrate efficacy of the partial averaging framework for
Federated Learning. Additional experimental results can be
found in Appendix.

Experimental Settings

We implemented our experiments using TensorFlow 2.4.0
(Abadi et al. 2015). All the experiments were conducted on
a GPU cluster that has four compute nodes each of which has
two NVIDIA V100 GPUs. Because of the limited compute
resources, we simulate the large-scale local SGD training
such that all m local models are distributed to p processes
(m > p), and each process sequentially trains the given %
local models. When averaging the parameters, they are ag-
gregated and summed up across the local models owned by
each process first, and then reduced across all the processes
using MPI communications.

We perform extensive Computer Vision experiments us-
ing popular benchmark datasets: CIFAR-10 and CIFAR-100
(Krizhevsky, Hinton et al. 2009), SVHN (Netzer et al. 2011),
Fashion-MNIST (Xiao, Rasul, and Vollgraf 2017), and Fed-
erated Extended MNIST (Caldas et al. 2018). We also run
Natural Language Processing (sentiment analysis) experi-
ments using IMDB dataset (Maas et al. 2011). Due to the
limited space, the details about the datasets and the model
architectures are provided in Appendix. We use momentum
SGD with a coefficient of 0.9 and apply gradual warmup
(Goyal et al. 2017) to the first 5 epochs to stabilize the train-
ing. All the reported performance results are average accu-
racy across three separate runs. Due to the limited space, we
report the final accuracy only and show all the full learning
curves in Appendix.

Experiments with IID Data

We use the hyper-parameter settings shown in the reference
works, and further tune only the learning rate based on a grid
search. Table 1 presents our experimental results achieved
using 128 workers. The partial averaging achieves a higher
validation accuracy than the periodic averaging in all the ex-
periments. This comparison demonstrates that the partial av-
eraging method effectively accelerates the local SGD for IID
data. We can also see that the accuracy consistently drops
in all the experiments as the averaging interval 7 increases.
While the larger interval improves the scaling efficiency by
reducing the total communication cost, it can harm the sta-
tistical efficiency of local SGD.

We also present CIFAR-10 classification results with ex-
tended epochs in Table 2. The partial averaging catches up
with the synchronous SGD accuracy (92.63 + 0.2%) faster
than the periodic averaging. We ran synchronous SGD using
128 batch size and 0.1 learning rate for 300 epochs. One in-
sight is that the degree of model discrepancy indeed strongly
affects the final accuracy. The synchronous SGD can be con-
sidered as a special case where the averaging interval is 1.
That is, the degree of model discrepancy is always 0, and
thus synchronous SGD achieves a higher accuracy than any
local SGD settings. This indirectly explains why the partial
averaging achieves a higher accuracy than the periodic aver-
aging. The lower the degree of model discrepancy across the
workers, the higher the accuracy.

Experiments with Non-IID Data

Data Heterogeneity Settings — To evaluate the performance
of the proposed framework in realistic Federated Learning
environments, we also run experiments under two settings:
non-IID data and partial device participation. First, we gen-
erate synthetic heterogeneous data distributions based on
Dirichlet’s distribution. We use concentration coefficients
of 0.1, 0.5, and 1.0 to evaluate the proposed framework
across different degrees of data heterogeneity. Second, we
use three different device participation ratios, 25% and 50%
(cross-edge) and 100% (cross-silo). For cross-edge Feder-
ated Learning settings, we randomly select a subset of the
workers for training at every communication round. Note
that, since the partial averaging method synchronizes only
a subset of parameters at once, extra communications are re-
quired to send out the whole local model parameters to other
workers at the end of every communication round. To make
a fair comparison with respect to the communication cost,
we use a 10% longer interval for the partial averaging and
re-distribute the local models after every 10 communication
rounds. Under this setting, the two averaging methods have a
similar total communication cost while the partial averaging
has a slightly higher degree of data heterogeneity.
Accuracy Comparison — We fix all the factors that af-
fect the training time: the number of workers, the number of
training iterations, and the averaging interval, and then we
tune the local batch size and learning rate. Figure 5 shows
the loss curves of CIFAR-10 and FEMNIST training. Fig-
ure 5.a and ¢ show the curves for the cross-edge settings
and b and d show the curves for the cross-silo settings. Re-
gardless of the ratio of participation, the partial averaging
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Figure 4: (IID data) The training loss comparison between the periodic averaging and the partial averaging across four different
datasets: a. CIFAR-10 (ResNet-20), b. CIFAR-100 (WideResNet-28-10), c. SVHN (WideResNet-16-8), and d. Fashion-MNIST

(VGG-11). 128 workers are used for training.

Table 1: The classification performance comparisons using IID data. The learning rate is fine-tuned based on a grid search for

all individual settings.

l dataset [ model [ batch size (LR) [ workers [ epochs [ avg interval H periodic avg [ partial avg l
2 91.19 + 0.2% 91.89 £0.1%
CIFAR-10 ResNet20 32(1.2) 300 4 89.80 £+ 0.2% 90.58 +0.2%
8 85.70 + 0.3% 88.17 £0.1%
2 77.64+£0.2% | 79.15+0.1%
CIFAR-100 WRN28-10 32(1.2) 250 4 76.07 + 0.2% 77.03 £0.2%
8 60.82 £ 0.2% 62.32 +0.2%
4 98.15 + 0.1% 98.54+0.1%
SVHN WRN16-8 64 (0.2) 128 160 16 98.02 £ 0.2% 98.13+0.1%
64 97.54 + 0.1% 97.78+0.1%
32(0.2) 2 92.33+0.1% | 94.01+0.1%
Fasion-MNIST VGG-11 32(0.1) 90 4 91.80 + 0.1% 93.03+0.1%
32(0.08) 8 90.48 £ 0.1% 92.21+0.1%
2 88.14 + 0.1% 89.22+0.1%
IMDB review LSTM 10 (0.6) 90 4 88.78 + 0.2% 89.27+0.1%
8 88.53 + 0.2% 88.74+0.3%

Table 2: CIFAR-10 classification results with extended training epochs. The partial averaging accuracy catches up with the sync
SGD accuracy (92.63 & 0.2%) faster than the periodic averaging.

l dataset [ model [ # of workers [ avg interval [ epochs H periodic avg. [ partial avg. (proposed) l
300 89.80 £+ 0.2% 90.58 + 0.2%
CIFAR-10 | ResNet20 128 4 400 90.16 + 0.1% 91.70 + 0.2%
500 91.19 + 0.2% 9220 + 0.1%

effectively accelerates the convergence of the training loss.
Due to the data heterogeneity, Federated Learning usually
requires more iterations to converge than the training in cen-
tralized environments. That is, the faster convergence likely
results in achieving a higher validation accuracy within a
fixed iteration budget.

