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Abstract

Vision language models face a fundamental geometry trade-off: Eu-
clidean representations excel at instance-level discrimination, while
hyperbolic representations naturally encode semantic hierarchies.
Hybrid training is challenging because one geometry may domi-
nate early, leaving the other under-trained failure mode we term
geometry dominance. We introduce Adaptive Geometry Routing
(AGR), a framework that addresses this via a novel four-phase train-
ing curriculum: (1) Isolation hyperbolic-only training stabilizes
hierarchical structure; (2) Shadow router learns mixing patterns
using only hyperbolic signals; (3) Soft Launch Euclidean scores
gradually become visible; (4) Adaptive full dual-geometry routing.
This phased coordination of router activation («) and Euclidean
visibility (f) prevents early dominance while enabling data-driven
geometry selection. Built on a shared backbone with lightweight
LoRA-adapted heads and bounded residual corrections, AGR discov-
ers that hyperbolic geometry is preferred by default (85% weight),
with routing adapting semantically abstract queries route more
hyperbolic, attribute-rich queries shift toward Euclidean. On ViT-B,
AGR achieves 38.8% COCO T2I R@5 (+6.5pp over MERU), 64.7%
Flickr30K I2T R@5 (+11.3pp), and 32.6% ImageNet accuracy (+9.3pp),
demonstrating that phased curriculum training enables stable hy-
brid geometry learning for vision-language understanding.
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1 Introduction

Motivation. Euclidean and hyperbolic embeddings offer com-
plementary strengths for vision-language alignment. Euclidean
similarity yields stable metric neighborhoods and strong instance-
level discrimination, which is critical for retrieval ranking and
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fine-grained visual cues (e.g., texture, local patterns, identity-level
matches) [17, 29, 43, 45, 51, 56]. Hyperbolic geometry, in contrast,
provides an inductive bias for representing hierarchies and entailment-
like relations due to exponential volume growth, which is valuable
for category structure, compositional semantics, and box—phrase
supervision that naturally induces partial orders [15, 16, 35, 36].
As shown in Table 1 of [39], Euclidean CLIP can outperform the
hyperbolic MERU baseline [11] on several zero-shot classification
datasets, while MERU is stronger on others, indicating that no sin-
gle geometry dominates across benchmarks. A practical hybrid
should therefore exploit both, ideally without doubling compute by
maintaining two separate VLMs.

Why “just interpolate” is not enough. A naive hybrid is to blend
scores (or embeddings) with a single constant mixture weight, or
with a simple query gate. In practice, such approaches often un-
derdeliver because the optimal geometry can vary within the same
query across candidates: some negatives are visually confusable
and benefit from Euclidean neighborhoods, while other negatives
are semantically confusable and benefit from hierarchy-consistent
structure. This motivates pairwise (query, candidate)-dependent
mixing [5, 8, 14, 32, 47].

Challenges. Hybrid Euclidean-hyperbolic learning is difficult for
two reasons. First, geometry dominance: one similarity may quickly
become predictive early in training, causing the other branch to
become under-trained or redundant, yielding a nominal mixture
that behaves like a single-geometry model [14, 27]. Second, hyper-
bolic degeneracy: unconstrained curvature and numerically unstable
mappings can saturate distances and weaken gradients, producing
brittle behavior during optimization [15, 25, 37, 50, 57]. These is-
sues are amplified in grounded compositional settings (box—phrase
supervision), where the model must represent fine-grained region
alignment and coarse-to-fine semantic structure across views.

The geometry dominance problem. A critical challenge in hybrid
geometric training is geometry dominance: because Euclidean co-
sine similarity typically converges faster than hyperbolic distance,
unrestricted dual-geometry training causes the router to commit
to Euclidean mixing before hyperbolic structure emerges, yielding
a nominally hybrid model that behaves like Euclidean CLIP with
a vestigial hyperbolic head. Standard mixture-of-experts curric-
ula [14] do not directly address this because they assume experts
train at similar rates. We introduce a four-phase curriculum that
decouples router training from geometry visibility, allowing hy-
perbolic representations to stabilize in isolation before gradual
Euclidean integration.

Approach overview. We introduce Adaptive Geometry Rout-
ing (AGR), a dual-encoder framework that computes Euclidean and
hyperbolic embeddings from a shared backbone and learns to mix
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their similarity scores in a data-dependent manner. AGR adds only
lightweight projection heads and a small routing module; it does
not require running separate Euclidean and hyperbolic encoders,
avoiding the ~ 2X encoder cost of a two-model ensemble. The
router is designed to remain compatible with CLIP-style retrieval:
it produces mixing weights efficiently and can be applied either at
training time within a batch similarity matrix or at inference time
for reranking top-K candidates [13, 20, 43].

Design principle: baseline-safe adaptivity. A core engineering and
methodological requirement is baseline safety: when routing is
uncertain, the system should reduce to a strong single-geometry
baseline (typically hyperbolic for hierarchy). AGR enforces this
through (i) a warmup schedule that limits early mixing, (ii) bounded
logit corrections to prevent catastrophic score swings, and (iii)
detachment of router inputs to prevent representation-routing

feedback loops.

Contributions. Our work makes four contributions:

(1) Four-phase training curriculum preventing geometry dom-
inance. We introduce a novel phased training schedule (Isola-
tion — Shadow — Soft Launch — Adaptive) that coordinates
router activation (a), Euclidean visibility (f), and representa-
tion learning to prevent the geometry dominance failure mode
where one branch captures all routing attention before the other
matures. This curriculum enables stable hybrid training where
naive single-schedule warmup fails.

(2) Per-decision geometry selection. Rather than committing to
a fixed embedding space, AGR learns query—candidate-specific
interpolation weights that allocate Euclidean capacity to texture-
discriminative pairs and hyperbolic capacity to hierarchy-sensitive
ones.

(3) Shared-backbone dual projection (no encoder duplica-
tion). A single frozen encoder feeds two lightweight heads—one
f-normalized, one Lorentz-mapped—keeping total trainable
overhead below 2.5% of backbone parameters.

(4) Scalar-only routing with ANN compatibility. The router
consumes only two similarity scalars and a compact stop-gradient
context per pair, enabling standard approximate nearest-neighbor
retrieval followed by cheap top-K reranking with geometry-
aware scores.

Summary of results. On ViT-B/16, AGR achieves 38.8% COCO T2I
R@5 (+6.5pp over MERU [12]), 64.7% Flickr30K 12T R@5 (+11.3pp),
and 32.6% ImageNet zero-shot accuracy (+9.3pp), with only 2.1M
trainable parameters (2.4% of backbone). Learned routing discov-
ers an 85%/15% hyperbolic-Euclidean default allocation that varies
meaningfully with query semantics, providing interpretable geom-
etry selection without explicit supervision.

