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The overhead cost of performing universal fault-tolerant quantum computation for large scale
quantum algorithms is very high. Despite several attempts at alternative schemes, magic state dis-
tillation remains one of the most efficient schemes for simulating non-Clifford gates in a fault-tolerant
way. However, since magic state distillation circuits are not fault-tolerant, all Clifford operations
must be encoded in a large distance code in order to have comparable failure rates with the magic
states being distilled. In this work, we introduce a new concept which we call redundant ancilla
encoding. The latter combined with flag qubits allows for circuits to both measure stabilizer gen-
erators of some code, while also being able to measure global operators to fault-tolerantly prepare
magic states, all using nearest neighbor interactions. In particular, we apply such schemes to a
planar architecture of the triangular color code family. In addition to our scheme being suitable
for experimental implementations, we show that for physical error rates near 10−4 and under a
full circuit level noise model, our scheme can produce magic states using an order of magnitude
fewer qubits compared to the most competitive magic state distillation schemes. Further, we can
take advantage of the fault-tolerance of our circuits to produce magic states with very low logical
failure rates using encoded Clifford gates with noise rates comparable to the magic states being in-
jected. Consequently, we believe our scheme to be suitable for implementing fault-tolerant universal
quantum computation with hardware currently under development.

I. INTRODUCTION

In order to perform long quantum computations, uni-
versal fault-tolerant quantum computers will need to be
built with the capability of implementing all gates from a
universal gate set with very low logical error rates. Fur-
ther, the overhead cost for achieving such low error rates
will need to be low. Transversal gates are a natural way
to implement fault-tolerant gates. Unfortunately, from
the Eastin-Knill theorem, given any stabilizer code, there
will always be at least one gate in a universal gate set that
cannot be implemented using transversal operations at
the logical level [1].

Several fault-tolerant methods for implementing gates
in a universal gate set have been proposed [2–15]. Despite
these various proposals, magic state distillation remains
a leading candidate in the implementation of a universal
fault-tolerant quantum computer [16–25]. Indeed, it had
long been believed that implementing magic state distil-
lation was the dominant cost of a universal fault-tolerant
quantum computer. However, recent results have shown
that this is not necessarily the case [26]. Despite the
significant progress that has been made in reducing the
cost of performing magic state distillation, the cost still
remains high.

One of the reasons for the high costs of magic state
distillation is that the Clifford circuits used to distill the
magic states are often not fault-tolerant. Consequently,
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the Clifford gates must be encoded in some error cor-
recting code (often the surface code) to ensure that these
gates have negligible error rates compared to the magic
states being injected. In [13], a fault-tolerant method for
directly preparing |H〉-type magic states was proposed
using the Steane code and flag-qubit circuits [27–36]. For
physical error rates p & 10−5 and with idle qubits fail-
ing with error rates 100 times smaller than single-qubit
gate error rates, it was shown that fewer qubits were re-
quired to prepare |H〉 states than the best known distilla-
tion schemes. Unfortunately, the scheme requires a large
amount of non-locality and is scaled by concatenating the
Steane code with itself, making it difficult to implement
in a scalable way with realistic quantum hardware.

The Steane code belongs to the family of two-
dimensional color codes [6, 37–39], which are topological
codes. In particular, two-dimensional color codes have
the nice property that all logical Clifford gates can be
implemented using transversal operations. In particular,
for a color code with n data qubits, the logical Hadamard
gate is simply given by H = H⊗n. This features makes
color codes particularly well suited for preparing |H〉-
type magic states. Furthermore, recent work introduced
a simple and efficient decoding algorithm for color codes
[40]. Such a decoding scheme was then extended to tri-
angular color codes with boundaries, and a new scal-
able and efficient decoder which incorporates information
from flag qubits was devised, resulting in a competitive
threshold of 0.2% under a full circuit-level depolarizing
noise model [36].

In this work we introduce a new fault-tolerant scheme
to directly prepare an |H〉-type magic state encoded in
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the triangular color code family. We propose an archi-
tecture to prepare the |H〉 state on a two-dimensional
planar layout using only nearest neighbor interactions.
The preparation scheme is fault-tolerant and achieves full
code distance. Such an architecture was made possible
not only with flag qubits, but also with a new technique
which we call redundant ancilla encoding. In particular,
a redundant amount of ancillas are used to measure the
color code stabilizers, which turn into flag qubits when
fault-tolerantly preparing a GHZ state for measuring the
global operator H⊗n. We stress that such a scheme al-
lows one to perform both stabilizer measurements and
also measure global operators in a fault-tolerant way
without having to change qubit layout.

Due to the fault-tolerance of our proposed architec-
ture, magic states with very low logical error rates can
be prepared without the need to use very large distance
color codes or surface codes to encode the required Clif-
ford operations. Indeed, we find that the encoded Clif-
ford gates can have logical error rates comparable to the
magic states being injected, thus significantly reducing
the resource requirements to prepare very high fidelity
magic states.

For physical error rates p & 10−4 and under a full
circuit-level depolarizing noise model, we show that our
scheme can be used to prepare magic states with logi-
cal error rates comparable to the best known magic state
distillation protocols, but with at least an order of magni-
tude fewer qubits. For instance, to produce a magic state
with a logical error rate of approximately 5 × 10−8, our
scheme requires only 64 qubits and all Clifford gate oper-
ations can be performed at the physical level. Since the
magic states can be prepared on a two-dimensional ar-
chitecture with nearest-neighbor interactions, we believe
that our scheme is particularly well suited for quantum
hardware currently under development.

The remainder of the manuscript is structured as fol-
lows. In Section II we provide the necessary background
information relating to magic states and to the triangular
color code family. In Section III we describe our fault-
tolerant magic state preparation protocol using physical
Clifford operations. In Section IV we provide the nec-
essary details for computing the resource overhead re-
quirements for our magic state preparation scheme and
provide detailed numerical results. In Section V, we de-
scribed how our scheme can be used with encoded sta-
bilizer operations, and we provide numerical results for
preparing |H〉 states using such encoded operations. In
Section VI we conclude and discuss directions for future
work.

II. PRELIMINARY MATERIAL

In order to make this paper as self-contained as possi-
ble, in this section we present the basic preliminary mate-
rial required to understand the fault-tolerant magic state
preparation scheme presented in Section III. We first in-

troduce |H〉-type magic states in Section II A, followed
by the triangular color code family in Section II B which
we use to implemented encoded |H〉 states.

A. |H〉-type magic states.

The n-qubit Clifford group is defined as

P(2)
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n }, (1)
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CNOT gates acts as

CNOT|a〉 ⊗ |b〉 = |a〉 ⊗ |a⊕ b〉, (4)

on the computational basis states |a〉 and |b〉. The Clif-
ford group, along with the non-Clifford gate1
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forms a universal gate set (note that T = diag(1, eiπ/4)
is Clifford equivalent to the T gate defined in Eq. (5)).

Hence defining G = 〈H,Y
(
π
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)
, T,CNOT〉, and given a

target fidelity ε, a unitary operator U can be approxi-
mated with O(logc 1/ε) gates in G [41, 42].
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Y
<latexit sha1_base64="rj7tzC7X/l6cB7w/ws0/eWYZNhM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ye0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqd3kcRTiBUzgHD66gBrdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBvFqM7g==</latexit><latexit sha1_base64="rj7tzC7X/l6cB7w/ws0/eWYZNhM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ye0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqd3kcRTiBUzgHD66gBrdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBvFqM7g==</latexit><latexit sha1_base64="rj7tzC7X/l6cB7w/ws0/eWYZNhM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ye0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqd3kcRTiBUzgHD66gBrdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBvFqM7g==</latexit><latexit sha1_base64="rj7tzC7X/l6cB7w/ws0/eWYZNhM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ye0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqd3kcRTiBUzgHD66gBrdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBvFqM7g==</latexit>

Y<latexit sha1_base64="rj7tzC7X/l6cB7w/ws0/eWYZNhM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ye0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqd3kcRTiBUzgHD66gBrdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBvFqM7g==</latexit><latexit sha1_base64="rj7tzC7X/l6cB7w/ws0/eWYZNhM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ye0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqd3kcRTiBUzgHD66gBrdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBvFqM7g==</latexit><latexit sha1_base64="rj7tzC7X/l6cB7w/ws0/eWYZNhM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ye0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqd3kcRTiBUzgHD66gBrdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBvFqM7g==</latexit><latexit sha1_base64="rj7tzC7X/l6cB7w/ws0/eWYZNhM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ye0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqd3kcRTiBUzgHD66gBrdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBvFqM7g==</latexit>

FIG. 1. Circuit for simulating a T gate using one copy of
an |H〉 state and stabilizer operations. If the Y -basis mea-

surement outcome is +1, a Y
(
π
2

)
gate is applied to the data

qubit, otherwise Y
(
π
2

)
is not applied.

