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ABSTRACT

Reinforcement Learning with Verifiable Rewards (RLVR) has emerged as a
promising paradigm for post-training reasoning models. However, group-based
methods such as Group Relative Policy Optimization (GRPO) face a critical
dilemma in sparse-reward settings: pure Reinforcement Learning (RL) suffers
from advantage collapse and high-variance gradient estimation, while mixed-
policy optimization introduces persistent distributional bias. To resolve this
dilemma, we introduce Hindsight-Anchored Policy Optimization (HAPO). HAPO
employs the Synthetic Success Injection (SSI) operator, a hindsight mechanism
that selectively anchors optimization to teacher demonstrations during failure.
This injection is governed by a Thompson sampling-inspired gating mechanism,
creating an autonomous, self-paced curriculum. Theoretically, we demonstrate
that HAPO achieves asymptotic consistency: by naturally annealing the teacher
signal as the policy improves, HAPO recovers the unbiased on-policy gradient.
This ensures off-policy guidance acts as a temporary scaffold rather than a persis-
tent ceiling, enabling the model to surpass the limitations of static teacher forcing.

1 INTRODUCTION

Reinforcement Learning with Verifiable Rewards (RLVR) (Lambert et al.| 2025)) provides a critical
mechanism for enhancing the reasoning capabilities of large language models. While standard Rein-
forcement Learning (RL) (Sutton & Bartol 2018)) allows models to explore diverse solution paths and
collect environmental feedback, its effectiveness is limited by the base model’s initialization and suf-
fers from inefficient exploration in sparse-reward environments (Yue et al.|[2025; |Zeng et al.| [2025).
Conversely, Supervised Fine-Tuning (SFT) (Ouyang et al.,|[2022;|Wei et al.,|2022)) efficiently distills
expert knowledge for rapid adaptation, but it is prone to overfitting and catastrophic forgetting. The
prevailing “SFT-then-RL” recipe (Yoshihara et al., [2025) combines these approaches sequentially,
but encounters inherent distribution drift: SFT constrains the model to a narrow imitation-based
manifold that sometimes conflicts with RL’s exploration requirements. As the model explores, its
policy distribution often drifts away from expert behaviors, leading to suboptimal updates and the
forgetting of verified reasoning patterns.

To circumvent these challenges, recent work has focused on integrating RL and SFT within a unified
training framework (Zhang et al., [2025} |Lv et al., [2026} [Yan et al., {2025}, [Fu et al., [2025; [Liu et al.}
2025a; Ma et al., [2025; [Su et al.| [2025; |Huang et al., [2025)). In these works, the model policy is
trained to maximize a composite objective function containing both RL and SFT objectives using
predefined masking strategies at various granularities (token, sample, or group level), where se-
lected RL-generated content is replaced with teacher demonstrations. However, these methods treat
all samples equally and use static replacement strategies that ignore the dynamic training context.
Additionally, the distribution shift between self-exploration trajectories and teacher demonstrations
leads to suboptimal learning dynamics. This raises a key question: How can we adaptively determine
when to leverage SFT guidance versus RL exploration while mitigating distribution shift?
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Figure 1: Hindsight-Anchored Policy Optimization (HAPO) system architecture

In this paper, we propose Hindsight-Anchored Policy Optimization (HAPO) to address the chal-
lenge of adaptive RL-SFT integration. Inspired by hindsight experience replay (Andrychowicz
et al., 2018), HAPO introduces a dynamic gating mechanism that monitors policy competence via
Thompson sampling. Unlike static mixed-policy approaches such as LUFFY (Yan et al.,|2025)) and
SRFT (Fu et al., 2025)) that rely on fixed masking strategies, HAPO responds to distribution drift
by selectively anchoring optimization to teacher demonstrations only during low-confidence failure
modes, while prioritizing pure RL exploration when the confidence is high. This adaptive anchoring
effectively mitigates catastrophic forgetting without compromising the model’s ability to generalize
beyond the teacher distribution.

Our preliminary evaluations on mathematical reasoning benchmarks indicate that HAPO achieves
competitive performance compared to static mixed-policy methods, matching LUFFY’s perfor-
mance on AIME2024 while substantially outperforming it on MATH-500 (+2.4).