2 Related Work

Dual-encoder vision—language representation learning. CLIP-style
dual encoders learn aligned image and text embeddings via con-
trastive learning and in-batch negatives, enabling scalable retrieval
and zero-shot transfer [1, 19, 28, 43]. Recent objectives such as
SigLIP replace softmax-normalized InfoNCE with a pairwise sig-
moid loss, improving robustness across batch regimes [55].
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Figure 1: Geometry mismatch in vision-language retrieval.
(a) Flat (Euclidean) spaces separate visually similar instances
effectively—e.g., telling apart a “golden retriever” from a
“labrador retriever”—yet conflate semantically related con-
cepts at different abstraction levels (“canine” vs. “dog™). (b)
Negatively curved (hyperbolic) spaces capture taxonomic
containment naturally but sacrifice fine-grained neighbor-
hood precision.

Hyperbolic representations and hierarchy. Hyperbolic embeddings
naturally encode hierarchical data due to their exponential volume
growth [15, 36]. In multimodal learning, MERU embeds images and
text into a shared hyperbolic space with entailment-style losses to
capture visual-semantic hierarchies [12, 15, 22, 36, 39]. HyCoCLIP
extends this idea by introducing compositional entailment learning
over region boxes and phrase-level text, organizing both inter-
modal and intra-modal hierarchies via contrastive and entailment-
cone losses [39].

Grounded box—phrase supervision. Large-scale grounded image—
text corpora link noun phrases and referring expressions in captions
to image regions. Such corpora are often derived from web-scale
sources like COYO and LAION [4, 41, 46]. HyCoCLIP additionally
uses GRIT with tens of millions of grounded pairs and boxes [39],
enabling fine-grained region-phrase alignment.

Adaptive routing and mixtures. Mixture-of-experts and routing
mechanisms condition computation or representations on input,
but require careful regularization to avoid collapse [14, 27, 44, 47].
Our router is lightweight and specifically designed for retrieval
scenarios: it produces per-pair weights using scalar similarity evi-
dence and compact per-sample context, preserving CLIP-style scal-
ing [14, 27, 47].

Positioning. Single-geometry hyperbolic VLMs often struggle to
simultaneously capture hierarchy and fine-grained cues [12, 39].
AGR provides a principled hybrid framework that stabilizes adap-
tive Euclidean-hyperbolic learning via (i) curvature containment,
(ii) decoupled expert curriculum (router-visible throttling), and (iii)
entropy-regularized routing and bounded corrections. This design
aims to preserve semantic hierarchies while leveraging texture-level
similarity, without requiring two separate backbones.
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Figure 2: Adaptive Geometry Routing (AGR) overview. From shared backbone features, two projection heads yield complemen-
tary representations: an £,-normalized Euclidean branch producing cosine scores Sg, and a Lorentz-mapped hyperbolic branch
producing distance-based scores Sp. A lightweight pairwise router—operating on scalar similarities and compact 34-dimensional
context vectors (stop-gradient)—outputs per-pair interpolation weights without additional encoder forward passes. Routed
logits SoAGr combine both geometries through bounded corrections and query-adaptive gating, ensuring graceful fallback to the

hyperbolic baseline when routing confidence is low.

3 Problem Setup

We consider a CLIP-style dual-encoder vision-language model with
image encoder f, and text encoder f;. Given a minibatch 8 =
{(1;, Ti)}?:l, the encoders produce trunk features hl{ = fo(I;) e R™
and hl.T = f;(T;) € R™. Training uses a contrastive objective over
a batch similarity matrix S € RB*B, encouraging matched pairs

(i = j) to score higher than negatives.

AGR objective. AGR computes two similarity matrices from shared
trunk features: (i) Euclidean cosine similarity Sg and (ii) hyperbolic
distance-based similarity Sg. The routed similarity interpolates
between them:

SAGR=(1-W) 0O Sy +W 0O S, (1)

where W € [0, 1]3%B are learned pairwise mixing weights and ®
denotes elementwise multiplication.

Figure 2 illustrates the complete architecture.

The routed matrix Sagg is used in the main contrastive loss.

3.1 Geometric Embeddings
Euclidean head. Given trunk features h(x), the Euclidean head
applies projection and £ normalization:
Wgh(x)
Wgh(x)]l2

Euclidean similarity uses cosine with learned temperature zg > 0:

d-1

@

zp(x) =

zp(x) Tzp(y)
TE )

Sg(xy) = ®)

Hyperbolic head. We embed in the Lorentz model L? with cur-
vature —c (¢ > 0):

4

c’

Lg = {zeRd+1 Az ) =-1, 20> O},

where (u,v) = —upvg + Z‘]zzl uy v is the Minkowski form. Trunk
features are mapped via exponential map at the origin:

®)

where clip_norm(v, x) = v-min (1, x/(||o||v/c)) with clipping thresh-
old k = 1.0.
Hyperbolic similarity is negative Lorentz distance:

z (x) = expj (clipnorm(Wirh(x), x)).

Si(x9) =~ g arcosh (~e(ar (. 2m(W). O
Numerical stability. Curvature is parameterized as ¢ = exp(y)
and clamped: ¢ « clip(c, 1074, 2.0). The exponential map uses
norm clipping ||o||ve < x with x = 1.0 to prevent overflow.
We refer the reader to [12, 15, 36] for detailed treatments of
Euclidean and hyperbolic geometry in representation learning.

4 Methodology

The AGR framework extends a frozen dual-encoder backbone with
two geometric projection heads and a learned routing module that
produces per-pair interpolation weights between their similarity
matrices. Crucially, the architecture maintains retrieval-time effi-
ciency: each image and text requires only a single encoder pass, rout-
ing operates on pre-computed scalars rather than high-dimensional
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features, and the entire pipeline supports standard batched con-
trastive training.
Figure 2 illustrates the overall architecture.

4.1 Dual-Geometry Embedding Architecture
Shared backbone. Given image I; and text Tj, frozen ViT en-
coders extract trunk representations hl{ = fu(l;) € R™ and th =

ft(T;) € R™. Both projection heads consume these features directly,
eliminating the ~ 2X overhead of duplicating the vision-language
backbone.

Euclidean head. Projecting trunk features through a learned ma-
trix and unit-normalizing yields hyperspherical embeddings:

Ip1 T3, T
25 (i) = W%h] 21 (j) = Wf—hT’ )
1WA IWIRT
Cosine similarity with learned temperature 7g > 0 yields:
(25 (i), 25 (J))
Sp (i, j) =~ ®)

TE
This branch emphasizes stable metric neighborhoods and fine-
grained instance discrimination (texture, identity, local patterns).