A magic state is a state that can be used as a resource
state to simulate non-Clifford gates using only stabilizer

1 Unless otherwise specified, whenever we refer to T gates through-
out this paper, they will always correspond to the gate given in
Eq. (5).
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H<latexit sha1_base64="1Mk3eoWA5NZSTOT6FYGheYxNYjg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBS48t2g9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq93kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AopaM3Q==</latexit><latexit sha1_base64="1Mk3eoWA5NZSTOT6FYGheYxNYjg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBS48t2g9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq93kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AopaM3Q==</latexit><latexit sha1_base64="1Mk3eoWA5NZSTOT6FYGheYxNYjg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBS48t2g9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq93kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AopaM3Q==</latexit><latexit sha1_base64="1Mk3eoWA5NZSTOT6FYGheYxNYjg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBS48t2g9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq93kcRTiDc7gED26gBnVoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AopaM3Q==</latexit>

|+i
<latexit sha1_base64="ecFsWKODW8mhNno/oqRxjCS1Peg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjxWtB/ShrLZTtqlm03Y3Qgl9ld48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSzvzThBP6IDyUPOqLHSw9NZV1E5ENgrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTwhJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+T/pcITNibAllittbCRtSRZmxGZVsCN7iy8ukeV713Kp3e1Gp3eVxFOEIjuEUPLiEGtxAHRrAIIJneIU3RzkvzrvzMW8tOPnMIfyB8/kDso+QYQ==</latexit><latexit sha1_base64="ecFsWKODW8mhNno/oqRxjCS1Peg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjxWtB/ShrLZTtqlm03Y3Qgl9ld48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSzvzThBP6IDyUPOqLHSw9NZV1E5ENgrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTwhJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+T/pcITNibAllittbCRtSRZmxGZVsCN7iy8ukeV713Kp3e1Gp3eVxFOEIjuEUPLiEGtxAHRrAIIJneIU3RzkvzrvzMW8tOPnMIfyB8/kDso+QYQ==</latexit><latexit sha1_base64="ecFsWKODW8mhNno/oqRxjCS1Peg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjxWtB/ShrLZTtqlm03Y3Qgl9ld48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSzvzThBP6IDyUPOqLHSw9NZV1E5ENgrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTwhJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+T/pcITNibAllittbCRtSRZmxGZVsCN7iy8ukeV713Kp3e1Gp3eVxFOEIjuEUPLiEGtxAHRrAIIJneIU3RzkvzrvzMW8tOPnMIfyB8/kDso+QYQ==</latexit><latexit sha1_base64="ecFsWKODW8mhNno/oqRxjCS1Peg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh4LXjxWtB/ShrLZTtqlm03Y3Qgl9ld48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSzvzThBP6IDyUPOqLHSw9NZV1E5ENgrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTwhJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+T/pcITNibAllittbCRtSRZmxGZVsCN7iy8ukeV713Kp3e1Gp3eVxFOEIjuEUPLiEGtxAHRrAIIJneIU3RzkvzrvzMW8tOPnMIfyB8/kDso+QYQ==</latexit>

X<latexit sha1_base64="wYUtehwZML3JQxWC6BjGLBlehls=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2g9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfq93kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AutaM7Q==</latexit><latexit sha1_base64="wYUtehwZML3JQxWC6BjGLBlehls=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2g9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfq93kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AutaM7Q==</latexit><latexit sha1_base64="wYUtehwZML3JQxWC6BjGLBlehls=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2g9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfq93kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AutaM7Q==</latexit><latexit sha1_base64="wYUtehwZML3JQxWC6BjGLBlehls=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2g9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfq93kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AutaM7Q==</latexit>

|Hi
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H
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(b)

FIG. 2. (a) Circuit used to implement a non-destructive mea-
surement of the Hadamard operator. (b) Decomposition of
the controlled Hadamard gate in terms of T and T † gates and

a controlled-Z gate (which belongs to P(2)
n ).

operations (i.e. Clifford gates, computational basis states
and Z-basis measurements). Additionally, magic states
can also be distilled using only stabilizer operations [16].
In this paper we focus entirely on preparing an |H〉-type
magic state [16, 18]. In particular, an |H〉 state is given
by

|H〉 = cos
π

8
|0〉+ sin

π

8
|1〉 = T |0〉, (6)

which is a +1 eigenstate of H. Note that |H〉 is Clifford
equivalent to the state

|Aπ
4
〉 ≡ 1√

2
(|0〉+ ei

π
4 |1〉) = ei

π
8HS†|H〉, (7)

where S = diag(1, i) is the phase gate. The state |Aπ
4
〉

can be used to simulate the T = diag(1, eiπ/4) gate using
stabilizer operations.

In Fig. 1, we provide the circuit used to simulate the
T gate in Eq. (5) using one |H〉 state in addition to sta-
bilizer operations. In many physical implementations,
noisy |H〉 states are injected into such circuits. To de-
termine if an |H〉 state is afflicted by an error, one can
measure the Hadamard operator using the circuit show
in Fig. 2a. Since HY |H〉 = −Y |H〉, if |H〉 is afflicted by
a Y error, a −1 measurement outcome will be obtained.
Further, if |H〉 is afflicted by an X or Z error, then the
measurement outcome are ±1 at random. If the out-
come is +1, then no error will be present after the mea-
surement. Note that the controlled-Hadamard gate can
be decomposed into products of T , T † and controlled-Z
gates as shown in Fig. 2b.

The goal of this work is to produce encoded |H〉 states
with very low logical failure rates using the fewest pos-
sible resources along with an architecture which is suit-
able for realistic hardware implementations. Along with
fault-tolerant implementations of logical Clifford gates,
such encoded |H〉 states could then be used for univer-
sal fault-tolerant quantum computation with very low
overhead to implement quantum algorithms on near term
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FIG. 3. Lattice L for the implementation of the triangular
color code (in this case a distance d = 5 color code). Each
face of L consists of both X and Z-type stabilizer generators
which are supported on all qubits belonging to the face. The
logical X and Z operators are given by tensor products of all
X and all Z operators along a boundary of the triangle.

quantum hardware.

B. Triangular color code family

Color codes are topological codes, and thus the data
qubits can placed on a lattice where each stabilizer gener-
ator can be measured using nearest neighbor interactions.
The triangular color code family has code parameters
[[n = (3d2 + 1)/4, 1, d]] and is a version of the color code
defined on a two-dimensional lattice L with boundaries.
It is a self-dual CSS code with weight-four and weight-six
X and Z-type stabilizers (see Fig. 3). The lattice L is 3-
colorable, meaning that every face can be colored in red,
green or blue with any other face sharing an incident edge
having a different color. All vertices of L (apart from the
three corners) are incident to three edges. Further, trian-
gular color codes can implement all logical Clifford gates
using transversal operations. In particular, the logical
Hadamard operator is simply given by H = H⊗n where
n is the number of data qubits.

In [40], an efficient decoder (which we refer to as the
Lift decoder) for two-dimensional color codes was pro-
vided. In [36] it was shown how the Lift decoder can be
extended to color codes with boundaries. Further, it was
shown how the Lift decoder can incorporate measure-
ment outcomes from flag qubits to maintain the effective
distance of the code under a full circuit level noise model
(see below). Using such methods, it was found that trian-
gular color codes exhibit a competitive threshold value of
0.2% under a full circuit-level depolarizing noise model.

It is clear from Section II A that the logical Hadamard
operator can be measured by applying a controlled
Hadamard gate between ancillas and every data qubit
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of a triangular color code. In Section III, we focus on
providing an architecture for triangular color codes al-
lowing the logical Hadamard operator to be measured in
a fault-tolerant way using only nearest neighbor inter-
actions. We then show how an encoded |H〉-type magic
state can be fault-tolerantly prepared with very low qubit
overhead.

In what follows, the full circuit level noise model used
throughout all simulations performed in this work with
physical stabilizer operations is given as follows:

1. With probability p, each single-qubit gate location
is followed by a Pauli error drawn uniformly and
independently from {X,Y, Z}.