Table 3 shows our best-tuned hyper-parameter settings
and the accuracy results of the three different problems
(CIFAR-10 and FEMNIST classifications and IMDB sen-
timent analysis). Note that we set « > 0.5 for IMDB be-
cause the Dirichlet’s concentration coefficient lower than 0.5
makes some workers not assigned with any training samples.
Given a fixed iteration budget, as expected, the partial aver-
aging achieves a higher accuracy than the periodic averag-

ing in all the experiments. These results verifies that the par-
tial averaging effectively mitigates the adverse impact of the
model discrepancy on the global loss convergence in non-
IID settings.

Related Work

Post-local SGD — Lin et al. proposed post-local SGD in (Lin
et al. 2018). The algorithm begins the training with a sin-
gle worker and then increases the number of workers once
the learning rate is decayed. This approach makes the model
converge much faster than pure local SGD because the train-
ing does not suffer from the model discrepancy in the early
training epochs. However, it significantly undermines the
degree of parallelism making it less practical. The authors



3 Periodic avg 8 Periodic avg| 8 —— Periodic avg 8 —— Periodic avg
—_ — Partial avg —_ — Partial avg —_ — Partial avg —_ — Partial avg
X x x X
« [ « [
£ £ £ £
s 2 52 S 2f 5 2f
2 < 2 K
2 @ 2 @
o S o S
o \‘ o o o
=4 =4 c =4
£ 1WWW £ 1t EEL £ 1t
g g [ i o
] WMWWMWMW '_ i A g :

0 L L L L 0 L L L L 0 L L L L 0 L L L »‘\ .

0 200 400 600 800 1000 0 200 400 600 800 1000 0 100 200 300 400 500 0 100 200 300 400 500
Comm. round Comm. round Comm. round Comm. round

a. CIFAR-10 (cross-edge) b. CIFAR-10 (cross-silo)

c. FEMNIST (cross-edge) d. FEMNIST (cross-silo)

Figure 5: (Non-IID data) The training loss comparison between the periodic averaging and the partial averaging across two
different datasets: a. CIFAR-10 (cross-edge), b. CIFAR-10 (cross-silo), c. FEMNIST (cross-edge), and d. FEMNIST (cross-
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Table 3: Classification experiments using non-IID data. We conduct the experiments with various degrees of data heterogeneity
(Dir(«v)) and device selection ratio settings. The ResNet20 is trained for 10, 000 iterations. The LSTM and CNN are trained for

2,000 iterations.

l dataset [ batch size (LR) [ workers [ avg interval [ active ratio [ Dir(a) H periodic avg [ partial avg l
1 90.38 £ 0.1% | 91.54 +0.1%
100% 0.5 90.18 £ 0.1% | 91.56+0.1%
0.1 89.92 +£0.2% | 91.314+0.1%
1 89.98 & 0.29 90.61 0.2%
CIFAR-10 32 (0.4) o - v f)
(ResNet20) 128 10 50% 0.5 89.51 4+ 0.3% | 91.024+0.3%
0.1 88.99 +£0.3% | 90.64 +£0.2%
1 89.32 +0.3% | 91.00 +£0.2%
25% 0.5 88.734+0.4% | 90.16+0.3%
32(0.2) 0.1 87.70 £ 0.4% | 88.95+0.3%
1 88.03 +£0.2% | 88.68+0.2%
10 (0.4 100%
04 ° 05 87.72+0.2% | 88.40+0.3%
IMDB reviews 1 83.79 £ 0.3% | 85.83+0.3%
10 (0.2 128 10 50%
(LST™M) 02 on7 05 83.00 £ 0.2% | 84.820.2%
1 81.13 £ 0.3% | 83.40 +0.2%
10 (0.1 25%
o.n ¢ 05 80.02 + 0.2% | 82.01+0.3%
2.0.1 100% 83.93 +£0.4% | 85.34 4+0.3%
FEMNIST ' 128 4 50% 85.27 £ 0.3% | 85.81+0.1%
32 (0.05) 25% 85.73 +0.2% | 85.90+0.1%

use up to 16 workers for training and achieve a comparable
accuracy to that of synchronous SGD.

Variance Reduced Stochastic Methods — Variance re-
duced stochastic methods, such as SVRG (Johnson and
Zhang 2013) or SAGA (Defazio, Bach, and Lacoste-Julien
2014), are known to improve the convergence rate of SGD.
Recently, Liang et al. successfully applied the variance re-
duction technique to local SGD (Liang et al. 2019). Despite
the faster convergence thanks to the reduced stochastic vari-
ance, the variance reduction techniques are known to harm
the generalization performance (Defazio and Bottou 2018).
This limitation is aligned with the fact that the convergence
under a low noise condition can adversely affect the gener-
alization performance (Li, Wei, and Ma 2019; Lewkowycz
et al. 2020).

We implemented VRL-SGD (Liang et al. 2019) using
TensorFlow based on the open-source' of the reference

"https://github.com/zerolxf/VRL-SGD

work. Due to the limited space, we provide the detailed
experimental results in Appendix. While VRL-SGD effec-
tively accelerates the convergence of the training loss, we
could observe a non-negligible gap of the validation ac-
curacy between local SGD with the partial averaging and
VRL-SGD. Note that VRL-SGD performs extra computa-
tions to obtain average gradient deviations while our pro-
posed model aggregation scheme does not have such com-
putations.

