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Abstract

We study the well-motivated problem of online
distribution shift in which the data arrive in
batches and the distribution of each batch can
change arbitrarily over time. Since the shifts can
be large or small, abrupt or gradual, the length of
the relevant historical data to learn from may vary
over time, which poses a major challenge in de-
signing algorithms that can automatically adapt to
the best “attention span” while remaining compu-
tationally efficient. We propose a meta-algorithm
that takes any network architecture and any On-
line Learner (OL) algorithm as input and produces
a new algorithm which provably enhances the per-
formance of the given OL under non-stationarity.
Our algorithm is efficient (it requires maintaining
only O(log(T )) OL instances) and adaptive (it au-
tomatically chooses OL instances with the ideal
“attention” length at every timestamp). Experi-
ments on various real-world datasets across text
and image modalities show that our method con-
sistently improves the accuracy of user specified
OL algorithms for classification tasks. Key novel
algorithmic ingredients include a multi-resolution
instance design inspired by wavelet theory and
a cross-validation-through-time technique. Both
could be of independent interest.

1 Introduction

Many real-world Machine Learning (ML) problems can be
cast into the framework of online learning where a model
continuously learns from an online datastream. For example,
consider the task of classifying the gender from high-school
yearbook images. Suppose that the data is presented in
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Framework 1 Batched online interaction protocol for
classification

1: Initialize learner’s hypothesis h1 : X → Y .
2: for each round t ↑ [T ] := {1, . . . , T} do
3: Nature samples nt > 1 covariate-label pairs

(x1, y1), . . . , (xnt , ynt) iid from a distribution
Dt on the space X ↓ Y .

4: The covariates are revealed to the learner.
5: Learner predicts their labels using ht.
6: True labels are revealed to the learner.
7: Learner updates its hypothesis to ht+1 using (a

part of) the revealed labelled data.
8: end for

an online manner where at each timestamp, the learner is
asked to classify images from that timestamp. An online
ML model will continuously adjust its parameters based
on the data it received sequentially. Shift in the data dis-
tribution across the timestamps in a datastream constitutes
a significant challenge in the design of online learning al-
gorithms. For instance, in the case of high-school gender
classification, the appearance characteristics of a population,
such as fashion style or racial diversity, can evolve slowly
over time. Such distribution shifts can cause models learned
using old data to yield poor performance on the most recent
or relevant data distribution. On the other hand, one can
leverage an adaptively selected portion of the old data if
the distribution is smoothly evolving. An ideal goal is to
maximise the accuracy attainable at each timestamp (rather
than maximising the average across all timestamps). Effec-
tively handling this problem poses a common challenge in
practical applications.

On the other hand, modeling how the data distribution
evolves over time requires one to make restrictive assump-
tions while designing an effective learning algorithm. Un-
fortunately, most often the distribution shifts are caused by
complex confounders which are hard to model [Zhu et al.,
2014]. Consequently such assumptions may not be satisfied
or even verifiable in practice. This leads to the phenomenon
where the strong assumptions about the evolution of distri-
bution can only contribute to more noise than signal into the
process of algorithm design.
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To study this challenge closely, we consider the problem of
online classification under distribution shifts without explic-
itly modeling the evolution of such shifts. A typical protocol
for online classification is presented in Framework 1. In
this paper, we use the term online learner (OL) to mean
any learner that operates under the protocol in Framework
1. There is a rich body of work [Besbes et al., 2015, Zhang
et al., 2018a] (see Sec. 2 for a broader overview) that studies
principled ways of handling non-stationarity under convex
loss functions. However, due to the huge success of deep
learning, many of the modern ML systems use deep nets
where the convexity assumptions are violated. This limits
the applicability of methods that only handle convex losses
to relatively simple use cases such as logistic regression,
SVMs or fine-tuning the linear layer of a neural network.

Moving forward, our goal will be to effectively adapt to
distribution shifts without imposing convexity assumptions
on losses. For online learning problems, one can continually
update the parameters of the underlying network based on
the new data as it sequentially arrives. For example we
can use online gradient descent or continual learning algo-
rithms such as [Zenke et al., 2017] in hope to control the
generalization error at each round in the online protocol.
However, as noted in [Yao et al., 2022], the performance of
such methods can be limiting under distribution shifts. In
this paper, we provide a meta-algorithm that takes in an arbi-
trary OL as a black-box and produces a new algorithm that
has better classification accuracy under distribution shift.
The black-box nature allows us to leverage the success of
deep learning while still being able to adapt to distribution
shift. This makes our method more widely applicable in
practice in comparison to methods that only handle convex
losses. Our key contributions are as follows:

• We develop a meta-algorithm AWE (Accuracy
Weighted Ensemble, Alg.2) that takes a black-box OL
as input and improve its performance for online classi-
fication problem under distribution shifts. The method
primarily contains two parts: (1) Multi-Resolution In-
stances (MRI) and (2) Cross-Validation-Through-Time
(CVTT).