2. With probability p, each two-qubit gate is followed
by a two-qubit Pauli error drawn uniformly and
independently from {I,X, Y, Z}⊗2 \ {I ⊗ I}.

3. With probability 2p
3 , the preparation of the |0〉 state

is replaced by |1〉 = X|0〉. Similarly, with probabil-
ity 2p

3 , the preparation of the |+〉 state is replaced
by |−〉 = Z|+〉.

4. With probability p, the preparation of the |H〉 state
is replaced by P |H〉 where P is a Pauli error drawn
uniformly and independently from {X,Y, Z}.

5. With probability 2p
3 , any single qubit measurement

has its outcome flipped.

6. With probability p, each idle gate location is fol-
lowed by a Pauli error drawn uniformly and inde-
pendently from {X,Y, Z}.

III. FAULT-TOLERANT |H〉 STATE
PREPARATION SCHEME

In order for an |H〉-type magic state to be useful for
performing long quantum computations, it is important
to be able to prepare such states with very high fidelity.
Depending on size and duration of a quantum algorithm,
the desired probability that an |H〉 state is afflicted by
an error ranges from 10−7 to 10−15 [43–45]. Efficient
magic state distillation protocols have been devised to
prepare such states encoded in an error correcting code
with very low error rates [19, 22–26, 45]. However, as
mentioned in Section I, magic state distillation circuits
are typically not fault-tolerant. Therefore, under a full
circuit level noise model (and since two qubit gates are
often the noisiest component of a quantum device), each
Clifford operation must be encoded in some large error
correcting code in order for Clifford gate errors to be
negligible.

We now present a fault-tolerant method for preparing
an |H〉 state encoded in a triangular color code using only

|HiG
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FIG. 4. General scheme for the fault-tolerant preparation of
an encoded magic state |H〉. First, a physical |H〉 state is
grown to an encoded |H〉 state of a distance d trianguluar
color code (represented by the label |H〉G). Second, a t-flag
circuit (with t = (d− 1)/2) for performing a non-destructive

measurement of H (labelled as H
(d)
m ) is applied (d−1)/2 times.

In particular, for each round, a GHZ ancilla is constructed in a
fault-tolerant way to measure H⊗n. Third, (d−1)/2 rounds of
error correction for the distance d triangular color code (each

labelled EC(d)) are applied to the encoded |H〉 state. If any

flag qubits flag, or the ancilla measurements in either H
(d)
m or

EC(d) are non-trivial, the protocol is aborted.

nearest neighbor interactions2. Such methods makes use
of flag qubits, in addition to a technique which we refer to
as redundant ancilla encoding. Since our scheme is fault-
tolerant, it will be shown that high fidelity magic states
can be obtained using physical Clifford operations in the
presence of the full circuit-level depolarizing noise model
described in Section II B. For even higher fidelity magic
states, we will show that when applying our scheme with
logical Clifford operations, such gates can have failure
rates which are commensurate with the injected magic
states used to implemented T gates (see Figs. 1 and 2b).
Hence only small to intermediate sized codes will be nec-
essary to encode the Clifford operations.

Flag qubits are ancilla qubits used to detect and iden-
tify high weight errors arising from a small number of
faults between gates which entangle the encoded data
with ancillary systems used to perform the necessary
measurements for error correction [28, 30]. When the
measurement outcome of a flag qubit is non-trivial (i.e.
−1 instead of +1), we say that the flag qubit flagged. We
now provide an important definition which is an exten-
sion of a definition first introduced in [30]:

Definition 1. t-flag circuit
A circuit C(U) which, when fault-free, implements a

projective measurement of a weight-w operator U ∈ P(2)
n

without flagging is a t-flag circuit if the following holds:
For any set of v faults at up to t locations in C(U) re-
sulting in an error E with min(wt(E),wt(EU)) > v, the
circuit flags.

In other words, a t-flag circuit guarantees that at least
one flag qubit flags whenever there are v ≤ t faults re-
sulting in a data qubit error of weight greater than v.

When growing a physical |H〉 state into an encoded |H〉
of a distance d triangular color code, v < (d−1)/2 faults

2 In what follows, a bar above the |H〉 symbol always correspond
to an encoded |H〉 state.
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can result in an output state of the form E′E|H〉 where
E′ is a detectable error by the color code (i.e. s(E′) 6= 0
where s(E) is the error syndrome of E) and E is a logical
error of the color code. The preparation of |H〉 can be
made fault-tolerant by performing an encoded version of
the non-destructive Hadamard measurement (the circuit
in Fig. 2a) to detect E followed by rounds of error correc-
tion (EC) to detect the error E′ [13, 46]. The underlying
scheme that we use to perform such operations is illus-
trated in Fig. 4. The scheme consists of three parts. In
the first step, we grow a physical |H〉 state to an en-
coded |H〉 state, which we label as |H〉G. Next, we use
(t = (d− 1)/2)-flag circuits to perform a non-destructive

measurement of H (labelled as H
(d)
m ). In particular, a

GHZ state is constructed in such a way that the H⊗n

measurement is fault-tolerant. Lastly, error correction is
performed to detect the errors E′ using t = (d−1)/2-flag
circuits (labelled EC(d)). If any of the flag qubits flag,
or the parity of any ancilla measurements in the circuits

H
(d)
m or EC(d) is odd, the protocol is aborted and starts

anew.

As shown in Appendix B, both the H
(d)
m and EC(d)

circuits need to be repeated (d − 1)/2 times to guaran-
tee the fault-tolerance of our scheme. Further, the cir-

cuits used for the H
(d)
m and EC(d) operations need to be

t = (d− 1)/2-flag circuits to prevent errors from spread-
ing to uncorrectable errors. In Sections III B and III C,
such circuits are provided using only nearest neighbor
interactions for d ∈ {3, 5, 7}. A key idea which al-
lows us to use the same two-dimensional qubit layout
and nearest-neighbor interactions to perform both the
non-destructive Hadamard measurement and the stabi-
lizer measurements of the triangular color code is the use
of redundant ancilla encoding and flag qubits (see Sec-
tion III B).

Note that although our scheme applies for code dis-
tances d ≤ 7, in Section IV we show that encoded |H〉
states can be prepared with similar logical failure rates
but with orders of magnitude fewer qubits (for physical
error rates p & 10−4) compared to some of the state of
the art magic state distillation schemes (such as those in
[26]).

A. Growing a physical |H〉 state to an encoded |H〉
state in a distance d triangular color code (|H〉G)

An illustration for growing a physical |H〉 state to an
encoded d = 5 |H〉 state is given in Fig. 5a. The prepara-
tion of |H〉 in a general distance d triangular color code
can be done as follows. First, one prepares a stabilizer
state |St〉 (which encodes no logical qubits) that is stabi-
lized by all elements in Sst = Sw2

∪ (Scolor \ Sb1) where
Scolor is the stabilizer group of a distance d triangular
color code, Sb1 is generated by the X and Z-type weight-
four operators (white plaquettes) along the boundary b1
of the triangular color code and Sw2

is generated by the

|Hi
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(b)

FIG. 5. (a) Growing a physical |H〉 state to a distance d = 5
color code. First, a stabilizer state |St〉 is prepared with sta-
bilizers given by the red, green and blue plaquettes. The en-
coded |H〉 state is then obtained by measuring both weight-
four X followed by Z-type operators (represented by white
plaquettes) along the boundary of the triangle. Such mea-
surements are random since the weight-four operators don’t
commute with the weight-two stabilizers of |St〉. (b) Matching

graph (G
(5)
1x and G

(5)
1z ) used to implement weight-two correc-

tions arising from −1 measurement outcomes for generators of
Sb1 . As an example, if the vertex v1 is highlighted, after im-
plementing MWPM, the edge e1 would be selected resulting
in the correction Zq1Zq6 .

weight-two X and Z-type operators along the boundary
b1 (see Fig. 5a for the case where d = 5). The qubit which
is in the support of supp(Scolor)\supp(Sst) is prepared in
the |H〉 state. Note that in the above construction, any
of the three boundaries of L can be chosen. We chose b1
for convention.