Our Contributions We present HAPO, a theoretically grounded framework for robust policy adap-
tation for resolving the conflict between exploration and imitation. We introduce the Synthetic
Success Injection (SSI) operator, a dynamic mechanism that actively offers hindsight correction by
anchoring gradient calculations to verified teacher demonstrations during failure modes, particu-
larly in sparse reward scenarios. To govern this intervention, we propose a self-paced reward gating
curriculum inspired by Thompson sampling, which dynamically aligns the teacher’s influence with
the model’s evolving competence. Theoretically, we prove that this mechanism ensures asymptotic
consistency: as the policy improves, the intervention probability naturally vanishes, recovering the
unbiased on-policy gradient and effectively eliminating the persistent distributional bias inherent in
static mixed-policy approaches.

2 RELATED WORK

Reinforcement Learning for Reasoning The post-training of Large Language Models (LLMs) has
recently pivoted toward Reinforcement Learning with Verifiable Rewards (RLVR) (Lambert et al.|
20235])). Algorithms such as Proximal Policy Optimization (PPO) (Schulman et al., 2017) and Group
Relative Policy Optimization (GRPO) (Shao et al.,|2024)) have demonstrated that sophisticated be-
haviors, including self-correction and multi-step Chain-of-Thought (CoT) reasoning, can emerge
from simple rule-based feedback. However, recent studies (Yue et al.| [2025) found that on-policy
RL is fundamentally bounded by the model’s initial “cognitive boundaries”. In sparse reward set-
tings, these methods frequently encounter a “cold start” problem where the model fails to discover
any successful answers (Yu et al., |2025)), leading to a lack of guiding signals. HAPO directly ad-
dresses this by introducing the Synthetic Success Injection (SSI) operator to anchor optimization
specifically during these failure modes.

Challenges in Exploration and Imitation Balancing exploration and imitation in policy opti-
mization remains a fundamental challenge. The sequential “SFT-then-RL” recipe often induces
catastrophic forgetting due to the distribution drift between off-policy data and on-policy explo-
ration (Zhang et al) [2025). While mixed-policy methods like LUFFY (Yan et al.l 2025) and
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CHORD (Zhang et al., 2025)) attempt to mitigate the issue via static policy shaping or token-wise
weighting, they frequently introduce persistent distributional bias. HAPO distinguishes itself by us-
ing the SSI as a dynamic anchor rather than a static constraint, providing hindsight correction that
responds to drift without constantly tethering the optimal policy to the teacher’s manifold.

Hybrid Post-Training Strategies Recent hybrid strategies like HPT (Lv et al [2026) and Re-
LIFT (Ma et al., 2025)) switch between SFT and RL based on heuristic performance measurements.
In contrast, HAPO employs a Thompson sampling-inspired gating mechanism to establish a prin-
cipled, self-paced curriculum. Unlike SRFT (Fu et al.} 2025), which relies on local sample mix-
ing, HAPO’s probabilistic gate ensures that the intervention probability naturally decays to zero as
the model’s competence improves. This property guarantees asymptotic consistency, allowing the
framework to eventually recover the unbiased on-policy gradient and surpass the potential limita-
tions of the teacher.

3 PRELIMINARIES AND PROBLEM FORMULATION

In this section, we establish the theoretical foundations underlying our approach by reviewing the
relevant mathematical concepts from reinforcement learning to Thompson sampling, and formally
define the optimization problem that HAPO aims to solve.

3.1 MARKOV DECISION PROCESS

A Markov Decision Process (MDP) (Sutton & Bartol, 2018)) is defined by M = (S, A, P, R,7),
where S and A are the sets of state and action spaces, P is the transition probability operator, R is the
reward operator, and +y is the discount factor. For LLMs, we reformulate MDP as follows (Murphyl,
2025): each state s; € S contains the current context (prompt plus generated tokens), each action
a; € A is the next generated token, the state transition probability p; defined by P is deterministic,
the reward operator R treats all time steps equally without any temporal decay and the discount
factor v = 1. For each episode, it consist of state s; and action a; in time horizon 7 steps, denoted as
a trajectory 7 = {sp, a1, - - 7, ar}. The objective is to learn a policy 7y that maximizes expected
return 7 (@), mathematically:

arg max T(0) = Errylso [R(7)] 1)

3.2 GROUP RELATIVE POLICY OPTIMIZATION

The natural approach to maximize the objective in Eq. (I) is Proximal Policy Optimization
(PPO) (Schulman et al.| 2017). However, PPO requires both actor and critic networks, creating
computational and memory bottleneck for training large language models. To address these limi-
tations, Group Relative Policy Optimization (GRPO) (Shao et al., 2024)) was proposed as efficient
alternatives that eliminate the critic network by using relative performance of grouped trajectories
to estimate advantages.

