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Abstract

Matching algorithms predict relationships between items in a collection. For example, in 1:1
face verification, a matching algorithm predicts whether two face images depict the same per-
son. Accurately assessing the uncertainty of the error rates of such algorithms can be challenging
when test data are dependent and error rates are low, two aspects that have been often over-
looked in the literature. In this work, we review methods for constructing confidence intervals
for error rates in 1:1 matching tasks. We derive and examine the statistical properties of these
methods, demonstrating how coverage and interval width vary with sample size, error rates, and
degree of data dependence with experiments on synthetic and real-world datasets. Based on our
findings, we provide recommendations for best practices for constructing confidence intervals for
error rates in 1:1 matching tasks. Our code is available at github.com/awslabs/cis-matching-tasks.
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1 Introduction

Accurately measuring system accuracy is essen-
tial for responsible design and deployment of
automated systems [26]. Accurate measurements
ald in identifying suitable use cases for a sys-
tem, guiding engineers towards enhancements,
and helping stakeholders comprehend the sys-
tem’s strengths and limitations. Nevertheless, the
value of accuracy measurements is limited with-
out considering their statistical uncertainty. While
the methodology for computing confidence inter-
vals for classification tasks on independent data
in well-established [8], it remains problematic for
matching tasks.

To construct confidence intervals for the accu-
racy of algorithms used in 1:1 matching tasks,
using standard Wald intervals based on the Gaus-
sian approximation of the maximum likelihood
estimator may appear to be a viable approach [11,
49]. However, this approach is problematic for the
following two reasons:

(M1) Low error rates. When the 1:1 matching
algorithm is highly accurate, as is the case,
for instance, in face recognition (FR) sys-
tems [23], error rates are close to zero,
which makes the Gaussian approximation
inaccurate. Consequently, confidence inter-
vals based on this approximation may signif-
icantly under-cover the true error rates.

(M2) Sample dependence. When test sets are rel-
atively small the pair-wise samples used in
matching tasks may include the same item
multiple times, e.g. the same face photo-
graph may be used in multiple comparisons.
This means that the samples are correlated.
Therefore, using Wald intervals with variance
estimated under the independence assump-
tion is not suitable for this scenario.

Our study focuses precisely on these issues. It
is worth mentioning that we are not the first
to consider low error rates and sample depen-
dence. Bootstrap procedures have been proposed
in the FR literature to address sample dependence
and have been widely used in empirical stud-
ies [7, 36, 39, 51]. However, the development of
these methods was based on heuristic arguments,
and there has been limited discussion regarding
their statistical guarantees, such as their frequen-
tist coverage. For instance, it is well known that

FRalgorithm O A & B

Naive Wilson
Method Wilson
-@- Double-or-nothing bootstrap

Vertex bootstrap
-@- Subsets bootstrap

Two-level bootstrap

False acceptance rate (FAR) = 107

o

i

o
—Oo—i

FAR estimate
o
5
-

o
=}
=

Fig. 1 Different methods for constructing confi-
dence intervals can lead to different conclusions due
to miscoverage. Six methods for computing estimates
and corresponding 95% confidence intervals on synthetic
data for the false accept rate (FAR) of two 1:1 matching
algorithms (A and B) that have underlying equal accuracy
(FAR = 10~ 1). The data contains 50 groups, with 5 images
each, and all pairwise comparisons are considered in the
estimation of the error metric (details in Section 6). Dots
and bars correspond to error estimates and corresponding
confidence intervals. The naive Wilson, subsets bootstrap,
and two-level bootstrap intervals may lead the practitioner
to erroneously conclude that Algorithm A has inferior
performance compared to Algorithm B — while in our simu-
lation they are equivalent. In our analysis and experiments
we find that only Wilson intervals achieve nominal cover-
age in the presence of low error rates (M1) and sample
dependence (M2). Double-or-nothing and vertex bootstrap
intervals also work well in settings characterized only by
(M2).

confidence intervals based on bootstrap resam-
pling can fail to achieve nominal coverage in
various settings, meaning that the probability of
the true parameter being contained in the inter-
vals is lower than the desired rate. This issue is
prominent when accuracy/error metrics are close
to the parameter boundary (e.g., false accep-
tance rate is close to 0) or when sample sizes are
small. These issues are particularly pertinent in
intersectional analyses within bias assessments [3],
where the number of images available for certain
demographic subgroups is often limited.

Different methods will yield confidence inter-
vals with different widths. Figure 1 shows such
an example. Which is right? Without a thor-
ough understanding of the statistical properties of
the various methods, it is difficult to determine
which method is most appropriate for a partic-
ular setting. It is unclear whether and when the
constructed interval achieves the desired nomi-
nal coverage. In light of these considerations, our



investigation is guided by the following funda-
mental question: Which methods should be used
to construct confidence intervals for error metrics
in 1:1 matching tasks? We investigate methods
with the primary aim of addressing the issues
mentioned in (M1) and (M2).

Besides exploring analytically the properties
of different methods, we carry out a thorough
experimental investigation as well. We use both
synthetic data and data coming from real-life
applications. Amongst many options, we chose
face verification, an important and sensitive appli-
cation of Computer Vision [23, 37, 38, 48]. Thus,
we present a critical examination and analysis of
methodologies for constructing confidence inter-
vals for error rates in 1:1 matching tasks, and
use face verification as a representative test appli-
cation. Our findings are applicable across all 1:1
matching tasks, encompassing 1:1 speaker, finger-
print, and iris recognition, among others.

Our theoretical analysis and empirical inves-
tigation reveal that, although there is no “one-
size-fits-all” solution, only certain methods consis-
tently achieve coverage that is close to nominal.
Some concrete examples are illustrated in Figure
2. From the figure, we observe that in the case
of the FRR (false rejection rate), all nonparamet-
ric bootstrap methods significantly under-cover
when FRR is close to the parameter boundary,
while parametric Wilson intervals that assume
data independence under-cover for large values of
FRR. In the case of the FAR (false acceptance rate),
the subsets and two-level bootstrap techniques
fail to achieve nominal coverage at any level of
the error metric, while the naive Wilson interval,
where one neglects to account for data depen-
dence, shrinks with growing FAR. The remaining
three methods are more promising: Wilson inter-
val that accounts for data dependence (which we
will refer to simply as Wilson hereafter) always
achieves nominal coverage, while the vertex and
double-or-nothing bootstraps cover at the right
level when the true error metrics are large. See
Section 4 for a description of the aforementioned
methods.

Summary of contributions

Our main contributions are as follows:

1. Methods review. We provide a review of two
classes of methods for constructing confidence
intervals for matching tasks, one based on
parametric assumptions, and the other on non-
parametric, resampling-based methods. The
reviewed methods include the Wilson inter-
vals without (naive version) and with vari-
ance adjusted for data dependence, subsets,
two-level, vertex, and double-or-nothing boot-
straps.

2. Theoretical analysts. We present a theoretical
analysis of the reviewed methods with a focus
on intervals for error rates that are computed
at a fixed threshold. Our analysis includes sta-
tistical guarantees for coverage of the intervals
and their width.

3. Empirical evaluation. To compare the proper-
ties of confidence intervals for error rates at a
fixed thresholds as well as of pointwise inter-
vals for the ROC generated by the reviewed
methods, we conduct experiments on both syn-
thetic and real-world datasets, namely on the
MORPH dataset [42].

4. Software library. Our code and Python package
cimat are available at github.com/awslabs/
cis-matching-tasks.

5. A recommendation. Based on these findings,
we recommend (R1) using Wilson intervals
with variance adjusted for data dependence
to address (M1) and (M2), or utilizing ver-
tex and double-or-nothing bootstrap intervals
in settings that exhibit only (M2).

Paper outline

In Section 2, we provide an overview of related
work on confidence interval for clustered data.
In Section 3, we describe the problem setup. We
focus on the balanced setting, where each indi-
vidual present in the data has an equal number
of images. In Section 4, we describe the statis-
tical properties of the methods in the balanced
setting. In Section 5, we present extensions of
these methods, including estimation in the unbal-
anced setting (where the number of instances
can vary across individuals), strategies for con-
structing pointwise confidence intervals for the
receiver operating characteristics (ROC) curve. In
Section 6, we provide numerical evaluation of dif-
ferent methods. In Section 7, we discuss merits and
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Fig. 2 Estimated interval coverage of 95% confidence intervals for FRR and FAR on synthetic data in settings
characterized by (M1) and (M2). The data contains 50 identities and 5 instances (e.g., images) per identity. Lines and
shaded regions indicate estimated coverage and corresponding 95% confidence intervals respectively, for each method, across
data replications. The dashed line indicates nominal coverage (95%). The experimental setup is described in Section 6. Only
Wilson’s method (blue lines) guarantees accurate coverage across all experimental conditions.

pitfalls of the different methods, as well as direc-
tions for future work. The Appendix to the paper
contains proofs of the theoretical results stated in
the main paper, additional numerical experiments,
and other miscellaneous details.

2 Related work

Our primary objective is to construct confidence
intervals that achieve nominal coverage robustly
for parameters close to the boundary of the
parameter space (M1) by handling dependent
samples (M2). The issue raised in (M1) has been
extensively studied by statisticians, while the issue
mentioned in (M2) arises in the analysis of data
such as time series, networks, surveys, dyadic, and
panel data, among others. Consequently, confi-
dence interval construction methods that handle
sample dependence have been developed in Eco-
nomics, Statistics, and the social sciences. In this
section, we briefly review existing parametric and
nonparametric methods proposed in these fields,
as well as those introduced by the FR community.

Parametric methods

The most commonly used parametric confidence
intervals under data independence are Wald inter-
vals, which rely on the asymptotic normality of
the maximum likelihood estimator. However, this
assumption may not hold in finite samples and
thus this type of interval may fail to achieve nom-
inal coverage [8]. One prominent example is the

one of the binomial proportion (e.g., error rates
of classification tasks under data independence)
being equal to the sample size, for which Wald-
type intervals as well as bootstrap-based intervals
are degenerate. For this reason, in this setting
the Wilson [50], Agresti-Coull [1], and Jeffreys
intervals are preferred. When the independence
assumption is violated, one can account for the
dependency structure in the data in the estimation
of the Gaussian variance [32]. Variance estima-
tion methods have been explored in the context
of dyadic data [9, 18, 45]. These approaches are
discussed in Section 4.