Adaptive Model Averaging Interval — Some researchers
have proposed adaptive model averaging interval methods
(Wang and Joshi 2018a; Haddadpour et al. 2019). The com-
mon principle behind these works is that the communication
cost of model averaging can be reduced by adjusting the av-
eraging frequency based on the training progress at run-time.
The proposed partial averaging method is readily applica-
ble to these adaptive interval methods because the proposed
method is not dependent on any interval settings. One can
expect even better scaling efficiency if the largest averaging



interval for each part of the model can be found.

Conclusion

We proposed a partial model averaging framework for
Federated Learning. Our analysis and experimental results
demonstrate the efficacy of the partial averaging in large-
scale local SGD. The proposed framework is readily appli-
cable to any Federated Learning applications. Breaking the
conventional assumption of periodic model averaging can
considerably broaden potential design options for Federated
Learning algorithms. We consider harmonizing the partial
averaging with many existing advanced Federated Learning
algorithms such as FedProx, FedNova, and SCAFFOLD as
a critical future work.

Societal Impacts — This research work does not have
any potential adverse impacts on society. Our study aims
to improve the statistical efficiency of Federated Learning
algorithms making better use of the provided hardware re-
sources. Consequently, large-scale Federated Learning ap-
plications may finish the neural network training faster, and
it can results in reducing the CO2 footprint. The faster train-
ing also may reduce the electricity consumption.
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Appendix
Preliminaries

Herein, we provide the proofs of all Theorems and Lemmas presented in the paper.
Notations — We first define a few notations for our analysis.

¢ m: the number of local models (clients)

* K: the number of total training iterations

 7: the model averaging interval

. xf k)t local model partition j of client ¢ at iteration k

* u(; x): amodel partition j averaged across all m clients at iteration k
. gé k)t stochastic gradient of client ¢ with respect to the local model partition j at iteration k

* V,F;(-): alocal full-batch gradient of client ¢ with respect to the model partition j
* Lynqz: the maximum Lipschitz constant across all 7 model partitions; Ly,q, = maz(L;),j € {1,--- ,7}
Vectorization — We further define a vectorized form of the local model partition and its gradients as follows.

X(ik) = vee(X{iny X{jays X))
8(j,k) = vec(g(lj,k)ag%j,k)’ T 7g8,k))
£ = vee(ViFL(xt), Vi Fa(x3), -+, ViFm (x}1))
Averaging Matrix — We first define a full-averaging matrix J; for each model partition j as follows.

1
szalml;’lr—z@ld]v j€{17"'7T}7

where ® indicates Kronecker product, 1,, € R™ is a vector of ones, and Id]. € R% >4 is an identity matrix.

Then, we define a time-varying partial-averaging matrix for each model partition P ; 1) € Rmdixmd; for j € {1,---

p JJdy if k mod 7 is j
@k = I; if k mod 7 is not j,
where I is an identity matrix of size md; x md;.
Here we present an example where d = 3, 7 = 2, and m = 2. If dy = 2 and d; = 1, we have P(j}k) as follows.

1
—
(a]

(&)
(6)
(7

®)

€))

(10)

(an

12)

3 0 3 0 1 000
0 5 0 3 01 00
P(O,O) = % (2) % 8 aP((),l) = 00 1 0l
1 1
0 3 0 3 0 0 0 1
1 0 10
Pao = |g 1} Pan = [(2) ;] -
For instance, if j = 0 and (k mod 7) is j, the first partition of the model is averaged by multiplying P g ) by x(o 1) as
follows.
% 0 % 0 x(0,0) ( (0,0) + x (1, O))/2
0 % O % x(ovl) (x(o 1) + x(l 1))/2
Po.x)X(0,k) = 1oL oo 200 = | (200 4 £0.0) /2]
0 3 0 3 ( )

L1 CRONCRIN

where z(*7) indicates the parameter j of worker i.
The averaging matrix P ; ) has the following properties.

1. P(j,k)]-mdj = 1mdj7vj S {1, s ,7'}.
2. JjP(j,k) is Jj,Vk € {1, s ,K}
3. PPy is symmetric, Vk, k' € {1,--- | K}.
4. P 1yPj iy consists only of m x m diagonal blocks, Yk, k" € {1,---, K}.
Using the vectorized form of the parameters (5) and gradients (6), the parameter update rule of FedAvg is
X}-c = Pk(x;-c—l - ng—l)y
where 7 is the learning rate.

13)



Convergence Analysis for IID Data
Now, we provide the proof of main Theorem under IID data settings.

Proof of Theorem 1

Theorem 1. Suppose all m local models are initialized to the same point u1. Under Assumption 1 ~ 3, if Algorithm I runs for
K iterations using the learning rate 1 that satisfies L2, 1m*7(T7 — 1) + N Lax < 1, then the average-squared gradient norm of
uy, is bounded as follows

1 & 2
KZHVF(UU@)HQ} San]E[F(U) (Wing)] ZL oF +n7(r—1) ZL (14)

i=1

Proof. Based on Lemma ?? and ??, we have

T nLio?
Z IVE( uk>||2] < —E[F( 1) = F(ng)] + > ”# + Z ( HV F(x )
i = i=1 k=1

=1 7j=1 =1
O 7727(7 1)« . 'NIE
L= DS S s [lvired)?] (15)
j=1 i=1 k=1
After a minor rearrangement we have
2 T nLG_Q T
2 7% 2,2 2
- Z IV F ()| ] g B ) = Flua))+ 3 205 43 L= 1)

5

j=1

<L27727 T—1)+nL; —1

m K
— ZZIIVF ||2> (16)

If the learning rate 7 satisfies L2, n?7(7 — 1) + 1 Lyax < 1, we have

1 2 2 . 77LJ'032‘ ~ 5o
7 ; [VF(ug)] 1 < TlfK]E [F(a) — F(wing)] + Z — =7 ZLﬂ? (=10
2
= n?E[F(ul) (Winy)] ZL o + (1 — 1)ZL§O—§ (17)
We finish the proof. O

Proof of Lemma 1
Lemma 1. (framework) Under Assumption 1 ~ 3, if n < + Algorlthm 1 ensures

1 2
E lKZ|VF(Uk)2‘| < n—KE[F(ul) (Wing)] ZL o+ — K ZZZL [uge —x(ml* (18)
i=1

i=1 k=1 j=1

Proof. Based on Assumption 1, we have

+Z"L (19)

(V,;F(ug), Zg(]k

The first term on the right-hand side in (19) can be re-written as follows.