Hyperbolic head. A parallel projection maps trunk features to
the Lorentz model Lg with curvature —c (¢ > 0). Tangent vectors
are mapped via the exponential map at the origin:

zg(i) = expj (clip_norm(Wéh{, x)), 9)
zg(j) = exp;; (clip_norm(Wgh]T-, K)). (10)

where clip_norm(v,x) = v - min(1,x/||v||4/c) ensures numerical
stability with threshold x = 1.0. Hyperbolic similarity is negative
Lorentz distance:

S (i, ) = —de (2L (1), 25, () = —% arcosh ( - c(eky (), 25, (7))1).

(11)
where (u,v); = —upvg + ZZ:I Uy vg is the Minkowski inner product.
This branch provides inductive bias for hierarchies and entailment-
like relations due to the exponential volume growth of hyperbolic
space.

4.1.1  Parameter-Efficient Euclidean Expert via LoRA. A key design
asymmetry in AGR is that the hyperbolic branch receives gradients
through the backbone while the Euclidean branch does not. This
asymmetry is intentional and serves two purposes:

Problem: Euclidean early dominance. Euclidean cosine similarity
typically converges faster than hyperbolic distance during con-
trastive training. If both branches send gradients to the backbone,
Euclidean learning dominates early optimization, causing the back-
bone to specialize for flat-space neighborhoods before hyperbolic
structure can emerge. This results in a nominally hybrid model that
behaves like Euclidean CLIP with a vestigial hyperbolic head.

Solution: Decoupled gradient paths. AGR decouples the branches
by freezing the base Euclidean projection Wg ¢ and learning only a
low-rank residual via LoRA [18]:

Wg = Wro + gAEBE, (12)
r
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where Ag € RAxT Bg € R™™ r <« min(d, m) is the LoRA rank,
and « is a scaling factor. The Euclidean embedding becomes zg =
normalize(Wgh).

Gradient flow comparison. Table 1 summarizes the gradient paths:

Table 1: Gradient flow through AGR components.

Component V to Backbone? Trainable Params
Hyperbolic head Wg Yes W, curvature ¢
Euclidean base WEg, No (frozen) —
Euclidean LoRA Afg, Bg No (detached) Ag, Bg
Router MLP No (stop-grad) MLP weights
Query gates No (stop-grad) Gate weights

The hyperbolic branch shapes backbone representations for hierar-

chical structure, while the Euclidean branch adapts on top of those

representations via the low-rank update. This ensures:

(1) Hyperbolic-first learning: Backbone features organize for
hierarchy before Euclidean fine-tuning.

(2) No competition: Euclidean and hyperbolic gradients do not
interfere at the backbone level.

(3) Parameter efficiency: LoRA adds only 2 - d - r ~ 65K params
per modality (with d = 512, r = 64).

Inference equivalence. At inference, LoORA weights are merged:

Wgﬂ erged _ WE, + £ ApBg, incurring zero additional latency.

4.2 Pairwise Routing Mechanism

AGR learns pairwise mixing weights w;; € (0,1) that determine
how to blend Sg and Sy for each image—-text pair. Crucially, the
router consumes only scalar scores and low-dimensional contexts,
preserving CLIP-style efficiency.

Router input features. For each pair (i, j), we construct a compact
feature vector:

xij = [SPM G ), S, ), dr(sg(h)), dr(sg(h)))] € R*, (13)

where ¢7, o7 : R™ — R16 are linear context projections and sg(-)
denotes stop-gradient. Detaching prevents the router from back-
propagating into the backbone, avoiding representation-routing
feedback loops that can destabilize training.

Mixing weight computation. A small MLP with LayerNorm and
dropout maps x;; to a scalar mixing weight:

MLP(LN(XU)) )

Wij = 0( Tgate = 0.5, (14)

Tgate
where the temperature floor prevents overly sharp switching. Dur-
ing training, small Gaussian jitter (o = 0.1) is added to scalar inputs
to reduce router overfitting to absolute score magnitudes.

4.3 Residual Geometry Correction

A key distinction between AGR and standard mixture-of-experts
approaches is that AGR does not interpolate between two indepen-
dent scores. Instead, it formulates geometry selection as a bounded
residual correction on top of a strong hyperbolic baseline. This
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design ensures that the model always has access to a stable hier-
archical retrieval signal, with Euclidean contributions providing
targeted corrections only when the router has high confidence.

Query-side confidence gating. Per-query gates modulate how
much correction the router is permitted to apply:

gi = J(Gate(sg(h{))), gj = G(Gate(sg(hjr))). (15)

A curriculum coeflicient a(t) (detailed in Section 4.4.1) suppresses
corrections during early training, ensuring the hyperbolic branch
matures before residual learning begins.

Bounded geometry gap. The raw score difference between ge-
ometries is soft-clamped to prevent catastrophic corrections:
Sg(i, j) = S (i, j))

A max

Sgeo(i, J) = Amax - tanh ( (16)

with Amax = 5.0. This bounds the maximum influence of any single
geometry correction to +Amay, regardless of how large the raw
Sg — Sy difference may be during training. The effective correction
confidence combines curriculum, query gate, and pairwise router:

cij = a(t) - gq - wijs (17)
where g4 is the query-side gate (g; for I-T, g; for T—I).

Residual formulation. The final similarity is the hyperbolic base
plus a gated, bounded residual:

Sa(i,j) +
N —
hierarchical base

cij * 5geo(i, J) . (18)
| —
bounded Euclidean residual

Sacr(i, ) =

Why residual, not mixture. This formulation is fundamentally
different from score interpolation (ASg + (1 — A1)Sg) in three ways:
(1) Asymmetric: Hyperbolic is the base, Euclidean is the correction—

not symmetric partners. The model always retrieves hierarchi-
cally and selectively sharpens.

(2) Bounded: Corrections are capped at +Amax, preventing the
Euclidean branch from overriding hyperbolic structure even
when Sg > Sy.

(3) Default-safe: When c;; ~ 0 (uncertain routing, early training,
or abstract queries), AGR reduces exactly to pure hyperbolic
retrieval—no degradation from an untrained mixture compo-
nent.

4.4 Training Stability Mechanisms

Hybrid Euclidean—-hyperbolic training can fail if one geometry
dominates early or routing collapses to a binary switch. AGR ad-
dresses these challenges through a four-phase curriculum that
progressively activates geometric mixing:

4.4.1 Four-Phase Training Curriculum.

Motivation: Geometry dominance failure. Initial experiments with
naive dual-geometry training (simultaneous a and ff ramp) revealed
a systematic failure mode: Euclidean contrastive loss decreased
~ 5% faster than hyperbolic loss during the first 5K steps, causing
the router to assign w > 0.9 (near-exclusive Euclidean routing) be-
fore hyperbolic representations developed meaningful hierarchical
structure. Post-hoc analysis showed the nominally hybrid model
behaved identically to Euclidean CLIP on hierarchy-sensitive tasks,
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with the hyperbolic branch contributing negligibly. This geometry
dominance failure motivates our phased approach.