Nonparametric resampling methods in FR

Nonparametric resampling methods offer an alter-
native approach to constructing confidence inter-
vals that does not rely on the asymptotic nor-
mality assumption of the target statistic. In the
context of 1:1 face verification, Bolle et al. [7]
propose the subsets bootstrap, which consists of
resampling at the level of the identities: If an
identity is sampled, every comparison in the data
that involves that identity is included in the
bootstrap sample. However, as we demonstrate
in Section 4, the dependence structure between
the bootstrapped and original datasets may dif-
fer significantly, resulting in under-coverage of FAR
intervals. In an attempt to address this issue,
Poh et al. [39] propose a two-level bootstrap
where resampling occurs at both the identity and



individual score levels. In the case of FRR inter-
vals, these two techniques are standard choices of
block bootstraps, which have been discussed in
the statistical literature [15, 20] and are widely
used in practice. However, we found that none
of the articles in the FR literature we reviewed
discuss the statistical properties of these proce-
dures, except for the recent work by Conti and
Clémengon [13]. They propose resampling individ-
ual images and deriving confidence intervals from
the resulting bootstrap distribution, which needs
to be recentered around the metric value on the
original dataset. They argue that, asymptotically,
this distribution converges to the law of the target
statistic.

Nonparametric resampling methods in
Statistics and Economics

There are a number of nonparametric bootstrap
and subsampling techniques available for conduct-
ing inference on dyadic data [4, 5, 10, 14, 22,
30, 31, 45]. See Graham [21] for a comprehen-
sive review. The majority of these approaches are
intended to offer asymptotic guarantees, where the
distribution of the conditional data mean follows
a Gaussian distribution under specific circum-
stances. As a result, these methods mainly focus
on the degree to which the bootstrap distribu-
tion approximates the first two moments of the
underlying distribution of the target statistic. One
method that has been widely employed in the
social sciences is the vertex bootstrap proposed
by Snijders et al. [45]. The procedure proposed
by Conti and Clémengon [13] is similar in spirit,
the main difference being that only the former
swaps comparisons between the same image with
a random sample taken from the set of compar-
isons present in the original data. In our work,
we investigate both the vertex bootstrap and a
related method, the double-or-nothing bootstrap,
which has been studied in the context of exchange-
able arrays, such as dyadic data [14, 35]. Both of
these methods have the desirable property that,
asymptotically, the first two moments of the boot-
strap distribution match those of the distribution
of the error metric estimators that we consider in
this work. This is not the case for the subsets and
two-level bootstraps.

Parametric bootstrap methods

An alternative to nonparametric resampling meth-
ods comes in the form of parametric bootstrap-
ping. For example, Mitra et al. [33] fit a gen-
eralized linear mixed model and obtain credible
intervals by sampling from the model’s poste-
rior predictive distribution. However, while mixed
models are capable of handling network data
dependency and have been widely studied [24, 25],
fitting these models on large datasets, such as
those found in face recognition applications, can
be challenging. For this reason, we exclude this
type of inference from our analysis. An alternative
Bayesian approach is to model the distributions
of scores. This is done, e.g., by Chouldechova
et al. [12], although their focus is on semi- and
unsupervised estimation.

3 Problem setup

In this section, we describe the problem setup and
introduce our notation. We consider a set of GG
different identities (we use the word “identity”
commonly used in FR, where it means “a spe-
cific person”) denoted by G. Each identity ¢ € G
has M; instances (e.g., face images) that are rep-
resented by embeddings X; 1),..., X ;) € R,
For example, these embeddings are generated by
a FR model and may be normalized. We assume
that the embeddings follow a common probabil-
ity law Q on R? for all identities i € G and all
1 < k < M;. Furthermore, if we consider a pair
of instances k and [ belonging to identities ¢ and
J from G, we assume that the embeddings X; x)
and X ;) are independent when ¢ # j.

We will focus on binary classification tasks,
where the goal is to classify a pair of instances
as belonging to the same identity (i.e., “gen-
uine”) or different identities (i.e., “impostor”).
This classification is done based on the distance
(e.g., Euclidean distance) between the embed-
dings and a threshold ¢ € R. Specifically, the
pair of instances is classified as genuine when
when d(X; 1), X(j,)) < t, and as impostor when
d(X(i k), X(j,y) = t for some distance function d.
For an identity ¢, when k # [, let Y(;x) 1) =
1{d(X(i k), X)) = t} ~ Bernoulli(FRR), where
FRR is termed False Non-Match Rate (FNMR) or
False Rejection Rate (FRR). For different identities
i # gy let Y g = Hd(Xr, X)) <t} ~



Bernoulli(FAR), where FAR is termed False Match
Rate (FMR) or False Acceptance Rate (FAR). We
are interested in estimating the parameters FRR
and FAR from the sample.!?

Apart from estimating these parameters, we
wish to construct confidence intervals for them.
There are two properties of the intervals one gen-
erally cares about: one is coverage and the other
is length. Our primary focus is to construct inter-
vals with valid nominal coverage. Formally, given
a nominal coverage level of 1 — a for some a €
(0,1), our goal is to construct confidence (rather
than credible) intervals, denoted by Zggr and Zggg,
respectively, for the two metrics FRR and FAR that
satisfy the following frequentist coverage guaran-
tees: Po(FRR € Zppg) = 1— o and P (FAR € Zppp) =
1 — . Among intervals with the correct cover-
age, shorter intervals are preferable. In practice,
however, it may be difficult to achieve the exact
coverage guarantee, and thus, one might have to
settle for an approximate guarantee.

We next consider estimators for FRR and FAR
in the form of empirical averages for the balanced
setting, where M; = M for all i € G. These point
estimators lead to the confidence intervals that
we describe in Section 4. The estimation in the
unbalanced setting, where the number of instances
M, can vary across identities, is described in
Section 5.1.

Balanced setting

Consider a sample where each of the GG identities
available has M instances. One can define natural
empirical estimators of FRR and FAR for identities
i,j € G as follows:

X Yok, ()
Z Z DAL when i = j,
- k=11=1, M(M -1)
Vij=4 (1)
M
Yin, G o
Z ( ’]I\C/A)[’Q(J’l) when 7 # j.
k=1

Here, the estimator Y;; measures the error metrics
at the level of each identity. Estimators of FRR and

!The framework can be adapted to include conditioning on
predefined attributes of identities, such as when it’s already
known which demographic groups certain identities belong to.

2The framework can also apply to other losses such as cross-
entropy. The principles and methods reviewed, including the
bootstrap techniques, can be adapted or directly employed.

FAR for the entire sample are then given by
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respectively. The type of confidence intervals for
FRR and FAR that we consider are based on these
estimators. It is easy to see that FRR and FAR
are unbiased estimators of FRR and FAR respec-
tively, that is Bias(FRR) — E[FRR] — FRR = 0 and
Bias(FAR) = E[FAR] — FAR = 0. In addition, we
have:

w@@:éwﬁm, (3)
Var(FAR) = mvar(?u)
+ ?;((2_21))(30\’(5/1275/13)- (4)

The variances will be of key interest through-
out our discussion of the validity of the confi-
dence intervals. While Var(FRR) corresponds to
the variance of FRR across identities, we observe
that Var(FAR) will coincide with variance under
data independence only when Cov(?127?13) =0.
Thus, in general, the covariance terms will need
to be accounted for in the construction of the
confidence intervals.

Our asymptotic analysis in Section 4 will focus
on the setting where G grows while M remains
fixed. This is motivated by the observation that
in FR applications the number of unseen identi-
ties is generally larger than the number of face
images per identity. This kind of asymptotic anal-
ysis is also typical in prior studies on inference
using clustered data [10, 20].

4 Methods description

In this section, we describe parametric
(Section 4.1) and nonparametric resampling-
based methods (Section 4.2) for constructing
confidence intervals for error rates in match-
ing tasks with binary model predictions. Our
focus will be on the balanced setting. Methods
extensions, including confidence intervals in the
unbalanced setting, pointwise intervals for the
receiver operating characteristic (ROC) curve, as
well as protocol design strategies, can be found



in Section 5. We will defer all the proofs of the
theoretical statements to Appendix A.

4.1 Parametric methods

Parametric methods for constructing confidence
intervals rely on assumptions made about the
distribution of the target statistic. In Section 2,
we have mentioned that Wald intervals are typi-
cally used for constructing intervals for statistics
that are asymptotically normal under data inde-
pendence, while other methods such as Wilson,
Agresti-Coull, and Jeffreys have been explored
specifically for binomial proportions. To derive
intervals that have good coverage in the pres-
ence of data dependence, we need to character-
ize the asymptotic behavior of +/G(FRR — FRR)
and +/G(FAR — FAR). The following proposition
establishes a set of conditions under which these
statistics are asymptotically normal.

Proposition 1 (Normality of scaled error rates).
Assume that limg_,o Var(\FGF/F-tT{) = cpr and
lima_, o0 Var(\/él?/lﬁ) = cpr for some positive
constants crpg, Crar- Lhen, as G — o0, \/@(I?Pﬁ —
FRR) 5> A(0, Var(Y11)) and v/G(FAR — FAR) >
N(O, 4COV(?127?13)).

Since identity-level observations are assumed
to be independent, the convergence in distribu-
tion of v/GFRR follows from an application of the
central limit theorem. The case of the FAR follows
from Proposition 3.2 in Tabord-Meehan [46]. The
result in the proposition motivates the construc-
tion of confidence intervals based on the limiting
distribution.