Given a curated dataset D = {(s},7¢) : i € {1,...,M}}, where s, is the prompt (initial state)
and 7;" is the teacher trajectory. For each prompt sg N trajectories are sampled using the old policy
Oord> formlng a group of samples denoted as G* = {T j€{1,...,N}}. The GRPO computes the

advantage of each trajectory by normalizing rewards within the group G*:
A R(7}) — mean(_{R(nﬁ) : T,i € G}
g sd({R(rf) : 7 € G'}))

2

Considering the clipped surrogate objective from PPO, the GRPO objectives aggregates over all
groups:

M N I7]l

Jareo(0) = CLIP(r} ,(6), A% €) 3)
RO T e ZI\ZZZ 3l
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A, clip(r; 1 —€,14€) - A is an operator to ensures the updated policy remains within a trust region
of the old policy. Following recent studies (Yu et al., 2025; |Liu et al.| [2025b), we exclude the KL
penalty as it has minimal impact on performance.

0) = % is the importance sampling ratio and CLIP(r, A,e) = min[r -
j,t150>

3.3 THOMPSON SAMPLING

Thompson sampling (Sutton & Barto, 2018)) is a Bayesian approach to the exploration-exploitation
tradeoff that selects actions by sampling from the posterior distribution of each action’s expected
reward. In LLMs, we define the prompt quality parameter Qg € [0, 1] as the true expected reward

under the current policy 7g. Formally, Qg = E, Isi [R(7)], which is intractable before trajectory
sampling. Since the underlying distribution of o is unknown, we model this uncertainty using a
Beta distribution ov; ~ Beta(1, 1). We define the reward operator R as:

1 if 7 outputs the correct final answer
0 otherwise

r(r) = { @

For each prompt sj, the corresponding group of trajectories G* can be viewed as Bernoulli trials,
where each trajectory either succeeds (reward = 1) or fails (reward = 0) with probability « s The to-

tal number of successes S; = Zjvzl R(7}) follows a Binomial distribution S; ~ Binomial(, o).
This allows us to apply Beta-Binomial conjugacy for the posterior distribution (Bishopl 2007):

G' ~Beta(l + S;,1+ N — S,) ®)

Qi
S0

The Bayesian confidence score for a given initial state is then defined as the posterior mean:

14 5;
C; =
24+ N

(6)

which naturally balances observed performance with prior uncertainty and converges to the empiri-
cal success rate as more data is collected.

4 HINDSIGHT-ANCHORED POLICY OPTIMIZATION

In this section, we detail the design of our HAPO algorithm, including the Synthetic Success Injec-
tion (SSI) operator and Thompson sampling-inspired gating mechanism. We then formally define
the HAPO objective function and provide convergence analysis and theoretical justification.

4.1 THE SYNTHETIC SUCCESS INJECTION (SSI) OPERATOR

When a group G* exhibits low confidence, the model’s policy requires additional guidance to im-
prove learning. To address this scenario, we define the Synthetic Success Injection (SSI) operator 7
that operates at the group level. Within a low-confidence group G*, the poorest-performing trajec-
tory j* = arg min; R(7?) is identified and replaced by a high-confidence teacher sample ¢ derived
from a verified solution, mathematically:

T(G) = {Tls s Tje 1, Tes T g1 s TR} 7

This operator injects high-confidence guidance into groups where the model struggles, enabling
more effective learning by anchoring the policy updates with expert demonstrations.
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4.2 THOMPSON SAMPLING INSPIRED SELF-PACED REWARD GATING

In a group G, applying the operator 7 is not always necessary. When most trajectories succeed
(e.g., N — 1 out of N samples receive reward 1), the current policy 7y already handles the prompt
sé confidently. To determine when operator 7 is needed, we introduce a Bayesian confidence score
inspired by Thompson sampling in Eq. (6). This score, computed as the posterior mean of trajec-
tory success rates, provides a principled measure that determines whether the operator 7 should be
applied. Algorithm [T|details this procedure.

