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ABSTRACT

We study the problem of training a model that must obey demo-
graphic fairness conditions when the sensitive features are not
available at training time — in other words, how can we train a
model to be fair by race when we don’t have data about race? We
adopt a fairness pipeline perspective, in which an “upstream” learner
that does have access to the sensitive features will learn a proxy
model for these features from the other attributes. The goal of the
proxy is to allow a general “downstream” learner — with minimal
assumptions on their prediction task — to be able to use the proxy
to train a model that is fair with respect to the true sensitive fea-
tures. We show that obeying multiaccuracy constraints with respect
to the downstream model class suffices for this purpose, provide
sample- and oracle efficient-algorithms and generalization bounds
for learning such proxies, and conduct an experimental evaluation.
In general, multiaccuracy is much easier to satisfy than classifica-
tion accuracy, and can be satisfied even when the sensitive features
are hard to predict.
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1 INTRODUCTION

There are various settings in which there is a desire to train a model
that is fair with respect to some sensitive features (e.g. race and
gender), but in which the values for these features are unavailable in
the training data. This might be for legal reasons (e.g. in the United
States it is against the law to use race as an input to consumer
lending models), or for policy reasons (e.g. many large consumer-
facing organizations choose not to ask their customers for such
information). This leads to an apparent technical conundrum: How
can we be fair by race if we don’t have data about race?

Standard practice when attempting to enforce statistical fairness
constraints in the absence of sensitive data is to attempt to pre-
dict individual sensitive features z—like race—using proxies Z that
predict z from other available features x. For example, the popular
“Bayesian Improved Surname Geocoding” method [10] attempts to
predict race from an individual’s location and surname. But what
properties should 2 have, and how can we achieve them algorith-
mically? The answer is not obvious. Suppose for a moment that
z € {0, 1} is binary valued. It has been observed in prior work that
training a binary valued z to minimize classification error can yield
a proxy that results in substantial bias even when used to solve the
easier auditing problem (i.e. bias detection only, not bias mitigation)
on a downstream predictive model h [2, 5].

1.1 Our Model and Results

We envision a pipeline model in which an upstream Proxy Learner
(PL) has access to a data set with sensitive features, but without
knowledge of what learning problems a variety of Downstream
Learners (DLs) might want to solve. We consider two cases: either
the PL has access to samples of labels from the distribution over
problems that the DLs are interested in, or the PL hypothesizes that
the labels the DLs wish to learn can be predicted using models from
some binary-valued function class. The DLs do not have access
to the sensitive features z. The goal of the PL is to train a proxy
model Z that tries to predict the conditional expectation of z, condi-
tional on the other observable features x. A good proxy will have
the property that for most DLs, training subject to demographic
fairness constraints imposed via the proxy z will result in the same
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model that would have been obtained from imposing constraints
directly on z. In the body of the paper we focus on equal error rate
constraints, but in the appendix we show how our techniques ex-
tend to other standard measures of demographic fairness, including
statistical parity and false positive/negative rate equality.

We make a connection between the PL problem and multiaccu-
racy as defined by [14], which informally asks that a model Z be
statistically unbiased on a large collection of sets G. We note that if
our proxy 2 is appropriately multiaccurate over groups defined by
a function class H, it serves as a good proxy for downstream fair
learning problems over the hypothesis class . For statistical parity,
we simply need multiaccuracy over the collection of sets G = H —
i.e. the collection of sets corresponding to points that each h € H
labels as positive. Past work gives algorithms for learning multi-
accurate functions Z with respect to any collection of groups such
that membership in those groups can be determined at test time
— which it can, in the case of groups defined by a known function
class H [14]. Because statistical parity is a fairness constraint that is
defined independently of the labels, a proxy z that is multiaccurate
with respect to H can be used to solve any downstream learning
problem over H subject to a statistical parity constraint. For an
equal error fairness constraint, we require that Z satisfy multiaccu-
racy over a collection of sets G corresponding to error regions of
each h € H. Whether an individual falls into such an error region
is not observable by a deployed classifier (since this depends on the
unobserved label y), so we must develop new algorithms for this
case. These error regions depend on the labelling function (i.e. the
learning problem), so to serve as a good proxy for many different
downstream learning problems, Z must be multiaccurate with re-
spect to the error regions defined using many different labelling
functions. We provide two ways to do this:

(1) If the labelling functions come from a distribution over prob-
lems, then we show how to take a polynomially sized sample
from this distribution and use it to train a proxy z that is a
good proxy for most learning problems in the distribution
(i.e. we give a PAC-style bound with respect to the problem
distribution).

(2) If the labelling functions come from a bounded VC-class we
can optimize over, then we show how to train a proxy 2 that
is a good proxy for every labelling function generated from
that class.

All of our algorithms are oracle efficient, meaning they are effi-
cient reductions to standard empirical risk minimization problems.
Finally, we perform an empirical evaluation to demonstrate the
utility of our proxy training algorithms.

1.2 Related Work

Using proxies for race or ethnicity is standard practice in finance
and other settings in which sensitive features are often unavailable
but fairness is a concern. Common features used for prediction
include surname, first name, and geographic location [10, 12, 18,
26, 28].

Several papers, beginning with Chen et al. [5], have considered
the problem of evaluating measures of statistical fairness on a fixed
classifier using a proxy for the specified sensitive attribute. Chen
et al. [5] characterize the bias that is introduced in estimating the
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degree to which a fixed classifier violates the statistical parity (also
known as demographic disparity) condition, when a proxy repre-
senting a thresholding of the conditional probability of a binary
sensitive attribute is used. They also show that when the proxy
is computed using the same features as the downstream classifi-
cation, the true conditional expectation of the protected attribute
(conditional on the non-sensitive features) can be used to give an
unbiased estimate of the demographic disparity. Awasthi et al. [2]
embark on a similar study for evaluating disparities in false pos-
itive or negative rates, and characterize the distortion factor of a
proxy as a function of properties of the underlying distribution
and propose estimating this distortion factor and then trying to
correct for it. Similarly, Kallus et al. [18] find that when using prox-
ies fixed a priori to evaluate disparity measures, these disparities
are generally unidentifiable in the statistical sense. They show that
point estimators in this context are generally biased unless very
strong assumptions are satisfied and instead provide techniques for
estimating partial identification sets.

Several papers also aim at postprocessing or training fair models
without sensitive features. Awasthi, Kleindessner, and Morgenstern
[3] consider perturbations of sensitive features (e.g. as they might
be if labelled using crowdsourced workers) and give conditions
(such as conditional independence of the noisy sensitive features
and the non-sensitive features) under which post-processing a fixed
classifier to equalize false positive or negative rates as measured
under the proxy reduces the true disparity between false positive
or negative rates subject to the true sensitive features. In similar
noise models, Wang et al. [27] propose robust optimization based
approaches to fairness constrained training with noisy sensitive
features and Mehrotra and Celis consider the problem of fair sub-
set selection [24]. Lahoti et al. [23] propose to solve a minimax
optimization problem over an enormous set of “computationally
identifiable” subgroups, under the premise that if there exists a good
proxy for a sensitive feature, it will be included as one of these com-
putationally identifiable groups defined with respect to the other
features. This is related to subgroup fairness studied by Kearns et al.
[20] and Hebert-Johnson et al. [14] — but this approach generally
leads to a degradation in accuracy. A related line of work considers
cryptographic solutions in a setting in which the relevant sensitive
features for individuals are available—held by a third party in [25]
or by the individuals themselves in [21]—but can only be accessed
via cryptographic means like secure multiparty computation. Simi-
larly, [15] studies the case in which the sensitive features can only
be used in a differentially private way. These papers are similarly
motivated, but operate in a very different setting. Finally, several pa-
pers study fairness constraints in pipelines, in which an individual
is subject to a sequence of classification decisions, and study how
the effects of these constraints compound [4, 9, 19]. Many results
in this literature are negative. Our paper gives a positive result in
this setting.

2 MODEL AND PRELIMINARIES

Let Q = X X Z X Y be an arbitrary data domain. Each data point is
a triplet w = (x, 2z, y), where x € X is the feature vector excluding
the sensitive attributes, z € Z is a vector of sensitive attributes,
and y € Y = {0,1} is the binary label. In this paper we take
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Z =Ao, 1}K, and every z € Z is a K-dimensional binary vector
representing which groups (out of K groups) an individual is a
member of. For instance, in a case with K = 4 groups, an individual
with z = (0, 1,0, 1) is a member of the second and fourth groups.
We will use zj to denote the kth entry of z.

We assume there exists a distribution # over the unlabeled data
domain X x Z. We assume the labels are generated by functions
in some domain ¥ C {f : X X Z — Y}. In other words, for any
data point w = (x,2z,y) € Q, there exists a function f € ¥ such
that y = f(x, z). This is without loss of generality if we make no as-
sumptions on the complexity of ¥ — in this case, functions f can be
randomized and represent arbitrary conditional label distributions,
and will be the setting we operate in when we assume there is a dis-
tribution over . Alternately, we can make assumptions about the
capacity of 7, and then aim to form good proxies for every labelling
function in ¥ . The data generation process can be viewed as first
drawing (x, z) from P, and then letting y = f(x, z) for some f € F.
We may additionally assume there exists a probability distribution
Q over ¥. More details are discussed later on.

Our primary goal in this paper is to learn a proxy for z as a func-
tion of features x, which we write as 2, such that any downstream
classifier satisfies a variety of fairness constraints with respect
to the learned proxy 2 if and only if it satisfies the same fairness
constraints with respect to the true underlying z, up to small ap-
proximation. Let G € {g : X — [0, M]} be a class of functions
that map a feature vector x € X to a real-valued number in [0, M].
Given G, our goal will be to learn 2 = (21, . . ., Zx) such that for all k,
Zr € G. The kth component of Z can be interpreted as a real-valued
predictor for z.

We assume the downstream learning task for which we want
to guarantee fairness can be cast as learning over a hypothesis
class H € {h: X — Y}. Thus the goal of the DLs will be to learn
h € H such that h satisfies some statistical notion of fairness. These
fairness notions generally require that a statistic of the learned clas-
sifier be (approximately) equalized across different groups. While
our methods will apply to a broad class of fairness notions including
statistical parity and equalized false positive and negative rates (see
the appendix for details), in the body we focus on equalized error
fairness which requires that the error rate of the learned classifier
be (approximately) equalized across groups. In other words, h € H
satisfies equalized error fairness if:

Vki,k € [K]: Pr [h(x) #yYlzk, = l] ~ Pr [h(x) #ylzk, = l]

We first make the following simple, yet important, observation
that will allow us to write fairness constraints, usually defined with
respect to binary valued group membership, using a real valued

Pproxy.
CramM 1. Foreveryk € [K], we have
E [z 1 [h(x) # yl]
E [2]
Observe that the expression on the right hand side of Equation (1)
could be evaluated even if the sensitive feature labels z were real val-

ued rather than binary. We exploit this to evaluate these equalized
error fairness constraints with our real valued proxies Z. Observe

Prih(x) #ylz =1] = 1
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that if we have a proxy Z € G, such that for a particular classifier

heH:
E [z 1 [h E|[z 1[h
ek, EELB@#y)  BE@LK@ £,
E [z] E [2 ()]
then if h satisfies proxy fairness constraints defined by the proxy z,
i.e., constraints of the form:

E [2, (01 [h(x) # y]]

E [2, (x)]
B2, (@1 [hx) #y]]

E [sz (x)]

it will also satisfy the original fairness constraints with respect
to the real sensitive groups z and vice versa (Equation (2)). If the
condition in Equation (2) is satisfied for every h € H, then the
proxy fairness constraints (Equation (3)) can without loss be used
to optimize over all fair classifiers in . With this idea in mind,
we can formally define a (good) proxy. The constraints we ask for
can be interpreted as so-called multiaccuracy or mean consistency
constraints as studied by [14, 16], defined over the error regions of
hypotheses in the class H: {{(x,y) : h(x) £y} : h € H}.

We will consider two different settings for modelling a multi-
plicity of downstream learning problems: 1) when there exists a
distribution over # and we want our guarantee to hold with high
probability over a draw of f from this distribution, and 2) when we
want our guarantee to hold for every f € F.

Yk, ko € [K] : 3

©

DEFINITION 1 (PrOXY). Fix a distribution P over (X X Z) and a
distribution Q over . We say Z is an (a, f)-proxy for z with respect
to (P, Q), if with probability 1 — f§ over the draw of f ~ Q: for all
classifiers h € H, and all groups k € [K],

E(xz)~p [z 1 [h(x) # f(x,2)]]
E(x,z)~? (2]
E(xz)~p [2k ()1 [h(x) # f(x,2)]]
E(x,z)~p [2k ()]

If the above condition holds for every f € ¥, we say Z is an a-proxy
with respect to . When providing in sample guarantees, we take
the distributions to be the uniform distributions over the data set.
When distributions are clear from context, we simply write that z is
an (a, B)-proxy.

Do such proxies exist? We first show the existence of perfect
proxies, under the assumption that the sensitive features and the
labels are conditionally independent given the other features. Note
that this conditional independence assumption can be satisfied in a
number of ways — and in particular is always satisfied if either the
sensitive features or the labels can be determined as a function of
the non-sensitive features — even if the relationship is arbitrarily
complex. For example this will be the case for prediction tasks in
which human beings are near perfect. The proxy that we exhibit be-
low is the conditional expectation defined over the underlying joint
distribution on x and z and hence will generally not be learnable
from polynomially sized samples. Subsequently, we will demon-
strate that we can obtain proxies learnable with modest sample
complexity. We note that perfect proxies always exist (without
requiring a conditional independence assumption) for statistical
parity fairness - see the appendix.

<a




FAccT ’22, June 21-24, 2022, Seoul, Republic of Korea

CrLam 2 (EXISTENCE OF A Proxy). For any distribution P over
X x Z, 2(x) = E[z]|x] is an a-proxy with respect to P, for a = 0,
provided that z and y are independent conditioned on x.

Modelling the Proxy Learner (PL). The PL wants to learn a proxy
in 2 € GK as defined in Definition 6.

Solving this problem requires the knowledge of distributions;
however, typically we will only have samples. Therefore, we assume
the PL has access to a data set, which consists of two components:
1) S = {(xi,z;) }}-; which is a sample of n individuals from X x Z
represented by their non-sensitive features and sensitive attributes.
Throughout we will take S to be n i.i.d. draws from the underlying
distribution . 2) F = {f; };”: ; which is a sample of m labeling
functions (or learning tasks) taken from # . The PL does not observe
the actual functions f; € # but instead observes the realized labels
of functions in F on our data set of individuals S: Y = {y;; =
fi(xi,zi)}ij. The empirical problem of the PL is to find a proxy Z
with respect to the observed data sets.

In this paper we have the PL optimize squared error subject to
the constraints given by the definition of a proxy:

1y NN
Jmin -~ " (2 - (1))
ZegG nig

"zl [h(xi) # yij] " ()L [h(x) # yij)

S't‘ e RENE
Vje[m],heH
®)
Note this formulation gives us a decomposition of learning z =
(21,...,%x) € GK into learning each component Z; € G separately.

The squared error objective is not strictly necessary (the constraints
encode our notion of a good proxy on their own), but encourages the
optimization towards the conditional label distribution of z given
x, which we showed in Claim 2 is a good proxy. In our experiments
we find this to be helpful.

Modelling the Downstream Learner (DL). The DLs want to solve
fair learning problems using models in some class H € {h: X —
Y} subject to the equalized error fairness constraint given in Equa-
tion (2). The DL does not have access to the sensitive attribute z
and instead is given the proxy z € GX learned by the PL. Thus, for
a given learning task represented by some f € ¥ (determining the
label y = f(x, z)), the DL solves the following learning task subject
to proxy fairness constraints.

hnenr(h E [err (h; (x,y))]
E [, ()1 [h(x) # y]] E [2, ()1 [h(x) # y]] ©)

E [2, ()] E |2, (x)] ’
Vki, ko € [K]

where err is some arbitrary objective function, and all expecta-
tions here are taken with respect to a draw of an individual (x, z)
from #. Observe that if Z is an a-proxy, then this is equivalent to
solving the original fairness constrained learning problem (defined
with respect to the true demographic features z) in which the fair-
ness constraints have slack at most 2¢. We remind the reader that
our focus in this paper is to solve the problem of the PL, and hence,
we avoid standard issues that the DL will face, such as relating
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empirical and distributional quantities (these issues are identical
whether the DL uses the sensitive features z directly or a proxy 2).

Game Theory and Online Learning Basics. In our analysis, we
rely on several key concepts in game theory and online learning
which we summarize here. Consider a zero-sum game between
two players, a Learner with strategies in S; and an Auditor with
strategies in Sz. The payoff function of the game is U : 51 X Sy —
Rxo.