3 (E ) - —nZ ( Z ij<uk>,ij<x;;>>> 0)

- —nZ (;n S (V3 F )l + [P = 1955 (we) - ij<x§;>2>> en

=1

E[F(up1) — F(up)] < nZE
j=1

m 2
>
m &(j.k)
m =1

m

(Vi F(u), Zgﬂg)

m m

= —772 (VJF up)|? + *Z IV F ()1 — 72 [V, F(uy) VjF(XZ)HQ) 7 (22)



where (21) holds based on a basic equality: 2a " b = ||a||? + ||b]|%> — [la — b]||>.

The second term on the right-hand side in (19) is bounded as follows.

1Ly
2

m 2
1 i
m ; 8(j.k)

2 2
T 2 m m .
= n LJ 1 7 1 i 1 i
= jz::l 2 E m ; 8(j.k) —E m ; 8(j.k) + ||E - ;g(j_’k) (23)
T 2L r 1 m 1 m 2 1 m 2
77 1
=2 5 B |5 28w — 5y 2V FG|| | || > VF(x)
j=1 i=1 i=1 =1
" n’L 1 & Lo 2
n
=25 m2 DE {ng k) VJF(X")H } = Vi) (24)
Jj=1 i=1 el
T 9 m m
n°L 1 2 1 )
= > <7n2 P U 85 — Vit (xk) ‘ } + > ViFE| 25)
j=1 i=1 i—1
<y 7L o 1 19, F o) -
[t N I F(x
< par 2 m " m J k )
where (23) follows a basic equality: E[|x|2] = E[|x — E[x]||2] + ||E[x]||? for any random vector x. (24) holds because

g( k) — V;F(x}) has 0 mean and is independent across 4. (25) holds based on the convexity of £2 norm and Jensen’s inequality.
Then, plugging in (22) and (26) into (19), we have

E [F(up41) — F(ug)]

T 1 1 m . 1 m )
<)y <2V47'F(uk)||2 +5 D IVEEDI? - I D IViF(uy) — VjF(XIc)HQ)
j=1 1=1 =1

D Ly
-5

/\

n = i
G fZ IV3F G + 5 2 IV F () - ij<xk>||2>
i=1

i=1

T L L
+ (n 7 77 Z |V F(x ||2> 27)
j=1

After dividing both sides of (27) by # and rearranging, we have

T

S IViF(u)|? <

j=1

I I

T L0_2 T m
E[F(uk)_F(uk+1)}+Z77;ﬂL]+Z< ZHV F(x}) ||2>

j=1

+Z< ZHV F(uy) F( 2)II2> (28)
j=1



Taking expectation on both sides of (28) and averaging it over K iterations, we have

1 K T 9 nLjUQ‘
72 | IV F@ | | € R (Fm) - Flae) + 30 2

J=1 i=1 k=1
T 1 m K .
2 (mK 22 ElIViF(u) - ij<xz.>||2]> (29)
j=1 i=1 k=1
Iftn < ¢
K T . ,
= 2 nL;o:
K STDCIViF@)P )] < e EF(u) = F(ux)] + 3 #
k=1 \j=1 n ot
Y L -y i\ [12
20 e 2o 2 ENIVF(ue) = V5 F ()]
Jj=1 i=1 k=1
"\ nL;jo;
< g BIF() = Flan)) + 3 =
j=1

m K T
F S 2R g — x| (30)

where (30) holds based on Assumption 1. Finally, summing up the gradients of 7 model partitions, we have

K T 2 m K T
1 2 77Lj0" 1 .
E [K S IVE@IP| < e BIF(w) = Fla)] + 30 == 4 e 35T IE (g — X )
k=1 j=1 i=1 k=1 j=1
D) 1 m K T .
< SR EIF () — Fluiy)] Z Lio} + =" " L2E [lugay — X7
i=1k=1j=1
We complete the proof.
O
Proof of Lemma 2
Lemma 2. (model discrepancy) Under Assumption 1 ~ 3, Algorithm I ensures
1 K m 71
2 i 2
K Z Z Z LiE [”u(jvk) =Xl ]
k=11i=1 j=1
< TL2 2 o2 + 7727'(7'*1 Ll VF
<2 (- 1o+ ETED S5 S [, s
j=1 i=1 k=1
Proof. The averaged distance of each partition j can be re-written using the vectorized form of the parameters as follows.
2
ZHUW =l = 13560 =60 = 10 =Ty Gy

According to the parameter update rule, we have
(5 = L)% = (J5 = L)P k1) (X k1) = 18 k1))
=5 = L)PGr-1xG k1) = (I = Pa-1))n8Gk-1); (32)
where the second equality holds because J;P; = J; and ;P; = P;.



Then, expanding the expression of x; 1), we have

(I = I)xGre = (5 = L)PGa—1) (P2 (XGr—2 —18Gr—2)) — (I — Pir—1))n8¢ k-1

= (I = L)PGr-0PGr-2XGk-2) = (Ji = PGa-nPir-2))18Gr-2) 33)
-(J; - P(j,kq))ﬂg(j,kq)-
Repeating the same procedure for X(; x_2), X(j k—3), " ** »X(j,2), We have

k—1 k—1
35 = L)xgw = I = L) [[ Puoxgn —n > 3 = [T Pun)ss.e
= s l=s

k—1 k—1
=-ny (3, [[Pun)ev.s) (34
s=1 l=s

where the second equality holds since ij,1) is all the same among m workers and thus (J; — I;)x; 1) is 0.
Then, we have

KZZZL (lage — Xéj,k)HZ]

k=11i=1 j=1
1 K T
=% DS LZENE; — L)%
k=1 j—l
ZL2 IIZ J; = HP(JJ) g6 lI°)
k 1j5=1
n? r k—1 k—1 k—1 k—1 2
2
= K Z Y LE|D G- [TPuw)(Eus — i) + D35 = T Pun)is
k=1j=1 s=1 I=s s=1 l=s
o & K k—1 k—1 2 K k—1 k—1 2
< = L B - [T Pun)Eue — fu0)|| | +2oB ||~ [TPun)usl| | |- 69
j=1 k=1 s=1 l=s k=1 s=1 l=s
Tl T2

where the last inequality holds based on a basic inequality: [|a + b||? < 2[/a|* + 2||b]|*. Now we focus on bounding the above
two terms, 77 and T5, separately.