Algorithm 1 Thompson Sampling-Inspired Gating

Require: Group of trajectories {G® : i € {1,..., M }}, threshold y € (0, 1)
1: fori=1to M do

2 Compute rewards R(7}) and Bayesian confidence score ¢; = éifv

3 if ¢; <~y then

4: G = ’T(gi) > Low confidence — Replace worst with teacher sample
5: end if

6: end for

7: return {G' i € {1,...M}},{c;:ie{1,..,M}}

In practice, the threshold y can be a constant, sigmoid, or step function to dynamically adjust gating
decisions based on training progress. When the Bayesian confidence score c; is low, the gate opens
and we apply operator 7 to provide teacher samples 7* for supervised learning. When confidence
is high, the gate remains closed and we continue with pure RL. This adaptive mechanism provides
hindsight guidance when the model struggles while maintaining exploration when it performs well.

4.3 HAPO OBJECTIVE FUNCTION

After the Thompson sampling-inspired gating, each group G* contains both original trajectories
{r:ief{l,...,N\{j J *}} and teacher trajectories {7}. The advantage A, for each sample within
a group is computed using the same method as in Eq. @I) Considering two trajectory types, the
HAPO objective is proposed based on Eq. (I), where original trajectories represent online generation
and follow the GRPO policy gradient objective, while teacher trajectories are offline references that
require supervised fine-tuning objective, mathematically:

1 M
Jnaro(0) = (8)
HP Zz 1 ZT teg? z::

|70

£ i):{ 1) Flrmo(r ;t|sg',,rgj<t),ci) if 7/ = ¢ (hindsight anchored)

2 Tj kst ; . ©)
+=1 CLIP(r} ,(0), A, €) otherwise

where F is the policy shaping operator that reshaping probability distribution of actions (tokens) 7;*

based on Bayesian confidence score c; .

4.4 THEORETICAL ANALYSIS

In this section, we analyze the convergence properties of HAPO. We demonstrate that our method
not only converges to a stationary point but also achieves asymptotic consistency with the pure RL
objective, theoretically outperforming static mixed-policy strategies which suffer from persistent
asymptotic bias.

4.4.1 CONVERGENCE TO STATIONARY POINT

Let §(0) denote the stochastic gradient estimator of the HAPO objective Juapo(6). Based on the
gating mechanism in Algorithm [I] this estimator switches between a hindsight-anchored gradient
Jreach (When ¢; < ) and a pure policy gradient ggr, (When ¢; > 7).
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Theorem 4.1 (Convergence). Assume the policy my is differentiable, the reward function is bounded,
and the gradients of both the shaping operator F and the CLIP loss satisfy |[VL| < G. With a
decaying learning rate n, = O(1/ \/f), the HAPO algorithm converges to a stationary point of the
implicit dynamic objective.

Sketch. The gradient estimator §(6) is a bounded stochastic variable. Specifically, both the teacher-
forced gradient derived from F (conceptually similar to cross-entropy) and the GRPO gradient
(bounded importance weights via clipping) have bounded norms. The variance of the HAPO es-
timator is bounded by:

V[§(6)] < max(V([geacn], V[irL]) < 02 < 00 (10)

Standard non-convex optimization theory for SGD states that if the gradient estimator has bounded
second moments, the algorithm converges such that lim7_,., E[||VJ (67)||?] — 0, provided the
descent direction is valid. In the Hindsight phase (c; < ), the teacher term 7% provides a high-
bias but consistent descent direction, pulling the policy into a region of non-zero rewards. Once
confidence improves such that ¢; > -, the algorithm transitions to the pure RL phase, which is
unbiased w.r.t. the true reward objective. O

4.4.2 ASYMPTOTIC CONSISTENCY VS. MIXED-POLICY METHODS

A key advantage of HAPO over static mixed-policy approaches is the elimination of asymptotic
bias.