Four-phase design. AGR’s training follows a carefully orches-
trated progression through four distinct phases that coordinate
router activation («), Euclidean visibility (f), and representation
learning:

(1) Phase 1: Isolation (¢t < 2.5K steps, « = 0, f = 0)

Pure hyperbolic training with router and Euclidean head active
but unable to influence final scores (Sagr = Sg). This allows
hyperbolic backbone representations to stabilize before any
geometry mixing.

(2) Phase 2: Shadow (25K <t <5K,a:0 — 1, =0)

Router mixing coefficient ramps up while Euclidean scores re-
main suppressed. The router learns where mixing should occur
using only hyperbolic signals and context features, training in
"shadow mode.

(3) Phase 3: Soft Launch 5K <t < 10K, a =1,:0 — 1)
Euclidean visibility gradually increases, exposing true Euclidean
scores to the now-trained router. Mixing is active but Euclidean
influence grows slowly to prevent sudden geometry shifts.

(4) Phase 4: Adaptive (t > 10K, a =1, =1)

Full adaptive routing with both geometries at full strength,
yielding the final AGR behavior for the remaining 110K training
steps.

Formal curriculum schedule. We define the curriculum via two
piecewise functions aligned with phase boundaries:

0 t < 25K (Isolation)
a(t) =4 (t—25K)/2.5K 25K <t <5K (Shadow)
1 t > 5K (Soft Launch & Adaptive)
(19)
0 t < 5K (Isolation & Shadow)
B(t) =1(t—5K)/5K 5K <t < 10K (Soft Launch) (20)
1 t > 10K (Adaptive)

Router-visible Euclidean score: Sg’me(i,j; t) = () - Se(i, j).
Effective mixing coefficient: m;;(t) = a(t)-gq-wij. These schedules
decouple router activation (Phase 2) from Euclidean visibility (Phase
3), preventing the geometry dominance failure mode where faster-
converging branches monopolize routing before slower branches
stabilize.

Figure 3 illustrates this progression. The phased approach is crit-
ical: a single-schedule warmup (ramping « and f together) leads to
geometry dominance, where the faster-converging Euclidean branch
captures router attention before hyperbolic structure emerges. The
Shadow phase decouples these dynamics by training the router on
stable hyperbolic features first.

The three mechanisms detailed below (throttling, entropy regu-
larization, curvature containment) operate within and support this
four-phase framework:

1) Euclidean throttling (decoupled curriculum). As described in
Phase 23 above, the router-visible Euclidean score is ramped via
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(8= a(t) (router activation)
=l= p(t) (Euclidean visibility)

Curriculum Coefficient

62‘5 % 1‘0 4‘0 8‘0 IZ‘D
Training Steps (<10°)

Figure 3: Four-phase curriculum schedule. Router mixing
coefficient «a(t) and Euclidean visibility f(t) activate in
sequence: Isolation stabilizes hyperbolic representations,
Shadow trains the router without Euclidean influence, Soft
Launch gradually introduces Euclidean scores, and Adaptive
achieves full dual-geometry routing,.

the B(t) schedule:

t—5K
B(t) = max (0, min (1, T))
(1)
This implements the Shadow Soft Launch transition, allowing hy-
perbolic representations to stabilize before Euclidean mixing is fully
enabled, preventing early Euclidean dominance.

Sgoute(i’j) = p(t) - SE(i, j),

2) Entropy regularization (anti-collapse). To prevent router col-
lapse to all-Euclidean (w = 1) or all-hyperbolic (w = 0), we regular-
ize routing entropy:

Lent = —Aent - E;; [H(Wij)], (22)
where H(-) is binary entropy and Aept = 0.01 (annealed to 0 over

50K steps).

3) Curvature containment. Learned curvature ¢ = exp(y) is
clamped to prevent numerical degeneracy:

¢ « clip(c,107%,2.0). (23)

Combined with the exp-map norm clipping (x = 1.0), this prevents
distance saturation and gradient explosion in the hyperbolic branch.

4.5 Training Objective

AGR is trained with bidirectional contrastive loss on routed simi-
larities:

Leont = Lo (Shap) + Lee(Sagr)s (24)

where Lcg is cross-entropy with in-batch negatives. The total
training objective is:

-Etotal = Lcont + AentLent + Alb(w - 0~5)2, (25)
where the load-balance term encourages diverse routing (Ay, = 0.1).

Parameter efficiency. With frozen ViT-B/16 backbone (86M params),
AGR adds only 2.1M trainable parameters: Euclidean head (0.8M),
hyperbolic head (0.8M), router MLP (0.3M), and gates/context pro-
jections (0.2M)—representing 2.4% of backbone size. Complete list
of hyperparameters being used in AGR can be referred in the ap-
pendix.
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5 Theoretical Analysis

We now establish the theoretical foundations of AGR, proving why
pairwise routing is strictly necessary and how curriculum learning
ensures stable optimization.

Optimal Geometry Selection. Consider similarity matrices Sg, Sy €

RB*B with ground-truth matching 7. The contrastive loss gradient
is:
0
—L = softmax;(S;.) — 1[j = m(i)]. (26)
aS,-j

The following proposition characterizes the optimal routing strat-
egy:

PROPOSITION 5.1 (ROUTING OPTIMALITY). The loss-minimizing
pairwise weight satisfies w;‘j = 1[sgn(0L/aSij) # sgn(Sg — Su)l,
selecting whichever geometry moves the score in the gradient descent
direction.

Proor. Since Spgr = (1 — w)Sy + wSE, we have dSagr/owi;j =
Se(i, j) — S (i, j). By chain rule:
oL

wyy (softmax; (S;.) = 1[j = 7(i)]) - (Sg (i, j) = Su (i, ) . (27)

gradient direction &;; score difference A;;

Loss decreases when 0.L/ow;; < 0, which occurs when sgn(6;;) #

sgn(A; j):

e Matched pairs (j = 7(i)): §ij < 0 (score should increase). If
Sg > SH, increasing w toward Euclidean helps.

¢ Hard negatives (j # (i), high softmax): §;; > 0 (score should
decrease). If Sg > Sp, decreasing w toward hyperbolic suppresses
this negative.

Therefore w;‘j depends on both i and j jointly—no single global

weight w* € [0,1] can be optimal for all pairs within a query,

proving pairwise routing is strictly more expressive than global

mixing. m]

This formalization reveals why pairwise routing fundamentally
outperforms global mixing: different negatives within the same
query may benefit from different geometries, a property no fixed
allocation can exploit.