Bounding 77 — We first partition K iterations into three subsets: the first j iterations, the next K — 7 iterations, and the final
T — j iterations. We bound the first j iterations as follows.

J k—1
> E (J —HPy, ) 8(j,5) — f(.a',s))
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2
(36)

=1

k—1 k—1

ZIE || (Jj - H PW)) (8G.5) — fi5s))
s=1 l=s

ZE

113 = 1) (g5) — f6:)”] (37)
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where (36) holds because g(; ;) — V;F(xs) has a mean of 0 and independent across s; (37) holds because Hf;sl Py isl;
when k£ < 7; (38) holds based on Lemma 2.

Then, the next K — 7 iterations of T are bounded as follows.

2 2

K—7+j k—1 k—1 K—7+jk—1 k—1
SED (Jj - 11 P(m)) (8G.s) — f.s) Y E H (Jj -1I P(j,w) (8Gs) — G| |- @O
k=j+1 s=1 l=s k=j+1 s=1 l=s

Without loss of generality, we replace k with at + b + j where «a is the communication round and b is the local update step.
Note that these iterations are § — 1 full communication rounds. So, (40) can be re-written and bounded as follows.

K/t—2 7+ at+b+j—1
a=0 b

=1 s=1

]E ‘

|
&=

K/m—2 1 ar+bt+j—1

> E

a=0 b=1s=ar+j+1
K/t—2 1 ar+b+j—1 [

+

k—1
2
(Jﬂ' -1 P(J'J)) (8G.s) — o ﬂ
l=s
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l=s
K/t—2 1 at+bt+j—1 )
X Y Ellews —fusl’] “2)

a=0 b=1s=at+j+1
K/T7—2 1 ar+b+j-1

2> ). E

a=0 b=1s=at+j+1

2
<22 2, mg
a=0 b=1s=ar+j+1
K/t—2 r
=Y Y- me
a=0 b=1
K/t—2
— 1 K _ 1
> Tt — (- Tn @
a=0 2 T 2
where (41) holds because J; — ;Z:bﬂ_l P ;1) becomes 0 when s < at + j; (42) holds based on Lemma 2.

Finally, the last 7 — j iterations are bounded as follows.

27

(44)

(45)



where (44) holds because g; ) — V;F(x;) has 0 mean and independent across s. Replacing k with a7 + b + j, we have
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where (46) holds because J; — {i;TerH_l P ;) becomes 0 when s < K — 7 + j; (47) holds based on Lemma 2.

Based on (39), (43), and (48), T is bounded as follows.

i(j—1 K T(r—1 T—j)(t—75—1
TISJ(.]Q )maj2+(7—1) ( 5 )mUJ2+( .7)(2 J )mo_]2
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(r1—1) o
=mK 7 i

where (49) holds because 0 < j < 7. Here, we finish bounding 77 .
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(50)

Bounding 7> — Likely to 77, we partition 75 to three subsets and bound them separately. We begin with the first j iterations.

2

“US [l
k=1

where (51) holds based on the convexity of /5 norm and Jensen’s inequality; (52) holds based on Lemma 2.
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Then, the next K — 7 iterations of 15 are bounded as follows.
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where (54) holds because J HfT+b+j 'p P ;1) becomes 0 when s < a7 + j. (55) holds based on the convexity of {5 norm
and Jensen’s inequality. (56) holds based on Lemma 1. (57) holds based on Lemma 2.



Finally, the last 7 — j iterations of 75 are bounded as follows.
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where (59) holds because J ; HMH’J” ! becomes 0 when s < a1 + j7; (60) holds based on the convexity of {3 norm and

l
Jensen’s inequality; (61) holds based on Lemma 2.
Based on (53), (58), and (62), T is bounded as follows.
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Here, we finish bounding 75.

Final result — By plugging in (50) and (63) into (35), we have
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Here, we complete the proof. O

Proof of Other Lemmas

Lemma 1. Consider a real matrix A € R™%*™% and q real vector b € R™%_ If A is symmetric and b # Opna;, we have

[Ab]| < [[AlloplIbll (65)
Proof.
[AD]? o
|Ab|* = bl
Ib]|?
< ||AJ[Z, bl (66)
where (66) holds based on the definition of operator norm. O

Lemma 2. Given an identity matrix 1; € R™%>™ and q full-averaging matrix J; € Rmdixmdi,
2 2
(T = J5) x||” < [Ix[|” . (67)

Proof. Since J; is a real symmetric matrix, it can be decomposed into J; = QAQT, where Q is a orthogonal eigenvector
matrix and A is a diagonal eigenvalue matrix. By the definition, J; the sum of every column is 1, and thus its eigenvalue is
either 1 or 0. Because J; has only two different columns, A = diag{1,1,0, - -- , 0}. By the definition of the identity matrix I;,
it can be decomposed into QA;Q ", where A; = diag{1,1,--- ,1}. Then, we have

I, -J;=QA;—A)Q. (68)
Thus, the eigenvalue matrix of I; — J; is A; — A = diag{0,0,1,--- ,1}. By the definition of operator norm,
H(I7 - J]’)Hop = \/)\maw ((IJ - Jj>T(Ij - Jj)) = \/)\maw (Ij - J]) =1 (69)
Finally, based on Lemma 1, it follows
2 2 2 2
(L = I (17 < (115 = Il 1x[7 = [l (70)
O

Convergence Analysis for Non-1ID Data

We provide the proofs of Theorems and Lemmas under non-IID data settings.

Preliminaries

In addition to the conventional assumptions including the smoothness of each local objective function, the unbiased local
stochastic gradients, and the bounded local variance, we highlight the following assumption on the bounded dissimilarity of the
gradients across clients for non-IID analysis.

Assumption 4. (Bounded Dissimilarity). There exist constants 512 > 1 and /{f > 0 such that L3 |V, Fy(x)[|> <

B35 Yoty ViFi(x)||? + k2. If the data is 1ID, 33 = 1 and k3 = 0.