After preparing |St〉, the X and Z-type generators of
Sb1 are measured along the boundary b1. Since the gen-
erators of Sb1 don’t commute with with the weight-two
generators of Sw2

, the measurement outcomes of each



6

generator in Sb1 will be ±1 at random. If a −1 out-
come is obtained, a Pauli frame update [47–50] needs
to be applied to obtain the correct encoded state. In
order to perform the correct Pauli frame update based
on the random measurement outcomes, we define two

one-dimensional graphs G
(d)
1x and G

(d)
1z . The vertices of

the graph G
(d)
1x contain the random measurement out-

comes of the X-type generators in Sb1 . Each edge cor-
responds to two qubits which have support one of the
weight-two operators of Sw2 . Similarly, the vertices of

the graph G
(d)
1z encodes the random measurement out-

comes of the Z-type generators in Sb1 . An example is
provided in Fig. 5b for the d = 5 triangular color code.

Given the set of highlighted vertices of G
(d)
1x and G

(d)
1z ,

Minimum-Weight-Perfect-Matching (MWPM) [51] is ap-
plied on both graphs. Each highlighted edge involves
performing a weight-two X or Z-type Pauli frame up-

date. For instance, for the graph G
(5)
1x in Fig. 5b, if the

edge e1 is selected during MWPM, the correction Zq1Zq6
is applied to the data. Note that the growing scheme is
not fault-tolerant, and thus there is no need to repeat
the measurements described above. More details on the
implementation of |H〉G are provided in Appendix A.

B. Performing error correction (EC(d)) using
redundant ancilla encoding

In this section we describe the error correction circuits
(EC(d)) used to detect errors at the output of the H

(d)
m

circuits. In particular, to guarantee fault-tolerance (see
Definition 2 in Appendix B for our definition of fault-
tolerance) of our scheme, we require that each EC(d) cir-
cuit is at least a one-flag circuit. For instance, if two
faults in two separate Z-type stabilizers both result in a
weight-two data qubit error without any flag qubits flag-
ging, such an error might not be correctable by a d = 5
triangular color code. Hence such circuits certainly don’t
satisfy Definition 2. Note that in [36], it was proved that
only one flag circuits are required when performing error
correction with the triangular color code. The need for
only one-flag circuits has to do with the fact that if two-
faults occur during a weight-six stabilizer measurement
resulting in a weight-three data qubit error, such an error
cannot have full support along a minimum-weight logical
operator of the triangular color code.

In Fig. 6a we illustrate the full EC(5) circuit used to
measure the stabilizers of a triangular color code along
with the CNOT gate scheduling which minimizes the cir-
cuit depth for the given qubit layout. The weight-four
stabilizers are identical to the ones used in [36]. How-
ever, an important difference can be observed for the
weight-six stabilizers, which in addition to using three
flag qubits, also uses three ancilla qubits. If an error
anti-commutes with a weight-six stabilizer, the measure-
ment outcomes of the three ancillas will have odd par-

ity, otherwise it will have even parity3. The circuit for
measuring a weight-six X-type stabilizer which respects
the CNOT scheduling is given in Fig. 6b. By perform-
ing an exhaustive numerical search, we verified that both
weight-four and weight-six circuits are two-flag circuits.
Since the weights of the stabilizer generators are indepen-
dent of d, having two-flag circuits is sufficient to ensure
that the EC(d) circuits are implemented fault-tolerantly
[30]. Lastly, each weight-four and and weight-six plaque-
tte in a general EC(d) circuit has the same qubit layout
and gate connectivity as those of Fig. 6a.

Now, one might wonder why three ancilla qubits in-
stead of a single ancilla are used for measuring the weight-
six stabilizers (see for instance the weight-six circuits
used in [36] which only uses one ancilla). Indeed if one
is only interested in performing fault-tolerant error cor-
rection instead of fault-tolerant quantum computation,
then a single ancilla qubit suffices, since the additional
ancillas don’t provide more information and also increase
the circuit depth. However in Section III C, we show that
to use the same qubit layout for measuring the operator
H = H⊗n (which is a global operator), the roles of the
ancillas and flags in Fig. 6a are reversed. In other words,
the ancilla qubits become flag qubits and vice-versa. To

ensure that the circuit H
(d)
m is a t = (d− 1)/2-flag circuit

for d ≤ 7, we require three flag qubits for every weight-
six plaquette and one flag qubit for every weight-four
plaquette. Hence if only a single ancilla qubit were used

in Fig. 6b, the circuit H
(7)
m would not be a three-flag cir-

cuit, which would significantly reduce the performance of
our protocol (in fact, it would not be possible to achieve
the full color code distance for d > 5).

To conclude this section, more ancilla qubits than nec-
essary are used to measure the stabilizer generators of
the triangular color code. However using the same qubit
layout, the extra ancillas (which become flag qubits when
measuring H⊗n) ensures that the circuit for measuring
the global operator H⊗n is a t = (d− 1)/2-flag circuit so
that at least (d + 1)/2 faults are required to produce a
logical failure for the scheme in Fig. 4. We refer to this
extra redundancy as redundant ancilla encoding. In
Section III C we provide explicit circuit constructions to
measure H⊗n.

C. t-flag circuit construction for the

non-destructive measurement of H (H
(d)
m )

Here, we describe in detail how to construct a t-flag
circuit (t = (d − 1)/2) for the non-destructive measure-

ment of the logical Hadamard operator (i.e., H
(d)
m ). The

3 This is similar to error correction circuits used for Shor error cor-
rection [52, 53]. However an important difference is that ancilla
verification (i.e. using several ancillas to measure pairs of qubits)
is not necessary since the flag qubits ensure that the circuit in
Fig. 6b is a two-flag circuit.
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(b) Weight-6 X-type stabilizer measurement (redundant ancilla encoding) 
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FIG. 6. (a) EC(5) circuit for detecting errors at the output of the H
(5)
m circuit. The grey circles correspond to the ancilla

qubits used to measure the parity of the stabilizers, whereas the white circle correspond to the flag qubits. The CNOT gate
scheduling which minimizes the total number of time steps for measuring the X and Z-stabilizers is also provided. One round
of X or Z-type stabilizer measurements requires a total of nine time steps. (b) Circuit for measuring a weight-six X stabilizer
of the triangular color code. The grey circles correspond to the ancilla qubits and the white circles to the flag qubits.
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FIG. 7. (a) A 1-flag circuit H
(3)
m for the measurement of the logical Hadamard operator H⊗7 of the d = 3 triangular color code.

(b) A circuit for the measurement of the X-type stabilizers of the d = 3 triangular color code. Note that there is a role reversal
between the ancilla qubits (grey circles) and the flag qubits (white circles). That is, the ancilla (or flag) qubits in the stabilizer
measurement circuit are used as flag (or ancilla) qubits in the Hadamard measurement circuit. Also, the controlled-H symbols
in (a) represent the controlled-Hadamard gates.

circuits we construct apply to distance d color codes with
d ∈ {3, 5, 7}. In Fig. 7a, we present a 1-flag circuit for
the measurement of the logical Hadamard operator H⊗7

of the d = 3 triangular color code. Note that we used
the same qubit layout as in the case of the stabilizer
measurement (shown in Fig. 7b) but there is a role re-
versal between the ancilla qubits (grey circles) and the
flag qubits (white circles). That is, the ancilla qubits in
the stabilizer measurement circuit are used as flag qubits
in the logical Hadamard measurement circuit and vice
versa.

We now explain why the circuit in Fig. 7a performs
a non-destructive measurement of the logical Hadamard
operator H⊗7. Note that the ancilla qubits (grey cir-
cles) in Fig. 7a are prepared in the logical plus state of
the 6-qubit repetition code (or the 6-qubit GHZ state
1√
2
(|0〉⊗6 + |1〉⊗6) through the CNOT gates between the

ancilla qubits (see Fig. 8a). Then, as shown in Fig. 8b,
the 7 controlled-Hadamard gates implement a logical
controlled-Hadamard gate between the ancilla 6-qubit
repetition code and the data d = 3 color code. Even-
tually, the ancilla qubits (in the 6-qubit repetition code)
are measured in the logical X basis via a X⊗6 measure-
ment (see Fig. 8d). Hence, the circuits in Figs. 8a, b,
and d implement the simple non-destructive Hadamard
measurement circuit in Fig. 2a, except that the ancilla
qubits are now encoded in the 6-qubit repetition code
and the data qubits are encoded in the triangular d = 3
color code.