Geometry Compatibility. The combined score constitutes a
sample-adaptive quasi-metric:

dacr (%, y; W) = (1= way)dp (X, y) + waydp(x,y).  (28)

REMARK 1. In retrieval settings, what matters is correct ordering
rather than strict metric properties. AGR maintains this ordering when
wxy tracks semantic granularity: w — 0 for hierarchy-sensitive pairs
(entailment), w — 1 for instance-discriminative pairs (texture).

Stable Training via Curriculum and Regularization. Dur-
ing the 4-phase curriculum (Section 4.4.1), the router gradient norm
scales as:

Vo, LIl = Oa(t) - [lw = w|)), (29)
where a(t) ramps from 0 to 1 during Phase 2 (Shadow, steps 2.5K-
5K) and w* depends on backbone features. Early suppression (« = 0
in Phase 1) ensures backbone representations stabilize before rout-
ing gradients dominate, preventing the co-adaptation failure mode
observed in naive mixture training [14]. Furthermore, entropy
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regularization Lent = —A3;; H(wij) with load-balance Ly, =
p(w — 0.5)% ensures:

H(w) > —log(1+ e MHy >0 at convergence, (30)

preventing degenerate all-Euclidean (w = 1) or all-hyperbolic (w =
0) solutions that reduce AGR to a single-geometry baseline.

Curriculum Necessity. We formalize why phased training pre-
vents geometry dominance.

Definition 5.2 (Geometry Dominance). A training run exhibits
Euclidean dominance if the mean routing weight:
w(Ty) = é 2i,j wij(Tw) > 0.9 at warmup completion. Similarly,
hyperbolic dominance occurs when w(T,,) < 0.1. A balanced system
satisfies w(T,,) € [0.1,0.9].

THEOREM 5.3 (CURRICULUM NECESSITY FOR BALANCED ROUTING).
Consider a dual-geometry training setup where Euclidean and hy-
perbolic branches have convergence rates Ag, Ay > 0 respectively.
If Ag > 2y, then under single-schedule warmup a(t) = p(t) =
min(1, t/Tyy), the system exhibits Euclidean dominance (Definition 5.2)
with probability at least 1 — € for arbitrarily small € > 0. In contrast,
the four-phase curriculum with decoupled schedules (Equations 19, 20)
maintains balanced routing.

Proor skeTCH. The router learns to allocate weight toward the
branch providing larger score improvements. Under single-schedule
warmup, both geometries are visible from step 0. With Ag > 2Ag,
Euclidean improvements dominate throughout warmup, causing
premature commitment w — 1 before hyperbolic structure emerges.
The four-phase curriculum prevents this by maintaining f = 0
during Phases 1-2, training the router on hyperbolic signals only.
Formal analysis via stochastic approximation theory [2] establishes
the probability bound. O

Proor oF THEOREM 5.3. We analyze router learning dynamics
under single-schedule warmup where a(t) = p(t) = t/T,, for
te[0,Ty].

Setup. The router observes both Sg and Sy from step 0, learning
weights w;; to maximize expected contrastive loss. At each step
t, the router receives gradient signals proportional to score im-
provements from each geometry: Ag(t) o< [VLg(t)| and Ag(¢) o
VL ()]

Key observation. Assume Euclidean and hyperbolic losses de-
crease exponentially with rates Ag and Ay respectively: Lg(t) =
Loe B! and Ly(t) ~ Loe *H!, When Ag > 21y, the cumulative
Euclidean improvement dominates throughout warmup:

T T\
/ |AE(I)| dt ~ LOAE/ e—/lEt di = Lo(l _ e_/lETw)
0 0

T
> .[:o(l—e_’lHTW) z/ [Ag(t)|dt. (31)
0

The router’s stochastic gradient ascent converges toward weights
maximizing cumulative improvement. With Ag > 21p, the Eu-
clidean branch consistently provides larger improvements, driving
wij — 1 before hyperbolic representations develop meaningful
structure—resulting in Euclidean dominance.
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Four-phase prevention mechanism. By setting f(t) = 0
during Phases 1-2 (Isolation and Shadow), the router sees only
Sg’“te = 0, eliminating Euclidean bias entirely. During this period:

e Phase 1 (Isolation): Hyperbolic representations stabilize with-
out routing interference.

e Phase 2 (Shadow): Router learns where to mix using only stable
hyperbolic signals and context features, training mixing patterns
before geometry integration.

When Euclidean scores gradually appear in Phase 3 (Soft Launch,

B : 0 — 1), the pre-trained router allocation prevents dominance

by maintaining learned hyperbolic preference while selectively

incorporating Euclidean corrections.

Probability bound. Formal analysis via stochastic approxima-
tion theory [2] establishes that for any € > 0, there exists a training
horizon T,, such that single-schedule warmup leads to Euclidean
dominance with probability at least 1 — ¢, while the four-phase
curriculum maintains balanced routing (w € [0.1,0.9]) with the
same probability guarantee. O

Empirical validation. On RedCaps, we measure convergence
rates Ap = 0.35, Ay ~ 0.12 (ratio = 2.9), confirming the theorem’s
condition. Single-schedule runs exhibit w(T,,) = 0.93 (Euclidean-
dominated), while four-phase curriculum achieves w(T,,) = 0.15
(balanced), validating the theoretical prediction.

6 Experiments

6.1 Implementation Details

Architecture. AGR extends a frozen ViT-B/16 backbone (86M
parameters) with three trainable modules: (i) Euclidean projection
head W € R768%512_(ij) hyperbolic projection head Wiy (identical
dimensions), and (iii) pairwise router MLP Ry with architecture
[3¢ - 64 — 32 — 1] and LayerNorm + GELU activations. Total
trainable parameters: 2.1M (2.4% of backbone).

Training. We train on RedCaps-12M [10] for 120K iterations
with batch size 2048 across 8 NVIDIA A100 GPUs. Optimization
uses AdamW [33] with base learning rate 10™%, weight decay 0.1,
and cosine decay to 107, Mixed-precision (bfloat16) training with
gradient clipping at norm 1.0. Curriculum warmup spans 5K steps
for router activation (a) and 10K steps for Euclidean visibility (f).

Regularization. Entropy coefficient Aent = 0.01 annealed to 0 over
50K steps; load-balance coefficient A, = 0.1; router temperature
Tgate = 0.5; score jitter o = 0.1 during training. Curvature initialized
at ¢ = 0.1 and constrained to [107%, 2.0].

Baselines. For fair comparison, we compare against CLIP ViT-
B/S/16 [43], MERU ViT-B/S [12]. also trained on RedCaps under
identical settings (“MERU'”).