Construction of confidence intervals

The use of confidence intervals for binomial pro-
portions in the presence of dependent data was
first proposed by Miao and Gastwirth [32]. For
instance, Wald intervals in this setting take the

form Zgn = [FRR + 21—q2q/ Var(Y11)/G] and

Tean = [FAR + Zlfa/Q\/COV(Yl%YlB)/G]a where
21_q 2 corresponds to the (1 — «/2)-th quantile of
the standard normal. From Proposition 1, it then
follows that the intervals have the correct asymp-
totic coverage. In practice, Wilson intervals are
preferred as they achieve good coverage even in
the presence of small sample sizes [8]. The 1 — «

Wilson confidence interval for FAR, which assumes
data dependence, is given by

A~

Y
Zl1—a/2 N

FARN, + 22
IFAR_l FAR 21o¢/2+

AT 2 T OATE 2
Nregn +21_o 2 Neiw + 2102

: \/ﬁ(l - Fﬁ) + Z%a/g/(élﬁ};km)] , (5)

where N, = max{FAR(1—FAR)/Var(FAR), |G/2|}.
The naive Wilson confidence interval, which
assumes data independence, for FAR uses Ny =
G(G — 1)M?/2. The Wilson interval for FRR is
obtained by replacing FAR with FRR and Ny with
Ng = max{FRR(1 — FRR)/Var(FRR), G}, while its
naive version employs N;“RR = GM(M —1)/2. It
Proposition 1 holds, then the Wilson intervals will
have the nominal coverage. As a side remark, it
is worth mentioning that the 95% Wilson interval
(5) bears resemblance to a Wald interval that is
calculated on a dataset with two successes and two
failures appended. For more details, see Agresti
and Coull [1].

It should be noted that the construction of
these intervals relies on having knowledge of
Var(FRR) and Var(FAR). However, thanks to Slut-
sky’s theorem, by replacing these variances with
their consistent estimators, it is possible to use a
modified version of Proposition 1 and certify the
coverage of the resulting intervals. In the following
discussion, we will focus on constructing consis-
tent estimators of Var(Y1) and Cov(Y 12, Y13).

Estimation of Var(FRR) and Var(FAR)

The variances in Proposition 1 can be estimated
using the following plug-in estimators:

— 1
Var(\/éFRR) =G ;(Yn —FRR)", (6)
Cov (Y12, Vis) = :
ov 125 13) = G(G*l)(G*z)
G G . o o
D Y (Vi — FAR) (Y — FAR). (7)
i=1j=1, k=
j#41 k#j,1

The estimator in (6) is the standard variance esti-
mator under data independence. The estimator in
(7) is employed for Cov(Y12,Y13). However, in



finite samples, when Var(Yi2) » Cov(Y12,Y13),
the individual variance terms in (4) may dominate.
In that case, we may want to employ the following
estimator of Var(Y15):

G
—_— 1 — —
Var(Ys) = eIt DYy —FAR)?, (8)
i=1j=1
J#i

and then plug in the estimators above into the
variance expression (4). That is, we use:

Var(v/GFAR) =
2 4(G —2)

7\//8;"(?12) + 6&’(?127?13)- (9)

G-1 G-1
This estimator is a special case of the robust
variance estimator proposed by Fafchamps and
Gubert [18] in the context of dyadic regression.
The following proposition states the convergence
in probability of these estimators to the target
parameters.

Proposition 2 (Consistency of plug-in vari-
ance estimators). Consider the variance estima-
tors @(@F\RR) and @(\/@ﬂ\R) defined in
(6) and (9), respectively. Then, as G — o,
Var(vGFRR) 2 Var(Y11), and Var(vGFAR) 2>
4COV(?12,?13).

An alternative way to estimate Var(v/GFAR) is
by using the following jackknife estimator:

— — —92)2
VaI'JK( V GFAR) = %
o _
— — Va,r(Y12)
. PR— 2 J— [
;I(FAR_l FAR)? —2———>. (10)

Here, we have defined FAR_; = (G — 1)"(G —
_ G G v . . .

)T Y Dy YRl ({d # i} o {k # i}). Tt

turns out that the plug-in and jackknife estimators

produce exactly the estimates. This is formalized

in the following proposition.

Proposition 3 (Equivalence of plug-in and jack-
knife variance estimators). Consider the estima-
tors @(\FGF@) and \//'EEJK(\@P{AE) defined in
equations (9) and (10), respectively. It holds that
Var(v/GFAR) = Var s (vVGFAR).

The equivalence between the two estimators
follows from the work of Graham [21]. The imple-
mentations of the two methods have similar com-
putational costs, as they both involve O(G?) oper-
ations. Moreover, the estimators can be rewritten
by using a multiway clustering decomposition, as
outlined in Proposition 2 of Aronow et al. [2].
The implementation of this method is available
in existing software packages in both R [53] and
Python [43].

4.2 Resampling-based methods

We now consider an alternate and popular class
of methods, confidence intervals constructed by
bootstrap resampling. Bootstrap confidence inter-
vals employ the so-called bootstrap distribution
of the statistic of interest, which is obtained
by resampling with replacement from the orig-
inal data, the statistic of interest. In the per-
centile bootstrap method, the interval is based
on the percentiles of this distribution [17]. For

instance, let {f]ﬁ:}{il be the bootstrap distribu-

tion and let fﬁ{: be the FAR estimated on the
b-th bootstrap sample (i.e., resampled dataset).
A 1 — « confidence interval for FAR is given by
[FAR?[B(Q/Q)J)?FARZ‘[B(lfa/Q)])] Below we diSCUSS
nonparametric resampling techniques that can be
used to obtain the bootstrap distribution. The
asymptotic coverage properties of the intervals
constructed via the bootstrap depend on the mean
and variance of the bootstrap distribution, hence
we focus on these properties. In our subsequent
discussion, we denote with E* and Var® the expec-
tation and variance conditional on the original
sample.

Subsets bootstrap

At a fundamental level, the naive bootstrap
resamples individual comparisons at the level of
either identities or instances (of identities). How-
ever, ignoring the dependence structure present
in the data can lead to significant undercover-
age, as seen in the naive Wilson method. The
subsets bootstrap [6] attempts to modify the con-
ventional bootstrap by incorporating some of the
dependency into the resampling process. Specif-
ically, this bootstrap involves resampling with
replacement at the identity level G times in each
iteration. If the i-th identity is drawn in the



b-th repetition, then all comparisons involving
that identity are included in the bootstrap sam-
ple. More precisely, let the multinomial vector
(W1,...,Wg) ~ Multinomial(G, (G~1,...,G™1))
such that Zil W; = G. Then, we calculate:

Sii—1 Wiy

o
FRR, = > —~ " FAR, = —J27' (11

By including all observations corresponding to a
resampled identity, this bootstrap should better
approximate the true distribution of FRR and FAR
than the conventional bootstrap. Unfortunately,
in a balanced setting, this procedure will under-
estimate the variance of F/A\R, as the following
proposition demonstrates.

Proposition 4 (Bias of subsets bootstrap esti-
mators). For the subsets bootstrap, we have

Bias(ﬁ’?Rj) =0, and Bias(Pi\R:) = 0. In addition,
we have Bias(Var*(\/éF/ﬁZ)) — —Var(FRR), and
Bias(Var* (v/GFAR, )) = —Var(FAR) — {Var(Y12) +
3(G — 2)COV(?12,?13)}/(G — 1)

Deriving the unbiasedness of the FRR} vari-
ance is straightforward while proving the same for
FAR} requires more intricate analysis. The propo-
sition shows that either taking bootstrap samples
of size G — 1 or rescaling the bootstrap metrics
by 4/G(G —1)~1 provide estimates whose distri-
bution has unbiased variance for FRR. However,
for FAR, there is a significant negative bias if
COV(?lg,?lg,) > 0.

Two-level bootstrap

The two-level bootstrap is an attempt to address
the undercoverage issue of the subsets bootstrap
by employing two stages of resampling [39]. In the
first stage, we use the subsets bootstrap, while
in the second stage we employ a naive bootstrap
to resample with replacement the instance com-
parisons belonging to the data subsets obtained
in the first stage. In other words, after drawing
(W1,...,Wg) ~ Multinomial(G, (G™1,...,G™1)),
we compute

G —x%
G —* S WY,

fmy - 2 ViV e T )
’ GG—1) -
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—% e —% .

Here, Y,; and Zj=1,j¢i Y, are obtained by apply-
ing a naive bootstrap on each resampled data sub-
set. By applying the law of total variance, we can
show that Bias(Var*(v/GFRR, )) = —Var(FRR) +
(172/[M(M71)])V&I‘(YV(1)1)’(172))+O(M73). This
implies that, after rescaling the estimates, the
bootstrap may produce excess variation in FRR
computations. The derivation of the FAR variance
follows a similar strategy.

Vertex bootstrap

An alternative resampling procedure is the vertex
bootstrap, which is commonly used for infer-
ence on networks in the social sciences [45]. This
method involves resampling with replacement at
the level of the identities G times, and then consid-
ering all comparisons between the resampled iden-
tities. In case of the FRR, this method is equivalent
to the subsets bootstrap. For FAR computations,
the comparisons between instances belonging to
the same identity are swapped with F/ATX; note
that the original version of this bootstrap swaps
it with a random sample from all comparisons.
That is, for the b-th bootstrap sample, we take
(Wi,...,Wg) ~ Multinomial(G, (G~%,...,G71))
and obtain 1~:R\R;x< as in expression (11), while for
ﬁﬁz, we use:

G —
—x | (Wi — 1)FARL(i = j)
FAR, = ). Wz[ a@ 1)
WY 313 # j)
aG-1)

| o

Proposition 5 (Bias of vertex bootstrap esti-
mators). For the wvertex bootstrap, we have
Bias(FAR,) = 0, and Bias(Var*(v/GFAR,)) =
[4(G - 2)/G® + O(G~?)]Var(Y12) — [28/[G(G —

1)] + O(Gig)]COV(Y127?13).

By comparing Proposition 4 and Proposition 5,
one observes that in large samples, the expected
FAR bootstrap variance of the vertex bootstrap
is closer to the true variance than the subsets
bootstrap. However, in finite samples, the ver-
tex bootstrap overestimates the variances of the
individual observations. As we will observe in the
experiments in Section 6, this behavior can cause
the bootstrap to achieve a coverage rate that is
higher than nominal coverage.