• We obtain strong theoretical guarantees. For the MRI
design, we show that it covers at least a fourth of all
datapoints from most recent distribution (Theorem 1).
We also give bounds for the generalization error and
dynamic regret of AWE(Theorems 2, 7).

• We conduct experiments on various datasets with
in-the-wild distribution shifts across image and text
modalities and find that our method consistently leads
to improved performance (Sec. 6) while incurring only
a logarithmic overhead in memory and time in compar-
ison to the base OL algorithm.

Notes on key technical novelties.

a) black-box nature: We remark that the idea of enhanc-

ing the performance of a black-box algorithm under non-
stationarity has been proposed in [Daniely et al., 2015] (see
Appendix C for a comparison). The algorithm in [Daniely
et al., 2015] as well as ours are both based on running multi-
ple instances of a base learner, where each instance is trained
from a unique time-point in history and combining their
predictions at a future time-point. However, algorithmic
components that facilitate our black-box reduction differs
from theirs in two aspects: i) Data-efficient instances. In
Appendix C.1, by taking the specific case of a piece-wise
stationary distribution shift, we show an example where the
Geometric Covering intervals of [Daniely et al., 2015] fails
to guarantee existence of an instance that has been trained
on adequate amount of data from most recent distribution.
Our MRI construction of maintaining base learner instances
fixes this problem (see Theorem 1) leading to a more data-
efficient way of instantiating the base learners. ii) Faster
regret rates. Suppose in Framework 1, after each round, N
labelled datapoints are revealed. The scheme in [Daniely
et al., 2015] guarantees an average regret of O(1/

√
|I|)

against the best instance in any interval I . However, when
the data distribution is slowly varying (or constant in the
best case) within interval I , our scheme lead to a faster aver-
age regret of O(1/

√
N |I|). This is attributed to the CVTT

technique which pools together datapoints from similar dis-
tribution in adjacent timestamps while estimating the loss of
each instance in the recent distribution. The high accuracy
estimates of losses allows us to quickly learn/identify the
most appropriate instance for the recent distribution leading
to fast regret rates. (see Appendix C.2 for further details)

b) logarithmic overhead: Our MRI construction requires
to maintain only a pool of O(log T ) OL instances while
guaranteeing the existence of instances in the pool that has
been trained on reasonable amount of data exclusively from
the recent distribution (see Theorem 1).

c) comparison to [Mazzetto and Upfal, 2023]: We remark
that a recent break-through due to [Mazzetto and Upfal,
2023] also provides a way for adapting to distribution shifts.
However, their method involves solving multiple ERM pro-
cedures at each timestamp which is hard to deploy in online
datastreams. In contrast, we introduce novel algorithmic
components (see Sec. 4.2) that facilitate the adaptation of
any user specified black-box OL algorithms while obviating
the need to solve multiple ERM procedures. The reason
why [Mazzetto and Upfal, 2023] needs to perform multiple
ERM procedures is that in their algorithm they need to com-
pute the maximum mean discrepancy wrt a large hypothesis
class. Our key observation is that (under piece-wise station-
ary distributions) we can compress a large hypothesis class
to a set of finite learnt models with at-least one model being
good for making predictions for the most recent distribution
(see Theorem 1). Hence it suffices to compute the maxi-
mum mean discrepancy wrt this finite set of models thereby
leading to computational savings.
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2 Related Work