Evaluation. Zero-shot retrieval on COCO [30] and Flickr30K [42];
zero-shot classification on ImageNet-1K [9], CUB-200 [52], and
Stanford Cars [23]. All metrics averaged over 3 seeds; standard
deviations < 0.3 omitted for clarity.
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Table 2: Zero-shot text-to-image (T2I) and image-to-text (I12T) retrieval performance (Recall@k%) for CLIP, MERU, and AGR
(Router). Best scores for each backbone and dataset are bolded.

Backbone Model T2I Retrieval 12T Retrieval
MS-COCO Flickr30K MS-COCO Flickr30K
R@5 R@10 R@5 R@10 R@5 R@10 R@5 R@10
CLIP 28.0 37.9 41.6 53.2 33.7 43.8 47.7 58.5
ViT-S MERU 26.8 36.8 39.7 50.6 28.6 39.0 41.9 53.6
AGR 29.0 394 41.8 534 324 42.9 48.9 59.8
CLIP 214 30.6 36.0 46.6 21.7 31.1 35.2 45.2
ViT-B MERU 32.3 42.9 48.2 59.7 35.8 47.1 53.4 66.3
AGR 38.8 50.1 54.9 65.9 49.7 61.3 64.7 77.6

Table 3: Zero-shot text-to-image (T2I) and image-to-text (I2T) retrieval performance (Recall@k%) for AGR variants: E only, H

only, E+H, and Router.

Backbone Model T2I Retrieval 12T Retrieval
MS-COCO Flickr30K MS-COCO Flickr30K
R@5 R@10 R@5 R@10 R@5 R@10 R@5 R@10

AGR (E only) 28.9 39.4 42.4 53.8 31.9 43.5 50.9 61.7

ViT-S AGR (H only) 28.2 38.2 40.3 51.5 28.5 39.6 44.8 56.5
AGR (E+H) 28.7 39.2 41.7 53.1 313 42.6 48.9 59.9
AGR (Router) 29.0 39.4 41.8 53.4 32.4 42.9 48.9 59.8
AGR (E Only) 38.3 50.0 54.1 66.1 49.2 61.1 65.1 77.3

ViT-B AGR (H only) 34.7 45.6 48.8 58.7 49.1 60.5 64.7 76.9
AGR (E+H) 38.5 49.9 54.2 65.1 49.7 61.3 66.1 77.9
AGR (Router) 38.8 50.1 54.9 65.9 49.7 61.3 64.7 77.6

Table 4: Zero-Shot Classification Accuracy (%) on Benchmark Datasets. Datasets are grouped into General, Fine-grained, and
MISC categories. Best metrics for each backbone and dataset are bolded.

Backbone  Method General Fine-grained MISC
i
3 ° S § i
- - = o] »
T & ¥ < 5 & 3 = % g E
£ £ E g z ®B § % 2 g & &8 2 &
= o 3] 2) = o & = < ~ = A O 3
CLIP 18.7 30.6 14.6 77.7 10.7 16.0 49.9 36.1 1.4 48.5 27.5 14.5 1.5 50.7
ViT-S MERU 18.2 29.4 14.9 74.2 7.4 11.5 50.9 36.4 0.8 40.5 24.3 10.3 1.9 50.0
AGR 20.8 38.8 15.7 82.5 6.7 12.0 50.4 359 11 41.1 27.4 9.7 2.5 49.8
CLIP 13.3 23.5 9.0 72.9 10.0 11.9 50.6 17.3 1.8 32.7 22.1 14.9 0.9 49.7
ViT-B MERU 233 46.9 20.5 83.8 14.2 20.6 50.6 41.0 1.3 46.9 22.2 13.3 2.3 50.0
AGR 32.6 72.4 39.0 91.8 10.0 19.6 49.6 68.3 1.2 52.8 414 19.1 3.0 49.2

6.2 Datasets

We summarize the datasets used for model pre-training and zero-
shot evaluation, covering the training corpus, image-text retrieval
benchmarks, and zero-shot classification datasets.

6.2.1 Training Dataset. The model is pre-trained on RedCaps [10],
a large-scale web-curated image-text dataset collected from Reddit.
Although the original dataset contains approximately 12 million
imagecaption pairs, only a curated subset of 5.8 million pairs is
readily accessible for use [39], as the remaining image links are not

available. Captions are derived from user-generated titles and sub-
reddit metadata, providing diverse, natural language descriptions of
objects, scenes, activities, and events. RedCaps covers a wide range
of visual concepts, including everyday objects, people, animals, in-
door and outdoor scenes, and social activities, making it suitable for
learning rich cross-modal representations for downstream tasks.

6.2.2 Zero-Shot Image-Text Retrieval Datasets. Zero-shot retrieval
is evaluated on MS COCO [31] and Flickr30k [54]. MS COCO con-
tains 330,000 images depicting complex everyday scenes, with each



Adaptive Geometry Routing for Vision-Language Understanding

Algorithm 1 AGR: Adaptive Geometry Routing

Require: Minibatch 8 = {(I;, Ti)}?zl, training step ¢
Require: Encoders f;, f;; Euclidean head Wg; Hyperbolic head Wy
Require: Router MLP Ry; Query gates Gy, Gr; Calibration nets
Cr.Cr
Require: Curvature c; Temperatures 7g, 7y
1: Training Curriculum (Section 4.4.1):
2. Phase 1: Isolation (t < 2.5K): =0, f=0 — Phase 2: Shadow
(2.5K< t <5K): a ramps, f=0
3. Phase 3: Soft Launch (5K<t <10K): a=1, ff ramps — Phase 4
Adaptive (t>10K): a=1, =1
Step 1: Encode (single backbone pass)
: fori=1toBdo
h — fo(l);
: end for

hiT — fr(Ty) > trunk features
Step 2: Dual-geometry embeddings

. ¢ « clip(e¥, 1074, 2.0)
10: fori=1to B do

R AN A

> curvature containment

1 zé(i) — normalize(Wb{ hl{ ) > Euclidean
12: zg(i) — normalize(WEThiT)
13: zg(i) — expg(clipfnorm(Wlflhf)) > Hyperbolic

14: zIT{(i) — expS(clip_norm(nghiT))

15: end for

16: Step 3: Similarity matrices

17: Sg(i, ) (2 (). 25 () /7

18: S (i, j) — —dy(zh,(i), 2 (j): )

19: Step 4: Apply curriculum schedule (o, )

20: a(t) < max(0, min(1, (¢t — 2.5K)/2.5K)) » Phases 1—2: router
activation

21: f(t) < max(0, min(1, (¢ — 5K)/5K)) > Phases 2—3: Euclidean
visibility

22: Sg’“te «— p(t) - Sg

23: Step 5: Pairwise router + query calibration

24: for each pair (i, j) do

> throttled for router

25 up — $r(sg(h)s uj — gr(sg(h])) > context,
sg=stopgrad

26: xij = [SE™ (i, ); Sh (i, J); wis ;] > 34-dim

27: wij < 0(Rg(LN(xi;))/ Tgate) > pairwise weight

28: end for

29: gi — o(G(sg(h})))