DEFINITION 2 (APPROXIMATE EQUILIBRIUM). A pair of strategies
(s1,52) € S1 X Sy is said to be a v-approximate minimax equilibrium
of the game if the following conditions hold:

U(s1,s2) — min U(sy,s2) < v, max U(sy,s5) —U(s1,82) < v
1 €8y ;€S>

Freund and Schapire [11] show that if a sequence of actions for
the two players jointly has low regret, then the uniform distribution
over each player’s actions forms an approximate equilibrium:

THEOREM 1 (NO-REGRET DYNAMICS [11]). LetS; and Sz be convex,
and suppose U(-,s2) : S1 — Ry is convex for all s, € Sy and
U(s1,+) : S2 = Rxq is concave for alls; € Sy. Let (s},s%, .57y and
(sé, sg, e, sZT) be sequences of actions for each player. If forvi, vy > 0,
the regret of the players jointly satisfies

T T
Z U(s{,sé) — min Z U(sl,sé) <wnT
=1 =)

T T
max Z U(sf,sz) - Z U(s{,sé) < T
=1 =1

S2ES)

then the pair (51,52) is a (v1 + vo)-approximate equilibrium, where
5 = %Zthl s{ € S1 and 5y = %ZLI sé € Sy are the uniform

distributions over the action sequences.

3 LEARNING A PROXY FROM DATA

We now give a general oracle efficient algorithm that the Proxy
Learner can use to learn a proxy, whenever the underlying proxy
class GK is expressive enough to contain one. Our algorithm is
in fact a general method for obtaining a multiaccurate regression
function z with respect to an arbitrary collection of sets — we
instantiate it with sets defined by the error regions of classifiers
h € H. In contrast to the algorithms for multiaccurate learning
given by [14, 22], our algorithm has the advantage that it need
not be able to evaluate which sets a new example is a member of
at test time (but has the disadvantage that it must operate over a
sufficiently expressive model class). This is crucial, because we will
not know whether a new example x falls into the error region of a
classifier h before learning its label.

Our derivation proceeds as follows. First, we rewrite the con-
straints in Program (5) as a large linear program. We then appeal
to strong duality to derive the Lagrangian of the linear program.
We note that computing an approximately optimal solution to the
linear program corresponds to finding approximate equilibrium
strategies for both players in the game in which one player “The
Learner” controls the primal variables and aims to minimize the
Lagrangian value, and the other player “The Auditor” controls the
dual variables and aims to maximize the Lagrangian value.
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Finally, if we construct our algorithm in such a way that it simu-
lates repeated play of the Lagrangian game such that both players
have sufficiently small regret, we can apply Theorem 1 to conclude
that our empirical play converges to an approximate equilibrium
of the game. In our algorithm, the Learner approximately best re-
sponds to the mixed strategy of the Auditor — who plays Follow the
Perturbed Leader (FTPL) [17], described in the appendix. Note that
it is the functions played by the Learner that will eventually form
the proxy output by the Proxy Learner. Furthermore, our algorithm
will be oracle efficient: it will make polynomially many calls to ora-
cles that solve ERM problems over H and G. The specific types of
oracles that we need are defined as follows.

DEFINITION 3 (COST SENSITIVE CLASSIFICATION ORACLE FOR
H). An instance of a Cost Sensitive Classification problem, or a CSC
problem, for the class H is given by a set of n tuples {x;, c?, c} 3
such that cf corresponds to the cost for predicting label | on sam-
ple x;. Given such an instance as input, a CSC(H) oracle finds a
hypothesis h € H that minimizes the total cost across all points:
h € argming, cq; X7, [h/(x,')c} +(1- h’(xi))c?].

DEFINITION 4 (EMPIRICAL RISk MINIMIZATION ORACLE FOR G).
An empirical risk minimization oracle for a class G (abbreviated
ERM(@G)) takes as input a data set S consisting of n samples and
a loss function L, and finds a function g € G that minimizes the
empirical loss, i.e., g € argming ¢ i) L(g', Si).

Specifying the Linear Program. To transform Program (5) into a
linear program amenable to our two-player zero sum game for-
mulation, we do the following: 1) We break the constraints of
Program (5), which are given as equality of fractions, into joint
equality of their numerators and denominators. 2) We expand G to
the set of distributions over G: we will find a distribution p € A(G),
where A(G) is the set of probability distributions over G, and fur-
ther linearize our objective function and constraints by taking ex-
pectations with respect to the variable p € A(G). 3) Finally, we
ensure that we have finitely many variables and constraints by
assuming that H and G have bounded complexity. In particular,
given a data set S, we can write constraints corresponding to every
he H(S) = {(h(x1),...,h(xn)) : h € H} where H(S) includes
the set of all possible labelings induced by H on S. Note that as
long as H has finite VC dimension dg¢;, Sauer’s Lemma implies
|H(S)| = O(n%), and therefore we will have only finitely many
constraints. Second, instead of working with the entire class G,
for some appropriately chosen €, and given our data set S, we can
optimize over (distributions over) an e-covering of G with respect
to the data set S, which we call G(S). As long as the class G has
finite pseudo-dimension dg, it is known that |G(S)| = O(e™ %),
and therefore we reduce our primal variables from distributions
over G to distributions over G(S) which will guarantee that we
have finitely many variables in our optimization problem. We pro-
vide more details in the appendix. Given these considerations, we
formulate the constrained ERM problem of the PL as follows: for
every group k € [K], the PL solves
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1 n
inimi - § Es, . ik — 2 (x))?
pknéer?gZ(%)) i=1 P [(Z = E) ]
Z?:] Eik"pk [2k(xi)]

subject to -1=0,
Z?:1 Zik

S

(2ik = Bopr 6 G]) 1 [(x0) # wis] = 0,

n

i=1
Vj € [m],Yh € H(S)

()

We will solve this constrained optimization problem by simu-

lating a zero sum two player game on the Lagrangian dual. Given

dual variables A € R? (where d = 1 + m|H(S)|) we have that the

Lagrangian of Program (7) is given by:

DO = 3 Baypy [ (eak — 24 ®)
i=1
Z?:l 2k (xi) B 1)] )

+E2k~Pk [/10( mo
i=1 %i

n
B | D, Mg Y i = 2(x)) 1 [h(xi) # vy
heH(s) =1
jelm]
Given the Lagrangian, solving linear program (7) is equivalent
to solving the following minimax problem:
min  max L(4, p) = max  min
PrEA(G(S)) AeR9 A€R9 preA(G(S))
where the minimax theorem holds because the range of the primal
variable, i.e. A(G(S)), is convex and compact, the range of the dual

LApr)  (10)

variable, i.e. Rd, is convex, and that the Lagrangian function L is
linear in both primal and dual variables. Therefore we focus on
solving the minimax problem (10) which can be seen as a two player
zero sum game between the primal player (the Learner) who is
controlling py, and the dual player (the Auditor) who is controlling
A. Using no-regret dynamics, we will have the Learner deploy its
best response strategy in every round which will be reduced to a
call to ERM(G) and let the Auditor with strategies in A = {4 =
(Ao, A") € RY : |Xg] < Co, IV = (A, j)njll1 < C} play according
to Follow the Perturbed Leader (FTPL). We place upper bounds
(Co and C) on the components of the dual variable to guarantee
convergence of our algorithm; note that the minimax theorem
continues to hold in the presence of these upper bounds. We will
set these upper bounds optimally in our algorithm to guarantee the
desired convergence.

Our algorithm is described in Algorithm 1 and its guarantee is
given in Theorem 2. The algorithm returns a distribution over G, but
we turn the distribution into a deterministic regression function
that defines a proxy by taking the expectation with respect to
that distribution. We note that the Auditor will employ FTPL for
the constraints that depend on h, calling upon the cost sensitive
classification oracle CSC(H).

Given an action 2. of the Learner, we write LC(Z}.) for the vector
of costs for labelling each data point as 1. Note that this formu-
lation allows us to cast our seemingly nonlinear problem as an
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n-dimension linear optimization problem, which we do by viewing
our costs as the inner product of the outputs of a classifier h on the
n points and the corresponding cost vector, derived in the appendix.

We denote the true distribution over A’ maintained by the Audi-
tor’s FTPL algorithm by Qltc' Because Q]’; is a distribution over an
exponentially large domain (O(n%")), we can only aim to repre-
sent a sparse version, which we do by efficiently sampling from
Q,tc; we call the empirical distribution QAIQ We represent the Au-
ditor’s learned distribution over 19 by P]i, and we find that P]tC =

Co (2Bern(p]t<) - 1) is a scaled Bernoulli distribution with success
probability p]i, where p;{ is given in Algorithm 1. When we sample
A = (A9, A") from the product distribution Pli X Qltc this means that

we are drawing Ao from Plz and A’ from QA;C The proof of Theorem 2,
below, is included in the appendix.

THEOREM 2 (@-PROXY FOR m LABELING FUNCTIONS TAKEN FROM
F). Fix any a, and §. Suppose H has finite VC dimension, and G has
finite pseudo-dimension. Suppose A(G)X contains a 0-proxy. Then
given access to oracles CSC(H) and ERM(G), we have that with
probability at least 1 — 8§, Algorithm 1 returns a distribution p €
A(G)X such that 3(x) £ By p [g(x)] = % Zthl 2¢(x) is an a-proxy.

4 PROXIES FOR THE ENTIRE CLASS OF
LABELING FUNCTIONS

Finally, we show that with minor adaptations, and given access
to the right oracle, one can learn a proxy for an entire class of
labeling functions ¥, instead of only a finite sample of m functions
from ¥ Accordingly, our data set here only consists of n individual
S = {(xi, zi) }\-;, with no observed labels, as our goal is to learn a
proxy which is good for every f € ¥ . In this case, the second set of
constraints in Program (7) will be re-written as, Vf € F,Vh € H:

S (o = Bapope 2] 1[G # Flxiz] =0 (1)
Note that 1[h(x;) # f(xi,zi)] = 1[(h ® f)(xi,z;)) = 1] where
h @ f denotes the XOR of h and f over the X X Z domain: (h &
(x,z) =h(x)® f(x,z).Define HeF ={h® f:heH,f e F}

We rewrite Equation (11) as:

S (o = Bapepe 2] T lg(iz) =11 =0, Vg e Ha T

Therefore, assuming access to a cost sensitive classification ora-
cle for H®F, we can solve the corresponding optimization problem
in an oracle-efficient manner nearly identical to Algorithm 1. De-
tails are relegated to the appendix.

THEOREM 3 (a-PROXY FOR THE ENTIRE ¥ ). Fix any a, and §.
Suppose H and F have finite VC dimension, and G has finite pseudo-
dimension. Suppose A(G)X contains a 0-proxy. Then given access to
oracles CSC(H @& F) and ERM(G), we have that with probability at
least 1 — 8, Algorithm 1 returns a distribution p € A(G)X such that

2(x) = Ey.p [9(x)] = (1/T) Zthl Z¢(x) is an a-proxy.

5 GENERALIZATION THEOREMS

In this section, we provide generalization guarantees for a proxy
using a uniform convergence approach.

Diana, et al.

ALGORITHM 1: Learning a Proxy
Input: Data set {x;, yij, zi}}—, ¥j € [m], target proxy
parameter «, target confidence parameter &, upper
bound M on proxy values, groups k € [K]
Set dual variable upper bounds:
C=Co=(M*(1+nM)/2a T zi) + 1;
Set iteration count:

T= Nz(l +nM) (n3/2CM +Cosrt
i=1

) rox, 2 }

ik
Set sample count:
W= [(1 +nM)2n2CEM2 log(ZK) /(@ 21, zyt)? ];

Set learning rates of FTPL: j = CLM\/nIT’ n' = % T

fork=1toK do

Initialize 2] = 0;

fort=1toT do

forw=1toW do

Draw a random vector ¢ uniformly at random
from [0, 1]™;

Use oracle CSC(H) to compute: (h™!, j¥1) =
argming gy e m) = Ser<r [(LC; (25), h)] +
F(E )

Let "% be defined as
At = sign(21 [<Lcjw‘,(2k), RWtY > o] “1)x
Cl [h=h"tj=j"];

end

Let Qltc be the empirical distribution over AWt

Set distribution over /16 : Pli =Cy (2Bern(plt<) - l)
where p,tc =

min(l, _’7/(27:1 Zi (xi) _ 1)1 [Z?:l i (xi) 1< 0]);

T 7
Zizl Zik i=1 Zik

The Learner best responds:
2,’( = argming .o E)L~P,‘CXQ,‘<L(27<’ A) by calling

ERM(G).

end

end

Output: p = uniform distribution over {21,...,2T}

First, in Theorem 4, we consider the case where there is no
distribution over the class of labeling functions #, and we want to
form a good proxy for every labelling function in ¥ in particular,
we show how many samples in § ~ P" are required to guarantee
(with high probability over S) that every Z that is a good proxy with
respect to the sample S is also a good proxy with respect to the
underlying distribution of the data points #. Second, in Theorem 5,
we consider the case where there is a distribution Q over the class
of labeling functions ¥, in addition to the distribution £ over
individuals; in particular, we show how many samples in S ~ "
and F ~ Q™ are required to guarantee (with high probability over
S and F) that every 2 that is a good proxy with respect to the sample
(S, F) is also a good proxy with respect to the distributions (P, Q).
We point out that our uniform convergence bounds are taken over
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the entire A(G)X, not only GX, because our algorithm outputs an
object in A(G)K.

It turns out that the sample complexity of learning such proxies
can be characterized by the pseudo-dimension (Pdim) of the proxy
class G, which is a standard notion used in the learning theory
literature (see for e.g. [13]) to measure the complexity of a real-
valued function class. While we provide the formal definition of
pseudo-dimension in the appendix, we note a couple of facts re-
garding this notion. First, pseudo-dimension generalizes the notion
of VC dimension (VCdim) which is typically used to measure the
complexity of binary function classes.

Fact1([13]). IfH € {h: X — {0,1}}, Pdim(H) = VCdim(H).

Second, if G is a class of d-dimensional linear proxies, then
Pdim(G) =d

Fact 2 ([13]). If G € {g : X — R} forms a vector space of
dimension d, then Pdim(G) = d.

With this notion of pseudo-dimension in hand, we formally state
our first generalization theorem below in Theorem 4. We note that
in addition to the pseudo-dimension of G, our sample complexity
bound depends on the VC dimension of H and ¥ as well because we
take a uniform convergence approach that requires bounding the
difference of empirical and distributional expectations appearing
in the definition of the proxy, for all classifiers h € H, and all
learning tasks f € ¥. The sample complexity bound will further
depend polynomially on M (a uniform upper bound for functions
in G), i (smallest probability measure of groups), and pg (smallest
probability measure of groups, determined by proxies in G). The
proof of this theorem is in the appendix.

THEOREM 4 (GENERALIZATION OVER P). Fix any € and §. Fix a
distribution P over X X Z. Suppose Pdim(G) = dg, VCdim(F) =
dg, and VCdim(H) = dgy. We have that with probability at least
1— 6 overS ~ P", every Z that is an a-proxy with respect to the
data set S is also an (a + €)-proxy with respect to the underlying
distribution P, provided that

. [ M? (dg + max {dq, dg} +log (K/5))

n=
i, (min {1, g })° €2
where p = ming < <x E(xz)~p [2] and
pg = infzeg {ming < <g E(xzy~p [26(0)]}-
REMARK 1. We remark that Theorem 4 subsumes the case when

there is only one, or more generally, finitely many learning tasks,
because it is known that if || < oo, then we have dg < log (|F).

We note that the sample complexity bound of Theorem 4 grows
with the VC dimension of ¥, i.e., we are assuming ¥ has bounded
complexity (dF < o0). In our next generalization theorem, we
consider the setting where there is a distribution over ¥ from
which an i.i.d. sample is collected. This distributional modeling
allows us to make no assumption on the complexity of 7, i.e., ¥
can have d# = co. This allows us to handle real labels, without the
need to make any assumptions about their underlying complexity.
The proof of Theorem 5 is provided in the appendix.

THEOREM 5 (GENERALIZATION OVER P AND Q). Fix anye, 8, and
p. Fix a distribution P over X X Z, and a distribution Q over F.
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Suppose Pdim(G) = dg, and VCdim(H) = dg. We have that with
probability at least 1 — § over S ~ P™ and F ~ Q™, every Z that is an
(@, 0)-proxy with respect to the data set (S, F) is also a ((a+€)/B, B)-
proxy with respect to the underlying distributions (P, Q), provided
that

& M? (dg + max {dgs, log (m)} +log (K/9))

ups (min {p, g })° €2
& M? (Kdg log (Isupp(P)|) +log (1/))
1% (min {4 g )" et

where supp(P) is the support of P, and ji and g are defined as in
Theorem 4.

m=

REMARK 2. Our bounds contain the term pg because they are al-
gorithm independent uniform convergence bounds. The algorithms
we give in this paper however always produce a Z that satisfies
Es [Zx(x)] = (1/2)Es [2x] in sample. Together with standard ar-
guments, this allows us to give generalization guarantees for our
algorithms that remove the dependence on jig. Technically, this fol-
lows from applying our uniform convergence theorems to the class

GX (1) = {2 € GF 1 VK, By p)~p [21(x)] = Q(p)}.

6 EXPERIMENTS

In this section, we perform an empirical evaluation of our proxy
training algorithms. Observe that our theorems are predicated on
two assumptions that are either difficult to verify or else do not
hold exactly in practice:

(1) Our class G contains a good proxy. We cannot verify this
without demonstrating one, which we have to do by training
a good proxy.