Double-or-nothing bootstrap

The double-or-nothing bootstrap has been pro-
posed in the context of separately exchangeable
arrays [35], and it is a natural approach for ana-
lyzing matching tasks. In each iteration of this
bootstrap procedure, we sample weights W; id
Uniform{0, 2} for each identity ¢ € G, and then we

compute the estimates 1~:R\R;k and F/I-\\R;X< as follows:

o=k 21G=1 Wi?ii

FRR, = ==L ,
Zi:l Wi
S WiW,Y (14)
FAR, = 22—
2ig=1 WiW;
G

Proposition 6 (Bias of double-or-nothing boot-
strap estimators). For the double-or-nothing boot-

strap, we have Bias(ﬁ{ﬁ:) =0, and Bias(m:) =
0. In addition, we have Bias(Var*(x/éF?d%b) =
—~Var(FRR) and Bias(Var*(VGFAR,)) = [G —
1]71{—(4G — 2)/GVar(FAR) + 4Var(Y 12)}.

Thus, the FRR estimates obtained through
subsets, vertex, and double-or-nothing bootstraps
share similar properties. However, when comput-
ing FAR, this procedure, like the vertex bootstrap,
tends to overestimate the variances of the individ-
ual identity-level comparisons.

5 Practical considerations

In Section 4, we described the construction of
confidence intervals in the simplified balanced set-
ting and analyzed their properties. In this section,
we will provide an overview of practical consid-
erations related to the implementation of these
methods. Specifically, we will discuss how the
reviewed methods can be extended and applied in
the unbalanced setting. We will then address the
construction of pointwise confidence intervals for
the ROC curve. In Appendix B, we also cover the
design of the protocols for the estimation of error
rates and the associated uncertainty levels on large
datasets.

5.1 Handling unbalanced datasets

In many datasets, the number of instances (say,
face images) varies across identities (say, different
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people). We now demonstrate how the proposed
methods can be applied to construct confidence
intervals in this setting. Let M; € N denote a
random variable representing to the finite num-
ber of instances belonging to the i-th identity.
We assume that M; A for i e G and some
probability law L on natural numbers N. We con-
sider the following natural estimators of the error
metrics:

3 MY

FRR = —, (15)
Ziczl M;
G G Eva

_ TN MMY

FAR — szl 2371,39&1 J ]’ (16)

G G
Zi:l Zj:l,j;éi M; M;

where we have defined ]\f\JJZ = M;(M; — 1). Unlike
in the balanced setting, these estimators are only
unbiased as G — o0. The expressions of their vari-
ances are slightly more involved compared to (3)
and (4), and will be discussed below.

Parametric methods

The construction of the parametric-based confi-
dence intervals of the form (5) in the balanced
setting can be easily extended to the unbal-
anced setting once estimators of Var(v/GFRR) and
Var(v/GFAR) are available. To obtain an estimator
for Var(\/éﬁt\R), we can apply the Delta method
that yields:

_ MY
Var(VGERR) — YY)
E[M;]?
B 2I[‘:[]/\\/[41?11]COV(],\71?117 Ml)
E[M;]?
E[M,Y11]?Var (M.
n [M: 11LV3T( 1)' (17)
E[M;]4

Note that when the number of instances per iden-
tity is constant, the expression in (17) reduces to
Var(Y'11), which corresponds to the variance of
FRR in (3) in the balanced setting. Unlike the bal-
anced setting, however, using plug-in estimators
for the various terms in (17) may result in neg-
ative estimates of Var(v/GFRR). One way around
this is to rely on a different plug-in estimator. For
this derivation, we assume that M; is independent
of Y{; k),,p) for any of the indices (even i = j or



i = 1), i.e., the number of instances available for
each identity is independent of whether the model
classification is correct.® Then, appealing to the
Delta method and this independence assumption,
we obtain

E[M2(Y 11 — FAR)?]
E[M;]2 '

Var(v/GFRR) = (18)

The expression in (18) provides a simple way to
estimate the FRR variance when the independence
assumption holds.

To derive the plug-in estimators for
Var(v/GFAR), we use similar arguments. Under
the independence assumption described above,
the Delta method yields

2 E[M?M3(Y 1, — FAR)?]
G-1 E[M;]*
+4(G —-2)E [M12M2M3(?12?13 - E[?m?w])]
(G-1) E[M;]* '

Var(vGFAR) =

Once we have the estimators Var(FRR) and
Var(FAR) for Var(FRR) and Var(FAR) respectively,
we can construct Wilson confidence intervals using
the recipe described in Section 4.1.

Resampling-based methods

Adapting the resampling-based methods for inter-
val construction in the unbalanced setting is
rather straightforward, similarly to the confidence
intervals based on parametric methods. Since we
have assumed that the M,’s are i.i.d., the methods
will operate in the same way as in the balanced
setting, with the only exception being that the
metric computations follow (15). In other words,
the resampling is performed at the identity level,
regardless of the number of instances M; for each
identity. According to the following proposition,
the subsets, vertex, and double-or-nothing boot-
strap variances asymptotically converge to the
target parameter in the case of the FRR.

Proposition 7 (Consistency of bootstrap esti-
mators for FRR). Under the unbalanced setting,

3This is a simplifying assumption that may not always
hold true. For instance, in datasets containing mugshots like
MORPH, individuals who have been arrested more frequently
could be more identifiable because their facial images are more
up-to-date.
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as G — oo, Var*(v/GFRR, ) — Var(v/GFRR) 5 0,
where F/RTEZ is the FRR estimate of the b-th subsets,
vertex, or double-or-nothing bootstrap sample.

This result also indicates that the bootstrap
methods may be a suitable alternative for estimat-
ing Var(F?»R) instead of relying on the previously
described plug-in estimator. Note that we have
not talked about FAR in Proposition 7. Proving
the consistency for FAR is a more intricate task
as it involves computing the variance of non-
independent terms. Thus, we do not pursue it in
this paper.

Lastly, it is worth making a note of the sce-
nario where the number of instances available for
each identity is fixed instead of being random. In
this situation, the variance computations undergo
slight modifications. For instance, when comput-
ing the variance for the FRR, we have Var(FRR) =
Sy MVar(Yi | Mi)/(SZ, M?), where M; is a
fixed quantity. Moreover, when applying the boot-
strap method in this context, it is essential to
resample conditioning on M.

5.2 Pointwise intervals for ROC
curves

In this section, we focus on the construction of
pointwise confidence intervals for ROC curves, i.e.,
intervals for error metrics such as FRRQFAR. While
there is a wide range of techniques available [19,
29], we will limit our discussion to a few strategies
that have proven effective in previous work and in
our own experiments.

Parametric methods

To construct 1 — « pointwise confidence intervals
for the ROC, we can use the Wilson method, as
well as other parametric methods such as Wald
intervals, as follows. First, we first compute a
1 — apgg interval for FAR, and we denote the lower
and upper bounds of this interval as FAR;, and
f]ﬁub. Intuitively, these intervals contain FAR with
high probability. We then estimate 1 — « confi-
dence intervals for FRR at the thresholds ¢ that
yield fﬁilb and F/Aiub. The resulting FRRQFAR
interval is given by the region between the minima
and maxima of the union of the two intervals. If
the Wilson method is used, all FRR intervals com-
puted on FAR values within [lflﬁlb, F/A\Rub] will be



nested within this region. Thus, as long as agpg
is small, we should expect the resulting intervals
to be conservative. In practice, we have found
that even large values of appg may yield intervals
whose coverage is close to nominal. Therefore, the
parameter apg should be calibrated to the specific
sample to avoid severe over- or under-coverage.

Nonparametric resampling-based methods

An alternative approach is to employ the non-
parametric methods, such as bootstrapping tech-
niques, which we have discussed in the previous
sections. In this approach, we first obtain sev-
eral ROC curves via some bootstrapping methods,
such as the double-or-nothing or the vertex boot-
straps. We then used these curves to construct
the confidence intervals for FRRQFAR. For exam-
ple, in the vertical averaging technique [19, 29],

one computes F/P}LZ QFAR for each curve and then
via the percentile bootstrap obtains the interval
[P{R‘iaBa/ﬂ)@FARv Fﬁ?{B(l_a/Q)])@FAR] I{OWGVGI‘7
as alluded to before, the main issue with the
bootstrap methods is the interval under-coverage
for error metrics close to the parameter bound-
ary. This issue can be mitigated by imposing
smoothness assumptions. For instance, instead of
using the empirical ROC, we can estimate the
ROC curve parametrically (e.g., with the widely
used binormal model) or nonparametrically with
kernels instead of using its empirical estimator
[28].

6 Empirical evaluation

We will first present the experiments on syn-
thetic data in the balanced setting, followed by
experiments on on the MORPH dataset in the
unbalanced setting. Additional experiments and
results, including those on pointwise confidence
intervals for the ROC, are reported in Appendix C
of the Appendix.

6.1 Experiments on synthetic data

We consider the balanced setting with G iden-
tities and M = 5 instances for each identity.
The embedding of the k-th image in the ¢-th
identity are defined as: X; = B; + €%, where

Bi, €ir € R12® with 8;(d) i Exponential(1) and
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eix(d) ™ N(0,5) for 1 < d < 128. We then define

1 (H)Nfzk - Xj,l” > t) if i = j,
2
Yik),G0) = -

(v

‘ <t) if i £ 7,
2

where we denote by X; x = X, 1/ || Xi |, (and [|-[|5
denotes the Euclidean norm). Here, t > 0, 4,j € G,
and 1 < k,l < M, leaving Y{; x,i,x) undefined.
The error metrics estimation follows the descrip-
tion of Section 3. The thresholds ¢ that yield the
target error metrics, which are the underlying true
parameters, were computed by resampling large
datasets (G = 2-10%, M = 10). Coverage and
average width of the intervals were then estimated
by repeating the described sampling process 102
or 103 times.

In Figure 3, we compare estimated and nomi-
nal interval coverage for the methods discussed in
Section 4 using synthetic data with G = 50. We
can derive three key takeaways, which we hinted
when discussing Figure 2 in Section 1.

First, when FAR is far from 0 (e.g., FAR = 1072
in this example), the Wilson intervals, vertex,
and double-or-nothing bootstrap intervals achieve
coverage close to nominal coverage. In contrast,
the naive Wilson, subsets, and two-level boot-
strap intervals are too narrow and under-cover.
Our empirical analysis confirms this finding, where
we observed that only the naive Wilson intervals
suffer from under-coverage when FRR = 1072 or
10~!. By contrast, the two-level bootstrap tends
to slightly over-cover.