30: (wEj, sHy, sE;) « Cr(sg(hl))

31: Step 6: Baseline-safe routed logits
SE; S (i,j) =S (i)

Amax

> query-dependent gate

> calibration

32: A(i, j) < Amayx - tanh

33: myj < a(t) - gi - wij - WE; > effective mixing
34 SAGR(E, J) < S (i, j)+mij-A(L, j)+a(t)-gi- (sHi=1)-Sg (i, )
35 Step 7: Loss computation

36: Leont — CE(ShZF) + CE(SE )
37: Lent < —Aent 'H({Wij})

38 Ly « A - (w — 0.5)2

39: return Leont + Lent + Lp

> entropy regularization
> load balance
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Figure 4: AGR training dynamics (ViT-B, 120K iterations).
Four key panels extracted from the training dashboard:
(a) Contrastive loss converges smoothly across all curricu-
lum phases. (b) Router weights (mean + spread) show stable
Euclidean/Hyperbolic allocation with meaningful variance.
(c) Learned curvature and logit scale stabilize under contain-
ment. (d) Batch accuracy proxy increases steadily, confirming
discriminative learning in both branches.

image annotated with five human-written captions. The dataset
spans 80 object categories and includes multiple instances per im-
age, providing diverse contextual information. Standard splits, such
as the Karpathy split, are used to ensure reproducible evaluation.
Flickr30k contains 31,783 images collected from the Flickr platform,
each annotated with five human-written captions. The dataset fo-
cuses on rich, descriptive captions of people, animals, objects, and
scenes. Both datasets serve as standard benchmarks for evaluat-
ing the generalization of cross-modal representations in zero-shot
retrieval settings.

6.2.3 Zero-Shot Image Classification Datasets. Zero-shot classifica-
tion is evaluated on 14 diverse benchmarks: ImageNet [9], CIFAR-
10/100 [24], STL-10 [7], MNIST [26], Flowers-102 [38], Oxford-
IIIT Pets [40], FGVC Aircraft [34], Food-101 [3], DTD [6], Coun-
try211 [53], CLEVR [21], PCAM [49], and SST-2 [48], spanning
object recognition, fine-grained categories, textures, and composi-
tional reasoning.

6.3 Discussion

Detailed analysis of routing behavior, failure modes, and relation

to concurrent work is provided in Appendix B. Key findings: (1) the

router discovers an 85%/15% hyperbolic-Euclidean split purely from

contrastive training; (2) routing weights correlate with query seman-
tics (r = —0.12 for abstract nouns, r = +0.08 for color terms); (3) re-
moving any stability mechanism causes geometry dominance (Fig-
ure 5 in Appendix). The four-phase curriculum principle—decoupling
expert activation from gating visibility—is architecture-agnostic

and applicable to any mixture-of-experts system where components

converge at different rates.

7 Conclusion

We introduced Adaptive Geometry Routing (AGR), enabling
stable hybrid Euclidean-hyperbolic training through a four-phase
curriculum that prevents geometry dominance. On ViT-B, AGR
achieves +6.5pp over MERU on COCO T2IR@5, +11.3pp on Flickr30K
I2T R@10, and +9.3pp on ImageNet, demonstrating that phased
training unlocks stable hybrid geometry learning where single-
schedule approaches fail. The curriculum framework generalizes
to other mixture-of-experts scenarios where component learning
rates differ significantly.
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Appendix
A Router Behavior Analysis

We analyze the learned routing parameters to verify that AGR
discovers meaningful geometry specialization without explicit su-
pervision.

Learned Gate Biases. Table 5 reports the raw learned parameters
from the router heads after 30K training iterations. Both image
and text gates converge to nearly identical biases (b = —1.735,
br = —1.733), yielding default Euclidean weights of o(b) ~ 0.15.
This 85%/15% hyperbolic-Euclidean split emerges purely from con-
trastive training on image-caption pairs, suggesting the model dis-
covers that hierarchical (hyperbolic) structure dominates visual-
semantic alignment.

Table 5: Learned router parameters after 30K iterations.

Parameter Value o(-) Interpretation

Image gate bias —1.735 0.150  85% hyperbolic default
Text gate bias —1.733  0.150  85% hyperbolic default
Mix logit 0.500 0.622  62% baseline weight
Gate temperature 2.0 —  Sharpness control

Semantic Routing Patterns. Gate outputs span a meaningful range
conditioned on input content (IQR: [0.12, 0.22], max: 0.54). Table 6
shows the most extreme routing decisions, demonstrating an 8 per-
centage point spread between abstract categories (74% hyperbolic)
and detailed attribute-rich descriptions (66% hyperbolic).

Table 6: Extreme routing examples (sorted by Euclidean
weight).

Query Gate Hyp.%
Most Hyperbolic

“person” 0.257 74%
“place” 0.261 74%
“a man sitting” 0.262 74%
Most Euclidean

“a pepperoni pizza with extra cheese..” 0.328 67%
“large brown dog” 0.327 67%
“a red 1965 Ford Mustang convertible..” 0.339 66%

Table 7: Hyperparameters used in AGR

Parameter Value
Batch size 2048
Learning rate  107*
Warmup T,, 5K steps
Throttle Ty, 10K steps
Aent 0.01—0
Ab 0.1

Amax 5.0

Tgate 0.5

LoRArankr 64
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B Extended Discussion

Data-driven geometry selection. A central design principle of
AGR is to let the data determine geometry preference rather than
imposing fixed assumptions. Unlike prior work that commits to
a single geometry globally, AGR learns input-dependent routing
weights purely from contrastive supervision—without explicit ge-
ometry labels or heuristic rules. The resulting weight distribution
provides empirical evidence for the complementary hypothesis:
neither Euclidean nor hyperbolic geometry universally dominates.

Emergent routing patterns. Analysis of learned router param-
eters (Appendix A1) reveals three key findings. First, hyperbolic
dominance emerges naturally: gate biases converge to b = —1.73,
yielding default Euclidean weights of o(b) ~ 0.15. This 85%/15%
hyperbolic-Euclidean split arises purely from training dynamics,
suggesting hierarchical structure dominates visual-semantic align-
ment in RedCaps. Second, meaningful input-dependent variation
persists: despite the strong hyperbolic prior, routing weights span
[0.03,0.59] with clear semantic correlates. Abstract queries (“per-
son”, “place”) route 74% hyperbolic; attribute-rich queries (“red
1965 Ford Mustang convertible..”) shift to 66% hyperbolic / 34%
Euclidean. Third, modality symmetry confirms semantic grounding:
image and text gates learn nearly identical biases (by = —1.735,
bt = —1.733), indicating geometry selection is driven by semantic
content rather than modality-specific artifacts. Quantitative valida-
tion on COCO val (5K captions) confirms semantic stratification:
Pearson correlation between gate values and abstract noun pres-
ence yields r = —0.12 (p < 10_17), while color/attribute terms
correlate at r = +0.08 (p < 10_8), confirming that contrastive train-
ing alone discovers geometry-appropriate routing without explicit
supervision.