(2) We have a cost sensitive classification oracle for H (and
in the non-linear case, also for G). In practice we do not
have “oracles” and most learning problems are NP-complete,
but we have good heuristics that we can use in place of our
oracles.

Our experiments are aimed at verifying the utility of our algo-
rithms, even in the simple case in which we take G to be the set of
linear regression functions and H to be the set of linear threshold
functions.

6.1 Methodology

6.1.1  Weighted Binary Sample Transformation. To use a real-valued
proxy with standard downstream algorithms for fair machine learn-
ing algorithms, many of which assume sensitive features are binary
or categorical, we transform a dataset with real-valued sensitive
features (see §6.4) into a dataset with twice as many samples, each
of which is paired with a binary group membership and sample
weight (see Definition 12 and Claim 7). We note that many learning
algorithms are already equipped to handle sample weights, so our
transformed dataset fits nicely into existing methods.

6.1.2  Paired Regression Classifier. For the oracle CSC(H), we ex-
periment with the paired regression classifier (PRC) used in [6] and
[20]. The PRC produces a linear threshold function, just as logistic
regression does — see Definition 13.
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6.1.3  Reductions algorithm for error parity. The reductions algo-
rithm for error parity was introduced in [1] as a method of produc-
ing randomized ensembles of classifiers that achieve high popula-
tion accuracy while satisfying accuracy parity between sensitive
groups. The algorithm takes a relaxation parameter y € [0, 1]
that specifies the maximum allowable difference in error between
any two sensitive groups. We implemented the algorithm and aug-
mented it to support arbitrary sample weights. See Definition 14
for a precise specification.

6.2 Experimental Process

We performed a variety of experiments on real, fairness-sensitive
datasets, taking G to be the model class of linear regression func-
tions and H to be the class of linear threshold functions. We com-
pared the performance of a proxy trained with our algorithm (“H-
proxy”) to the performance achieved using the true sensitive fea-
tures (“true labels”), a binary proxy in the form of a logistic regres-
sion model (“baseline proxy”), and a real-valued proxy in the form
of a linear regression model (“mean-squared error (MSE) proxy”).
We evaluated the performance of the models produced by the down-
stream learner for each type of proxy on both group error disparity
(with respect to the true sensitive features) and overall population
accuracy.

For the three types of proxies and the true labels we performed
the following:

(1) Train the proxy.

(2) If the proxy is real-valued (H- or MSE proxy), apply the

Weighted Binary Sample Transformation to the dataset.

(3) Train a downstream learner using the reductions algorithm
for accuracy parity (described in Section 6.1.3) to produce a
relaxation curve of models over ten values of
y € {0,0.005,0.001,...,0.045}.

We plot the performance of the proxies with respect to popula-
tion error and error disparity between the sensitive groups. The
error disparity is plotted with respect to the true sensitive features,
even for the downstream models that only have access to the proxy
features during training.

6.3 Implementation

We implemented a generic and slightly simplified version of our
proxy training algorithm in PyTorch that (approximately) solves
our constrained optimization problem via gradient descent. Our
implementation leverages auto-differentiation to avoid solving for
gradients explicitly in closed form and allows us to select G as an
arbitrary architecture multi-layer perceptron (MLP). In particular,
this permits G as the class of linear models—which is equivalent
to the class of one-layer perceptrons—but also enables the use of
our algorithm to train more complex proxies. We also support
an arbitrary downstream learner class , given an algorithm for
training regression models in . !

6.4 Data

We primarily relied on the recently published American Commu-
nity Survey (ACS) datasets and tasks from [7]. Rather than looking

!See the Section H.2 of the appendix for a full report of the implementation details
and hyperparameter selection.
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at the entire United States, we focused our analysis on data from
New York state, which we found was sufficiently large to admit
excellent out-of-sample generalization. For each task, we exam-
ined three sensitive features: sex, age, and race. Because we focus
on binary sensitive attributes, we transformed age and race into
binary features; we thresholded age at 40 years, and we treated
race as a white/non-white binary indicator. All downstream models
were trained to make predictions without having access to any of
the three sensitive features, regardless of which feature the model
enforced fairness with respect to. Categorical features were con-
verted into one-hot encoded vectors and the dimensionality d was
computed before one-hot encoding. The table below summarizes
the tasks used in our experiments, all of which have race, sex, and
age as sensitive features. Full details about each prediction task are
specified in the appendix in Section H.3.

Dataset Samples | d | Label

ACSEmployment 196104 | 12 | Employment

ACSIncome 101270 4 | Income > $50K
ACSIncomePovertyRatio 196104 15 | Income-Poverty Ratio < 250%
ACSMobility 39828 17 | Same address one year ago
ACSPublicCoverage 71379 15 | Health Insurance
ACSTravelTime 89145 8 | Commute > 20 minutes

6.5 Results Overview

o A linear proxy trained with our algorithm often serves as an
excellent substitute for the true sensitive features and enables
us to train downstream models that attain high population
accuracy while enforcing fairness constraints with respect
to the true sensitive features. This performance is robust to
relaxations in fairness constraints of the downstream learner.

e Models trained on H-proxies almost never performed worse
than those trained on a naive baseline-which for linear mod-
els is a logistic regression trained to predict the binary sensi-
tive feature of each instance-and often performed far better.

o Nearly all downstream models we experimented with gen-
eralized extremely well out-of-sample with respect to both
fairness and accuracy. In fact, for most experiments the in-
sample and out-of-sample plots appear nearly identical in
terms of both the shape of the tradeoff curves and the values
they span. This generalization performance can likely be
attributed to the choice to use linear-complexity G and H
rather than more complex classes. Further experimentation
is necessary before assuming good out-of-sample general-
ization for non-linear proxies or downstream learners.

e On some tasks, the H-proxy failed to serve as a good substi-
tute for the true sensitive features, resulting in a downstream
model that violated the intended fairness constraints. How-
ever, in each of our experiments where this occurred, the
failure of the proxy could be detected at training time. We
address these failures in more detail in the appendix (Sec-
tion H.5).

o Often, the MSE proxy—-which is a simple linear regression
model without the additional multi-accuracy constraints—
serves as a performant proxy. This empirical finding jus-
tifies the use of the MSE in the objective function of our
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constrained optimization problem as a heuristic for find-
ing good solutions. We also find that the real-valued MSE
proxy often out-performs the naive binary-valued baseline.
This is predicted by our Claim 2, which proves that this will
work whenever the conditional distribution on the protected
feature can be well approximated by a linear function.

6.6 Plots

In this section we will analyze the experimental results on the
ACSIncome dataset on the three sensitive features race, age, and
sex. The ACSIncome dataset is an improved version of the popular
Adult dataset, making these experiments more easily contextualized
with those in the existing literature compared to the other ACS
tasks. Moreover, we found these three tasks had diverse results
that demonstrated the capability of our proxy algorithm while
also revealing some of its shortcomings in practice. The remaining
experiments and plots, including those on which the proxy failed
more dramatically, can be found in the appendix in Section H.4. 2

6.6.1 ACS-Income-Race. Fig. 1 displays nearly ideal results sup-
porting the theory. In sample, downstream models trained on true
sensitive features exhibit the best tradeoff curve, followed by the
H-proxy, and then the MSE proxy, all three of which exhibit a
sensible tradeoff between error disparity and population error. The
H-proxy induces a tradeoff curve with similar shape to that of
the true labels, but with ~0.003 greater error disparity and ~0.01
greater error. The curve of the MSE proxy is similar in shape to that
of the H-proxy but with accuracy ~0.002 less than the -proxy.
The least disparate model induced by the MSE proxy is equally
accurate to that of the H-proxy, but marginally less disparate. The
baseline proxy exhibits the worst downstream performance, with a
clustered tradeoff curve that is Pareto dominated by models from
all other proxies. For any model trained with the baseline proxy,
we can improve accuracy by more than 0.01 without increasing
disparity by switching to some model trained with our H-proxy.

Out-of-sample behavior of all models is quite similar to in-sample,
though the maximum disparity for all curves decreases from ~0.025
to ~0.02 and the least disparate models trained on the true labels
increase disparity from ~0 to ~0.0025.

6.6.2 ACS-Income-Age. In Fig. 2 we observe that the downstream
performance of models trained on the H-proxy are nearly identi-
cal to that of the models trained with the true sensitive features,
indicating success for our proxy algorithm. Models trained on both
of these proxies exhibit a clean tradeoff between error and fairness;
the least disparate models achieve error disparity near 0 and popula-
tion error slightly under 0.29, and the most disparate models accept
error disparity ~0.05 to achieve population error near 0.25. The
baseline and MSE proxies induce similar tradeoffs but are unable to
induce downstream models with error disparity lower than ~0.01.
This indicates success of the H-proxy’s multi-accuracy constraints
in enforcing downstream accuracy parity - its least disparate model
achieves error disparity near 0. Out of sample, the performance of
each model is nearly identical to its performance in sample.

ZSince our downstream models are randomized ensembles, we report all statistics in
expectation over these ensembles. This means that we can create linear combinations
of models to trace a Pareto frontier, which is plotted as a dotted line.
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6.6.3 ACS-Income-Sex. In Fig. 3 we observe that the downstream
performance of the models trained on the H-proxy is quite close
to that of the the true labels, although the minimum disparity it
achieves is greater by about 0.007. This indicates that the H-proxy
is not a perfect substitute for the true labels, although it is still quite
good. As we relax fairness constraints, this disparity in accuracy
gap between the models trained on the H-proxy and those trained
on the true labels shrinks, and the left endpoints of both curves are
nearly identical in terms of error and disparity. Of the three proxies,
the baseline proxy achieves the lowest error disparity of ~0.0025
on the training data, but it comes at the cost of significantly lower
accuracy. At the same levels of disparity, the model trained on the
H-proxy is more accurate than the model trained on the baseline
by ~0.01, and for error disparity values greater than ~0.0075, the
H-proxy Pareto dominates the baseline in terms of both accuracy
and accuracy gap. Generalization is quite good for all models: the
shape of each curve and the range of values spanned is consistent
in and out of sample, although nearly all models are slightly more
disparate out-of-sample. 3

7 CONCLUSION AND DISCUSSION

We have shown that it is possible to efficiently train proxies that
can stand in for missing sensitive features to effectively train down-
stream classifiers subject to a variety of demographic fairness con-
straints. We caution however that proxies — even when well trained
— should continue to be viewed as a second best solution, to be used
only when sensitive features are impossible to collect. Our theoret-
ical and empirical results demonstrate that proxies trained using
our methods can stand in as near perfect substitutes for sensitive
features in downstream training tasks, but these results crucially
depend on the assumption that the data that the Proxy Learner
uses to train its proxy is distributed identically to the data that the
Downstream Learner uses, and has labels from the same problem
distribution. In real applications, either of these assumptions can
fail (or can become false due to distribution shift, even if they are
true at the moment that the proxy is trained). A risk of relying on
proxies is that the Learner might be blind to these failures. Without
other guardrails, proxies could also be used to explicitly engage
in discrimination, and so should be used only in the context of
enforcing and auditing fairness constraints.

REFERENCES

[1] Alekh Agarwal, Alina Beygelzimer, Miroslav Dudik, John Langford, and Hanna
Wallach. 2018. A Reductions Approach to Fair Classification. In Proceedings of
the 35th International Conference on Machine Learning. ICML 2018, Stockholm,
Sweden.

[2] Pranjal Awasthi, Alex Beutel, Matthédus Kleindessner, Jamie Morgenstern, and
Xuezhi Wang. 2021. Evaluating Fairness of Machine Learning Models Under
Uncertain and Incomplete Information. In Proceedings of the 2021 ACM Conference
on Fairness, Accountability, and Transparency. FAccT 2021, 206-214.

[3] Pranjal Awasthi, Matthdus Kleindessner, and Jamie Morgenstern. 2020. Equal-
ized odds postprocessing under imperfect group information. In International
Conference on Artificial Intelligence and Statistics. PMLR, 1770-1780.

[4] Amanda Bower, Sarah N Kitchen, Laura Niss, Martin J Strauss, Alexander Var-
gas, and Suresh Venkatasubramanian. 2017. Fair pipelines. arXiv preprint
arXiv:1707.00391 (2017).

3The one exception to this is the rightmost point on the curve of models corresponding
to the baseline proxy, which achieves slightly lower error disparity out-of-sample.
However, given that the other models trained on the baseline proxy have worse out-of-
sample performance than in-sample, we suspect this empirical improvement is simply
noise that, by luck, worked in the proxy’s favor.



FAccT ’22, June 21-24, 2022, Seoul, Republic of Korea

Diana, et al.

ACSIncome — Race

Train Test
0.025 1% ® True Labels 1 ® True Labels
"\\ ® Baseline Proxy ® Baseline Proxy
P \\Q\ ® H-Proxy Y ® H-Proxy
0.020 1 ‘ N ® MSE Proxy 1 \ ® MSE Proxy
1 NN [ ]
z [ NN ‘Q\
2 °
5 0015 @@ N 1 * N
I \\0 SOs
a NN A
= N . ® Y
\ [ NN
£ 0.0101 N N x 18 NN
w \ ~ e.© \ \
AN \‘Q_ * ’ TS \\ ~
N
0.005 A =~2 TSell SO
' \\ \' \s\' ‘--\_\_’
\\. L ‘»
0.000 - ; . . — ; . ; ; ;
0.26 0.27 0.28 0.250 0.255 0.260 0.265 0.270 0.275
Error Error

Figure 1: Proxy results on the ACSIncome dataset with race as sensitive feature

ACSIncome — Age

Train Test
0.05 ‘ ® True Labels . ® True Labels
Q ® Baseline Proxy 3 ® Baseline Proxy
XN ® H-Proxy g\t‘ ® HM-Proxy
0.04 1 \i ® MSE Proxy 1 \x ® MSE Proxy
* .
2 A\ @
2 e )
5 0.03 | N ] 'Q\
g N LY
0 \ S
(=] \.\ 9 ‘\
2 0.02 4 "\ 1 SN
@ \% S LA
N N \§ o
g
0.01 A NEGRRY i Vg e
AL N
S So \\
N ) ®
0.00 1 e 1 .
0.25 0.26 0.27 0.28 0.29 0.25 0.26 0.27 0.28 0.29
Error Error

Figure 2: Proxy results on the ACSIncome dataset with age as sensitive feature

[5] Jiahao Chen, Nathan Kallus, Xiaojie Mao, Geoffry Svacha, and Madeleine Udell.

[10

[11]

2019. Fairness under unawareness: Assessing disparity when protected class
is unobserved. In Proceedings of the conference on fairness, accountability, and
transparency. 339-348.

Emily Diana, Wesley Gill, Michael Kearns, Krishnaram Kenthapadi, and Aaron
Roth. 2021. Minimax Group Fairness: Algorithms and Experiments. In AAAI/ACM
Conference on Artificial Intelligence, Ethics and Society (2021).

Frances Ding, Moritz Hardt, John Miller, and Ludwig Schmidt. 2021. Retiring
Adult: New Datasets for Fair Machine Learning. CoRR abs/2108.04884 (2021).
arXiv:2108.04884 https://arxiv.org/abs/2108.04884

Hubert Haoyang Duan. 2011. Bounding the Fat Shattering Dimension of a
Composition Function Class Built Using a Continuous Logic Connective. arXiv
preprint arXiv:1105.4618 (2011).

Cynthia Dwork, Christina Ilvento, and Meena Jagadeesan. 2020. Individual
Fairness in Pipelines. In Ist Symposium on Foundations of Responsible Computing
(FORC 2020). Schloss Dagstuhl-Leibniz-Zentrum fiir Informatik.

Marc N Elliott, Peter A Morrison, Allen Fremont, Daniel F McCaffrey, Philip
Pantoja, and Nicole Lurie. 2009. Using the Census Bureau’s surname list to
improve estimates of race/ethnicity and associated disparities. Health Services
and Outcomes Research Methodology 9, 2 (2009), 69-83.

Yoav Freund and Robert E. Schapire. 1996. Game Theory, On-line Prediction
and Boosting. In Proceedings of the Ninth Annual Conference on Computational
Learning Theory.

[12]

[13]

[14

[15

[16

(17]

(18

=
2

Maya Gupta, Andrew Cotter, Mahdi Milani Fard, and Serena Wang. 2018. Proxy
Fairness. https://doi.org/10.48550/ARXIV.1806.11212

David Haussler. 1992. Decision theoretic generalizations of the PAC model for
neural net and other learning applications. Information and Computation 100, 1
(1992), 78-150.  https://doi.org/10.1016/0890-5401(92)90010-D

Ursula Hébert-Johnson, Michael Kim, Omer Reingold, and Guy Rothblum. 2018.
Multicalibration: Calibration for the (computationally-identifiable) masses. In
International Conference on Machine Learning. PMLR, 1939-1948.