Second, when FAR = 1073, the vertex and
double-or-nothing bootstraps overestimate the
variance of the FAR and thus produce intervals that
are too large to be useful. Wilson intervals achieve
coverage close to the nominal level, whereas the
remaining intervals under-cover.

Third, when error metrics are small, actual
coverage does not scale linearly with nominal cov-
erage for any of the methods. The use of the
bootstrap is most problematic in case of FRR =
1073, as its distribution often results in a point
mass at 0 and thus leads to the observed severe
under-coverage. Although the issue is somewhat
mitigated in case of larger (relatively to the sam-
ple size) error metrics such as FAR = 107, the
bootstrap still may not achieve nominal coverage.
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Naive Wilson —— Double-or-nothing bootstrap —— Subsets bootstrap
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Wilson —— \Vertex bootstrap —— Two-level bootstrap
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Fig. 3 Estimated interval coverage versus nominal coverage for FRR and FAR on synthetic data. Data contain
G = 50 identities with M = 5 instances each. Colored lines and shaded bands indicate estimated coverage computed on 103
independent data replications and corresponding 95% naive Wilson intervals for the coverage respectively. Ideally, estimated
coverage would coincide with nominal coverage (black dashed line).

Method Naive Wilson
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Fig. 4 Estimated coverage of 95% confidence intervals for FAR versus sample size on synthetic data. Data
contain G identities (horizontal axis) with M = 5 instances each.

Figure 2 and Figure 3 provide additional
insights into the relationship between the
two terms in (4), specifically Var(Yis) and
Cov(Y12,Y13), respectively. Notably, as the FAR
moves away from the parameter boundary, the
ratio Cov(Y 12, Y 13)/Var(Y 12) also increases. This
phenomenon is linked to a more pronounced
under-coverage of the naive Wilson intervals and
a less pronounced over-coverage of the vertex and
double-or-nothing bootstrap intervals.

More generally, the findings from our study
highlight the crucial relationship between the sam-
ple size and the magnitude of the target error
metric. Figure 4 provides additional insights by
depicting how the coverage of 95% confidence
intervals for FAR varies for 5 < G < 100. We
observe that the coverage of naive Wilson inter-
vals decreases with an increasing sample size,
as the covariance terms become the leading fac-
tor in Var(ﬂ\R). Wilson intervals always cover
approximately at the right level. In the case of
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Method )
Wilson Vertex bootstrap Two-level bootstrap
FRR=10" FRR=10" FRR=10"

o044 —  ____-==q_ ___-==--1 p—
PO - i N N S - —
0.50 4
0.254

Estimated interval coverage

0.80 0.85 0.90 0.95 0.80 0.85

0.90 0.95 0.80 0.85 0.90 0.95

Nominal coverage

Fig. 5 Estimated interval coverage versus nominal coverage for FRR and FAR on the MORPH dataset. Samples
were generated by resampling G = 50 identities from the original dataset without replacement.

the vertex and double-or-nothing bootstraps, they
under-cover when G is small and tend to over-
cover for larger values of GG, as can be observed
for G = 50 (corresponding to 31k distinct com-
parisons) and G > 20 (5k comparisons) in case of
FAR = 107* and FAR = 1073, respectively. How-
ever, in line with our theoretical analysis, these
intervals eventually achieve nominal coverage as
G keeps increasing, as demonstrated by the case
of FAR = 107%.

6.2 Experiments on the MORPH
dataset

The MORPH dataset [42] licensed for commer-
cial use comprises approximately 400k mugshot
images of 65k distinct individuals. As the number
of images available for each individual varies, our
estimation challenge is in the unbalanced setting.
To expedite computations, we limited the number
of face images per individual to 10. Using d1ib’s
face recognition model through DeepFace [27, 44],
we extracted the 128-dimensional embeddings for
the face images. We then split the data in half
and a large random sample of images from one
half was employed to estimate the thresholds that
yield the target FRR and FAR using the Euclidean
norm of the differences between the embeddings

in the verification task. Construction of the con-
fidence intervals was performed on the other half
of the data. For this step, we generated datasets
by randomly resampling without replacement G
identities and considering all pairwise comparisons
between images corresponding to those identities.
Estimation of error metrics and interval construc-
tion followed the method descriptions in Section
5.1.

Here, we will only focus on the methods that
have produced the most promising results on syn-
thetic data. Therefore, we exclude the subsets and
two-level bootstraps but retain the naive Wilson
as a baseline. Figure 5 illustrates how the esti-
mated coverage of confidence intervals for FAR
and FRR of these methods vary with nominal cov-
erage on the MORPH dataset with G = 50,
where different identities can have different num-
bers of images. The behavior of the intervals
somewhat mirrors our observations on synthetic
data. More specifically, when the error metrics are
close to zero (FAR = 10~ and FRR = 1073), the
double-or-nothing and vertex bootstrap intervals
significantly under-cover, while the Wilson inter-
vals perform better in this regard, although their
actual coverage does not scale linearly with nom-
inal coverage. For larger error metrics, the naive
Wilson intervals are too narrow. In the case of FRR,
all intervals under-cover when FRR = 1072, while



coverage is close to nominal when FRR = 10~!. For
FAR, all intervals tend to cover approximately at
the nominal level when FAR = 1072 or 1072.

Despite our theoretical guarantees on Wilson’s
method, we notice that in some cases there is
undercoverage. This may happen for two reasons.
First, our analysis is based on the assumption that
observations are independent across identities or
individuals. This assumption may not hold. For
example, in scenarios where the same background,
the same camera, or the same lighting are used
for all mugshots taken only on a particular day,
sequential dependence across identities may occur.
Second, estimating the true values of the met-
rics of interest is challenging when using limited
amounts of data. As a result, the estimated inter-
val coverage in the figures may not fully mirror
the actual coverage in relation to the real value of
the metric depicted in the figures.

7 Conclusions and
recommendations

We aimed to provide guidelines for practitioners
on how to compute confidence intervals for their
experimental results. To this end, we explored
the popular methods for constructing confidence
intervals for error metrics in 1:1 matching tasks
and evaluated their properties empirically and
theoretically. Based on our findings:

(R1) We recommend the use of Wilson inter-
vals with adjusted variance. They generally
achieve coverage close to the nominal level.
For large error metrics relative to sample
size, the vertex and double-or-nothing boot-
strap methods can be considered as good
alternatives.

(R2) We strongly advise against using naive Wil-
son intervals, subsets, and two-level boot-
strap techniques. They fail to achieve nom-
inal coverage and may lead to incorrect
inferences.

Our recommendations are especially relevant
when test datasets are small-to-medium size,
where all pairwise comparisons between instances
are used in the computation of error metrics.
On massive datasets non-overlapping sample pairs
may be used, and data dependence may play a
lesser role in the estimation of error metrics.
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Our study is limited to 1:1 matching tasks.
Computing confidence intervals for 1:N matching
tasks is left open and will be the focus of future
work. Concepts and insights presented here will
likely serve as a useful starting point towards that
goal.
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Supplementary Material for
“Confidence Intervals for Error Rates in 1:1 Matching Tasks:
Critical Statistical Analysis and Recommendations”

This document acts as a supplement to the paper “Confidence Intervals for Error Rates in 1:1 Matching
Tasks: Critical Statistical Analysis and Recommendations.” The supplement is organized as follows.

(A) In Appendix A, we provide proof of all the theoretical claims in the main paper.
(1) Appendix A.1 contains proofs for parametric methods in Section 4.1.
(2) Appendix A.2 contains proofs for resampling-based methods in Section 4.2
(3) Appendix A.3 contains proofs for unbalanced datasets in Section 5.1.

(B) In Appendix B, we describe protocol design strategies (i.e., sampling) for the estimation of error
rates and their associated uncertainty on large datasets.

(C) In Appendix C, we provide additional experiments, supplementing those in Sections 1 and 6.
(1) Appendix C.1 provides illustrations comparing confidence interval widths.

(2) Appendix C.2 examines variance estimation accuracy against sample size.

(3) Appendix C.3 contains experiments on pointwise intervals for the ROC.

(4) Appendix C.4 contains additional experiments on text, image, and audio data.

Appendix A Proofs of theoretical results

A.1 Proofs for parametric methods in Section 4.1
A.1.1 Proof of Proposition 1 (normality of scaled error rates)

As explained in the main paper, because identity-level observations are assumed to be independent, the
case of FRR in Proposition 1 follows from applying the central limit theorem. The case of the FAR follows
from Proposition 3.2 in Tabord-Meehan [46].

A.1.2 Proof of Proposition 2 (consistency of plug-in variance estimators)

The convergence in probability of \//aTr(\/éPﬁ) to Var(Y 1) simply follows from an application of the

weak law of large numbers. In the following, we will show the convergence in probability of \//a\r(\/éF/AT{) -
(G — 1)1 (2Var(Y12) + 4(G — 2)Cov(Y12,Y13)) to 0. We begin by recalling the estimator:

Var(vVGFAR) = % [\//a\r(Ylg) +2(G — 2)0/&(?127713)] ; (A1)

where the components \//a\r(Ylg) and 6&/(?12,?13) are defined as:

G
Var(Ylg — 1 Z Y — FAR (A2)
lzljzl J#
Cov(Y12,Y13) = .; — FAR)(Y ;,, — FAR). A3)
(Y12, G(GJ)(GJ)EEE J ) (
j#i k#4,7

We want to show that, as G — o0, @(712) 2, Var(Y12), and 6&7(712,?13) 2, Cov(Y12,Y13). If
these conditions are verified, then Var(v/GFAR) — Var(v/GFAR) 2 0 by Slutsky’s theorem.
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Consistency of \//a\r(Ylg)
By Chebyshev’s inequality, we have

E [(@(ym) - Var(Ym))z]

P(|@(?12) - Var(?12)| = t) < 12 ) (A4)
for any ¢ > 0. We will now bound the numerator of (A4). Decompose the numerator into:
. N _ . _\2
E [(Var(Ym)) - Var(Ylg)) ] — Var(Var(Y12)) + (IE [Var(Y12)] . Var(Y12)> . (A5)

~
Term 1 Term 2

We will show below that both the two terms on the right-hand side of (A5) are O(G™1).
The first term in (A5) is equal to

1

Var(Var(Y12)) = GE-TD

[2Var((Y12 —FAR)?) + 4(G — 2)Cov((Y 12 — FAR)?, (Y15 — FAR)?)