The most important element of the logical Hadamard
measurement circuit in Fig. 7 is the parity check of the
ancilla GHZ state by using flag qubits (see Fig. 8c). Note

that the flag qubits (white circles) non-destructively mea-
sure the parity of the ancilla GHZ state Z1Z2, Z3Z6,
and Z4Z5, or the three stabilizers of the 6-qubit repe-
tition code (we labeled the qubits from the top to the
bottom and from the left to the right). These stabilizer
measurements will be trivial if all the CNOT gates in
Fig. 8a are perfect. However, there may be some non-
trivial flag measurement outcomes if the CNOT gates
can fail. In particular, there are several single CNOT
gate failure events that can cause a data qubit error of
weight-2 or higher. For the Hadamard circuit to be 1-
flag, all these failure events should be caught by flag
qubits. Indeed, we verify via a comprehensive numeri-
cal search that the logical Hadamard circuit in Fig. 7a
is a 1-flag circuit by confirming that if there is a single
fault at any location resulting in a data qubit error E
with min(wt(E),wt(EH⊗7)) > 1, at least one flag qubit
flags.

Similarly, we construct a 2-flag circuit for the logical

Hadamard measurement H
(d=5)
m of the d = 5 triangular

color code and 3-flag circuit H
(d=7)
m for the d = 7 tri-

angular color code (see Fig. 9). The design principle is
essentially the same. That is, in the d = 5 case (i.e.,

H
(d=5)
m ), we first generate a 21-qubit GHZ state in the

ancilla qubits (grey circles), or equivalently, a logical plus
state of the 21-qubit repetition code. The entangled an-
cilla qubits are then coupled to all the 19 data qubits
(yellow circles) through controlled-Hadamard gates. Fi-
nally, the ancilla qubits (in the 21-qubit repetition code)
are measured in the the logical X basis via a X⊗21 mea-
surement. Thus, the circuit in Fig. 9a implements a non-
destructive measurement of the logical Hadamard mea-
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FIG. 8. The logical Hadamard circuit (H
(3)
m ) in 7a can be decomposed into four elements, i.e., (a) preparation of the 6-qubit

GHZ state 1√
2
(|0〉⊗6 + |1〉⊗6) (or the logical plus state of the 6-qubit repetition code) in the ancilla qubits (grey circles), (b)

controlled-Hadamard gates between the ancilla qubits (in the GHZ state) and the data qubits (yellow circles), (c) parity checks
of the ancilla GHZ state by using flag qubits (white circles), and finally (d) measurement of the logical X operator X⊗6 of the
6-qubit repetition code on the ancilla qubits.

surement of the d = 5 color code by using ancilla qubits
in the 21-qubit repetition code.

Precisely because the ancilla qubits are encoded in
the 21-qubit repetition code, we can check if the ancilla
qubits are reliably prepared in the logical plus state by
measuring 15 (out of 20) stabilizers of the ancilla 21-
qubit repetition code using 15 flag qubits (white circles).
We confirm via a comprehensive numerical search that

the circuit H
(d=5)
m is a 2-flag circuit. A 3-flag circuit for

the logical Hadamard measurement H
(d=7)
m of the d = 7

triangular color code is constructed in the same way by
using 45 ancilla qubits prepared in the logical plus state
of the 45-qubit repetition code, and using 36 flag qubits
checking the 36 (out of 44) stabilizers of the 45-qubit
repetition code (see Fig. 9b).

Recall that we used a redundant ancilla encoding
scheme in the stabilizer measurement circuits (see Fig. 6).
Specifically, we redundantly used three ancilla qubits to

measure the weight-6 stabilizers of the triangular color
code. Note that these ancilla qubits are used as flag
qubits in the logical Hadamard measurement circuits

H
(d)
m with d = 3, 5, 7. Thus, the redundant ancilla

encoding in the stabilizer measurement circuits allows
the logical Hadamard measurement circuits to have suf-
ficiently many flag qubits while maintaining the same
two-dimensional qubit layout. In particular, the logical

Hadamard measurement circuits H
(5)
m and H

(7)
m have 15

and 36 flag qubits that check 15 (out of 20) and 36 (out
of 45) stabilizers of the ancilla GHZ state, respectively.
Without the redundant ancilla encoding, we would have
had 9 flag qubits in the d = 5 case and 18 flag qubits
in the d = 7 case, as opposed to 15 and 36 flag qubits,
respectively. We remark that the logical Hadamard mea-

surement circuits H
′(5)
m and H

′(7)
m that are constructed

with such fewer flag qubits are not 2-flag and 3-flag cir-
cuits. Thus, the redundant ancilla encoding scheme plays
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(b) 3-flag logical Hadamard measurement (𝑑 = 7)
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FIG. 9. (a) A 2-flag circuit H
(5)
m for the measurement of the logical Hadamard operator H⊗19 of the d = 5 triangular color code

and (b) a 3-flag circuit H
(7)
m for the measurement of the logical Hadamard operator H⊗37 of the d = 7 triangular color code.

(c) Illustration of the benefit of using redundant ancilla encoding. Note that the ancilla qubits in the stabilizer measurement
circuits are used as flag qubits in the logical Hadamard measurement circuits. Thus, the redundant ancilla encoding in the
stabilizer measurement circuits allows the logical Hadamard measurement circuits to have sufficiently many flag qubits.

a crucial role in guaranteeing the desired fault-tolerance
property of the logical Hadamard measurement circuits.

IV. RESOURCE OVERHEAD FOR PREPARING
ENCODED |H〉 STATES WITH PHYSICAL

CLIFFORD GATES

In this section we provide the logical failure rates of
the states |H〉 prepared using the scheme presented in
Section III and the noise model described in Section II B.
We also provide the average number of qubits required
to produce such states.
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|H〉 (physical Clifford’s) p p
(d)
L Average number of qubits

d = 3 10−4 3.45× 10−6 17
d = 5 10−4 3.6× 10−8 68
d = 7 10−4 4.9× 10−10 231

d = 3 2× 10−4 1.39× 10−5 17
d = 5 2× 10−4 3.01× 10−7 84
d = 7 2× 10−4 7.83× 10−9 449

d = 3 3× 10−4 3.11× 10−5 18
d = 5 3× 10−4 1.10× 10−6 103
d = 7 3× 10−4 3.97× 10−8 870

d = 3 4× 10−4 5.64× 10−5 18
d = 5 4× 10−4 2.48× 10−6 127
d = 7 4× 10−4 1.25× 10−7 1,700

d = 3 5× 10−4 8.51× 10−5 19
d = 5 5× 10−4 5.23× 10−6 156
d = 7 5× 10−4 3.06× 10−7 3,312

TABLE I. Logical error rate pL and the average number of qubits 〈n(d)
tot〉 (see Eqs. (8) and (12)) of the |H〉 state preparation

scheme of Section III obtained from 109 Monte-Carlo simulations using the noise model of Section II B and simulation methods
described in Section IV. For p = 10−4, only 68 and 231 qubits are required to prepare |H〉 states with pL = 3.6 × 10−8 and
pL = 4.9× 10−10 respectively.

H
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FIG. 10. An X error on the control qubit of the controlled-
Hadamard gate results in an H error on the target qubit.

Since the whole sequence of operations in Fig. 4 fault-
tolerantly prepares |H〉 for d ≤ 7, for a physical error rate
p (see the description of the circuit-level noise model used
in Section II B), the output state is afflicted by a logical
fault with probability

p
(d)
L = αp(d+1)/2 +O(p(d+3)/2), (8)

where α counts all the combinations of (d − 1)/2 faults
which lead to acceptance of our scheme while resulting
in a logical X, Y or Z error. Hence

α ≤
N∑

k=0

(
N

d−1
2 + k

)
, (9)

where N is the total number of locations which can fail in
the combined circuits of Fig. 4. For values of p ≤ 10−3,
the higher order terms in Eq. (8) were found to have a
negligible impact on pL.