Matthew Jagielski, Michael Kearns, Jieming Mao, Alina Oprea, Aaron Roth, Saced
Sharifi-Malvajerdi, and Jonathan Ullman. 2019. Differentially private fair learning.
In International Conference on Machine Learning. PMLR, 3000-3008.
Christopher Jung, Changhwa Lee, Mallesh M Pai, Aaron Roth, and Rakesh Vohra.
2021. Moment Multicalibration for Uncertainty Estimation. In Conference on
Learning Theory. PMLR.

Adam Kalai and Santosh Vempala. 2005. Efficient algorithms for online decision
problems. . Comput. System Sci. 71, 3 (2005), 291-307. https://doi.org/10.1016/j.
jcss.2004.10.016 Learning Theory 2003.

Nathan Kallus, Xiaojie Mao, and Angela Zhou. 2022. Assessing Algorithmic
Fairness with Unobserved Protected Class Using Data Combination. Manage-
ment Science 68, 3 (2022), 1959-1981. https://doi.org/10.1287/mnsc.2020.3850
arXiv:https://doi.org/10.1287/mnsc.2020.3850

Sampath Kannan, Aaron Roth, and Juba Ziani. 2019. Downstream effects of
affirmative action. In Proceedings of the Conference on Fairness, Accountability,
and Transparency. 240-248.


https://arxiv.org/abs/2108.04884
https://doi.org/10.48550/ARXIV.1806.11212
https://doi.org/10.1016/0890-5401(92)90010-D
https://doi.org/10.1016/j.jcss.2004.10.016
https://doi.org/10.1016/j.jcss.2004.10.016
https://doi.org/10.1287/mnsc.2020.3850
https://arxiv.org/abs/https://doi.org/10.1287/mnsc.2020.3850

Multiaccurate Proxies for Downstream Fairness

[20]

[21]

[22]

[23]

[24]

N
)

[26]

[27

[28]

[29

FAccT 22, June 21-24, 2022, Seoul, Republic of Korea

ACSIncome — Sex

Train Test
0.0200 1 ® True Labels 19 @ True Labels
) N\ :
N Baseline Proxy |\ Baseline Proxy
0.0175 + L\\\.\ ® H-Proxy 1 \‘ ‘\\ ® HM-Proxy
\

001504 | N ® MSE Proxy ] \Q \\ @ MSE Proxy
:‘? 1 \\ \ \
S 001251 @ \ i e ‘»
2 \ \\ \
5 00100{ % ° . 4
s \ v e
o 0.0075 \ 1 \
- v . \

\
0.0050 { \ . "
\
0.0025 “ 1 ’
0.0000 - L . . e
0.25 0.26 0.27 0.28 0.29 0.25 0.26 0.27 0.28 0.29
Error Error

Figure 3: Proxy results on the ACSIncome dataset with sex as sensitive feature
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A A MORE GENERAL FRAMEWORK

In this section we first define a general family of fairness notions
that captures equalized error fairness (discussed in the body of
the paper), equalized false positive (negative) rate fairness, and
statistical parity, to name a few. We will then give a definition of a
proxy with respect to this general family of fairness notions. All our
techniques used to derive algorithms and generalization guarantees
for the specific case of equalized error fairness discussed in the body
of paper can be extended to work for any other fairness notion that
meets our definition in this section.

DEFINITION 5 (A GENERAL FAMILY OF FAIRNESs NOTIONS). We
say a fairness notion is defined by (E1, E2) where E; : H — 2XxY
and Ez € X x Y, if it has the following form: h € H is fair if for all
pairs of groups k1, ky € [K],

Pr[(x,y) € E1(h) | (x,y) € Ez, 2, = 1]
~ Pr [(x, y) € E1(h) | (x,y) € Ep, 2, = 1]

This is a very general class of fairness constraints that captures
(for example) statistical parity (by taking Eq(h) = {(x,y) : h(x) =
1},E; = X X Y), equalized errors (by taking E1(h) = {(x,y) :
h(x) # y},E2 = X X YY), and equalized false positive rates (by
taking E1(h) = {(x,y) : h(x) = 1},E; = {(x,y) : y = 0}), and
many others. We first make the following simple, yet important,
observation that will allow us to come up with a well-defined notion
of a proxy.

CramM 3. Given a fairness notion defined by (E1, E2), for every
k € [K], we have

Pr{(x.y) € E1(h) | (x,y) € E, 2 = 1] (12)
_ Elzl [(xy) € Ei(h) N Es]]
E [z1 [(x.y) € Ez]]

(13)
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Proor. We have

Pr[(x,y) € E1(h) | (x,y) € Ez, 2 = 1]
Prz; =1 (x,y) € E1(h) N Ey]
- Przx =1, (x,y) € E2]
_E[1[z =1]1[(xy) € E:(h) N Ez]]
~ E[L[z=1]1[(xy) € E]]
E [z 1 [(x. y) € E1(h) N Ep]]
E [z 1 [(x,y) € E2]]

]

Observe that the expression on the right hand side of Equa-
tion (12) could be evaluated even if the demographic labels z were
real valued rather than binary valued. We exploit this to be able
to evaluate these fairness constraints with our real valued proxies
z. Observe that if we have a proxy Z, such that for a particular
classifier h € H:

E (21 [(x, y) € E1(h) N Ey]]
E [z, 1 [(x,y) € E2]]
JEL2G)T [(xy) € Ei(h) N Ep]]
E [2k ()1 [(x,y) € Ex]]

Then if h satisfies proxy fairness constraints defined by the proxy

Z, i.e., constraints of the form:

E [2, (01 [(x,y) € E1(h) N Ep]|
E [2, (01 [(x.y) € E2]]
_E[&4,(01[(xy) € Er(h) N E]|
E [, ()1 [(x,y) € Ex]]
it will also satisfy the original fairness constraints with respect
to the real demographic groups z, i.e., it will satisfy the constraints
of Definition 5. If the condition of Equation (14) is satisfied for
every h € H, then the proxy fairness constraints (Equation (16))
can without loss be used to optimize over all fair classifiers in H.
With this idea in mind, we can formally define a proxy. We will
consider two different settings: 1) when there exists a distribution
over ¥ and we want our guarantee to hold with high probability
over the draw of f from this distribution 2) when we want our
guarantee to hold for every f € F.

vk € [K] : (14)

(15)

Vki,ks € [K] : (16)

(17)

DEFINITION 6 (PrROXY). Fix a distribution P over the (X x Z)
domain, a distribution Q over ¥, and a fairness notion defined by
(E1, Ez). Wesay?z is an (a, B)-proxy for z with respect to (E1, Ez, P, Q),
if with probability 1 — f over the draw of f ~ Q: for all classifiers
h € H, and all groups k € [K],

Ep [z [(x, f(x.2)) € E1(h) N Ey]]
Ep [z 1 [(x, f(x.2)) € Ez]]
_ Ep [ (01 [(x f(x,2) € Es(W) N E2]| _
Ep [2k (01 [(x, f(x, 2)) € Ez]] N
If the above condition holds for every f € ¥, we say Z is an a-proxy
with respect to (E1, Ez, P).

In the body of the paper, we showed the existence of 0-proxies
for the case of equalized error fairness, under the assumption that
z and y are independent conditioned on x. Similar derivations ap-
ply for other notions of fairness like equalized false positive and
negative rates. Here we show the existence of a proxy for statistical
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parity fairness, which requires no assumptions at all on the data
distribution.

CraiM 4 (EXISTENCE OF A PROXY). For statistical parity fairness:
E1(h) = {(x,y) : h(x) = 1} and Ez = X X Y, and for any distribu-
tion P over X x Z, 2(x) = E [z]|x] is an a-proxy with respect to
(E1,E2,P), fora =0.

Proor. Fix f € F, h € H, and k € [K]. Note that

E(xz)~p [2k(%)] = Ex~py [k (x)]
=Expy [E [2x | x]] = E(x,z) [2£]

Also,
E(xz)~p [2k(0)1 [(x, f(x,2)) € E1(h)]]
=Ex~py [E [z [x] T [h(x) = 1]]
=Expy [E [z [h(x) = 1] |x]]
=E(xz) [z 1 [h(x) =1]]
=E(xz) [z 1 [(x, f(x,2)) € E1(W)]]
completing the proof. O

Modelling the Proxy Learner (PL).. In the body of the paper we
derived the problem of the proxy learner for the special case of
equalized error fairness. Similarly, and more generally, we can
write down the corresponding optimization problem of the PL for
a fairness notion defined by some (Eq, E3). Recall that we assume
the PL has access to a data set, which consists of two components:
1) S = {(xi, i)}/, which is a sample of n individuals from X x Z
represented by their non-sensitive features and sensitive attributes.
2)F = {f; ;": 1 Which is a sample of m labeling functions (or learning
tasks) taken from . The PL does not observe the actual functions
fj € F but instead observes the realized labels of functions in F on
our data set of individuals S: Y = {y;; = fj(xi, zi) }i,j. Given these
data sets, the empirical problem of the PL can be formulated as: for
all k, solve

n
i e~ )’
s.t. Vj e [m], Vhe H,
Szl [ (xi,yij) € E1(h) N Ey] (18)
>zl [(xi,yij) € Bz
B Z?:I Zp(x)1 [(xi, yij) € E1(h) N Ez]
T3 G [(xiyi)) € Eo
which gives us a decomposition of learning Z = (21, ..., 2x) into
learning each component Z; separately.

B LEARNING A LINEAR PROXY

Our follow-the-perturbed-leader based algorithm can handle an
arbitrary proxy class G, so long as we have an oracle for optimizing
over it. But the algorithm can simplify substantially when the primal
optimization problem is convex in its parameters, as it is when we
choose G to be the set of linear proxies. In this section we consider
the case in which z(x; 0) is a linear regression of x on the true
sensitive features z, taking the form Z(x; 6) = 0x. Because both
Z and its negation are convex in 6, we can find such a proxy by
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ALGORITHM 2: Online Projected Gradient Descent
Input: learning rate 5
Initialize the learner 6! € ©;
fort=1,2,...do
Learner plays action 6?;

Adversary plays loss function ¢¢;

Learner incurs loss of ££(6%);

Learner updates its action: 0'*! = Projg (6! — nV¢%(6"))
end

implementing a two-player game in which the Proxy Learner uses
Online Projected Gradient Descent, and the Auditor best responds
by appealing to an oracle over H, as in Algorithm 1. We summarize
Online Projected Gradient Descent below.

Online Projected Gradient Descent. Online Projected Gradient
Descent is a no-regret online learning algorithm which we can
formulate as a two-player game over T rounds. At each round
t < T, a Learner selects an action 6! from its action space © C
R4 (equipped with the Ly norm) and an Auditor responds with
a loss function £/ : ® — Rsg. The learner’s loss at round ¢ is
£4(6%). If the learner is using an algorithm A to select its action each
round, then the learner wants to pick A so that the regret R4 (T) :=
Zthl £4(6%) — mingcg Zl.Tzl £1(0) grows sublinearly in T. When ©
and the loss function played by the Auditor are convex, the Learner
may deploy Online Projected Gradient Descent (Algorithm 2) to
which the Auditor best responds. In this scenario, each round t, the
Learner selects §*1 by taking a step in the opposite direction of
the gradient of that round’s loss function, and 0+l is projected into
the feasible action space ©. Pseudocode and the regret bound are
included below.

THEOREM 6 (REGRET FOR ONLINE PROJECTED GRADIENT DESCENT
[29]). Suppose® C R? is convex, compact and has bounded diameter
D:supg g/ @ 1160 — 0'll; < D. Suppose for all t, the loss functions €'
are convex and that there exists some G such that ||Vt’t(~)H2 < G. Let

A be Algorithm 2 run with learning rate n = D/(GVT). We have
that for every sequence of loss functions (£1, €2, ..., ¢T) played by the
adversary, R (T) < GDVT.

Specifying and Solving the Linear Program. Many aspects of our
setup for Algorithm 1 are shared here. In particular, we once again
focus on solving the minimax problem (10) by viewing it as a two
player zero sum game. The primal player (the Learner) controls pg,
but this time explicitly through the parameter 8, and the dual player
(the Auditor) controls A. We continue to utilize no-regret dynamics;
now, however, the Proxy Learner plays Online Projected Gradient
Descent, and the Auditor with strategies in A = {1 = (Ao, 1) € RY
[do] < Co,1IA" = (Apj)n,jll1 < C} best responds by appealing to a
cost sensitive classification oracle over the class H (CSC(H)). Upper
bounds (Cy and C) on the dual variable components are again set
to guarantee convergence.

Our algorithm is described in Algorithm 3 and its guarantee is
given in Theorem 7. The algorithm once again returns a distribution
over G, but because Z is now convex in 8, we can simply return an
average over 0 as our final model. This is the approach we take in
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our experiments. In contrast to the previous algorithm, the Auditor
calls upon CSC(H) to maximize the exact costs without additional
noise. Note that in practice, we need to use a heuristic to estimate
CSC(H), as such an oracle is generally not available in practice;
more information is given in Section 6.

ALGORITHM 3: Learning a Linear Proxy
Input: Data set {x;, yij, zi}|-,Vj € [m], target proxy
parameter «, upper bound M on proxy values, upper
bound B on magnitude of proxy gradient values,
groups k € [K], dimension of parameter vector d,
diameter of © space D;
Set dual variable upper bound: C =
[(Mz(l +nM) +2a X1z (1+ nM))_l) /(a > zik) 1
Set iteration count:
alD(1+nM)(2M3+n<:13(2;’:1 z,»k)’l) 2
@z ’

fork=1toK do
fort=1toT do
Set n =t’1/2;
h*,j*:

argmax |27 (zix — 25 (xi:0)) 1 [h(xi) # yij ] ;
heH,je[m]

if | 20 (zik — 2 (xi3 ) 1 [1* (x3) # yije | | >

|27:iik(x_i;0k) _ 1| then
i=1 ik

‘ Ah*,_]* = C

sigh 27 (zik — 2k (xi3 0p)) 1 [h* (i) # yij+ |
end
else
. D 2k (xi0k)

‘ Ao = C - sign (—7:1 o 1)
end
Set all other A to 0;

SL _

50 = 23 Vot (xis 0) - (Zx(xis k) — zip) +
ity Vo 2k (xis0k)
/10 Z?:] Zik )
A o Ty Vo2 (xis 0T [R* (xi) # wije |5
(t+1) _ (1) t 8L .
O =07 — 1" 5p

end
end
Output: p = uniform distribution over {2(-; 81),....2(:; 0Ty}

THEOREM 7 (LEARNING A LINEAR a-PROXY). Fix any a. Suppose H
has finite VC dimension, and G has finite pseudo-dimension. Suppose
A(G)K contains a 0-proxy. Then given access to oracle CSC(H),
Algorithm 3 returns a distribution p € AN(G)K such that 2(x) £

EgNﬁ [g(x)] =(1/T) Zthl Z¢(x) is an a-proxy.
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ProoFr. We begin by upper bounding the Ly norm of the gradient

2 < X X

- Z Vo, 2k (xi5 0k) - (2 (xi5 0k) — zixc)
i=1

. >y Vo, zi (xi; 6k)

Z;Ll Zik

IVoL(A, 0|l =

+A

n
D g Ve k(x0T [h(x) # yij]

heH, je[m] i=1

<

2 ¢ R .
o Z Vo 2k (xis ) - 2k (xi3 O)
i=1

21 Vo 2k (xi 0)

+ A()
er'lzl Zik

n
D g Ve k(x0T [h(x) # yij]

heH, je[m] i=1

fseen| )

i=1 %ik

Applying Theorem 6, with appropriate choice of 1 (derived be-
low), we bound the Proxy Learner’s average regret over T rounds:

1
Rr _ sWPogealld -0,V _ 4D (2MB+nCB (gl ))

T T - VT

Setting

2
1
T > d*D? (ZMB +nCB (n—)) /€
i=1 %ik
D

Yy (2MB+ nCB (ﬁ)) T

we have that RTT < €. Because the Auditor plays a no-regret strat-
egy, we apply Theorem 1 to assert that the mixed strategy p (and
corresponding empirical distributions over A visited by the Auditor)
form an e-approximate equilibrium.

Now we will show that an approximate solution to the game
corresponds to an approximate solution to the Program (7). First,
we consider some Z(-; 0*) that is a feasible solution to Program (7),
and 1 is an e-approximate minimax solution to the Lagrangian
game specified in Equation (8).

Now we will analyze the case in which we have a solution 2(+; 0)
that is an e-approximate solution to the Lagrangian game but is
not a feasible solution for the constrained optimization problem (7).
This must be because some constraint is violated. Let & be the
magnitude of the violated constraint, and let A be such that the dual
variable for the violated constraint is set to C. By the definition of
an e-approximate minimax solution, we know that

L(6,4) > L(6,2) > ! Z (Zik — 21 (x1501))% + CE— €
n i=1

Then,
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n
% Z (zik — 25 (xi30p))2 + CE < L(6,A) + € < L(6*, 1) + 2¢
i=1

n

Z (Zik — 25 (xis 9;))2 + 2€

i=1

<

S|

Because
1 5 2 2
=) (a2 0)° < M
i=1

C& > M? + 2¢. Therefore, the maximum constraint violation is
no more than Mzgze. Setting C = @, we that Z(+; é) does not
violate any constraint by more than e.