(G = 2(G - 3Cov((Vra ~ FIRP, (Vs ~ FRRP) |, (A0

It is easy to see that all terms are O(G~!) or of smaller order.

The second term on the right-hand side of (A5) is equal to

[]E [@(?12)] - Var(?12)]2 _ [Var(Yw) + 4é((?G_2)1(;ov(Y12,Y13)]2 06, (A7)

The consistency of \//a\r(712) then follows by combining the results in (A6) and (A7) with the inequality
in (A4).

Consistency of 6&/(?12,?13)
By Chebyshev’s inequality,

E [((io\v(ymylg) - cov(yu,ylg)f]

P(|Cov (Y12, V13) — Cov(Yia, Vis)| > t) < > , (A8)
for any ¢ > 0. We now proceed to bound the numerator of (A8). Note that
. N2
E [(COV(Y127Y13) — COV(Ylg, Ylg)) :|
— — . \2
= Va]."(COV(Ylg, Ylg)) + (E [COV(Ylg, Ylg)] — COV(Y12, Y13)> . (Ag)

Term 3 Term 4

To complete the proof, we will show below that each of the two terms on the right-hand side of (A9) is
O(G™1).
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Term 3 | We start with the first term, the variance of the covariance estimator. We can rewrite

D i i i i i i cov{( . — FAR)(Yi, — FAR), (Vi — FAR) (Vi _FTR))}
Va.I‘(COV(Ylg,Ylg)) =
i=1j=1 k; I=1m=1 no G*(G—1)*(G-2)°
];ﬁz ¥ m#l n#l,m

In order to show that it converges to 0, we need to prove that the number of nonzero covariance terms is
of the order smaller than GS.

e Terms involving Cov(Y ;Y ik, Y im Y 1n): These terms will be zero when all indices are different, that
is in G!/(G — 6)! cases. Thus, [G(G — 1)(G — 2)]?> — G!/(G — 6)! = O(G®) of the terms in the sum
above will be nonzero.

e Terms involving Cov(Y ;Y i, Y1, FAR): We have

Cov (?U?’NW ?lmF/'A\R)

G
1

= G Cov Vi Yin, 20, + 4 Z YimY i + 2 D YimYup

G(G o ) n=1 n=1 p=1

n#l,m n#ElLm p£lm,n

COV(Y” Ylk, 2Ylm 14 i COV Y” sza Yleln i i zkv?lm?np)

B G(G-1) —1) e ] G —1) '
n;él m #l,m ;

The first term will be nonzero when Y;;Y;; and Ylm share any of the indices, hence

G G G G G — — -2
mz 2 2 2 2 7;1 Cov(Y ;Y ix, 2Y )

which is O(G?). The second term is O(G*), while the third term is O(G®).
® Terms involving Cov(l*:ﬁiz, F/ﬁ’f): We have

—2 —2
Cov(FAR ,FAR )

G G
:mzz ov 2Y +4Z YV + Z Z YUYM’FAR
i

k=1
k#i,5 k#ml#w,k

G G «a
1 2 = = v v o2
= ———Cov<2Y,,+4 Z YoV, + Z Z Y12Y g, FAR
G(G—1) k=1 k=1
k1,2 R 14T 5.0

. Y Y.V - - =32
_ mCov {2Yf2 FA(G = 2)Y 12V 13 + (G — 2)(G — 3)Y 1Y 34, FAR } .
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The leading term in this expression is

_ _ G G G G -
WZZ Z Z Cov(Y12Y34,Y ;Y i) = O(G™H).

— — 2 — — 2

® Terms involving Cov(Y;;Y i, FAR ) and Cov(Y;;FAR,FAR ): These terms are handled in a similar
manner and their proofs are omitted.

Thus, we have thus shown that

Var(Cov(Y 12, Y13)) = O(G®/GS) = O(G™). (A10)

We now turn to the second term, which is the squared bias. We have

oV Vi | = 1= 26 =2 oy v 2 gy _mp2l@—2E—3)
E [Cov(Ylg,Ylg)] - [1 o= 1)] BV 0V 1a] — g gy BV ial — FAR = o
It follows that the bias is given by
—~ S ooy 4G-2)  — — —2 2(2G - 3) 9
E I:COV(Y127 Y13):| — COV(YlQ,Ylg) = _mE[Y12Y13] — m]}ﬂ[ylz] — mFAR
Thus, we have
o . 2
(ECOV(Ylg, Y13) - COV(Ylg, Ylg)) = O(G_Q), (All)

which goes to 0 as G — 0.
Putting (A10) and (All) together, along with (A8), the result then follows. This completes the proof
of the consistency of COV(Ylg, Yi3).

A.1.3 Proof of Proposition 3 (equivalence of plug-in and jackknife variance
estimators)

Recall the form of the jackknife variance estimator of Var(v/GFAR):

Var ;i (VGFAR) = G-2¢ > (FAR_; — FAR)® — 2%, (A12)
i=1
where F/IELZ» is defined as
__ 1 @ &
FAR ;= ———— Al
R (G_l)(G_Q);kg L({ # i} (k2 ). (A13)

Recall also the estimator for Var(Ys):

G G
Var(Y12 _1 Z Z id — FAR (A14)
J:
J#
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Through a series of algebraic manipulations, we will show that after substituting for (A13) and (Al4),
the expression (A12) simplifies to plug-in estimator from (9).
Towards that end, we start by expanding the sum in the first term on the right-hand side of (A12):

(FAR_; — FAR)?

e

i=1

G Zk 1Zl 1Yk:z_22]¢1y7,]
= I7__ _FAR

= (G-1)(G-2)

2

4 3 &Yy

G-224|aG-1

i
4 G G G G .
:(G—2)2(G—1)22 > 1(Y; — FAR)? Z 2 (Y,; — FAR)(Y;, — FAR) | . (A15)
i=1 | j=1 i=1 k=l
VE ;éz

Moving the appropriate factor across and subtracting the second term on the right-hand side of (A12),
we arrive at

(G=22 & — —  Var(Via)
g ;(FAR,Z FAR)? — 2=~ —
) 457 12; 1( Y. — FAR)? +422 1Z] ij 1( Y.; — FAR)(Y;;, — FAR) T
B G(G —1)2 G(G —1)2 G-1
 2Var(Y1o) + 4Cov(Y 12,V 13) (G — 2) . 2@(?12) - 2\7&(?12)
B G-1 G-1 G-1
2 — 4G=2) ~ — —
= a_ 1Var(Y12) + %COV(YlQ, Y13), (A].G)

Noting that the (A16) matches with (9). we have that @JK(\/éFﬁ) = @(\/éF/AT%), as claimed.

A.2 Proofs for resampling-based methods in Section 4.2

A.2.1 Proof of Proposition 4 (bias of subsets bootstrap estimators)

Recall that ﬁﬁ: and F/A?t;k indicate the FRR and FAR estimates respectively based on the b-th bootstrap
sample. The proofs for various statements in the proposition are separated below.

¢ Showing that BiaS(F/Pﬁ:) =0 and Bias(Var*(\@F/Rﬁ*)) — —Var(FRR) is straightforward.
— For Bias(FﬁZ), it is easy to see that

G
1 . —
E[E*[FRE, |] Z = GE[Yii] = FRR.

Hence, Bias(F/R\RZ) =0.
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~ Towards computing Bias(v/GVar* (F/Pﬁ;k)), observe that

G
E[Var*[FRR, || = GQZE Var* (W)Y, + Cov* (Wi, W) Y ViV i
=1 k
k

G? = G "G =
k#i
G-1 2 G —
IeZ ]E[YH] e FRR

= GC: 1Var(1~{ﬁ{).

Thus, we have Bias(Var*(v/GFRR)) = (G — 1)Var(FRR) — G'Var(FRR) = —Var(FAR), as claimed.
¢ Obtaining expressions for Bias(ﬁ:) and Bias(Var*(\/@ﬂ\R:)) is slightly more involved.
— For Bias(fl-%\RZ), note that

G G G
— — 1
E[E*[FAR,]] = E|E* W] ),V | = E[V] = FaR
b G(Gfl)l; ]; J G(Gq);; [Vis]
i j#i
Hence, Bias(FAR, ) = 0.
~ For Var* (FAR, ), observe that
E[Var*[FAR;, |]
2
e (Zf;l Yij) G 2 =t Yi; Zl;&i Y
_ ]E JF £ . J# * :
Iz ;1 G- Var™ (W;) + ];1 G-y Cov™ (W;, Wy)
k=i

2
a =
1 G (Zj=1yij> G-1 G Z] 1Yz]2l 1Ykl

-— Nk J#i J#i -
G? ; (G-1)2 G kZ=11 (G — 1) G
k#i
We thus have
E[Var* [FAR, ||

2
(Z] 1YU> 5
-5 Z L — FAR

— FAR
G-1

Q

1 {Yi +(G—2)Y15Y 13 /\2}
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}. (A17)

1. Vi, +(G—2)V 15V 3
G G-1
|27, 4G -2V 1V + (G - 2)(G —3)F 12V
G(G—1)

We can rewrite the first of the two terms in (A17) as

1g Vs + (G =2V 12V s
G G-1
= Var(F/ATR) — Var(Yi2) + 3(G — 2)Cov(Y 12, Y13)

FAR?
GG —1)

— (A18)

and the second as

_ Var(FAR)  FAR?