In this section, we briefly recall the works that are most re-
lated to our study. Adapting to distribution shifts under con-
vex losses is well studied in literature [Hazan and Seshadhri,
2007, Zhang et al., 2018a, Zhang et al., 2018b, Cutkosky,
2020, Baby and Wang, 2021a, Zhao et al., 2020, Zhao et al.,
2022, Baby and Wang, 2022, Baby and Wang, 2023, Baby
et al., 2023b]. The strong requirement of convexity of losses
limits their applicability to deep learning based solutions.
Further, none of these works aim at optimizing Eq.(1). Meth-
ods in [Awasthi et al., 2023, Jain and Shenoy, 2023] provide
a non-black-box way to adapt to distribution shift in offline
problems. There are also various online learning algorithms
coming from rich body of literature involving continual
learning and invariant risk minimization. Examples include
but not limited to [Zenke et al., 2017, Kirkpatrick et al.,
2017, Zhai et al., 2023, Li and Hoiem, 2016, Lee et al.,
2017, Aljundi et al., 2018, Rebuffi et al., 2017, Chaudhry
et al., 2019, Cai et al., 2021]. We refer the reader to [De-
lange et al., 2021, Yang et al., 2023] for a detailed literature
survey. The aforementioned algorithms can be taken as the
input OL for our methodology. Examples of schemes that
tackle distribution shift under limited amount of labeled
data include [Lipton et al., 2018, Bai et al., 2022, Wu et al.,
2021, Baby et al., 2023a, Garg et al., 2023, Rosenfeld and
Garg, 2023]. However, they require structural assumptions
like label shift on the distribution shift owing to scarce
labelled data available and hence form a complementary
direction to our work.

We emphasize that our objective is not to attain the best clas-
sification accuracy across all algorithms. Instead, our goal
is to propose an effective meta-algorithm that can enhance
the accuracy of any given online algorithm for classification
under distribution shifts.

3 Problem Setting

In this section, we define the notations used and metrics of
interest that we aim to control. We use [T ] := {1, . . . , T}
and [a, b] := {a, . . . , b} ↔ [T ]. Suppose we are at the be-
ginning of round t. Let X denote the covariate space and
Y denote the label space. Suppose that the data distribu-
tion at round t is Dt. Let i denote an OL instance. Let
Acct(i) := E(x,y)→Dt

[I{i(x) = y]} where i(x) is the pre-
diction of the model i for covariate x and I is the binary
indicator function. The accuracy Acct(i) is the popula-
tion level accuracy of model i for the data distribution at
round t. The black-box OL we take in as input to AWE
will focus on updating the parameters of an underlying neu-
ral network architecture. Let H be the hypothesis class
defined by the underlying neural network classifier. Let
h
↑

t = argmaxh↓H
Acct(h) be the best classifier for making

prediction at round t. Suppose ht is the classifier used by
our algorithm to make predictions for round t. One of the

Algorithm 3 refineAccuracy: Inputs: 1) An OL in-
stance M ; 2) A terminal time ω and 3) Failure probability
ε.

1: Let n(r) denote the number of hold out-data points
accumulated in the interval [ω ↗ r + 1, . . . , ω ].

2: S(r, ε) :=
√

log(T/ε)/r +
√

20 log T/r; Initialize
r = 1.

3: while r ↘ ω/2 do
4: Let uM (r) be the empirical accuracy for the model

M estimated using hold-out data in the rounds
[ω ↗ r + 1, . . . , ω ].

5: If |uM (r)↗ uM (2r)| ↘ 4S(n(r), ε) then
r ≃ 2 · r; Else return u(r)

6: end while
7: Return uM (r)

metrics we are interested in is controlling the instantaneous
regret:

Err(t) = Acct(h↑

t )↗ Acct(ht), (1)

for the maximum number of rounds possible. Doing so
implies that the accuracy of our algorithm stays close to the
best attainable performance by any classifier in H across
most rounds. However, in rounds where the data distribution
is very different from the past seen distributions, any algo-
rithm will have to pay an unavoidable price proportional to
the discrepancy between the distributions.

We also provide guarantees for the dynamic regret given by:

Rdynamic =
T∑

t=1

Err(t) =
T∑

t=1

Acct(h↑

t )↗ Acct(ht). (2)

Controlling Err(t) is more challenging than controlling the
dynamic regret because the former can imply later. Bound-
ing Err(t) leads to a more stringent control of accuracy at
each round in the datastream. This is one of the key formal-
izations that differentiates our setting from [Daniely et al.,
2015]. The control over instantaneous regret is translated
to our experiments (see Sec. 6) by the improved accuracy
of our meta-algorithm across most of the timestamps in the
data stream (see also Remark 4).

4 Algorithm

In this section, we present our algorithm for handling distri-
bution shifts and elaborate on the intuition behind the design
principles. A formal treatment will be presented in the next
section. Along the way we also explain the challenges faced
and how they are overcome via algorithmic components.
The full algorithm is presented in Alg.2.