The last step is to transition from an e-approximate solution to
the linear program to an a-proxy. Setting € = % as outlined
at the beginning of the section, gives us an a-proxy. Therefore, the
number of rounds T that we require is

2
d’D? (2MB +nCB (%))
i=1 %ik

T >
(azi":lzik)z

1+nM
with dual variable upper bound

2 a Z?:l Zik
M” +2 1+nM
o Z?:l Zik
1+nM

C >

]

C ADJUSTMENTS FOR STATISTICAL PARITY

When we want to use statistical parity as our fairness notion, we
can just create a dummy label y; = 0 for all i and only have one
label per sample and then run the Algorithms 1, 5, and 3 as normal.

Alternately, because the condition of being a good proxy with
respect to H for statistical parity (essentially) maps on to a multi-
accuracy constraint with respect to H, we can obtain a good proxy
by running the algorithms of [14, 22]. This is because unlike mul-
tiaccuracy for error regions as we study in the body of the paper
(membership in which requires evaluating whether h(x) # y),
whether or not A(x) = 1 can be evaluated at test time for any
h € H, since it does not make reference to the unknown label y.
The advantage of this approach is that the algorithms of [14, 22]
optimize over linear combinations of functions h € H, which they
prove by construction always contain a feasible solution. This re-
moves the need to assume that the class we optimize over contains
a good proxy.

D MISSING MATERIAL SECTION 2

CrLamm 5. For everyk € [K], we have

E [z, 1 [h(x) # y]]

Prlh() #ylze =11 = =55

(19)
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Proor. We have
Pr(zx = 1, h(x) # y]
Pr(z =1]
_E[1 [z =1]1 [h(x) # yl]
- E[1 [z =1]]
E [z 1 [h(x) # y]]
E [2]

Prih(x) #ylze =1] =

]

CLAIM 6 (EXISTENCE OF A PrOXY). For any distribution P over
X X Z, 2(x) = E[z]| x] is an a-proxy with respect to P, for a = 0,
provided that z and y are independent conditioned on x.

Proor. Fix f € F, h € H, and k € [K]. We have that

E(x,z)~p [2k(0)] = Ex~py [25(%)]
=Expy [E[z¢ [x]]
=EB(xz [2]
Also, note that y = f(x, z), and that

E(x2)~p [2k(0)1 [A(x) # f(x,2)]]

= B(xz) [E [z ] L [h(x) # y]]

= B(x) [E [z L [h(x) # y] |x]]

=E(xz) [z 1 [h(x) # y]]

=E(xz) [z [h(x) # f(x,2)]]

completing the proof. The second equality holds because of the
assumption that conditional on x, y and z are independent. O

E MISSING MATERIAL SECTION 3

E.1 Casting the PL’s problem as a Linear
Program

In this section we provide more details as to how the problem of
PL can be cast as a linear program with finitely many variables and
constraints. The high level idea is that on a given finite data set S,
we can reduce the sets H and G to ones that have finitely many
elements. Here we will use definitions and tools (such as covering
sets and numbers) from Subsection G.1.

In the first step, note that we can reduce the entire H to H(S) =
{(h(x1), h(x2), ..., h(xn)) : h € H} which includes all possible
labelings induced on S by any function in . We then have that, as
long as H has finite VC dimension, |H(S)] is finite. In particular

LEMMA 1 (SAUER’S LEMMA). If H has finite VC dimension d, then
for any data set S of size n, we have |H(S)| = o(n9).

We therefore get a linear program with finitely many constraints.
Second, we can apply similar techniques to reduce the entire func-
tion class G to a set that has finitely many functions, implying
we will get a linear program with finitely many variables. Since
functions in G are real-valued, we take G¢(S) to be an e-cover of G
with respect to S and the d; metric (we use N (e, G(S), d1) notation
in Subsection G.1), for some € appropriately chosen later on. What
this implies is that for any Z; € G, there exists z; € Ge(S), that
satisfies

= i) — ) < € (20)
i=1
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on the data set S, and furthermore, as long as G has finite pseudo-
dimension, we know by Lemma 8 that G (S) is finite. In particular,
if G has pseudo dimension d, then |G (S)| = 0(e™?). Now given
that our target proxy approximation parameter is , and using the
guarantee of Equation (20), we can choose € = O(«) and optimize
over (distributions over) Ge (S) which will guarantee that we have a
linear program with finitely many variables (which are probability
weights over functions in Ge(S5)).

E.2 Derivation of Linear Program

In this section, we derive a relationship between the slack of an
approximate solution to Program 7 and the level of approximation
(), that we seek in a proxy. First, we rewrite Program 7 in the
following way: For some group k and labeling j:

n n

ka(xi)]l [h(xi) # yij] - Zzikﬂ [h(xi) # yij] =0

i=1 i=1

er'lzl ék (xi)

-1=0
Z?:1 Zik

Then for any € > 0, we will derive an algorithm to find Z; such that
the constraints are satisfied up to at most € slack:

ka(xi)ﬂ [h(xi) # yij] - Zzik]l [h(xi) #yij]| <€ (21)
i=1 i=1
‘—Zgjkz(if) - 1‘ <e (22)

Note that the second inequality gives us the following multiplicative
guarantee, which will be useful later on:

(1-e) )z < ) b)) < (1+€) Yz (23)
i=1 i=1 i=1

We use these transformations to show how an approximate solu-
tion to Program 7 corresponds to an approximate proxy, formalized
in the Lemma statement below.

LEMMA 2. For a fixed data set S, Z is an o proxy for z if it is an
e-approximate solution to Program 7, with

_ 0‘2?:1 Zik
1+nM

Proor.

Sz [hGx) # yij] ~
Z?:l Zik

sl [h(x) # yij]
Z;Ll 2 (xi)
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If the first term is larger than the second term, we can bound the
difference as follows

Szl [h(x) # yij] X A ()l [h(xi) # yij]

> zik X Z(xi)
o Xz [hGa) #yy] X 2eGa) T [RGa) # g
- Z?:l Zik (1+¢) Z?:l Zik
= Z";Zk (Z zicl [h(xi) # yij]
i=1%ik \i=
" 4G [h(x) # yij)
(1+e)

n n

= 5o (Z zud [h(xi) # yij| - Z:ik(xi)]l [A(xi) # yij]

Zits Zik i=1 im1
€ n
+m ;ik(xi)]l [h(xl) * yl]])

1
< =7 (e+enM)
i=1 %ik

1+nM
=y €

2 i=1 %ik
The first inequality follows from Equation (23). The second inequal-
ity follows from Equation (21), and the fact that Z; (x;) < M. The
same bound holds if the second term is bigger than the first term.
So we have that,

>zl [h(xi) # yij ~ " ()L [h(x) # yij)

2 Zik Yimq 2k (xi)
1+nM
i=1 “ik

Therefore, in order to produce an a-proxy, we need to find a 2
satisfying constraints (21) and (22) up to slack:

_ @ Z?:] Zik
1+nM

E.3 Derivations of Costs

Given an action Zj. of the Learner, we write LC(Z) for the n X m
matrix of costs for labelling each data point as 1, where LC;(-)
indicates the column of costs corresponding to the choice of labels
y.j. When we want to enforce equal group error rates, we can define
the costs for labeling examples as positive (h(x) = 1) as a function
of their true labels y; ; as:

(xi,yij) = 0 (24)
! (xiyij) = (zig — 2(x)) (1 [yij = 0] = L [ysj =1])  (25)

E.4 Proof of Theorem 2

LEMMA 3. Let T be the time horizon for Algorithm 1. Let Pli X
Q}C, Pfc X Qltc be the sequence of distributions maintained by the
Auditor’s FTPL algorithm and 211<’ 2,{ be the sequence of plays by
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the Learner. Then
T T
> Erpixgr Lz )] —min } L(E. )
t=1 i=1

<2 (n3/2CM+C0:—M) VT
i=1 %ik

Follow the Perturbed Leader. Follow the Perturbed Leader (FTPL)
is a no-regret learning algorithm that can sometimes be applied -
with access to an oracle - to an appropriately convexified learning
space that is too large to run gradient descent over. It is formulated
as a two-player game over T rounds. At each round t < T, a learner
selects an action a’ from its action space A C {0, 1}¢, and an auditor
responds with a loss vector ¢! € R4 The learner’s loss is the inner
product of ¢ and a’. If the learner is using an algorithm A to
select its action each round, then the learner wants to pick A so
that the regret R4 (T) := Zthl (£, a"y —mingey Zl.Tzl (%, a") grows
sublinearly in T. Algorithm 4 accomplishes this goal by perturbing
the cumulative loss vector with appropriately scaled noise, and then
an action is chosen to minimize the perturbed loss. Pseudocode and
guarantees are stated below.

ALGORITHM 4: Follow the Perturbed Leader (FTPL)
Input: learning rate n
Initialize the learner a! € A;
fort=12... do

Learner plays action a

t.
>

Adversary plays loss vector ¢;
Learner incurs loss of (¢?, a’). Learner updates its action:

at*! = axgmingen {(Zoze €%,0) + 5 (€ a)}
where & ~ Uniform ([O, l]d), independent of every

other randomness.

end

THEOREM 8 (REGRET OF FTPL [17]). Suppose for all t,
¢t e [-M,M]9. Let A be Algorithm 4 run with learning rate n =
1/(MNdT). For every sequence of loss vectors (¢', 6%, ..., ¢T) played
by the adversary, E [R#(T)] < 2Md3/2\T, where expectation is
taken with respect to the randomness in A.

Proor. We appeal to Theorem 8 to bound the regret of the Au-
ditor, and set the parameter d in the theorem to n (the dimension
of our linear program). To do so, we examine the maximum abso-
lute values over the coordinates of the two loss vectors. For any
Z(x)i € G, the absolute value of the i-th coordinate of LC;(Z(x))
is bounded by:

111 (zire = 21 (x)) (1 [yij = 0] = 1 [yij = 1]) <CM

while the absolute value of AO(M — 1) is bounded by

Z?:] Zik
nM
CO 2?:1 Zik

: _ 1 1 ’_ 1 1 .
Choosing n = &7/ 77 and n’ = W\/; causes the Audi-

i=17%i
tor’s regret to be bounded by 2(n®2CM + Cy Z'{W;k YVT. O

i=1~1
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LEMMA 4. Fix any £,6 € (0,1). Let AL AW be W iid draws
from P X Qg, and Py X Q. be the empirical distribution over the

realized sample. Then with probability at least 1 — % over the random
draws of A’s, the following holds:

s (Rax |E,1~p£xQAI!CL(Z(x)k’A) ~Epptxot LEX) D < €

K
n?C*M? log 25

as long as W > 2

ProOF.

Epptxgt LE®)k A) = Bpop, L2k )
n

Mg Y Grelxn) = zi) 1 [h(xi) # ]

i=1

=) pxor

Ah,j (fk(xi) -zl [h(xi) * yij])}
i=1

+Eprxor

= 2 ) =2 (Bppregy [Mngt [h) # iy
i=1

~Ep-pxg A1 [A(xi) # yij])

< nCM % Z

Vet

1 [h(xi) # yij] ~Ep.or 1 [h(xi) # yij]

We apply the additive Chernoff-Hoeffding Bound (Theorem 12)
to solve for W:

1 [Ag,; # 0] 1 [A(x:) # yij]

PnCM%Z Z

v ed! hetl jelm]

> 1 [Any # 0] 1 [hGx) # ] || > &
heH,je[m]

SPnCM%Z Z

¥ ey hetl jelm]

Bigl ),

heH,je[m]

YD)

,Vle heH, je[m

- E)L’XQIZ Z

heH,je[m]

§ 2
2 2= W
P ( nCM)
If we want this probability to be no more than ¢ for any k, we

202 12 o &
n?C*M?log §
_2§2

- EA/NQIZ

1 [ A # 0] 1 [ACxr) # yij]

1 [Ap; #0] 1 [h(xi) #yij] || > &

]1 [, # 0] 1 [h(xi) # yij]

¢

1 [Ah,j #0] 1 [h(xi) # yij]| > oM

IA

apply a union bound and see that we need W > O
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LEMMA 5. LetT be the time horizon for Algorithm 1. Let D1, ..., P]ix
Q]tc be the sequence of distributions maintained by the Auditor’s FTPL
algorithm. For each Pt X Qt let Pt X Q]’; be the empirical distribution
over W i.i.d drawsfrom P]tc X Qk' LeAt 2]1(,
Pli X Qltc' Then, with probability 1 — 6,

X 2; be the Learner’s best
responses against P]i X QA}(

T T
max " By_ptor [L( D] = ) Byoprgr [L(2E D]
t=1

2€G 15

n2C2M2 log L
< T\/ T 08
7%

ProoOF. Let y} , be defined as:

Vik = WX 1By prigr L(Ek2) = Eoprgr Lz 1)

From Lemma 4 and applying a union bound across T steps, we
have that with probability at least 1 — &, for all t € [T] and k € [K]:

2020 [2 TK
o< /nCM log 55
Lk = w

THEOREM 9 (a-PROXY FOR m LABELING FUNCTIONS TAKEN FROM
F). Fix any a, and 8. Suppose H has finite VC dimension, and G has
finite pseudo-dimension. Suppose A(G)K contains a 0-proxy. Then
given access to oracles CSC(H) and ERM(G), we have that with
probability at least 1 — &, Algorithm 1 returns a distribution p €

AG)K such that 5(x) £ EgNﬁ [g(x)] = %ZtT:

Proor. We have seen that the Auditor’s average regret for the
sequence P/i X Qllc’ PkT X Qltc is bounded by:

]

1 2t (x) is an a-proxy.

T T
l At . ~t
Yak =7 Z B)-pixof [L(Z, A)] — min Z} L(2}.2)

( 3/20M + Cy
<

- VT
The Learner’s average regret, with probability 1 — § is bounded
by

Z,]i)

By Theorem 1, we know that the average play ( Py Xék, %) forms
an (y4 x + yrk)-approximate equilibrium. Then y4  +yr i < €if

252 2(n3/2CM+Cg 72,,"1‘4
n*C*M log( and T >

Now we will show that an approximate solutlon to the game
corresponds to an approximate solution to the Program 5.

Because we assume that there is a 0-proxy in G, we may consider

we choose W >

some 2;2 that is a feasible solution to Program (5), and Ais an e-
approximate minimax solution to the Lagrangian game specified in
Equation 8.

Next, consider a proxy 2 that is an e-approximate solution to the
Lagrangian game but is not a feasible solution for the constrained
optimization problem 5. This must be because the Ay constraint is
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violated, a Ay, ;j constraint is violated, or both. Let & be the maximum
magnitude of the violated constraints, and let A be such that the dual

variable for the violated constraint is set to Cy and C respectively.

By the definition of an e-approximate minimax solution, we know
that

e d) > Uad) > 1 05 (o 2kl + (Co+ OO e

Then,

S (e = 2 )+ (Co+ OF
i=1

<L M) +e

< L(2%, 1) +2¢

Because %Z;’zl (zik — 25(x))? < M?, (Co + O)¢ = M? + 2e.

2
Therefore, the maximum constraint violation is no more than jgoizce .
2 A .
Setting Co + C = M :26, we guarantee that Z(x); does not violate
any constraint by more than e.

The last step is to transition from an e-approximate solution to

a Z?:l Zik
i We see

the linear program to an a-proxy. Plugging in € =
(1+nM)*n*C*M? log (LX)
(a v Zik)2
2(1+nM)n5/4(CM+C0 oM )
Liti Zik _ M?(1+nM)
a iy Zik »and € = Co 2 2ayp, z T
Algorithm 1 produces an a-proxy for the sensitive attribute z.
]

that choosing W >

>

T >

F MISSING MATERIAL SECTION 4

For clarity, we expand the linear program that we aim to find an
approximate solution to with Algorithm 5 and then write out the
corresponding Lagrangian dual.