1 (27, + 4G —2)V 15V 13 + (G~ 2)(G — 3)V 12V + (A19)
G G(G—1) G ¢

Thus, combining (A18) and (A19) with (A17), we obtain

E[Var*[FAR, || = GC_? 1Var(F/A\R) ~ Var(Yiz) +3(G — 2)Cov(Yi2, Yi3)

G(G—1)

Therefore, we have

Bias(Var* (VGFRR? ) = (G — 1)Var(FiR) — Y2r012) +3(G = 2)Cov(Vsz, Vi)

G- 1) — GVar((FAR)
— —Var(FAR) — Var(Y12) + 3((%—_21))COV(Y12,Y13)7

as promised.

This completes the bias derivations for subsets bootstrap estimators.

A.2.2 Proof of Proposition 5 (bias of vertex bootstrap estimators)

Recall from (13) the expression for F/AT%Z, the estimator for FAR based on the b-th bootstrap sample using
vertex bootstrap:

G — 3 .
% (W; — 1)FARL( = j)
IR = L W"'[ G(G—1)

WY i1 (i # j)]
=1

G(G-1)
® We start with deriving Bias(mr). Note that

E {E*[FAR; ]}

G
= @ Z E {JE* [Wi(W; — 1)1(i = j)] FAR + Y, E* [W,W,1(i # j)]}
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G G
1 e G-
_ o BV A ob S
G(Gfl)zi +Z e
[ j=1
i
1 1 G-1
= FA — 1)FAR———
GCT [G RT—— + G(G — FAR ]
= FAR.

Thus, Bias(FAR, ) = 0.

e We next turn to deriving Bias(Var*(FﬁZ)). Let ?Z denote the observation corresponding to the
i-th and j-th identities in the b-th bootstrap sample, where the subscript b is omitted. It is easy to
see that

E {Var*(pﬁ:)}

1 _ e e
_ G<G—1)]E{2Var*(Y>f2) +4(G — 2)Cov* (Y’fz, Y’fg) + (G — 2)(G — 3)Cov* (YTQ, Y§4) }

For the variance term Var*(?lz), we have

E{Var*(V],)} = E {IE* 7] B [YE]Q}

S el o[
= O eyl - B
= % {Var(?lg) — Var(ﬂﬁ’»)} . (A20)

For the covariance term Cov* (le, Y34) we can show that

E{COV*(?T%YL%} E E Y12Y13 ]E*[YMJE*[YT?,]}

2G-1 2 (G- ( 1 » G-2o o __
E{ 2, )<G_1Yf2+ _1Y12Y13>—FAR2}

G2 G?
— G-2- — G—-1)?_—2
=K GQ ( 1Y?2 + — Y12Y13) - !FAR }

G ) 1 { ?32 (G — 2)?12?13 /\RQ}

¢ de-1T o-1

By following the same derivation as in (A17), we can further show that

—1)2 - = ar 712 - ov 712’71
E{cov*(?;,?;g)}z (GG” {GGlVar(FAR)V ¥ “35(;_2)10) ¥ Y3)}. (A21)
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Thus, combining (A20) and (A21), together with the fact that Cov(?z,?;) = 0 (by
independence), yields

E {Var*(ﬂ\R:)}
— G(Gl_ 3 {2GC_; 1 [Var(?u) - Var(ﬂﬁ)]
: e 1E(G = [GC; 1V&r(ﬁ> _ Varl¥ag) + 3éc(;G_2>1(;OV(Y12»Y13)] }

= é [Var(?lg) - Var(F/ﬁ{)]

4G-1D(G-2)[G-1 _— Var(Yi2) + 3(G — 2)Cov(Y12, Y13)
+ o e Var(FAR) — GG —1) . ]

_ é [Var(¥12) — Var(FER)|

UG-G -2 [ Var(Yis) + (G~ 2)Cov(Y12,Y15)  Var(FAR)

G2 i GG —-1) G
— Var(FIR) — ?;Z?gili; - 2V"‘§2F/ﬁ
— 4(32ié)£(;1)_ 2) Cov(Yi2,Y13) + LGG; 2)Var(712) _HG-DG-2) 1G)3(G —2) Var(FAR).
We can rearrange the terms to obtain
Bias(Var* (FAR, )
= Var(Y12) [LL(GG?)?) +0 (G3)] + Cov(Y12,Y13) [G(;S_U + 0(03)] . (A22)

Up to constants, the expression in (A22) matches with the expression in the statement.
This completes the derivations of the bias for the vertex bootstrap estimators.

A.2.3 Proof of Proposition 6 (bias of double-or-nothing bootstrap estimators)

Recall from (14) the expression for F/Rﬁ;k and f]ﬁ:, the estimator for FRR and FAR based on the b-th
bootstrap sample using double-or-nothing bootstrap:

=1 WW,Y 55

¢ -
o WY o J=
FRR, — M and FAR, — —22
D Wi D=1 Wil
J#i

where E[W;] = 1, Var(W;) = 7, and Wj is independent of W whenever ¢ # j for 4,5 € G. The double-or-
nothing bootstrap falls in this framework when 7 = 1.
o It it straightforward to show that Bias(l*:l-i\RZ) = 0. Next, we examine Bias(Var*(F/RT{Z)). Let T* =
Ziczl W;Y;; and N* = Zlel W;. Through an application of the Delta method, we obtain
E {Var*(F?tRZ)} =

1 . —
@E {Var*(T*) — 2FRRCov™ (T*, N*) + FRRQVar*(N*)} ,
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where

E[Var*(T*)] = E — 7GE[Y 1],

A
2,V
i=1

E[FRRCov* (T*, N*)] = E[FRR Var* (N*)] = GrE[FRR’] = 7 [E[?i] + FRR2(G — 1)] .

Hence, we have

E[Var* (FRR; )] = 7Var(FRR).

Taking 7 = 1 yields the result. -
e With respect to the FAR, let T* = ZLG:1 ZJG=1 W;W;Y;; and N* = chzl Z?Ll W;W;. Again, it is
J#i J#i

easy to see that Bias(F/ﬁ%Z) = 0. An application of the Delta method yields

E {Var*(ﬂi:)} - mE {Var*(T*) — 9FARCov* (T*, N*) + F’ﬁQVar*(N*)} :
where
E[Var* (T*)] = G(G — 1)]E {2Var* (?12W1W2) + 4(G - 2>COV* (?12W1W2,?13W1W3)}
= G(G — DE {2V p(B*[WTIE*[W5] — 1) + 4(G — 2)Y 1Y 13(E*[W7] — 1)}
= G(G — D)[27(1 + 2)E[Y 1] + 4(G — 2)7E[Y 1Y 15]],
and

E [ﬂicov*(T*, N*)] — E[FAR Var* (N*)] = G(G — 1)[27(r + 2) + 4(G — 2)7|E[FAR"].

It then follows that

E[Var* (FAR))] = ﬁ [2r(r + DE[V?, — FAR'] + 4(G — 2)7E[V 127 15— FAR]|
= ﬁ [27‘(7’ + 2)Var(?12) + 4(G — 2)TCOV(?127?13)]
27’(7’ + 2G — 2) 2Var(?12) + 4(G — 2)COV(712,?13)
GG -1) GG -1) '

Choosing 7 = 1 yields

BV (FRE) = Ve R 1+ e

This completes the bias derivations for the double-or-nothing bootstrap estimators.

A.3 Proofs for the unbalanced setting in Section 5.1
A.3.1 Proof of Proposition 7 (consistency of bootstrap estimators for FRR)

We separate the proof into the consistency of subsets and vertex bootstrap, and that of double-or-nothing
bootstrap below.
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¢ Counsistency of subsets and vertex bootstrap estimators. The resampling performed by these
two bootstrap types for FRR computations is analogous, thus we investigate the consistency of both

types altogether. By applying the Delta method, we obtain

Var* (ﬁﬁ:)

Since M; is finite for any ¢ € G, we can apply the weak law of large numbers and the continuous
mapping theorem to obtain the following convergences in probability as G — o0:

G TRy L v6 77y ) ~ =
GZi:l Mi Yii - (ﬁ Zi:l Mly”) P, Var(MlYll)
¢ 7\? M, ]2
(3, 0%) EQA]
G 7y~ G 'Yoivd G 37~ G 7 ~ ~ ~
(Zi:l szn) Zi:l (Migyii - (Zi:l MlY”)(Zz:l Ml/G)) p E[Mlyll]COV(M1Y11, M1>

(x5, 71) o

¢ ~o V|we T (1 wC 2
I e

(x9, 1)’ E[M]!

)

)

It then follows that

Var*(\/aﬁ;k) 2} Var(Ml?H) . QE[Mlyll]COV(Ml?llaﬂl) n E[M1?11]2Var(]\71)

E[M, ]2 E[M,]3 E[M,]*

This completes the proof for the consistency of the subsets and vertex bootstrap estimators.

¢ Consistency of double-or-nothing bootstrap estimator. Assume that E[W;] = 1 and
Var(W;) = 7. In addition, let W; L W, whenever i # j for ¢, j € G. The double-or-nothing bootstrap
is obtained by taking 7 = 1. By applying the Delta method, we obtain

G e ¢ v, (O TV ¢ i) (36 M.
Sy M?Y, Doy MEY i) (22, MiYii Doy ME) (il MiY s
== d — 27 + 7 .

(26, %) (26, %) (22, 35)

Var* (FRR, ) =
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Since ]\Z is finite, we can apply the weak law of large numbers and the continuous mapping theorem
to obtain, as G — 0,

G o2 ~,—2
i MPY; LTE[M%YH]

TG 5 ~
(so, ) O

9

ol (ZiG=1 ]\7127”) (211 1\71711) » QTE[]EQYH]EU%?H]
(3, 31) EDLP
- (Z;Gﬂ Mf) <21G:1 M?ii>2 b, E[Mf]E[Ml?H]Z
(x5, 1) DA

Putting everything together, as G — o0, we have that

F2v2 72y YA SF2TRINT. V. . 12
Var*(\/aﬁn\R:)iTE[Mlyn] _ o EIMIYuEM Y] | E[MT]E[M,; Yy,]

E[M,]? E[M)]* E[M,]*
_ TV&I(]WHYH) _ ZTCOV(MIYILJ%)E[HIYH] I TVar(ﬂl)E[M1711]2
E[M,]? E[M,]? E[M,]*

Choosing 7 = 1 yields the desired result. This completes the proof of the consistency of the double-
or-nothing bootstrap estimator.
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Appendix B Protocol design

Many vision and audio datasets comprise hundreds of thousands of instances, making it computationally
infeasible to estimate FRR and FAR on all the data. In such cases, the researcher has to decide on which
instance pairs their computational resources (i.e., budget) should be spent on. Since different combinations
of pairwise comparisons between instances may lead to different estimates of model accuracy, dataset
designers attach protocols specifying which comparisons to consider in computations. Consequently, a
natural question is then: For a given budget, which instance pairs offer the lowest variance estimate of
model accuracy?