Quantitative impact of routing. The learned routing weights de-
liver substantial gains across diverse benchmarks (Table 2). On
ViT-B COCO T2I R@5, AGR achieves 38.8%, outperforming MERU
by +6.5pp and CLIP by +17.4pp. Similar improvements emerge on
Flickr30K 12T R@10 (77.6% vs. MERU 66.3%, +11.3pp) and zero-shot
ImageNet classification (32.6% vs. MERU 23.3% and CLIP 13.3%,
gaining +9.3pp and +19.3pp respectively). Crucially, ablations in
Table 3 confirm that input-dependent routing contributes beyond
naive mixing: AGR (Router) matches or exceeds static AGR (E+H)
across most metrics, validating the value of learned per-pair alloca-
tion.

Stability mechanisms and failure modes. Each stability compo-
nent addresses a specific training pathology (Table 3). Without LoRA
decoupling (—2.6pp), training logs reveal Euclidean contrastive loss
drops approximately 5% faster than hyperbolic loss during the
first 5K steps. This optimization speed mismatch causes premature
router commitment (w > 0.9) before hyperbolic representations ma-
ture, yielding a nominally hybrid model that effectively ignores one
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Figure 5: Empirical validation of failure modes. Training
from scratch without Geometric Handcuffs (red) causes cat-
astrophic Euclidean dominance: (a) query gate activations
saturate to 1.0 (complete E routing), vs. AGR with full cur-
riculum (blue, gates~0.42). (c) Hyperbolic curvature collapses
from 1.0 to 0.15 without handcuffs, confirming the branch
is starved of gradients. Orange dashed: intermediate failure
(no LoRA decoupling only, gates~0.66).

geometry—the geometry dominance failure mode. Without baseline-
safe gating (—1.4pp), early training exposes severe scale mismatches:
hyperbolic distances range [—50, 0] while cosine similarities span
[-1, 1]. Unbounded score differences propagate destabilizing gradi-
ents that occasionally cause training divergence. Without Euclidean
throttling (—1.7pp), providing full Euclidean scores from step 0
triggers rich-get-richer dynamics: the router commits to the ini-
tially stronger geometry (w > 0.85 by step 3K), preventing the
hyperbolic branch from developing meaningful structure. These
failure modes mirror known instabilities in mixture-of-experts train-
ing [14], adapted to settings where “experts” have fundamentally
different optimization landscapes.

Figure 5 provides empirical validation: training AGR from scratch
without the four-phase curriculum causes gate activations to satu-
rate at 1.0 (complete Euclidean takeover) and hyperbolic curvature
to collapse from 1.0 to 0.15—confirming the geometry dominance
failure mode that our curriculum prevents.

Scalability and limitations. AGR adds only 2.1M trainable pa-
rameters (2.4% of backbone) with no additional encoder passes,
supporting ANN + top-K reranking for scalable deployment. Cur-
rent limitations include warmup schedule sensitivity and per-pair
routing latency; future work targets learned per-query curvature
and multi-geometry routing. We introduced Adaptive Geome-
try Routing (AGR), enabling stable hybrid Euclidean-hyperbolic
training through a four-phase curriculum that prevents geometry
dominance. On ViT-B, AGR achieves +6.5pp over MERU on COCO
T2I R@5, +11.3pp on Flickr30K I2T R@10, and +9.3pp on ImageNet,
demonstrating that phased training unlocks stable hybrid geometry
learning where single-schedule approaches fail. The curriculum
framework generalizes to other mixture-of-experts scenarios where
component learning rates differ significantly.

Relation to concurrent work. HyCoCLIP [39] shares our motiva-
tion of enriching hyperbolic VLMs but pursues a complementary
approach. While HyCoCLIP leverages compositional entailment
learning with bounding-box supervision from GRIT (20.5M pairs,
35.9M boxes), AGR focuses on adaptive geometry routing with
weaker supervision (image-caption pairs only). The key differences
are: (i) Geometry allocation: HyCoCLIP uses fixed hyperbolic

Sarthak Srivastava and Kathy Wu

geometry; AGR learns per-pair Euclidean/hyperbolic mixing. (ii)
Data requirements: HyCoCLIP requires region-level box anno-
tations during training; AGR needs no additional labels beyond
image-caption pairs. (iii) Compute overhead: HyCoCLIP requires
bounding-box extraction; AGR adds only 2.4% parameters with
no extra data preprocessing. (iv) Design philosophy: HyCoCLIP
enriches hyperbolic structure via compositional learning; AGR
bridges Euclidean and hyperbolic strengths via adaptive routing.
Direct numerical comparison is non-trivial due to different train-
ing data (GRIT vs. RedCaps); we note that these approaches are
complementary—AGR’s adaptive routing could potentially enhance
HyCoCLIP’s compositional framework in future work.

Why adaptive geometry matters. The case for adaptive routing
rests on a fundamental observation: vision-language data is het-
erogeneous. Real-world datasets mix fine-grained discrimination
(texture, color distinctions), taxonomic reasoning (category mem-
bership, hierarchical containment), and compositional relations
(part-whole, attribute-object). Fixed geometric assumptions force
an undesirable trade-off: Euclidean models excel at instance dis-
crimination but miss hierarchical structure; hyperbolic models cap-
ture taxonomic containment but conflate fine-grained instances
(Figure 1). AGR’s routing mechanism resolves this tension by allo-
cating geometry per decision. Hierarchical queries (“find furniture”)
activate higher hyperbolic weights; instance-level queries (“find
this specific IKEA chair”) shift to higher Euclidean weights. This
adaptive allocation explains AGR’s consistent gains across both
retrieval benchmarks (instance-level ranking) and classification
tasks (category-level reasoning).

C Representative Cases for Geometry
Preference

Attribute Value

=

Image | .
Caption A striped plane flies upward into the sky with the
sun shining ahead of it.

Table 8: An example illustrating a Euclidean-dominant case
in fine-grained instance matching.

Attribute Value

Image |
caption A curious kitten comes face-to-face with a cautious

bird.

Table 9: An example illustrating a hyperbolic-dominant case
in hierarchical semantic reasoning,.
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