. 1 & A ,
minimize — Es _ -
pkEAZg n; spre | Zik = 2 (x0))?]
"By, [f(xi
subject to 21 anPk [2k ()] 1o,
2iz1 Zik (26)
n
3 (aik = Ezyepy L)) - [gCx020) = 1] = 0,
i=1
VgeHoF
=S (zik = 2(x1))’
o= Z‘Eﬁk”’ T 27)

+Ezp~pr n

i=1 Rik

[AO (Z?=1 ik(xi) _ 1)

Y Ay () =z 1 lg(x) = 1]

geHoF  i=1
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We need only minimally alter Algorithm 1 to find an approximate
solution to this game. Rather than call on CSC(H) to find the most
violated constraint of Program 7, we call on CSC(H & F), using the
cost for labeling g(x;) = 1:

(x;) =0, ' (xi) = (zik — 2k (x1)) (28)

ALGORITHM 5: Learning a Proxy for an Entire Function
Class
Input: Data set {x;, yij, zi}|-,¥j € [m], target proxy
parameter «, target confidence parameter &, upper
bound M on proxy values, groups k € [K]
Set dual variable upper bounds:
C=Co=(M*(1+nM)[2a T zi) + 1;
Set iteration count:

T= {\/2(1 +nM) (n3/2CM+Co nM )/0{ > zik w;

Z?:] Zik
Set sample count:
2
W= [(1 + nM)2n2CM? log(ZK) /(@ T, 24t };
Set learning rates of FTPL: n = ﬁ, [% ,n = ch‘g;ziz\/lrk %;
fork=1toK do
Initialize 22 =0;
fort=1toT do
Sample from the Auditor’s FTPL distribution;

forw=1toW do
Draw a random vector ¢ uniformly at random
from [0, 1]";
Use the oracle CSC(H @ ¥) to compute: ;
t
g™t =

argminge g~ Sor<r KLC(EL ), )1+ 1 (E™, g):

Find sign of A;f;ft :

gt =21 [(LC(zlz), gty > o] Y
Let A’ be defined as
A;v,t — qw,t x C1 [g — gw,t];

end
Let QA”; be the empirical distribution over A’";
Set distribution over Af : P} = Co (2Bern(p’) - 1)

where pltC =
coor o r B k(X)) [Z?;l Zi(xi) ] .
min(1, -’ ( ST o 1)1 ST 1<0]);
The Learner best responds:
2, = argming, EANPI,(XQAI,CL(.%;C, A) by calling
ERM(G).
end

end
Output: p = uniform distribution over {21,,..,2T}

THEOREM 10 (a-PROXY FOR THE ENTIRE ). Fix any a, and §.
Suppose H and F have finite VC dimension, and G has finite pseudo-
dimension. Suppose A(G)K contains a 0-proxy. Then given access to
oracles CSC(H & F) and ERM(G), we have that with probability at
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least 1 — 8, Algorithm 1 returns a distribution p € A(G)X such that
2(x) = Ey.p [9(x)] = (1/T) Zthl Z¢(x) is an a-proxy.

Proor. It suffices to observe that Algorithm 1 reduces to Algo-
rithm 5 if we replace CSC(H) with CSC(H & F) and consider one
vector of dummy labels, y;;, where j = 1and y;; =0 foralli. O

G GENERALIZATION THEOREMS
G.1 Probability and Learning Theory Tools

We first provide necessary tools and backgrounds we will need to
prove our generalization theorems, starting with the definitions of
VC dimension, pseudo dimension, and fat shattering dimension. All
of these tools and definitions are taken from standard literature on
learning theory (see for e.g. [13]).

DEFINITION 7 (VC DIMENSION). Let H C {h: X — {0,1}} be
a class of binary functions. For any S = {x1,...,xp} C X, define
H(S) = {(h(x1),...,h(xpn)) : h € H}. We say H shatters S, if
H(S) = {0,1}", ie., if H(S) contains all possible labelings of the
points in S. The Vapnik-Chervonenkis (VC) dimension of H is the
cardinality of the largest set of points in X that can be shattered by
H. In other words,

VCdim(H) = max{n : 3S € X" such that S is shattered by H}
If H shatters arbitrarily large sets of points in X, then VCdim(H) =

0.

We have that VC dimension of any hypothesis class is bounded
by the log size of the class.

Fact 3. If|H| < oo, then VCdim(H) < log(|H|).

DEFINITION 8 (PSEUDO DIMENSION). Foranyr € R,

define sign(r) =1 [r > 0], foranyr = (r1,...,rp) € R",

define sign(r) = (sign(r1),...,sign(rn)), for any T C R", define
sign(T) = {sign(r) : r € T}, forany T C R™ andr’ € R", define
T+r' ={r+r’" :r eT} LetF C {f : X = R} be a class of
real-valued functions. For any S = {x1,...,xp} C X, define ¥ (S) =
{(f(x1),....f(xn)) : f € F}. Wesay F shatters S if there exists
r € R™, such that sign(F (S) + r) = {0, 1}". The pseudo dimension
of F is the cardinality of the largest set of points in X that can be
shattered by F . In other words,

Pdim(F) = max{n : 3S € X" such that S is shattered by F }

If F shatters arbitrarily large sets of points in X, then Pdim(F) = oo.
Pseudo dimension generalizes the notion of VC dimension:
Fact 4. IfH € {h: X — {0,1}}, then Pdim(H) = VCdim(H).

DEFINITION 9 (FAT SHATTEING DIMENSION). Let ¥ C {f: X —
R} be a class of real-valued functions. Lety > 0. We say F y-shatters
a set of points S = {x1,...,xp} C X if there existsr € R" such that
forallb € {-1,+1}", there exists f € F satisfying: b;(f(x;)+ri) >y
foralli € [n]. The fat shattering dimension of ¥ at scale y is the
cardinality of the largest set of points in X that can be y-shattered by
F . In other words,

faty(F) = max{n : 3S € X" such that S is y-shattered by T}
IfF y-shatters arbitrarily large sets of points in X, then fat,(F) =

[SeB
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The fat shattering dimension is always less than (or equal to) the
pseudo-dimension.

Fact 5. For every function class ¥ and every y, fat,(¥) <
Pdim(F).

We now state some useful tools from probability theory:

THEOREM 11 (MARKOV’S INEQUALITY). Let X be a nonnegative
random variable. We have that for every a > 0,

E[X]
a

Pr[X >a] <

THEOREM 12 (ADDITIVE CHERNOFF-HOEFFDING). Suppose P is a
distribution over [0, 1]. Fix any €. We have that for every § > 0, with
probability at least 1 — § over the draw of S ~ P",

[Ex~p [x] = Ex~s [x]| < €

provided that
n> log (2/6)
2€2
THEOREM 13 (MULTIPLICATIVE CHERNOFF-HOEFFDING). Suppose
P is a distribution over {0, 1}, and let p = E,.p [x]. Fix any e. We
have that for every § > 0, with probability at least 1 — § over the
draw of S ~ P,

(- p<Exslx]<(1+e)p
provided that
. 2log (2/6)
> —,uez
Here we state standard uniform convergence bounds for function

classes of bounded (VC, pseudo, fat shattering) dimension:

THEOREM 14 (BoUNDED VC DIMENSION = GENERALIZATION).
Let P be a distribution over some domain X. Suppose H C {h: X —
{0, 1}} is a hypothesis class with VC dimension VCdim(H) = d. Fix
anye € [0,1]. Letc : X — {0, 1} be an arbitrary function. We have
that for every § > 0, with probability at least 1 — & over the draw of
S~ P,

;u};{IExw [T [h(x) # c(x)]] = Ex~s [A(x) # c(x)]| < €

provided that, for some universal constant ¢,

n> ¢’ (dlog (n)ez- log (1/6))

THEOREM 15 (BOUNDED PSEUDO-DIMENSION => GENERALIZA-
TION). Let P be a distribution over some domain X. Suppose ¥ C {f :
X — [0, M]} is a function class with pseudo-dimension Pdim(F) =
d. Fix any € € [0, M]. We have that for every § > 0, with probability
at least 1 — § over the draw of S ~ P",

sup [Ex~p [f(x)] —Ex~s [f(x)]| <€
fexr

provided that

. 64M? (2d log (16eM/e€) +log (8/6))
n
> =
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THEOREM 16 (BOUNDED FAT SHATTERING DIMENSION = GEN-
ERALIZATION). Let P be a distribution over some domain X. Fix any
€ € [0, M]. Suppose F C {f : X — [0, M]} is a function class with
fat shattering dimension d of scale €/8: fatc/3(F) = d. We have
that for every § > 0, with probability at least 1 — & over the draw of
S~Pn,

sup [Ex~p [f(x)] —Ex-s [f(x)][ <€
feF

provided that

. 32M2 (dlog (16n/ed) log (8/c) + log (4/5))
> =

Here we state some known results on the complexity of compo-
sition of two function classes:

LEMMA 6 (XOR oF Two VC crassEgs [8]). Let H C {h: X —
{0,1}} be a class with VC dimension dgy, and ¥ € {f : X — {0,1}}
be a class with VC dimension dg Let H® F = {(h&® f) : h €
H,f € F} where (h® f)(x) = h(x) & f(x) = 1[h(x) # f(x)]
(XOR). Let d denote the VC dimension of H & F. We have that
d < 10max {dg, d7}.

We combine Fact 5 and Theorem 6.4 of [8], to get a bound on
the fat shattering dimension of the product of two function classes.

LEmMA 7 (PrRODUCT OF TWO PpIM CLASSES). Suppose F1 C {f :
X — [0,M]} and F2 € {f : X — [0,M]} are two function classes
with pseudo-dimension di and dy, respectively. Define the product
classF ={fs f, : fi € 1, f2 € T2} where ff, 5, : X — Ris defined
by fr.p(x) = fi(x)f2(x). We have that for every y, fat,(F) =
(0] (d1 + dz).

Finally, we give the definitions of the covering sets and covering
numbers for a function class:

DEFINITION 10 (6-COVER AND €-COVERING NUMBER). Let (A, d)
be a metric space. A set C C A is said to be an e-cover for W C A
with respect to the metric d, if for every w € W there existsc € C
such that d(w, c) < €. We have that the e-covering number of W with
respect to d is

N (e, W,d) = min{|C| : C is an e-cover for W w.r.t. d}

DEFINITION 11 (COVERING NUMBER OF A FUNCTION CLASS). Let
F C {f : X > R} be a class of real-valued functions. We have that

N (e, F,n) = Srreuj\))i N (e, F(S),d1)

where forS = {x1,...,xn}, F(S) ={(f(x1),.... f(xn)) : fEF} C
R", and that d is the following metric over R":

n
1
vr,r' €eR": dy (rr') = —Z lri — ]|
n
i=1
LEMMA 8 (BOUNDED PSEUDO-DIMENSION = BOUNDED COVER-

ING NUMBER). Let F C {f : X — [0, M]} be a class of real-valued
functions such that Pdim(F ) = d. We have that for every e € [0, M],

and every n,
1 d
N (e, F,n) =0 (2)
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G.2 Proofs of Generalization Theorems

We are now ready to prove our generalization theorems.

THEOREM 17 (GENERALIZATION OVER P). Fix any € and d. Fix a
distribution P over X X Z. Suppose Pdim(G) = dg, VCdim(F) =
dg, and VCdim(H) = dgy. We have that with probability at least
1— 6 over S ~ Pm, every Z that is an a-proxy with respect to the
data set S is also an (a + €)-proxy with respect to the underlying
distribution P, provided that

5 (MZ (dg +max {dgg, dg} +log (K/5)) )
n=
up (min {1, g })° €2

where

p = min IEj’(x,z)~7) (2],

1<k<K pg = inf { min B ;) p [ék(x)]}

zeG |1<k<K

Proor. We first provide uniform convergence bounds for every
four expectations appearing in the definition of a proxy (see Def-
inition 6). We use & throughout to denote the XOR function: for
a,b e {0,1},adb =1 [a # b].Fixany € > 0 andany d € [0, 1]. First,
we have by an application of Multiplicative Chernoff-Hoeffding
bound (Theorem 13) that, with probability at least 1 — § over the
draw of S ~ P", for every k € [K],

(1-e) IE3"(x,z)~$D [z] < E(x,z)~5 [zr] < (1+¢€) E(x,z)~P [2k]
as long as
o (log (K/5>)
pie?
Second, we have by standard uniform convergence bounds for
function classes of bounded pseudo-dimension (Theorem 15) that,
with probability at least 1 — 6 over the draw of S ~ P, for every
k € [K] and every 2} € G,
(1-¢) IE'(x,z)~P [Z(x)] < IE5'(x,z)~5 [2x (x)]
S (1+6)E(xz)~p [2k(x)]

so long as

o [ M (dg log (M/e) +log (K/5))
p; €2
Third, we want to find a uniform convergence bound for
E(x,z)~s [zk1 [A(x) # f(x,2)]]. Fix any k. Forany h € H and f €
¥, define the XOR function h® f : X X Z — {0,1} as (h &
)(x,2) = h(x) & f(x,2), and let g : X x Z — {0,1} be defined
as gx (x, z) = zj.. Note that we can write

21 [h(x) # f(x.2)] (29)
= 21 [h(x) @ f(x.2) = 1] = 1 [g(x.2) - (h® f)(x.2) = 1]
(30)

Define H®F ={h® f: he H, f € F} and note that Lemma 6
implies
VCdim(H & ) = O(max {d(H, dz,z-}) (31)
Let(HeF)={9x-(h®f) :heH,feF}wheregy- - (ho
(x,2) = gi(x,2) - (h® f)(x,z). Note that
VCdim((H & F)i) = O(VCdim(H & F)) = O(max {dgy, dg})
(32)
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We therefore have using the equality established in Equation (29)
that

sup B (x.2)~p [z 1 [h(x) # f(x,2)]]
ke[K|,heH,feF

= Bxz)~s L2k [h(x) # f(x, 2)]]]

= max { sup  [Exy~p [1[H (x,2) = 1]]

1<k<K | we(HoF)r
= E(xa)s [1[F (x2) =1]]]}
But using uniform convergence bounds for VC classes (apply Theo-

rem 14 with ¢(x) = 1), we have with probability at least 1 — § over
the draw of S ~ P" that

’ —
1ISI}(aSXK {h,e(squgﬁk| E(xz)~p []l [h (x,2) = 1”
= Bxo~s [L[W(x2)=1]][} <€
so long as

(max {dgy, dg} log (n) +log (K/5)
n=Q 2

where we use Equation (32). Finally, we want to find a uniform
convergence bound for E(y ;)~s [£k(x)1 [h(x) # f(x)]]. Fix any
k. Note that we can write

()L [h(x) # f(x.2)] =2 ()L [(he® f)(x.2) =1]  (33)
=2k(x) - (h& f)(x.2) (34)

Now define a function class G| = {4 - (h@®f) : 4 € G he H,f €
F} where Zp - (h® f) : XxZ — Risdefinedas Z; - (h® f)(x,z) =
Zi(x) - (h® f)(x,z). Using Lemma 7, we have for every y

faty(G{) = O (Pdim(G) + Pdim(H & F))

But Pdim(G) = dg, and using Equation (31) and Fact 4, Pdim(H &
F) =VCdim(H&F) = O(max {dq.[, d:f}). Consequently, we have
that for every y,

faty(G]) = O (dg + max {dgs.d7}) (35)
We therefore have using Equation (33) that

sup [E(xz)~p [26(0)1 [A(x) # f(x)]]
k.h,f.2
— E(x.z)~s [2c(0) 1 [A(x) # f(0)]]|

= max {gseugp, |E (x.2)~p [9(x.2)] = E(x.2)~s [9(x,2)] I}
k

But using uniform convergence bounds for function classes with
bounded fat shattering dimension (Theorem 16), we have with
probability at least 1 — § over the draw of S ~ P" that

IISI}CaSXK {gseugp’ |E(x,z)~’P [9(x,2)] = E(x2)~s [9(x, Z)]|} <€
k

so long as

M? ((dg +max {dg, dg}) log (2) log (%) +log (%))

€2
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where we use Equation (35). Therefore, combining all four uni-
form convergence bounds, we have that so long as

4 M? (dg + max {dy(, d7} +log (K/6))

pp €l
we have with probability 1 — § over the draw of S ~ P", for all
groups k € [K], all classifiers h € H, all learning tasks f € ¥, and

all proxies z; € G, that the following inequalities simultaneously
hold.

(36)

(1-¢) E(x,z)~P [zx] < IE:(x,z)NS (2] (37)
S (1+€)E(xz)~p [2]

(1= €) E(xz)~p [2x(x)] < E(xz)~s [2k(x)] (38)
<(l+e) E(x,z)Np [2(x)]

[E(x.0)~p [2k 1 [h(x) # f(x,2)]] (39)
~E(x)~s [z L [h(x) # f(x,2)]]] < €

|E (x.2)~p [26 (0L [A(x) # f(x,2)]] (40)
“E(xz)~s [2 ()1 [h(x) # f(x.2)]]| < €

We note that in this proof, the same sample complexity bound holds
when we take our uniform convergence over the simplex A(G)
because any sup over A(G) in this proof can be upper bounded by
a sup over G due to linearity of expectations. In particular, for any
function g,

sup Bz p [B(x,z)~s [9(2k: % 2)] = Ex o)~ [9(2k3 %, 2)] ]|
PEN(G)

< sup Bip [[Bixs [9Gk%2)] = B(xzyp [9(G2k: %, 2)]|]
PEN(G)

= sup ’E(x,z)~5 [9(Zk;x,2)] - E(xz)~p [9(Z; x, z)]‘
2reG
This observation is important because our algorithm outputs an
object in A(G)X and so our uniform convergence bound must be
taken over A(G)X. But given this observation, without any loss,
we work with deterministic proxies in GX in the rest of the proof.
In particular, suppose 2 € GX is an a-proxy with respect to S ~ P™.
In other words we have forall f € # andallh € H and all k € [K],
E(x2)~s [zK1 [h(x) # f(x,2)]]
IEj’(x,z)NS (2]
Eg)~s (01 [h(x) # f(x,2)]]
E(x,z) ~s [2x (x)]
where (x,z) ~ S means a sample drawn uniformly at random
from S. We want to use the uniform convergence bounds found
above, along with Equation (41), to argue that 2 is a proxy with
respect to the underlying distribution #, with small degradation in

its approximation parameter a. Le., we want to bound the following,
for all f, h, k.