Theorem 4.2 (Asymptotic Purity). Let 7 be an optimal policy such that for any prompt s, the
expected success rate u* > y. As mg, — 7", the probability of applying the biased teacher replace-

ment T (G*) vanishes.

Proof. Let S; = Zjvzl R(T;) be the number of correct responses in a group. S; follows a Binomial
distribution B(N, u(6)). The Bayesian confidence score defined in Eq. (6) is monotonic in S;. The
gating condition ¢; < +y is equivalent to S; < k., where k,, = v(2+ N) — 1. As the policy improves
such that its success rate p(6) satisfies p(6) > +, the probability of the low-confidence event decays
exponentially via Hoeffding’s inequality:

P(c; <7) = P(Si < ky) < exp (=2N(u(9) —7)?) (11
Consequently, lim;_, o, P(¢; < ) — 0. The expected gradient becomes:
A E[g,(0)] = E[gre(0)] = VTre(0) (12)

In contrast, static mixed-policy methods optimize a static mixture Jmix = JrL + AJsFr, leading to
a stationary point where VJrr, = —AV Jspr # 0, resulting in persistent bias towards the teacher
distribution. O

4.4.3 BIAS-VARIANCE DECOMPOSITION OF CONVERGENCE ERROR

While both HAPO and static mixed-policy methods nominally follow an O(1/+/T) convergence
rate characteristic of SGD, the composition of the effective error differs fundamentally. We analyze
the error in terms of the optimality gap with respect to the true RL objective Jgr.

For a static mixed-policy approach, the convergence is bounded by the variance of the mixed esti-
mator and an approximation bias:

O mix *
E[[[VIrL(07)]] S v AV Lser (60| (13)
N~~~ Asymptotic Bias

Optimization Error

The bias term arises because the optimization stabilizes at the stationary point of the mixed objective,
not the true RL objective. If the teacher policy is suboptimal (i.e., VLgpr # 0 at the RL optimum),
the model remains tethered to the teacher’s limitations.
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In contrast, HAPO uses the low-variance teacher signal early to reduce gradient variance o when
reward signals are sparse, but eliminates the bias term asymptotically as the gating mechanism
deactivates:

E < O adaptive
IV T Or)ll 5 =77 +0 (14)
This implies that for high-precision reasoning tasks where the teacher data provides helpful initial-
ization but may be suboptimal compared to the ground-truth reward, HAPO theoretically allows the
model to surpass the teacher, achieving zero asymptotic bias.

5 EXPERIMENTS

In this section, we present implementation details and preliminary experimental evaluations demon-
strating.HAPO’s competitive performance on mathematical reasoning tasks compared to baseline
models

Model AIME2024 MATH-500 Olympiad
Qwen2.5-Math-7B 16.7 65.2 30.0
GRPO 27.0 83.0 49.2
SFT 30.0 83.6 43.2
SFT-then-RL 30.0 84.8 48.6
SRFT 26.7 85.2 50.0
LUFFY 36.7 84.6 51.8
HAPO 36.7 87.0 51.4

Table 1: Main experiment results on mathematical reasoning benchmarks based on Qwen2.5-Math-
7B. Bold and underline indicate the best and second-best results, respectively.

5.1 EXPERIMENTAL SETUP

Training Setup We conduct our experiments using OpenR1-Math-46k-8192 (Yan et al., 2025), a
curated dataset of verified mathematical reasoning trajectories generated by DeepSeek-R1 (Face,
2025)). Following established practices in mathematical reasoning (Yan et al.l [2025; Huang et al.,
20255 [Fu et al.; 2025; Lv et al., [2026)), we use Qwen2.5-Math-7B (Yang et al., 2024) as our base
model and GRPO (Shao et al.,|2024) excluding the KL penalty term (Liu et al., 2025b)) as our main
RL algorithm. Our training configuration includes a batch size of 128, constant learning rate of
1 x 107°, and trajectory generation temperature of 1.0. For the operator 7, we experiment with
groups of size 8 and employ the same policy shaping operator F as prior work (Yan et al.| [2025).
The confidence threshold is set to v = 0.8, with all remaining hyperparameters following established
baselines (Yan et al., 2025; |Fu et al., [2025).