Proof of Theorem 2

Theorem 2. Suppose all m local models are initialized to the same point u1. Under Assumption 1 ~ 4, if Algorithm I runs for

K iterations and the learning rate satisfies n < % min{ 1, ———=—— 3 the average-squared gradient norm of uy, is
max 27 (T—1)(2B241)

bounded as follows

K
1 2 4 2n 2
E|% ; IVE ()| ] < o (EF ) = Flaing)]) + E;Lﬂj
+30°(r—1) Y Lio +6n°r(r — 1)) L2k2. (71)

j=1 j=1



Proof. Based on Lemma ?? and ??, we have
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where A; = 2n?7(T — 1)L§. After re-writing the left-hand side and a minor rearrangement, we have
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By moving the third term on the right-hand side to the left-hand side, we have
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If A; < then 5 A ﬁ7 < 1 . Therefore, (72) can be simplified as follows.
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The learning rate condition A; < 5 521 T also ensures that <1 + 3 2 Based on Assumption 4, 5 52 < %, and thus
J

T 1 -+ < % Therefore, we have
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We complete the proof.



Learning rate constraints — We have two learning rate constraints as follows.

1
n < I Lemma ??
2mr(r —1)L2 < L Theorem 2
T8+

By merging the two constraints, we can have a single learning rate constraint as follows.

1 1
< min < 1, (73)
7= T { Nz GO e }
Proof of Lemma 3
Lemma 3. (model discrepancy) Under Assumption 1 ~ 4, local SGD with the partial model averaging ensures
1 K m . 2
iz 22 [Jwom ~ x|
k=1i=1
2 2 2 K 2
no (T — 1)Uj Ajﬁj 2 Ajkj
< F } L - 74
STio4, TERO-4) > [IV; ()] + 21— 4,) 74)
k=1 J -

where A; = 2n°7(1 — 1)L3.

Proof. We begin with re-writing the weighted average of the squared distance using the vectorized form of the local models as
follows.

1 & i 2 2 2
> [laom = x| = 13x6m = x6mll = 105 - x| (75)
i=1
Then, according to the parameter update rule, we have
(Ji = L)xe = (I3 = L)P(e—1) (X k—1) — 18(j,k—1)) (76)
= —L)PGr-1XGr-1) — I —PGa—1))n8Gr-1), (77)

where the second equality holds because J;P; = J; and ;P; = P;.
Then, expanding the expression of x; 1), we have

(Jj - Ij)X(j,k) = (Jj - Ij)P(j,k-—l)(P(j,k-—Z) (X(j,k—Q) - Ug(j,k—2))) - (Jj - P(j,k—l))ﬁg(j,k—n
= —L)PGs-1Pur-2XGr-2) — J; = Pr—)Pr-2)18¢ k-2 — (J; — Pir-1))18(k-1)-

Repeating the same procedure for x(; x 2y, X(j,k—3)» * * * » X(j,2), We have
k-1 k-1 k-1
I = L)% = G5 = L) [T Pooxgn — 1) = [T Puv)e.s
s=1 s=1 l=s
k-1 k—1
=0y (3 - [[Pun)eu.s: (78)
s=1 l=s

where (78) holds because xéﬂ) is the same across all the workers and thus (Jj — Ij)x(jyl) =0.



Based on (78), we have
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where (79) holds based on the convexity of {5 norm and Jensen’s inequality. Now, we focus on bounding 75 and T}, separately.
Bounding 75 — We first partition K iterations into three subsets: the first j iterations, the next K — 7 iterations, and the final

T — j iterations. We bound the first j iterations of 75 as follows.
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where (81) holds because H;:Sl P ;) is I when k < j; (82) holds based on Lemma 2.
Then, the next K — 7 iterations of T3 can be bounded as follows.
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Replacing k with a7 + b + 7, (84) can be re-written and bounded as follows.
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where (41) holds because J ; — ;Z:Hj -1 P ;1) becomes 0 when s < a7 + 7; (86) holds based on Lemma 2. (87) holds based
on Assumption 6.

Finally, the last 7 — j iterations are bounded as follows.
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where (89) holds because g; ) — f(;,5) has a mean of 0 and independent across s.



By replacing k with a7 4 b + j in (89), we have
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where (90) holds because J ; — {:TH}H_I P(;1) becomes 0 when s < K — 7+ 7; (91) holds based on Lemma 2; (92) holds
based on Assumption 6.
Summing up (83), (88), and (93), we have

=1 - K 701 5 (T-5)r—-j-1)

<=0+ (- - 1)— 2+ 5 o3
:j(j—1)+(T;J)(T—J—1)0]2+(§_1)T(T2— 1)0.72
< ymoﬁ + é — 1)@& (94)
e (95)

where (94) holds because 0 < j < 7. Here, we finish bounding 75.
Bounding 7, — Likely to T3, we partition 7} to three subsets and bound them separately. The T at the first j iterations can
be bounded as follows.
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where (96) holds because Hf;ll P is I; when k < j; (97) holds based on Lemma 2.

Then, the next K — 7 iterations of 15 are bounded as follows.
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where (99) holds because J; — HfT+b+j 'p P ;1) becomes 0 when s < a7 + j; (100) holds based on the convexity of f5 norm
and Jensen’s inequality; (101) holds based on Lemma 2.



Finally, the last 7 — j iterations of T are bounded as follows.
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where (103) holds because J; H?Hbﬂ ! becomes 0 when s < ar + j; (104) holds based on the convexity of ¢ norm and
Jensen’s inequality; (105) holds based on Lemma 2.

Based on (98), (102), and (106), T} is bounded as follows.
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where (107) holds because 0 < j < 7. Here, we finish bounding 7.



By plugging in (95) and (108) into (79), we have

E (V50| ]) (109)

The local gradient term on the right-hand side in (109) can be rewritten using the following inequality.
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where (110) holds based on the convexity of /> norm and Jensen’s inequality.
Plugging in (111) into (109), we have
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After a minor rearranging, we have
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Here, we complete the proof. O




Additional Experimental Results

In this section, we provide detailed experimental settings and additional experimental results that support our proposed algo-
rithm.