Given the acceptance probability p
(d)
acc(p) for preparing

a distance d encoded state |H〉 with physical error rate

p, the average number of qubits is given by

〈n(d)tot(p)〉 =
n(d) + n

(d)
anc

p
(d)
acc(p)

, (10)

where n(d) = (3d2 + 1)/4 is the number of data qubits,

and n
(d)
anc is the total number of ancilla and flag qubits

used in the circuits H
(d)
m and EC(d). Since each weight-

six stabilizer generator requires six qubits, and each
weight-four stabilizer three qubits, we have

n(d)anc = 6n(d)w6
+ 3n(d)w4

, (11)

where n
(d)
w4 = (3/2)(d − 1) and n

(d)
w6 = (3d2 − 12d + 9)/8

are the number of weight-four and weight-six stabilizers.
Putting everything together, we obtain

〈n(d)tot〉 =
6d2 − 9d+ 5

2p
(d)
acc(p)

. (12)

It is important to point out that due to the presence
of T gates (which are non-Clifford) used to implement
the controlled-Hadamard gates (see Fig. 2b), an effi-

cient Monte-Carlo simulation of the circuits H
(d)
m using

Gottesman-Knill error propagation [54, 55] is not possi-
ble. Consequently, we divided the Monte-Carlo simula-

tion to calculate p
(d)
L and p

(d)
acc(p) into two parts. First,

we perform a Monte-Carlo simulation of the circuit used
to prepare |H〉G. If the output error Eout has a non-
trivial syndrome or is a logical operator, the protocol of
Section III is aborted, otherwise, we proceed to simu-

late the H
(d)
m and EC(d) circuits. We define p

(d)
acc,1 to be
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the probability of proceeding to the H
(d)
m and EC(d) cir-

cuits. Note that there could be other faults in the H
(d)
m

and EC(d) circuits that would cause the protocol to be
accepted even though Eout had a non-trivial syndrome
or was a logical operator. However such an event would
require at least (d−1)/2 faults, and since the large major-

ity of error locations are found in H
(d)
m and EC(d), such

an approximation only affects α in Eq. (8) by a small
constant factor.

Now, to simulate the circuit H
(d)
m , we use the fact that

T †XT = 1√
2
(X + Z) = H and T †ZT = 1√

2
(Z − X) =

iY H. Hence if an X or Z error is input to a T or T †

gate, we pessimistically apply an X or Z error to the
output, each with 50% probability. Further, note that
an X error propagating through the control qubit of a
controlled-Hadamard gate results in a Hadamard error
applied to the data (see Fig. 10). Therefore, an X ⊗X
error on the first CNOT between the ancillas |+〉 and

|0〉 in the circuit implementing H
(d)
m results in the error

H⊗n (which acts trivially on |H〉) without any flag qubits
flagging. However, since the controlled-Hadamard is de-
composed as in Fig. 2b, an X error on the control qubit
of the controlled-Z gate results in a Z error on the data.
Therefore if we propagate Z⊗n (arising from the X ⊗X
error at the CNOT mentioned above) through the T gates
as described above, the output will not be a benign error.
As such, prior to the application of the T gates, let EZ be
the Z component of the data qubit errors. For instance, if
the data qubit errors are E = Z1X2Y3, then EZ = Z1Z3.
The Z component which is propagated through the T
gates is chosen to be E′Z = min(wt(EZ),wt(EZZ

⊗n)).
This prevents a single fault from causing a logical error
without any flag qubits flagging in our simulations.

If all flag qubit and ancilla qubit measurement out-

comes in the (d−1)/2 applications of the H
(d)
m and EC(d)

circuits are trivial, the output state is accepted. We de-

fine p
(d)
acc,2 to be the probability of acceptance for the sec-

ond part of the simulation (i.e. the simulation of the H
(d)
m

and EC(d) circuits) . Hence the total acceptance prob-

ability is p
(d)
acc = p

(d)
acc,1p

(d)
acc,2. To determine if the output

error of an accepted state is correctable, we perform one
round of perfect error correction using the the Lift de-
coder.

The values of p
(d)
L and 〈n(d)tot〉 for p ∈ [10−4, 5 × 10−4]

are given in Table I and were obtained by performing 109

Monte-Carlo simulations on AWS clusters. Note that
using the d = 5 version of the protocol in Section III,
an |H〉 state can be prepared with logical failure rate
3.6 × 10−8 with using only 68 qubits when p = 10−4.
Further, one can use the d = 7 version of the protocol to
produce an |H〉 state with logical failure rate 4.9×10−10

with only 231 qubits. In [26], magic states with failure
rates 4.4 × 10−8 and 9.3 × 10−10 required 810 and 1150
qubits when p = 10−4.

|Hid1
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(b)

FIG. 11. (a) Illustration for growing an |H〉 state encoded
in a d = 3 triangular color code to one encoded in a d = 7
triangular color code. A stabilizer state |St〉 is first prepared,
and the d = 3 |H〉 state is prepared following the methods of
Section III. One then measures the X and Z-type operators
supported on the white plaquettes which anti-commute with
the weight-two generators of Sst resulting in random mea-
surement outcomes. The measurements of all plaquettes are
repeated three times to distinguish measurement errors from
random measurement outcomes and to correct errors. (b) The
matching graph used to implement the weight-two corrections
arising from random measurement outcomes of the operators
supported on the white plaquettes. As in Fig. 5, each edge
corresponds to two qubits supported on a weight-two genera-
tor of Sst.

V. PREPARING |H〉 WITH ENCODED
STABILIZER OPERATIONS

In Section IV it is shown that using physical Clifford
operations, |H〉 states with logical error rates near 10−8

and 10−10 can be prepared with 68 and 231 qubits. How-
ever, for many quantum algorithms, |H〉 states with even
lower logical error rates are required. This can be accom-
plished by encoding all stabilizer operations in a triangu-
lar color code since such encoded operations have much
lower error rates compared to physical unencoded stabi-
lizer operations. We now describe the implementation of
our |H〉 preparation scheme presented in Section III with
logical stabilizer operations.

Suppose that in order to prepare an |H〉 state with
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|H〉f |H〉d1 p Color code distance (d2) p
(df )
L 〈nf (p,mdf )〉

df = 3 d1 = 7 10−4 d2 = 11 3.59× 10−15 12,143

df = 5 d1 = 5 10−4 d2 = 9 1.10× 10−17 15,447
df = 5 d1 = 5 2× 10−4 d2 = 11 4.01× 10−16 26,383
df = 5 d1 = 5 3× 10−4 d2 = 15 6.12× 10−17 56,398

df = 7 d1 = 3 10−4 d2 = 7 5.37× 10−18 16,447
df = 7 d1 = 3 2× 10−4 d2 = 9 5.11× 10−17 28,498
df = 7 d1 = 3 3× 10−4 d2 = 11 9.87× 10−17 44,008
df = 7 d1 = 3 4× 10−4 d2 = 13 5.74× 10−16 63,562
df = 7 d1 = 3 5× 10−4 d2 = 15 1.17× 10−15 85,575

TABLE II. Various schemes using encoded Clifford gates to obtain |H〉f states with logical error rates p
(df )

L < 4× 10−15. Here

d2 is color code distance used to encode the logical Clifford gates, df is distance used for the |H〉 state preparation scheme of
Section III, d1 is the distance of |H〉 prior to being grown into |H〉d2 and p is the physical error rate (see Section II B).

|H〉f |H〉d1 p Surface code distance (d2) p
(df )
L 〈nf (p,mdf )〉

df = 7 d1 = 3 10−4 d2 = 5 5.07× 10−17 10,209
df = 7 d1 = 3 10−3 d2 = 11 8.11× 10−20 63,109

TABLE III. Schemes for obtaining an encoded |H〉f as in Table II, but with logical Clifford gates encoded in a distance d2
surface code. Note that the states |H〉d2 are first encoded in the color code, and lattice surgery is performed to obtain an |H〉d2
state encoded in the surface code as in [56].

some target logical error rate, we require Clifford gates
encoded in a triangular color code of distance d2. First,
|H〉d1 states used to implement the logical T gates (see
Fig. 1) and for injection in the circuit |H〉G are prepared
using the scheme in Section III (with d1 ∈ {3, 5, 7} and
with physical stabilizer operations). If d1 < d2, the |H〉d1
states can be grown into an |H〉d2 state using a technique
analogous to the one illustrated in Fig. 11. The distance
d1 is chosen such that the |H〉d1 states have smaller logi-
cal failure rates compared with those of the encoded Clif-
ford operations. As in Section III A, a stabilizer state |St〉
is prepared, and operators supported on the white pla-
quettes seperating |H〉d1 and |St〉 are measured (this step
can be viewed as gauge fixing of an underlying subsystem
code [57]). Measurements of all operators supported on
each plaquette of the distance d2 triangular color code
are repeated d1 times to correct errors and to distinguish
measurement errors from the random outcomes obtained
when measuring the white plaquettes.