(41)

E(x.z)~p [2k1 [h(x) # f(x,2)]]
E(x,z)~? (2]
E(x,0)~p [2 ()1 [h(x) # f(x.2)]]
- E(x,2)~p L2k (¥)]
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Fix any f, h, k. Suppose the first term is greater than the second
term. Similar derivations apply if the second term is greater than
the first one. We have that

E(x,z)~p 21 [A(x) # f(x,2)]]
E(x,z)m@ [2x]
_ Exg~p [ )L [A(x) # f(x,2)]]
E(x,z)~¢’ [2k (%)]
- (1+€)E(xz)~p [z 1 [h(x) # f(x,2)]]
- E(x.2)~s [2]
(1= Exg~p [ )L [A(x) # f(x,2)]]
E(x,2)~s [k (x)]
_(1-¢ E(xz)~p 21 [h(x) # f(x,2)]]
E(x,2)~s [2k]
_Eug~p B0 [R() # f(x2)]]
E(x,2)~s [k (x)]
eE(x,z)~7) [z 1 [A(x) # f(x, 2)]]
E(x,z)~s [2]
- Exaes [z L [h(x) # f(x,2)]]
B E(xz)~s [2k]
_ E(ra)~s B (01 [h(x) # f(x,2)]]
E(x,z)~s [k (x)]
. E(xz)~p 21 [h(x) # f(x,2)]]
E(x,2)~s [2k]
_ E(xa)~s L [A(x) # f(x2)]]
E(x,z)~s [2]
. E(xz)~p [2c ()1 [h(x) # f(x,2)]]
E(x,2)~s [Zk(%)]
_ E(ra)~s (01 [h(x) # f(x,2)]]
E(x,2)~s [2k(x)]
eE(x,z)~‘P [z 1 [A(x) # f(x. 2)]]
E(x,z)~s [2]

+2

+2

3 1
fa+e + —
(E(x,z)~5 [2k] IB(x,z)~$ [2k (x)])
: * ( : * : )
Sa+e ~
(1-e) E(x,z)~’P [z]  (1-¢) E(x,z)~? [k (x)]

<as 12¢
h 4 —_—

min {p, g}

where the first inequality follows from Equations (37) and (38), and
the third follows from Equations (39), (40), and (41). The fourth
inequality is another application of Equations (37) and (38), and the
last one follows from the definition of i and pg. Now, by replac-
ing € with € - min {y, g} /12 in the sample complexity bound of
Equation (36), we have that if

_5 M? (dg + max {dgy, d7} +log (K/5))

n=

i, (min {p, g })? €2

Then % is an (a+€)-proxy with respect to the underlying distribution
P. =
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THEOREM 18 (GENERALIZATION OVER P AND Q). Fix any e, §,
and p. Fix a distribution P over X X Z, and a distribution Q over
F . Suppose Pdim(G) = dg, and VCdim(H) = dgy. We have that
with probability at least 1 — § over S ~ P™ and F ~ Q™, every
Z that is an (a, 0)-proxy with respect to the data set (S, F) is also
a ((a + €)/ B, p)-proxy with respect to the underlying distributions
(P, Q), provided that

. [ M? (dg + max {dy(,log (m)} +log (K/5))
n=2Q 3
purly (min {ps, pg )" €2

oM kg log<|supp<¢>)|>+log<1/5>))
12, (min {1 pg})* et

where supp(P) is the support of P, and that

Hg = inf { min By ;).p [ék(x)]}

= i E ~ 5
= min Beo) - 2] 2eG |1<k<K

1<k<K

Proor. We lift our in sample guarantees to distributional guaran-
tees in two steps. First, Theorem 4 implies, for every set of functions
F € F™, with probability at least 1 — §/2 over S ~ P", every Z
that is (a, 0)-proxy with respect to (S, F) is also (a + €/2, 0)-proxy
with respect to (P, F), where we use the fact (Fact 3) that the VC
dimension of F is at most log m: d& < logm (in the sample com-
plexity for n). Second, we can apply Lemma 9 to conclude that,
with probability at least 1 — §/2 over F ~ Q™, every Z that is an
(a+€/2,0)-proxy with respect to (P, F), is also a (a+€/f, f)-proxy
with respect to the underlying distributions (P, Q). o

LEMMA 9 (GENERALIZATION OVER Q). Fix anye€, § and f. Fix a
distribution P over X x Z and a distribution Q over F. Suppose
Pdim(G) = dg. We have that with probability at least 1 — & over
F ~ Q™, every z that is an (e, 0)-proxy with respect to (P, F) is also
a ((a+ €)/B, B)-proxy with respect to (P, Q), provided that

| M (Kdg log (Jsupp(P)]) +1og (1/9))
1% (min {4 g })” et

where supp(P) is the support of P.

ProOF OF LEMMA 9. Define

> 4 |Bea)~p [zl [h(x) # f(x,2)]]
e E(xz)~p [2]

Egg)~p [ (0T [h(x) # f(x2)]]
E(x,z)NP [k (x)]

which is the quantity that appears in the definition of a proxy.
Suppose for F ~ Q™, we have that Z is an (, 0)-proxy with respect
to (P, F). In other words we have that 2 satisfies: for every f € F,
every h € H, and every k € [K],

g(f;2,hk) <a
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For any «’, we have that

Pr (3hk: AN !
o Bekeg(fiahi > d]

< Pr
f~Q

sup{g (f;2,hk)}>a’
hk

Er.q [supni {9 (f:2.h.K)}]
a/
at }Ef%? [supy i {9 (f:2.h.k)}]
a’

_ Epor [suppi {9 (fi2 R K]

7

(42)

o
Er.q [suppi {9 (fi2.h. k)]

4

a +sup;

[04
_ Epor [suppi {9 (Fi2 R K]

7

o

where the second inequality is an application of Markov’s in-
equality (Theorem 11), and the third follows because
Ef.p [suph’k {g(f:2.h,k)}] < a. We first bound the following

sup
z2eGK

Ef.qQ —Ef.r

sup {g (f32,h,k)} sup {g (f;ih,k)}H
hk hk

which is a uniform convergence over the class of functions QK ,
and then consider uniform convergence over the simplex A(G)X
which is what we want. Note that G can potentially have infinitely
many functions, but it is known that when the pseudo dimension
of G is finite, the e-cover (defined in the previous subsection) of G
is finite, and hence, up to an O(€) error, we can take our uniform
convergence over the e-cover of G which will enable us to apply
a union bound over this finite class of functions. In particular, if
S = supp(®P) is the entire data points in the support of P, then
Lemma 8 implies that for every €’,

¢ _[{1supp(P)\%
|supp<7>>|’g(5)’d1)‘o(( & ))

implying that there exists some C C G, such that the following
holds: for every z;. € G, there exists z; € C, such that

’

. . €
d1(2(5),2,(9)) < Tsupp ()]
= Vx € supp(P) : 51(x) — Zr(x)| < €’

and furthermore, we have that,

cl=0 (Isupep/@n)dg)

Now given Z € QK, and € € [0,4],letZ € CK be such that for all
k € [K],

Vx € supp(P) : |2 (x) — Zp(x)| < G'UTG =¢
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We have that
E(xz)~p [Z ()1 [h(x) # f(x,2)]]
E(x2)~p [Z ()]

E(xz)~p [2c ()1 [h(x) # f(x,2)]]

B E(x.z)~p 2k (2)]

- Bxap [k ()1 [A(x) # f(x,2)]] + €

B E(xz)~p [2x(x)] — €
E(xz)~p 12 ()1 [h(x) # f(x,2)]]

B E(x.z)~p 2k (¥)]

’

€
< =
E(x,z)~p [2k(%)] — epc
6/
<
Hg =€
€
S -
4

We can similarly show
E(xz)~p [2k(x)1 [h(x) # f(x,2)]]
E(x,z)~P [k ()]
E(xz2)~p [2k ()1 [A(x) # f(x,2)]]
) E(x,2)~p [ ()]

= m

which implies
E(x,z)~p [Z (0)1 [h(x) # f(x,2)]]
‘ B(xz)~p [Zx(2)]
Eg)~p [ DL [h(x) # f(x,2)]] ‘ B
E(xz)~p [2x(x)] -

Therefore, we have that

= m

sup [By_q [sup{g (fi2h K} ~Bpop [sup{g (fi2 b )} | <
seGK hk hk

- . €
sup [Ef.q [sup{g (f;Z hKk)}| —Ef.p |sup{g (fiZ h i)} +3
zeCK h,k hk

Le. we have reduced a uniform convergence over GX to a uniform
convergence over the finite set CK. Now we can apply a Chernoff-
Hoeffding bound (Theorem 12), while union bounding over the
finite covering CK, to get that with probability 1 — § over F ~ Q™,

sup |Er.q [sup{g(fiZ hK)}| —Epr.r |sup{g (f;Z h k)}”
zeCK hk hk
< M \/Kdg log (|supp(50)| /epg) +log (2/6)
~ min {y, pg} 2m
Hence, if
2
g ( M Kdg log (4 |supp(P)| /apg) +log (2/8)
min {y,yg} €2
(43)
we are guaranteed that, with probability 1 — § over F ~ Q™,
sup |[Er.q [sup{g (f32,hk)}| —Ep-r |sup{g (f;2 h, k)}} <e
zegK hk hk
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We now need to lift this uniform convergence bound over GX
to a uniform convergence bound over the simplex AG)K. We
achieve this, for some appropriately chosen s, by reducing the
uniform convergence over A(G)X to the uniform convergence over
As(G)K where Ag(G) denotes the distributions over G that are s-
sparse, i.e., their support size is at most s. In particular, for any €’, if
s = 0(1/€’?), then for every distribution p € A(G), an application
of Chernoff-Hoeffding’s inequality (Theorem 12) implies that there
exists ps € As(G) (which can be derived by taking the uniform
distribution over s samples drawn i.i.d. from p) such that for all
x € supp(P) and all k,

[Bzep [26(0)] = Bipep, [2K(0)]| < €
Given this observation, and taking €’ = O(epg) which implies

s=0(1/ (eyg)z), we can show similar to our previous derivations,
that

sup |Er.q [sup{g(fi2.hk)}| —Ef.p sup{g(f;i,h,k)}H
2eA(G)K hk hk
< sup  [Bp.q|sup{g(fiZhk)}

2eNs(G)K h.k
—Ef.r shulg{g(f;f,h,k)} +0(e)
< sup [Ep.qg Sup{g(f:ih,k)}}

seh (C)K hk
—Ef.p [sup{g (f;2,hk)}||+O(e)

hk

So using our uniform convergence bound over CX, and taking
the desired union bound over As(C)X, which is of size |C|*X, we
can blow up the sample complexity (Equation 43) by a factor of s
and get a uniform convergence bound over As(C)X. In other words,
as long as

" Q((min {]\iﬂg}

we are guaranteed that, with probability 1 — § over F ~ Q™,

2
Kdg log (4|supp(P)| /apg) +log (2/6)
py et

sup | Ep.q
zeN(G)K

sup {g (f;2.h, k)}]
hk

_Ef~F <e€

sup{g (f;z,h, k)}}
hk

and consequently, using Equation (42), we get that with proba-
bility 1 — & over F ~ Q™, for £ that is an (&, 0)-proxy with respect
to (P, F),

pA [3hk:g(f:5.hk) > '] < “;,e
So for a’ = (a + €)/ B, we get that
R (a+¢€)
Pr (3h Kk : 1z, h k) > <
P kg (izng > 22 < p

meaning Z is a ((a + €)/f, p)-proxy with respect to (P, Q). m|
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H MISSING MATERIAL SECTION 6
H.1 Definitions

DEFINITION 12 (WEIGHTED BINARY SAMPLE TRANSFORMATION).
We define a Weighted Binary Sample Transformation of a dataset S
(WBST (S, 2k)) as a function that takes in a dataset S = {(x;,yi) } I,
C X XY and a proxy function Z;. € G and produces an augmented
dataset S = {(Zit., i, Eik)}l?;’l € X XY % {0,1} equipped with a

probability mass vector G = {cjik}?gl such that

(1) (%3, 4:) = (xi,y1) for1 <i<n
(2) (Kitns Girn) = (xi,y;) for1 <i<n
3) 2 = 1[i > n]

4) Gix = # ifl1 <i<nand Lnx‘) otherwise
We assume that samples {(x;, y;) Y/, have uniform mass q; = %

in the dataset S.

CraIM 7. Consider a dataset SUz € X X Y X Z, wherez € Z =
{0,1}X, and a proxy 2 € G. For any group zj. and any hypothesis
h € H, the average error of group zy. estimated according to Z. with
dataset S is the same as the average error estimated according to the
proxy Z. with S, i.e.

E(x.y2)~q [(1 = Z) - L[h(X) # §]]
E(x,y,2)~g [1 = 2]

_ E(x,y)~q [(1 = 2 (x))L[A(x) # y)]

E(x,y)~q [1 = 2k (x)]
E(z,g.50)~q 12 L[h(Z) # §]]
E(z,,5)~q [2k]

_ E(x,y)~q [Zk ()L [A(x) # y)]

IEj’(x,y)~q [ék(x)]

Proor. We write the expectations as finite weighted sums over
the probability spaces S and S respectively. To move from the first
to second line, we observe that (1 — Z;;) is an indicator that only
evaluates to 1 on the sample indices 1 < i < n. This allows us to
reduce the sum over 2n terms to a sum over n terms. To move from
the second to third line, we use the fact that (x;, 7;) = (xi, y;)-

E(x,y2)~g [(1 = Z) - L[A(x) # 7]]
E(x,y,z)~q [1- 2k]

O Ga - WRGR) # Gi) - (1 - Zy)

DA G- (1- Zi)
2 (1= 2 (x) L h(x) # Gl
- Dieg (1= 25 (31))
2 (U= 2 ()L [h(x:) # yil

- img (1= 2(x7))

_ B(ay)~q [(1 =2k ()T [A(x) # )]

- E(x,y)~q [1 = %]

We proceed similarly to show the second equality in the claim.
Here we use the fact that Z;; is 1 on samples 1 +n < i < 2nand 0
everywhere else. We also use the fact that (Xi4n, Ji+n) = (i, yi)-
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E(xyo)~g 2k - LA 2 911 22 Gy - L[R(F:) # §i) - 2k
E(x,y.2)~di [2] S G
X (&) - LRGN # G
) 22 A
n o a(x) - LAGx) # yil
2 A (x)

 E(g)~q [2(0) - 1[R(x) £ y)]
B E(x.g)~q 2 (0]

O

DEFINITION 13 (PAIRED REGRESSION CLASSIFIER). The paired
regression classifier operates as follows: We form two weight vectors,
2% and z', where z{.‘ corresponds to the penalty assigned to sample i in
the event that it is labeled k. For the correct labeling of x;, the penalty is
0. For the incorrect labeling, the penalty is the current sample weight of
the point, wi. We fit two linear regression models h® and h' to predict
2 and 2%, respectively, on all samples. Then, given a new point x, we

calculate h°(x) and h'(x) and output h(x) = argming ¢ (o 1 hk(x).

DEFINITION 14 ((INFORMAL) REDUCTIONS ALGORITHM FOR ERROR
PARITY).
Input:

(1) An arbitrary dataset with binary sensitive features and (op-
tional) sample weights

(2) An approximate cost sensitive classification oracle.*

(3) A relaxation parametery € [0, 1]

Output:

A randomized ensemble of classification model-each of which is
produced by the CSC "oracle"-that, in expectation, minimize popula-
tion error subject to (approximately) enforcing the constraint that the
difference in error between any pair of sensitive groups is at most y.
When y = 0, the algorithm produces a model that minimizes popula-
tion error while (approximately) enforcing exact error parity.

H.2 Implementation Details and
Hyperparameters

H.2.1 Implementation details. We implemented our algorithm in
PyTorch with a custom loss function to solve our constrained opti-
mization. The two non-standard elements of our implementation
are the specific definition of our loss function, and the use of the
auditor in the training loop to produce the most constraint violat-
ing model h € H with respect to the current weights of the proxy.
This implementation is based on the algorithm derived for linear
G in Section B, but simplified to work easily with Pytorch’s auto
differentiation. In particular, we do not carefully set the values for
the number of rounds T, the dual variable upper bound C or the
learning rate . Instead, optimization is completely delegated to the
optimizer (in our case Adam) with our custom loss function.

4Because classification algorithms are generally intractable, the use of heuristics,
such as the paired regression classifier used in [20] and described in Section 6.1.2) is
necessary.
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Our loss function takes the following form:

Proxy Loss(z, 2%, y, h!, @) Zn“( )2 Zi Zi 1‘
roxy Loss(z, 2", y,h*,a) =a - zi — 3% + _
! y i=1 ' ' iz
n
+ Z (zi — 2i) - ﬂ[ht(xi) # yil
i=1

where a is hyperparameter coefficient, y are the true labels, A’ is the
“most violating model” chosen by the auditor in round ¢, z are the
true sensitive features, and 2 are the proxy values for the sensitive
features in round ¢.