1 1 1 4 (7181
214 2 6
2 2
2 > 22 2] 1519
5° & 5+ [8]10]5 3
o o o
4 4 1 9
5 3
5 5 6
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
Identity Identity Identity

Fig. B1 Protocol design for selecting identities and instances in FAR computations. The selection is based
on Algorithm 1. The number in each cell represents the iteration at which the given pair of identities and instances is
chosen. Left panel: balanced setting with one instance for each of the five identities. Middle panel: balanced setting with
two instances for each of the five identities. Right panel: unbalanced setting with the first four and the fifth identities have
one and three instances respectively. Note that in all scenarios we iterate through all identities before selecting the same
identity again. However, while in the balanced setting, we pick the combination of identities 1-2 first, in the unbalanced
setting we choose identities 1-5 first as the latter has more observations.

Based on our theoretical analysis in Section 4 (and demonstrated in the empirical results in Section 6),
it is clear that the dependence structure induced by the comparisons can significantly impact the coverage
of the confidence intervals. This realization naturally leads to a strategy for protocol design to try to
maintain the independence structure between comparisons. For simplicity, consider the computation of
FAR on a sample where each identity has only one instance. Assume that a budget of B < G(G — 1)
comparisons is available, and let B = ZzG:1 >, i Dij With by = bj; = 1 when Yi; enters FAR computations
and 0 otherwise. Minimizing the variance of the estimated FAR under budget constraints boils down to
solving the following problem:

G G
arg min Z bi;bik s.t. Z bi; = B. (B23)
biz,-be(G-1) 4 j k=1 i,j=1
J#i i#]
k#i,j

When B < |G/2], one can choose instance pairs that are independent, e.g., Y12,Y 34, etc. When B >
|G/2], the objective in (B23) is minimized when the comparisons share as few instances as possible with
each other. An approach to choose the terms to include in the FAR computations is as follows: At each
of the B iterations, select the observation that minimizes the objective evaluated using the allocation
resulting from the previous iteration.

Algorithm 1 outlines the proposed approach for selecting the combinations of identities to be included
in the FAR estimation for the balanced setting. We start by creating all possible combinations of identities
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Algorithm 1 Protocol Design Strategy to Select Identities Combinations (IDs) for FAR Estimation in
the Balanced Setting
Input: budget > 0, data = {id : instances}
1: Initialize IDCombinations to empty and IDVisits to priority queue for number of ID visits with IDs
present in data
2: while budget > 0 do
3 Retrieve candidate IDs with the lowest number of visits from IDVisits
4 Sort candidate IDs in decreasing order according to the number of instances
5: Iterate through candidate IDs and find the first unused pair
6
7:

Update IDCombinations, IDVisits, and budget
end while
Output: Set of ID combinations

from which we will draw the instances to be considered. At each iteration, we use a priority queue to
retrieve the identity candidates with the lowest number of visits. These candidates are sorted to ensure
that those with a larger number of instances are visited first, which helps minimize the number of times
a given instance will be reused in the estimation. Note that in the balanced setting, the last step is not
necessary. If the total budget exceeds |G(G — 1)/2], we can iterate through the combinations yielded by
Algorithm 1. Once the combinations of identities are available, we follow a similar strategy for selecting
the pairs of instances within each pair of identities. Figure B1 describes three examples of protocols
resulting from applying this strategy. For FRR estimation, we follow a similar idea. We first iterate through
the identities starting with those with the largest number of instances. We then use Algorithm 1 to select
the comparisons within each identity.

Finally, a brief note about computations of error metrics and the associated uncertainties on massive
datasets under computational constraints. The proposed strategy for protocol design can be applied to
handle estimation in these settings. This involves selecting a fixed number of instance pairs using the
protocol design, estimating the error metrics on these pairs, and then using Wilson or bootstrap methods
to obtain confidence intervals. By following this approach, one can obtain reliable estimates of error
metrics and their uncertainties while minimizing computational costs.
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Appendix C Additional numerical experiments

In this section, we present additional experimental details and results, supplementing those in presented
in Sections 1 and 6.

C.1 Analysis of interval widths

The discussion in the main paper has focused on interval coverage and has only briefly mentioned width.
In our experiments, we found that methods that yield intervals with higher coverage also generally
presented larger widths, as we would expect in the case of statistics that are asymptotically normal
(see Proposition 1). Figure C2 shows the relationship between estimated coverage, average width, and
nominal coverage for FAR intervals with G = 50 and M = 5 using the setup described in Section 6.1 (see
Figure 3 for estimated vs. nominal coverage). In the case of FAR = 1073, 1074, a given estimated coverage
corresponds to the same interval width across all methods. This indicates that recalibrating the nominal
coverage (e.g., increasing the nominal level 1 —« for the subsets or two-level bootstrap to achieve intervals
with coverage 1 — aiarget) for any of the methods will not yield intervals with the target coverage but
with a smaller width.

Naive Wilson — Double-or—nothing bootstrap —— Subsets bootstrap
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Fig. C2 Estimated coverage versus average width (top) and average width vs. nominal coverage (bottom)
for FAR intervals on synthetic data. Data contain G = 50 with M = 5 instances each. Colored lines and shaded regions
indicate estimated coverage and corresponding 95% naive Wilson or Wald confidence intervals for the different methods.
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C.2 Variance estimation accuracy versus sample size

One natural question is how large the sample should be to obtain an accurate estimate of the variances of
FRR and FAR, and for Wilson intervals to achieve close-to-nominal coverage. As we have seen in Proposi-
tion 2, asymptotically the reviewed variance estimators converge to the true parameters. Their behavior
in case of a few observations in the sample may be less clear. However, in Figure 4 we have seen that
Wilson intervals achieve coverage close to nominal for any number of identities. This observation sug-
gests that the variances of FRR and FAR are close to the true variances even when only a few identities are
present in the data. This is to show in the case of FRR, for which one can obtain finite-sample guarantees
via standard arguments. For the estimator of the FAR variance, the derivation of the limiting distribution
is more complex due to data dependence. For this reason, we resort to simulation and in Figure C3 we
show how the mean squared error (MSE) of the estimator of the FAR variance in (9) varies with the num-
ber of identities G present in synthetic data. The results show that the MSE of the variance estimator
greatly decreases with the number of identities in the data (at rate v/G, consistently with Proposition 2)),
and is small even when a limited number of identities is available in the data.
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Fig. C3 Mean squared error (MSE) of FAR variance estimator on synthetic data. Data contain varying number
of identities G with M = 5 instances each. The lines correspond to the MSE of FAR variance estimator as a function of G.
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C.3 Pointwise intervals for the ROC

In this section, we evaluate the coverage of pointwise confidence intervals for the ROC on the MORPH
dataset. The experimental setup follows the description of Section 6. The vertex bootstrap performs
similarly to the double-or-nothing procedure and thus, for the sake of simplifying the presentation of
the results, it is omitted from the discussion. Figure C4 shows estimated coverage as a function of
nominal coverage for the reviewed methods at different levels of FAR. Consistently with the discussion
of Section 5.2, we observe that Wilson intervals achieve coverage that is higher than nominal across all
FAR levels. While the overcoverage may be expected for low values of FRR (e.g., see the results in Figure
3), the overestimation is present albeit it is lower for larger values of FRR. For low FRR, we also observe
that the version of the double-or-nothing bootstraps that employ ROC curves smoothed using log-normal
distributions to model the scores perform better than their counterparts. This is suggestive of the benefits
of imposing smoothness assumptions. When FRR is large enough, the bootstraps perform similarly.
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Fig. C4 Estimated coverage versus nominal coverage of confidence intervals for FRR@QFAR on the MORPH
dataset. Samples were generated by resampling G = 50 identities from the original dataset without replacement.
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C.4 Experiments on diverse data types

Our theoretical analysis applies to any 1:1 matching task. Here we explore its properties empirically

on

real data, with data types and tasks beyond 1:1 face verification. In particular, we investigate the

performance of our methods in the following tasks:

® 1:1 object verification. Matching images from a randomly sampled subset of the iNat2021 dataset

[47]. The iNat2021 dataset is an image collection specifically curated for species recognition, featuring
over 10,000 different species. The matching task is to recognize whether the animals in two different
images belong to the same species. For this purpose, we extract feature representations obtained via
CLIP [40].

e 1:1 speaker verification. We use a large dataset of voice recordings corresponding to multiple

speakers. For the speaker verification task, we extract the embeddings of the audio recordings using
an ECAPA-TDNN pre-trained model [16, 41].

® 1:1 topic verification. We aim to detect whether two text paragraphs are related to the same

topic. For this purpose, we use a subset of the Amazon review dataset [34], comprising prod-
uct information and corresponding Amazon reviews. Specifically, we focus on identifying if two
reviews pertain to the same product. Classification is performed using text embeddings generated
by BAAI/bge-smal-en-v1.5 [52].

For all datasets, our experimental framework follows the same setup of Section 6.2, using G = 50

identities. Figure C5 shows how the coverage of the confidence intervals for FRR = 10~! and FAR = 1072,
constructed using the reviewed methods, varies with nominal coverage. The results are consistent with our
empirical findings of Section 6: For FRR, all methods other than naive Wilson tend to cover approximately
at the right level. For FAR, the Wilson intervals, as well as the vertex and double-or-nothing bootstrap
intervals, achieve coverage close to nominal. The other methods severely undercover.
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Fig. C5 Estimated interval coverage vs. nominal coverage for FRR = 10~! (top) and FAR = 10~2 (bottom)

on

1:1 object, speaker, and topic verification tasks respectively. Samples were generated by resampling G = 50

identities without replacement from the original dataset.
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