The states |H〉d2 (which are prepared as described
above) are injected into the circuits to perform the logical
T gates, in addition to being injected in the circuit |H〉G
(see for instance Fig. 5). The final |H〉f state used for
computation is then prepared repeating the same steps
as in Section III with each Clifford gate encoded in the
distance d2 triangular color code.

To compute the overhead for preparing the state |H〉f ,
we consider the case where all the T † gates are simul-
taneously implemented during the second time step of

the H
(d)
m circuit. We can thus prepare mdf |H〉d1 states

which are used for implementing the T † gates in addition
to injecting one of these states into the circuit |H〉G. The

probability that at least (3df +1)/4+1 |H〉d1 states pass
the verification test is given by

PA,df (p) =

mdf∑

k=
3df+1

4 +1

(
mdf

k

)
p(d1)acc (1− p(d1)acc )mdf−k,

(13)

where p
(d1)
acc is the probability of acceptance for preparing

the state |H〉d1 . An accepted |H〉d1 state then grows into
an encoded |H〉d2 state since the Clifford operations are
chosen to be encoded in the distance d2 triangular color
code. Since the weight-six stabilizers of the stabilizer
state (and all encoded Clifford gates) are obtained from
the circuit in Fig. 12, the total number of qubits required
for the stabilizer state |St〉 is

nSt(d1, d2) =
(3d2 − 1)2

4
− (3d1 − 1)2

4
, (14)

and the number of qubits for each |H〉d1 state is

nd1 =
6d1

2 − 9d1 + 5

2
. (15)

Lastly, since the qubits in the implementation for prepar-
ing |H〉f using the protocol of Section III are encoded in
the triangular color code with distance d2, we require an
additional

nadd(d1, df ) =
(3d2 − 1)2(6d2f − 9df + 6)

8
, (16)
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FIG. 12. Weight-six Z-type stabilizer plaquette used in the
lattice L for performing the encoded Clifford operations. The
plaquettes used for preparing the stabilizer state |St〉 which is
gauge fixed with |H〉d1 also use the layout shown in this figure.
The X-type stabilizer is obtained by inverting the directions
of the CNOT gates, swapping |0〉 with |+〉 and exchanging
the Z-basis measurements with X-basis measurements.

qubits. Hence, the total average number of qubits 〈nf 〉
required to prepare |H〉f is

〈nf (p,mdf )〉 =
nadd(d1, df ) +mdf (nd1 + nSt(d1, d2))

PA,df (p)PA,Hf (p)
,

(17)

where PA,Hf (p) is the acceptance probability for prepar-

ing |H〉f . For a fixed value of p, mdf is chosen to mini-
mize Eq. (17). Note that we assume that all the qubits
used to prepare the mdf |H〉d1 magic states can be reused

to implement th T gates at the end of the H
(d)
m circuit.

In doing so, it is assumed that the time scale required
to prepare the |H〉d2 states is less than or equal the time
scale required to implemented all the encoded operations

prior to applying the T gates at the end of the H
(d)
m cir-

cuit.

In Table II we provide the average number of qubits
required to prepare |H〉f states with logical failure rates

p
(df )
L < 4 × 10−15. To obtain such results, we assume

that each Clifford gate encoded in the triangular color
code fails according to the logical error rate polynomials

obtained in [36] (which we call p
(d2)
LC (p)). Hence, when

preparing the stabilizer state |St〉 and for all encoded Clif-
ford operations, the ancilla qubit layout for the weight-six
checks are chosen as in Fig. 12 (note that the weight-four
checks remain unchanged). Further, the distance d1 is
chosen to be the smallest d1 which ensures that |H〉d1 has

a lower logical error rate than p
(d2)
LC (p). Lastly, due to the

low failure rates of the encoded components, to obtain

p
(df )
L we repeat the simulation described in Section IV

for physical values of p > 10−3, and extrapolate the best
fit curves to the regime where p ∈ [10−4, 5× 10−4].

The results obtained in Section II B shows that the
least costly scheme to prepare the state |H〉f with p

(df )
L <

4 × 10−15 when p = 10−4 is to first prepare the states
|H〉d1 with d1 = 7, and to grow these states to encoded
d2 = 11 states. Using distance d2 = 11 encoded stabilizer
operations, the final magic state |H〉f is prepared using
the distance df = 3 scheme of Section III. On average,
the amount of qubits required to prepare such a state
is 12,143. To compare with other schemes, in [26], a
magic state with a logical error failure rate of 2.4×10−15

required 16,400 qubits.

To obtain a state |H〉f with p
(df )
L ≈ 10−15 when

p = 10−3 using a small amount of resources requires en-
coded stabilizer operations with much lower logical fail-
ure rates than what is achieved with the triangular color
code family. One viable option is to use stabilizer oper-
ations encoded in the surface code due to the low error
rates that can be achieved when p = 10−3 [58]. How-
ever, in such a setting, after the states |H〉d2 have been
prepared, they must be teleported to the surface code
before they can be injected in the circuit of Fig. 1 and
in the circuit implementing |H〉G. In particular, one can
convert the color code encoded state to the surface code
using lattice surgery techniques as was done in [56]. In
Table III we provide estimates of the qubit overhead for
preparing |H〉f when the Clifford operations are encoded
in the surface code. The cost of first encoding the states
|H〉d2 in the color code and then using extra qubits to
convert such states into the surface code is taken into
account. However, we assume that the quality of the
encoded |H〉d2 does not change when performing lattice
surgery. Although such an omission is optimistic, we
verified numerically that when only the T and T † gate
locations are allowed to fail, the protocol of Section III
produces |H〉f states with logical error rates two to four
orders of magnitude (depending on the value of p) less
than when all Clifford operations fail according to the
noise model described in Section II B. As such, the sim-
ulation provides evidence that the logical error rates ob-
tained in Table III are good estimates of the error rates
that would be obtained when considering errors intro-
duced when performing lattice surgery to obtain surface
code encoded |H〉d2 states.

Instead of performing lattice surgery to convert a color
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code encoded |H〉d2 state to one encoded in the surface
code, another option would be to initially prepare an en-
coded |H〉d2 state in a small distance surface code using
some other method, such as a magic state distillation
protocol. The |H〉d2 states would then be injected in
the T gate circuits of Fig. 1 in addition to the |H〉G cir-
cuit (Section III A) in order to prepare an |H〉f state
using the methods presented in Section III. To obtain
comparable logical failure rates to the ones shown in Ta-
ble II at p = 10−3, from [58], the surface code distance
d2 would need to be d2 = 15 if the df = 3 scheme was
chosen, d2 = 13 if the df = 5 scheme was chosen and
d2 = 11 if the df = 7 scheme were chosen. A careful
analysis of the overhead would require choosing the ap-
propriate magic state distillation protocol (or some other
scheme which uses fault-tolerant circuits to prepare en-
coded magic states) and therefore such an analysis is left
for future work.

VI. CONCLUSION AND OUTLOOK

In this work we showed how to prepare an |H〉-
type magic state in a fault-tolerant way using a
two-dimensional color code architecture requiring only
nearest-neighbor interactions. The proposed architecture
can be used to both measure local stabilizers of the color
code in addition to a global operator, without the need
for changing the qubit layout. Such an architecture was
made possible with the use of flag qubits, in addition to
a new concept which we call redundant ancilla encoding.
Estimating the performance of our scheme, we showed
that when p = 10−4, only 68 and 231 qubits are required
to prepare an encoded |H〉 state with logical error rates
3.6× 10−8 and 4.9× 10−10 respectively. In addition, we
also showed how our scheme can be used with encoded
stabilizer operations to achieve significantly lower logical
failure rates, both in the regime where p = 10−4 and
p = 10−3. We stress that our results were obtained by
considering a full circuit-level depolarizing noise model,
where all stabilizer operations could fail.

The underlying codes that are used for our work belong
to the triangular color code family. One avenue of explo-
ration would be to consider the 4.8.8 color code family
for potentially better performance. In addition, the color
codes used to encode the Clifford operations used two and
three ancillas for the weight-four and weight-six stabiliz-
ers respectively. Using similar edge weight renormaliza-
tion schemes to those used in [36], it could be possible
to use fewer ancillas for each stabilizer while maintain-
ing the full effective code distance of the Lift decoder.
Due to the smaller number of fault locations and reduced
ancilla requirements, such an implementation could po-
tentially significantly reduce the overhead for preparing
|H〉 states.