Datasets and Models

CIFAR-10 and CIFAR-100 — CIFAR-10 and CIFAR-100 is benchmark image datasets for classification. Both datasets have
50K training samples and 10K validation samples. Each sample is a 32 x 32 RGB image. We use ResNet-20 and Wide-
ResNet-28-10 for CIFAR-10 and CIFAR-100 classification, respectively. We apply weight decay using a parameter of 0.0001
for ResNet-20 and 0.0005 for Wide-ResNet-28-10.

SVHN - SVHN is an image dataset that consists of 73K training samples and 26K test samples. It also has additional 530K
training samples. Each sample is a 32 x 32 RGB image. We use Wide-ResNet-16-8 for classification experiments. We apply
weight decay using a parameter of 0.0001.

Fashion-MNIST - Fashion-MNIST is an image dataset that has 50K training samples and 10K test samples. Each sample is
a 28 x 28 gray image. We use VGG-11 for classification experiments. We apply weight decay using a parameter of 0.0001.

IMDB review — IMDB consists of 50K movie reviews for natural language processing. For IMDB sentiment analysis exper-
iments, we use a LSTM model that consists of one embedding layer followed by one bidirectional LSTM layer of size 256. We
also applied dropout with a probability of 0.3 to both layers. The maximum number of words in the embedding layer is 10, 000
and the output dimension is 256. We do not apply weight decay for LSTM training.

Federated Extended MNIST — FEMNIST consists of 805, 263 pictures of hand-written digits and characters. The data is
intrinsically heterogeneous such that 3,550 writers provide different numbers of pictures. We use a CNN that consists of 2
convolution layers and 2 fully-connected layers. We provide the reference to the model architecture in the main paper. When
training the model, we use a random 10% of the writer’s samples only.

Experimental Results

Local Model Re-distribution When re-distributing the models to a new set of active workers, there are two available design
options. First, the aggregated local models can be fully averaged and then distributed to other active workers. This option
slightly sacrifices the statistical efficiency due to the full averaging while the local data privacy is better protected. Second, the
aggregated local models can be re-distributed to other active workers without averaging. This option provides a good statistical
efficiency while potentially having a privacy issue. In our experiments, we found that both options outperforms the periodic
averaging. All the performance results reported in the main paper are obtained using the second option.

Here we compare the performance of these two design options in Table 4. We set 7 to 11 and re-distribute the local models to
new active workers after every 110 iterations so that the total communication cost is the same as the periodic averaging setting.
First, interestingly, the second design option provides the better accuracy than the first design option in most of the settings. This
result demonstrates that the full model averaging likely harms the statistical efficiency regardless of the frequency. Second, both
design options consistently outperforms the periodic averaging. In this work, we simply choose a random subset of workers
as the new active workers. Studying the impact of different device selection schemes on the convergence properties and the
accuracy can be an interesting future work.

Model Partitioning When synchronizing a part of model in Algorithm 1, the model can be partitioned in many different
ways. Table 5 and 6 show the CIFAR-10 classification performance comparison between channel-partition and layer-partition
for IID and non-IID data settings, respectively. We do not see a large difference between the two different partitioning methods.
This result demonstrates that, because every parameter is guaranteed to be averaged after every 7 iterations, the order of
synchronizations does not strongly affect the performance.

Learning Curves of IID Data Experiments We present the training loss and validation accuracy curves collected in our
experiments.

CIFAR-10 - Figure 6 shows the learning curves of ResNet-20 training on CIFAR-10. The averaging interval 7 is set to 2,
4, and 8 (a, b, ¢). The learning rate is decayed by a factor of 10 after 150 and 225 epochs. We clearly see that the partial
averaging makes the training loss converge faster. In addition, the partial averaging achieves a higher validation accuracy than
the periodic averaging after the same number of training epochs. The performance gap between the periodic averaging and the
partial averaging becomes more significant as 7 increases.

CIFAR-100 - Figure 7 shows the learning curves of WideResNet-28-10 training on CIFAR-100. The hyper-parameter set-
tings are shown in Table 1. The averaging interval 7 is set to 2, 4, and 8 (a, b, ¢). The learning rate is decayed by a factor of
10 after 120 and 185 epochs. Overall, the two different averaging methods show a significant performance difference. When
the averaging interval is large (8), both averaging methods show a significant drop of accuracy but the partial averaging still
outperforms the periodic averaging.

SVHN - Figure 8 shows the learning curves of WideResNet-16-8 training on SVHN. The hyper-parameter settings are shown
in Table 1. The averaging interval 7 is set to 4, 16, and 64 (a, b, ¢). The learning rate is decayed by a factor of 10 after 80 and 120



Table 4: CIFAR-10 (ResNet20) classification accuracy comparison between two design options: (1): average the aggregated
local models before re-distributing to new active workers, (2): re-distribute the local models to new active workers without
averaging.

l dataset [ batch size (LR) [ workers [ avg interval [ active ratio [ Dir(a) H design (1) [ design (2) l
1 90.74 + 0.1% 91.54 £0.1%
100% 0.5 90.53 + 0.1% 91.43+0.1%
0.1 90.39 + 0.2% 91.08 +£0.1%
CIFAR-10 3204 1 90.69+0.1% 90.64 :I:().Q%
(ResNet20) 128 11 50% 0.5 90.23 + 0.2% 91.02+0.3%
0.1 89.89 £ 0.2% | 90.17+0.2%
1 89.64 + 0.3% 91.00 +£0.2%
25% 0.5 89.39 + 0.3% 90.16+0.3%
32(0.2) 0.1 88.32 + 0.2% 88.95 +0.3%

Table 5: CIFAR-10 classification performance comparison between channel-partition and layer-partition (IID data). We do not
see any meaningful difference between the two partitioning methods.

l dataset [ model [ # of workers [ epochs [ avg interval H channel-partition [ layer-partition l
2 91.89+0.1% 91.81 +0.1%
CIFAR-10 | ResNet20 128 300 4 90.56 £+ 0.2% 90.58+0.2%
8 87.13+£0.1% 87.10 £ 0.1%

epochs. We could use a relatively longer averaging interval than the other experiments without much losing the performance
due to the large number of training samples. The partial averaging slightly outperforms the periodic averaging in all the settings.