Evaluation Setup For evaluation, we use temperature 0.6 and a maximum generation length of
8,192 tokens. We assess our approach on three mathematical reasoning benchmarks: AIME2024 (LI
et al.}2024), MATH-500 (Hendrycks et al., 2021), and OlympiadBench (He et al., [2024)). Following
standard evaluation protocols, we report avg@32 for AIME2024 due to its limited test samples,
while using pass@1 for both MATH-500 and OlympiadBench.

Baseline Comparison We evaluate our approach against two categories of baselines. First, we
consider pure RL approaches without teacher demonstrations, specifically GRPO (Shao et al.|[2024).
Second, we compare against methods that incorporate teacher demonstrations through various non-
adaptive strategies that apply expert trajectories uniformly without considering group level prompt
quality: (1) SFT, which directly trains the model to imitate expert trajectories; (2) SFI-then-RL,
following the standard two-stage pipeline where SFT precedes RL; (3) SRFT (Fu et al., |2025),
which replaces one trajectory per group with an expert trajectory using SFT token loss; and (4)
LUFFY (Yan et al.,[2025)), which also replaces one trajectory per group with an expert trajectory but
incorporates policy shaping for SFT token loss.

"HAPO works for both mathematical and general domain reasoning tasks. In this paper, we focus on training
and evaluating mathematical reasoning datasets and report the corresponding settings.
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5.2 MAIN RESULTS
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Figure 2: Training dynamics of HAPO compared with LUFFY. From left to right: average reward,
generation length, and number of teacher samples during training. For fair comparison, both reward
and generation length are computed by excluding trajectories guided by teacher demonstration.

Mathematical Reasoning Performance As demonstrated in Table (I, HAPO achieves strong per-
formance across all benchmarks with scores of 36.7 (AIME2024), 87.0 (MATH-500), and 51.4
(Olympiad). Compared to pure RL methods, HAPO shows substantial improvements over GRPO
with gains of +9.7 (AIME2024), +4.0 (MATH-500), and +2.2 (Olympiad). When compared to
LUFFY, HAPO achieves competitive performance on AIME2024 while substantially outperforming
on MATH-500 with a +2.4 improvement. These results confirm our central hypothesis that HAPO’s
adaptive integration of expert knowledge leads to more effective reasoning skill acquisition than
both pure RL and static expert guidance approaches.

Training Dynamics Figure [2| illustrates the training dynamics comparison between HAPO and
LUFFY, revealing several key differences in their learning behaviors: (1) Both methods achieve
competitive reward performance with similar trajectories, indicating comparable optimization effec-
tiveness. (2) The response length analysis shows divergent patterns: while both methods initially
maintain longer outputs, LUFFY exhibits a notable decrease in generation length during middle to
late-stage training, whereas HAPO sustains consistent response lengths throughout the entire train-
ing process. (3) The SFT sample utilization patterns differ markedly: HAPO demonstrates a signif-
icant reduction in SFT samples during the early training phase followed by continued fluctuations,
suggesting adaptive adjustment to training dynamics. In contrast, LUFFY maintains stable SFT
sample usage throughout training, indicating a more static approach to expert guidance integration.

6 CONCLUSIONS AND DISCUSSION

In this work, we introduced Hindsight-Anchored Policy Optimization (HAPO), an adaptive frame-
work designed to resolve the distribution drift dilemma in RLVR. By coupling Synthetic Success
Injection (SSI) operator with a Thompson sampling-inspired gating mechanism, HAPO creates a
self-paced curriculum that dynamically anchors optimization to teacher demonstrations only during
failure modes, theoretically ensuring asymptotic consistency with the unbiased on-policy gradient.

Crucially, our analysis of training dynamics confirms the efficacy of HAPO’s adaptive response strat-
egy. Unlike LUFFY, which maintains static expert utilization and suffers from decreasing genera-
tion lengths, HAPO actively anneals its reliance on SFT samples as the policy improves and sustains
consistent reasoning lengths throughout training. This behavior validates that HAPO successfully
operates as a temporary scaffold rather than a persistent ceiling, mitigating the distributional bias
inherent in fixed teacher forcing. Future work will explore scaling and evaluating HAPO on larger
foundation models and general domain reasoning tasks.
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