When considering the implementation of our scheme
with encoded Clifford operations using the surface code,
the df = 7 version of our scheme was optimal for both

p = 10−4 and p = 10−3. A clear direction of future work
would be to find a v-flag circuit (with v ≥ 4) allowing a
fault-tolerant implementation of a df ≥ 9 scheme. Such
a scheme could potentially further reduce the overhead
for preparing |H〉 states with very low error rates.

The schemes considered in this work to prepare |H〉
states are error detection schemes. In particular, for
p = 10−3 and df > 3, the acceptance probability for
preparing an |H〉 state is very low (for instance, only 12%
when df = 5). One way to improve the acceptance prob-
ability could be to use qubits encoded in a bosonic code
(such as a GKP code [59]) and concatenate such qubits
with the color code (the GKP code concatenated with
the surface code was considered in [60, 61] for quantum
memories). By using bosonic qubits, repeated rounds
of error correction at the bosonic level prior to measur-
ing the logical Hadamard operator and stabilizers of the
color code could be performed to reduce some of the er-
rors afflicting the data and ancilla qubits. Another possi-
bility would be to develop an error correction scheme for
preparing an |H〉 state which applies directly to the color
code family. Such a scheme would have higher logical er-
ror rates compared to an error detection scheme, and the
scheduling of the controlled-Hadamard gates would have
to be considered more carefully. However, since an error
correction scheme would not require any post selection,
there could be an interval of physical error rates where
it achieved better performance compared to the error de-
tection scheme considered in this work.
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Appendix A: Non fault-tolerant |H〉 state
preparation scheme

Appendix B: Repeating the Hadamard measurement
and EC circuits

In this section we show that in order for the magic state
preparation protocol of Section III to be fault-tolerant,

the H
(d)
m and EC(d) circuits both need to be repeated

a minimum of (d − 1)/2 times. In what follows, we say
that a state preparation protocol is t-fault-tolerant if the
following two conditions are satisfied (see for instance
[13, 62]):

Definition 2. Fault-tolerant state preparation
For t = (d− 1)/2, a state-preparation protocol using a

distance-d stabilizer code C is t-fault-tolerant if the fol-
lowing two conditions are satisfied:
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1. If there are s faults during the state-preparation
protocol with s ≤ t, the resulting state differs from
a codeword by an error of at most weight s.

2. If there are s faults during the state-preparation
protocol with s ≤ t, then ideally decoding the out-
put state results in the same state that would be ob-
tained from the fault-free state-preparation scheme.

In what follows the code C belongs to the triangular

color code family. Further, since the H
(d)
m circuits are

valid for d ∈ {3, 5, 7}, the following arguments apply for
code distances of the triangular color code that are no
greater than seven.

We have already verified numerically that the H
(d)
m and

EC(d) circuits are t-flag circuits (with t = (d − 1)/2).

Hence if there are s ≤ t faults in the H
(d)
m and EC(d) cir-

cuits resulting in an error E with wt(E) > s, at least one
flag qubit will flag and the protocol aborts. Therefore,

we first focus on input errors to the H
(d)
m circuits arising

from faults which occur in the |H〉G circuit.
Suppose s1 faults occur in the |H〉G circuit and s2

faults occur in the H
(d)
m circuit, where s1 + s2 ≤ t. In

general, the input to the H
(d)
m circuit has the form

E
(1)
in = E′E. (B1)

In Eq. (B1), E ∈ {I,X, Y , Z} is the logical identity or a
logical operator of the distance d triangular color code.
The operator E′ is either the identity, or has a non-trivial
syndrome (i.e. s(E′) 6= 0 where s(E) is the error syn-
drome of the error E obtained by measuring all stabilizer
generators of the distance d triangular color code). Now,
from the above, we can assume that the s2 faults in the

H
(d)
m circuits do not cause any flag qubits to flag. We

can also assume that E′ = I since otherwise E′ will be
detected by the EC(d) circuit. If s2 = 0, then a +1 mea-

surement outcome of the H
(d)
m circuit always results in

an output state with no logical error (see Appendix C).
Hence consider the worst case, where s1 = 1 (with E 6= I
in Eq. (B1)) and s2 = t− 1 = (d− 1)/2− 1, where each

fault in H
(d)
m corresponds to a measurement error such

that all Hadamard measurement outcomes are +1.
Now suppose the H

(d)
m circuit is applied (d−1)/2 times.

Since s2 = (d−3)/2, at least one of the H
(d)
m circuits will

not be afflicted by a measurement error. Consequently,

the measurement outcome of the fault-free H
(d)
m circuit

is either −1 (in which case the protocol is aborted) or
+1 (in which case the output state is not afflicted by a
logical fault). This conclusion could not be guaranteed if

the H
(d)
m circuit was applied less than (d− 1)/2 times.

Lastly, consider the case where s1 faults occurred in the

|H〉G circuit, s2 faults occurred in theH
(d)
m circuits and s3

faults occurred in the EC(d) circuits with s1+s2+s3 ≤ t.
Further, assume that all measurement outcomes in the

H
(d)
m circuits were +1. A general input error to the first

EC(d) circuit can be written as

E
(2)
in = c

∑

i

∑

j∈{I,X,Y,Z}
EiEj , (B2)

where c is a normalization coefficient and EI acts triv-
ially on the encoded state. Note that from the previous

arguments, E
(2)
in cannot be a pure logical operator (i.e.

s(E
(2)
in ) = 0) since otherwise at least one of the measure-

ment outcomes of the H
(d)
m circuits would be non-trivial.

Again, we can imagine the worst case scenario where
a single fault prior to the EC(d) circuits results in an in-

put error E
(2)
in with s(E

(2)
in ) = 0 (so that s1 +s2 = 1) and

s3 = t−1 measurement errors occur in the EC(d) circuits
resulting in trivial measurement outcomes of all stabiliz-
ers in each EC(d) circuit afflicted by a fault. Therefore,
if the EC(d) circuit is repeated (d − 1)/2 times, then at
least one of the circuits will be fault-free and the error
E

(2)
in will be detected, in which case the protocol will be

aborted.

Since the H
(d)
m and EC(d) circuits are t-flag circuits and

from the arguments presented in this section, if there are
a total s ≤ t faults during our |H〉 state preparation pro-
tocol, then the output state has the form |ψout〉 = E′|H〉
with wt(E′) ≤ s. Hence both conditions in Definition 2
are trivially satisfied.

Appendix C: Fault-free measurement outcomes of

the H
(d)
m circuits for arbitrary input errors

[1] Bryan Eastin and Emanuel Knill. Restric-
tions on transversal encoded quantum gate sets.
Phys. Rev. Lett., 102:110502, Mar 2009. doi:
10.1103/PhysRevLett.102.110502. URL https://

link.aps.org/doi/10.1103/PhysRevLett.102.110502.
[2] Emanuel Knill, Raymond Laflamme, and Wojciech H.

Zurek. Threshold accuracy for quantum computation.
arXiv: quant-ph/9610011, 1996.

[3] Adam Paetznick and Ben W. Reichardt. Universal fault-

tolerant quantum computation with only transversal
gates and error correction. Phys. Rev. Lett., 111:090505,
Aug 2013. doi:10.1103/PhysRevLett.111.090505. URL
https://link.aps.org/doi/10.1103/PhysRevLett.

111.090505.
[4] Tomas Jochym-O’Connor and Raymond Laflamme.

Using concatenated quantum codes for universal fault-
tolerant quantum gates. Phys. Rev. Lett., 112:010505,
2014. doi:10.1103/PhysRevLett.112.010505. URL

http://dx.doi.org/10.1103/PhysRevLett.102.110502
http://dx.doi.org/10.1103/PhysRevLett.102.110502
https://link.aps.org/doi/10.1103/PhysRevLett.102.110502
https://link.aps.org/doi/10.1103/PhysRevLett.102.110502
http://dx.doi.org/10.1103/PhysRevLett.111.090505
https://link.aps.org/doi/10.1103/PhysRevLett.111.090505
https://link.aps.org/doi/10.1103/PhysRevLett.111.090505
http://dx.doi.org/10.1103/PhysRevLett.112.010505


17

http://link.aps.org/doi/10.1103/PhysRevLett.112.

010505.
[5] Jonas T. Anderson, Guillaume Duclos-Cianci, and David

Poulin. Phys. Rev. Lett., 113:080501, Aug 2014. doi:
10.1103/PhysRevLett.113.080501. URL https://link.

aps.org/doi/10.1103/PhysRevLett.113.080501.
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