Fashion-MNIST - Figure 9 shows the learning curves of VGG-11 training on Fashion-MNIST. The hyper-parameter settings
are shown in Table 1. The averaging interval 7 is set to 2, 4, and 8 (a, b, ¢). The learning rate is decayed by a factor of 10 after
50 and 75 epochs. The partial averaging consistently outperforms the periodic averaging for all the different averaging interval
settings.

IMDB reviews — Figure 10 shows the learning curves of LSTM training on IMDB. The hyper-parameter settings are shown
in Table 1. The averaging interval 7 is set to 2, 4, and 8 (a, b, ¢). The learning rate is decayed by a factor of 10 after 60 and
80 epochs. Although the final accuracy is not significantly different between the two averaging methods, the partial averaging
accuracy is still consistently higher than that of the periodic averaging.

Learning Curves of non-IID Data Experiments Here, we present the learning curves for non-1ID data experiments. We
summarize two key observations on the learning curves as follows. First, the partial averaging provides smoother training loss
curves than the periodic full averaging as well as a faster convergence. Especially when the averaging interval is large (7 = 8),
the periodic averaging curves fluctuate significantly while the partial averaging curves are stable. Second, the validation curves
show noticeable differences. The partial averaging shows a sharp increase of validation curves when the learning rate is decayed.
It has been known that the high degree of noise in the early training can improve the generalization performance. This pattern
of validation curves is well aligned with the presented final accuracy.

CIFAR-10 - Figure 11 shows the learning curves of ResNet20 training on CIFAR-10 under more realistic Federated Learning
settings. a, b, ¢: Training loss curves with activation ratio of 25%, 50%, and 100%, respectively. d, e, f: Validation accuracy
curves with activation ratio of 25%, 50%, and 100%, respectively. The three columns correspond to Dirichlet’s concentration
parameters of 0.1, 0.5, and 1.0, respectively. The learning rate is decayed by a factor of 10 after 5000 and 7500 iterations. We
see that the partial averaging shows a faster convergence of training loss as well as a higher accuracy in all the experiment.

IMDB - Figure 12 shows the learning curves of LSTM training on IMDB under more realistic Federated Learning settings.
a, b, ¢: Training loss curves with activation ratio of 25%, 50%, and 100%, respectively. d, e, f: Validation accuracy curves with
activation ratio of 25%, 50%, and 100%, respectively. The two columns correspond to Dirichlet’s concentration parameters of
0.5 and 1.0, respectively. The learning rate is decayed by a factor of 10 after 1500 and 1800 iterations. Likely to CIFAR-10,
the partial averaging shows superior classification performance than the periodic averaging. The performance gap is even larger
than that of the same IMDB sentiment analysis with IID settings.

FEMNIST - Figure 13 shows the learning curves of CNN training on FEMNIST. Because the data distribution is already
heterogeneous across the workers, we adjust the ratio of device activation. a, b, ¢ show the learning curves with 25%, 50%, and
100% activation ratios, respectively. The partial model averaging achieves the higher accuracy in all the settings. Especially,
the training loss curves show a significant difference between the two model averaging methods.



Table 6: CIFAR-10 (ResNet20) classification accuracy comparison between two model partitioning options: (1): channel-

partitioning, (2): layer-partitioning.

l dataset [ batch size (LR) [ workers [ avg interval [ active ratio [ Dir(c) H layer-partitioning [ channel-partitioning l

1 91.21 +£0.1% 91.54 +£0.1%
100% 0.5 91.56+0.2% 91.43 +0.1%
0.1 91.31+£0.1% 91.08 £ 0.1%
CIFAR-10 32.(0.4) 1 90.66£0.1% 90.61 + 0.2%
(ResNet20) 128 11 50% 0.5 90.97 £ 0.2% 91.02+0.3%
0.1 90.09 £+ 0.3% 90.64+0.2%

1 90.48 £ 0.3% 91.00+£0.2%

25% 0.5 89.39 £ 0.3% 90.02+0.2%

32(0.2) 0.1 88.32 £ 0.2% 88.92+0.1%
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Figure 6: The learning curves of ResNet-20 (CIFAR-10) training. The number of workers is 128 and the hyper-parameters are
shown in Table 1. The top charts are the training loss and the bottom charts are the validation accuracy. The averaging interval
Tis setto 2,4, and 8 (a, b, and ¢).
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Figure 7: The learning curves of WideResNet-28-10 (CIFAR-100) training. The number of workers is 128 and the hyper-
parameters are shown in Table 1. The top charts are the training loss and the bottom charts are the validation accuracy. The

averaging interval 7 is set to 2, 4, and 8 (a, b, and c¢).
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Figure 8: The learning curves of WideResNet-16-8 (SVHN) training. The number of workers is 128 and the hyper-parameters
are shown in Table 1. The top charts are the training loss and the bottom charts are the validation accuracy. The averaging
interval 7 is set to 4, 16, and 64 (a, b, and c¢).
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Figure 9: The learning curves of VGG-11 (Fashion-MNIST) training. The number of workers is 128 and the hyper-parameters
are shown in Table 1. The top charts are the training loss and the bottom charts are the validation accuracy. The averaging
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Figure 11: The learning curves of CIFAR-10 with various degrees of data heterogeneity and ratios of the active workers. a,
b, ¢: Training loss curves with activation ratio of 25%, 50%, and 100%, respectively. d, e, f: Validation accuracy curves with
activation ratio of 25%, 50%, and 100%, respectively. The three columns correspond to Dirichlet’s concentration parameters of
0.1, 0.5, and 1.0, respectively.
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Figure 12: The learning curves of IMDB with various degrees of data heterogeneity and ratios of the active workers. a, b,
c¢: Training loss curves with activation ratio of 25%, 50%, and 100%, respectively. d, e, f: Validation accuracy curves with
activation ratio of 25%, 50%, and 100%, respectively. The two columns correspond to Dirichlet’s concentration parameters of
0.5 and 1.0, respectively.
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Figure 13: The learning curves of FEMNIST with different ratios of the active workers. a, b, ¢: learning curves with 25%, 50%,
and 100% of random devices, respectively. The left charts are the training loss curves and the right charts are the validation
accuracy curves.