The first term in the loss function is MSE(z, Z). This corresponds
to the objective function of our constrained optimization and-
despite not being strictly necessary to the theory— we found was a
useful heuristic in guiding the weights of the proxy. We also apply
a scaling parameter a < 1 to ensure that we satisfy the constraints
before focusing on our objective. The second term corresponds to a
penalty denoting the degree of violation of the constraint that the
arithmetic means of z and 2 are equal. The third term denotes the
degree of violation of the constraint that enforces that the absolute
value of the sum of differences of z; and Z; in the regions where
the auditor’s model h makes an error are equal. We note that our
loss function is dynamic in that after each step of gradient descent,
the auditor chooses a new model A which may make errors on a
completely different set of points than in the previous round of
gradient descent.

The training loop works as follows. For t € [1..T]:

(1) Use the current weights of the model to compute £*

(2) Letthe vectorc=(z—-2)-(1—-2-y)

(3) Train h = H(x, c) to be the regression function that predicts
these costs as a function of x

(4) Let hy and h_ be classification models hy = h(x) > 0 and
h-=h(x) <=0

(5) Leterry =hy(x)! =yanderr— =h_(x)! =y

(6) Letvy =Y ;erryando_ = - ; err—

(7) Ifoy > o, let h? = hy. Otherwise let h? = h_

(8) Update the weights of the proxy () with gradient descent

according to the loss function above to create 2!

In step (1), the vector ¢ denotes the “costs” of an error on a
positive prediction when the costs of a negative prediction have
been normalized to 0. (See Equation 25 and the accompanying
explanation for a derivation. The concept of costs is also discussed
in Section 3 in the main body.) In step (4), note that to maximize
the absolute sum of differences between z and Z on the error region,
the auditor will either want to select only positive differences or
only negative differences if possible, and will prefer higher values
to lower ones. Thresholding this regression model is a heuristic
way of solving the CSC problem that finds that model that makes
errors with the highest such sum. In steps (6) and (7), v+ and v_
denote the degree of violation of each of the models A, and h_ of
the constraint that the auditor is trying to find a violating model
for, so we select the model corresponding to the highest constraint
violation.

H.2.2  Hyperparameters. We stuck to a standard set of hyperpa-
rameters for all experiments to keep results consistent. To select
these hyperparameters, we increased the number of rounds until
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we reached convergence on a few tasks and then fixed them for
all remaining experiments. We avoided hyperparameter tuning on
each task to ensure that our results were an accurate representation
of our algorithm’s performance.

e For our proxy algorithm we used = 0.1 and T = 300 with
a learning rate of 0.01 and the Adam optimizer built into
PyTorch (the remaining settings of the Adam optimizer were
left at their defaults)

e For our downstream learner, which was the reductions model
for error parity, we used T = 500, a = 5,b = 0.5 where aand b
define the learning rate 7 at round ¢. In particular, 5 = a-¢7%.
The default parameters are a = 1 and b = 0.5, we simply
increased a by a constant factor to speed up training.

H.3 More dataset info

Each of the tasks we performed come directly from the pre-defined
tasks specified in [7], and specifically as implemented in the folkta-
bles Python package which is available on GitHub at https://github.
com/zykls/folktables. Since these tasks each used some subset of
the data included in the entire ACS dataset, we will describe the
changes we made to particular features which, combined with the
definition of these tasks, fully specify the experiment.

(1) We removed the following features from all tasks: OCCP,
POBP, ST, PUMA, POWPUMA, RELP. Our reason for doing
this was that the first five features on this list were cate-
gorical and contained dozens or even hundreds of distinct
categories. Since we applied a one-hot encoding, including
even one of these features would result in a dimensionality
increase potentially many times greater than the dimension-
ality resulting from all other features. The RELP feature was
excluded because—-in addition to containing many categorical
option-it was unclear exactly what this value represented.

(2) We applied binning to the following features: SCHL, ESP,
JWTR. Feature values in each bin were replaced with the
bin’s index, leaving these categorical features with fewer
distinct categories. In parentheses, we specify the encoding
values in the original dataset of all entries that fit into a
particular bin.

o The SCHL feature represents the amount of schooling and
originally had 24 distinct options including every unique
grade level. We simplified this into the following cate-
gories:

— Didn’t finish high school (0-15)

Finished high school or equivalent (16-19)

Associate’s degree (20)

Bachelor’s degree (21)

— Master’s degree (22)
— Other professional degree (23)
- PhD (24)

o The ESP feature represented the employment status of
one’s parents. We created the following categories by treat-
ing the gender of the parents as irrelevant:

- N/A (0)

— Living with two parents, both working (1)

- Living with two parents, one working (2 and 3)
- Living with two parents, neither (4)
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- Living with one parent, working (5 and 7)
— Living with one parent, not working (6 and 8)
e The JWTR feature represented one’s means of transporta-
tion to work. We created the following categories:
— Personal vehicle (1, 8)
— Bus, streetcar, or trolley bus (2, 3)
— Subway, elevated, or railroad (4, 5)
— Taxicab (7)
Bicycle (9)
Walked (10)
Worked at home (11)
Other (including Ferry) (6, 12)

H.4 More plots

In this section, we include plots and analysis for the remaining
tasks that were not covered in the main body.

H.4.1 ACS-Employment-Race. In Fig. 4 we observe that the even
without fairness constraints, the downstream learner on the true
sensitive features achieves an error disparity of only ~0.003 in-
sample. Since we try discrete values of gamma in intervals of 0.005,
this means that the tradeoff curve on the true sensitive features con-
tains only two points. The H-proxy is incredibly successful on this
task and achieves nearly identical performance to the true sensitive
features. In fact, the least disparate model trained on the H-proxy
achieves a slightly lower in-sample error disparity than that trained
on the true sensitive features measured with respect to the true sen-
sitive features. Since the models trained on the true labels should be
able to optimize for this quantity exactly, these results indicate that
any differences in the downstream models that result from being
trained on the proxy rather than the true sensitive features are less
significant than the unavoidable approximation error of the down-
stream learner. Thus, the #{-proxy’s performance on this task is as
close to perfect as we could hope for, since a perfect proxy exactly
emulates the true sensitive features. On the other hand, the MSE
proxy and baseline proxy both perform poorly-exhibiting tradeoff
curves that increase error dramatically for negligible decreases in
disparity. This further highlights the success of the H-proxy on
this task. Generalization on this dataset is quite good (note the scale
of the y-axis): out-of-sample the models achieve similar errors and
error disparities that are only ~ 0.004 higher than in-sample.

H.4.2  ACS-Employment-Age. In Fig. 5 we note that none of the
three proxies nor the true sensitive features admit models that yield
sensible tradeoff curves on the downstream task. Poor performance
on the true sensitive features indicates that the downstream learn-
ing algorithm may have failed to converge, rather than indicating a
failure of the proxy. In fact, the odd behavior of the models trained
on the true labels is similar to the odd behavior of the downstream
models trained on the proxy. Despite the less-than-optimal behav-
ior, generalization is quite good: the train and test plots look nearly
identical.

H.4.3 ACS-Employment-Sex. In Fig. 6 we see that all three proxies
fail to exhibit a sensible tradeoff curve on the downstream task,
while the models trained on the true sensitive features do. This could
be due to lack of convergence of the proxy algorithm, approximation
error, or non-existence of a multi-accurate proxy in G. Despite this,
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Figure 5: Plots for ACSEmployment dataset with age as sensitive feature

we note that the models all demonstrate remarkable generalization
in terms of both error and error disparity, and the poor performance
of the proxies was detected in-sample.

H.4.4 ACS-IncomePovertyRatio-Race. In Fig. 7 we observe that the
MSE and H-proxy achieve near optimal performance with tradeoff
curves that are overlaid on the curve corresponding to the true
sensitive features. Both of these proxies outperform the baseline,
which results in models that have error up to 0.02 greater for the
same levels of disparity. Generalization performance is quite good
for all models. The shape and scale of the curves are similar in- and
out-of-sample.

H.4.5 ACS-IncomePovertyRatio-Age. In Fig. 8 we observe near op-
timal performance of the H—proxy, with a tradeoff curve that
is overlaid on that of the true sensitive features. The MSE and
baseline proxies achieve similar performance for the more relaxed
constraints but are unable to achieve error disparity below 0.005
even though the sensitive features and H—proxy are both capable

of inducing models that can achieve near 0 error disparity. Gen-
eralization performance on this dataset is excellent for all models
trained.

H.4.6  ACS-IncomePovertyRatio-Sex. In Fig. 9 the HH-proxy induces
models with slightly worse performance than the true sensitive
features. The cost of using the pareto-optimal models induced by
the H-proxy rather than those of the true sensitive features is an
error disparity less than 0.002. However, we note that in the worst
case, one would accidentally use the non-pareto model resulting
from the H-proxy, which would result in an error ~0.01 greater
for the same level of error disparity. Given the small scale of the
of these differences in absolute terms, it is possible that they can
be explained by approximation error of the downstream learner
rather than an explicit failure of the proxy algorithm.

H.4.7  ACS-Mobility-Race. In Fig. 10 we observe that the three
proxies exhibit similar performance to each other and the true
labels for the relaxed portion of the tradeoff curves, but none of
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Figure 7: Plots for ACSIncomePovertyRatio task with race as sensitive feature

them are able to achieve an error disparity lower than 0.008 while
the least disparate model on the true features achieves an error
disparity near 0. However, we also note that just looking at models
trained on the true sensitive features, the second most disparate
model achieves an error disparity greater than 0.11, even though it
has a gamma value of 0.005. Therefore, there is some approximation
error of the downstream learner that, independent of the effects of
the proxy, can increase the error disparity by at least 0.006 compared
to the intended constraint. This source of error explains most of
the discrepancy between the results on the proxies and those on
the true labels. Therefore, these results are not a strong indication
that the proxy “failed" as a substitute for the true sensitive features,
though it may have been imperfect.

H.4.8 ACS-Mobility-Sex. In Fig. 11 we investigate the performance
on the ACSMobility task, using sex as the sensitive feature. At first
glance, these results appear to indicate a failure of the proxies.
None of the models demonstrate clear tradeoffs between error and

error disparity. However, looking at the models trained on the true
sensitive features, we notice that there is exactly one point on
the tradeoff curve, with error ~0.209 and error disparity ~0.0005.
This means that the population error minimizing model, by luck,
achieves an error disparity that is essentially 0, meaning there was
not much room for improvement for the original model, let alone
the proxies. We also note that the apparent poor-performance of
the proxies is visually amplified by the unusually small scale of the
plots. The least disparate model for the {-proxy achieves an error
disparity ~0.0015 and error ~0.213. Compared to the model trained
on the true features, the error disparity is greater by only 0.001 and
the error by only 0.004. From our previous experiments, we recall
that these differences are well within the reasonable approximation
error of the downstream learner alone, and thus do not indicate
that the proxy failed as a substitute for the true sensitive features
on this task.
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Figure 9: Plots for ACSIncomePovertyRatio dataset with sex as sensitive feature

H.4.9 ACS-PublicCoverage-Race. In Fig. 12 we note more evidence
of success for the H-proxy. The tradeoff curve it induces is nearly
identical to that induced by the true sensitive features, although
with slightly greater error disparity. The H-proxy also outperforms
the baseline and MSE proxies, which achieve similar performance
for the relaxed portion of the curve, but are unable to achieve
error disparity lower than 0.002 whereas the H-proxy achieves a
minimum error disparity < 0.001. The baseline proxy also appears
to induce models with slightly more error for the same levels of
unfairness compared to the other three curves. All models exhibit
excellent generalization performance and out-of-sample behavior
is nearly identical to in-sample.

H.4.10  ACS-PublicCoverage-Age. In Fig. 13 we observe that the
unconstrained downstream learner achieves an error disparity that
is essentially 0. Because of this, the tradeoff curve on the true
sensitive features consists of a single point. The proxies induce
models that don’t indicate a clear tradeoff, but, when considering

scale, do not indicate a significant failure. All proxies have tradeoff
curves consisting of just two points, meaning that the estimated
error disparity of the unweighted model (i.e. the error disparity with
respect to the proxies) was at most 0.005. This difference is quite
small in absolute terms and-while indicating that the proxy was
not a perfect substitute for the true sensitive features—-likely does
not constitute a “failure” of the proxy. Out-of-sample, we note that
all proxies actually end up with downstream models that achieve
near 0 error disparity and slightly less error than that of the true
labels, but this may be the result of random noise.

H.4.11  ACS-PublicCoverage-Sex. In Fig. 14 we observe that the
H-proxy induces models that are unable to achieve much better
performance than the unweighted models, achieving a minimum
error disparity of only 0.006 while the true sensitive features are
able to induce models with error disparity as low as 0.001, albeit
with slightly higher error. Unlike the MSE and baseline proxies, the
H-proxy does not seem to admit models that increase both error
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Figure 11: Plots for ACSMobility dataset with sex as sensitive feature

and disparity, which is a desirable property. This may indicate that
the multi-accuracy constraints succeeded in reigning in the proxy
such that the downstream learner recognized that it could not make
improvements despite being unable to meet the strictest constraints,
but it is also possible that this apparent “good" behavior was simply
by luck.

H.4.12  ACS-TravelTime-Race. In Fig. 15 we observe that both the
H-proxy (as well as the MSE proxy) seem to have at least partially
failed on this task, perhaps due to non-convergence or a lack of a
suitable multi-accurate proxy in G. There are a sufficient number of
points for both proxies that illustrate no clear tradeoff and result in
simultaneously increasing error disparity and population error. The
baseline proxy admits a more sensible looking tradeoft, although
the minimum disparity it can reach is only 0.001 and, for the same
levels of disparity as the true labels, admits models that are up
to 0.015 less accurate. Fortunately, we note that all un-intended
behavior could be detected in-sample and, in fact, that the proxy’s

performance seemed to improve out-of-sample. Despite this im-
provement, we would recommend discarding proxies that exhibit
unexpected behavior in-sample.

H.4.13 ACS-TravelTime-Age. In Fig. 16 we note that all proxies
seem to achieve similar performance to the true labels, although
that it appears the downstream learner may have failed to converge
in all cases. The evidence for this is that the smallest error disparity
for models trained on the true labels is 0.005, rather than near 0.
There is some non-convex behavior of the tradeoff curves induced
by the proxies (and the true features), but all models are within 0.005
error disparity of forming a sensible tradeoff. Results are generally
consistent in- and out-of-sample.

H.4.14 ACS-TravelTime-Sex. In Fig. 17 on this task, all three prox-
ies failed to induce downstream models capable of achieving opti-
mal error disparity. In particular, the baseline, {— and MSE proxies



Multiaccurate Proxies for Downstream Fairness

FAccT 22, June 21-24, 2022, Seoul, Republic of Korea

ACSPublicCoverage — Race

Train Test
0.06 - ® True Labels [ ® True Labels
[ Baseline Proxy \ Baseline Proxy
e HA H-
0.05 1 ",.\ ® H-Proxy ® H-Proxy
“Q’ ® MSE Proxy .‘&, @ MSE Proxy
N
2 0.04 \'\i L
5 e N
o \.\ \»’
i) S
& 0.03 » $
5 % 3
“0.02 A Y ‘\
- N
-~ N
0.01 | ™~ e
‘ \\
\' »
0.00 ; : : : : ; : : :
0.30 0.32 0.34 0.36 0.38 0.30 0.32 0.34 0.36
Error Error
Figure 12: Plots for ACSPublicCoverage task with race as sensitive feature
ACSPublicCoverage — Age
Train Test
® True Labels ® True Labels
Baseline Proxy Baseline Proxy
0.008 1 @ n-Proxy ® H-Proxy
@ MSE Proxy ® MSE Proxy
2 0.006 °
2 °
i) o®
a
5 0.004
o
' .
0.002 A
4
L ]
[ ]

0.295 0300 0.305 0.310
Error

Figure 13: Plots for ACSPublicCoverage dataset with age as sensitive feature

achieved minimum error disparity, 0.018, 0.016, and 0.012, respec-
tively, while the true labels were able to induce models with dis-
parity near 0. Failure of the H-proxy may indicate that there did
not exist a suitable proxy g € G that satisified multi-accuracy
constraints.

H.5 Detecting proxy failures

Despite occasional failures, our experiments indicate that the -
proxy can safely be used in practice on the condition that it is tested
before deployment. In particular, we advise that anyone using our
algorithm to train a proxy do the following: After training the
proxy, train two downstream models on the sample. One using
the proxy in place of the sensitive attributes, and the other using
the sensitive attributes directly. If the performance of these two
models is similar, our results indicate that the proxy can be deployed

for use on out-of-sample instances on the same distribution and
maintain the expected fairness guarantees on the relevant fairness

task. Otherwise, the proxy should be discarded.
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Figure 14: Plots for ACSPublicCoverage dataset with sex as sensitive feature
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Figure 15: Plots for ACSTravelTime task with race as sensitive feature
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Figure 16: Plots for ACSTravelTime dataset with age as sensitive feature
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