Throughout the design of the algorithm, we assume that
distribution of data at round t is same as the distribution
of the data at time t+ 1 for most rounds. (More precisely,
the number of times the distribution switches is assumed
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Algorithm 2 AWE: inputs: 1) A black-box online learning
algorithm; 2) Failure probability ε and 3) Split probability
p.

1: Initialize w1 := 1 ↑ Rlog2 T .
2: Enumerate set of rules =

{
r
1
, r

2
, .., r

m
}

3: for t ↑ [T ]: do
4: Get nt covariates xt(1), . . . , xt(nt).
5: Compute At := ACTIVE(t) (See Eq.(3)).
6: for i ↑ nt: do
7: Predict a category by giving xt(i) as input to

currentModel
8: end for
9: Get labels y1, . . . , ynt . Let p fraction of the data be

allocated to a training fold and remaining to a
hold-out fold.

10: Train models in At with the training fold using the
online learning algorithm given as input.

11: Compute At+1 := ACTIVE(t+ 1).
12: For each model i ↑ At+1, compute the accuracy

estimate Âcc
(i)

t+1 = refineAccuracy(i, t, ε)
(see Alg.3).

13: Convert the accuracy values {Âcc
(i)

t+1}
|At+1|

i=1 to
weights wt+1 ↑ R|At+1| (Eq.(4)).

14: Construct the model Et+1 : x →

argmaxk↓[K]

∑
i↓At+1

wt+1(i)logiti[k], where
logiti ↑ RK is the logits of the model i ↑ At+1 for
a given input covariate.

15: Let i↑t+1 = argmaxi Âcc
(i)

t+1.
16: if refineAccuracy(Et+1, t, ε) >

refineAccuracy(i↑t+1, t, ε), then set
currentModel as Et+1 else set
currentModel as i↑t+1.

17: end for

to grow sub-linearly over time). Such an assumption can
be considered as relatively weak. On the other hand, if the
number of points where the distribution switches grow lin-
early with time, it can be shown that learning is impossible
in such a regime [Zhang et al., 2018a]. We do not assume
any prior knowledge/modelling assumptions on where the
switches happen.

The input to AWE is a user-specified OL. We would like
to improve the accuracy of the given OL under distribu-
tion shifts. To motivate our techniques informally, consider
the following thought experiment. Suppose in the interval
[1, t0] the data is generated from a distribution D1 while
in the interval [t0, T ] it is from a sufficiently different dis-
tribution D2. If we know that a change in distribution has
happened at time t0, then we can start a new OL instance
from time t0. We remind the reader that when a new in-
stance is started, its internal states will also be re-initialized.
However absent such knowledge, one naive idea is to start

a new instance at every past timestamp in the datastream.
Then combine their predictions (based on validation accura-
cies) at a future timestamp. Unfortunately, such a scheme
can be computationally expensive making it less attractive
in practice. Further the question of how to combine the
predictions from various instances in a statistically efficient
manner also remains unclear.

It is challenging to maintain a pool of instances such that:
1) the growth rate of the pool’s size is slow and 2) An
instance that has been trained on adequate amount of data
from the most recent distribution exists in the pool. In the
next section, we discuss our solution to address the above
problems. The solution is based on carefully adapting the
idea of Multi Resolution Analysis (MRA) from wavelet
theory [Mallat, 1999].

4.1 Multi-resolution Instances (MRI)

For the sake of simplicity, let the time horizon T be a power
of 2. We define M := log2 T resolutions. In each resolution
i ↑ [1,M ] we define two collection of intervals as follows:

• R:=
{
[1 + (k ↗ 1)T/2i↔1

, kT/2i↔1] for k ↑ N
}

• B:= {[1 + (k ↗ 1)T/2i↔1 + T/2i, kT/2i↔1 + 3 ·

T/2i] for k ↑ N} ,

where we disregard the timepoints in an interval that exceeds
the horizon T . We remark that intervals in the collection B

are not present in the MRA defined by usual wavelet theory.
However, we include them to quickly pick up distribution
shifts as formalised in Theorem 1. We refer the reader
to Appendix B for a specific example demonstrating the
motivation for including the set B. See Fig.1 for a depiction
of the intervals defined by the MRI construction.

With each interval, we associate an OL instance (hence
interval and its associated instance are used interchangeably
moving forward). For example, associated with an interval
[a, b] we define an OL instance that starts its operation at
round a and it is only used to make predictions within the
interval [a, b]. For making a prediction at an intermediate
time t ↑ [a, b] this OL instance will only be trained on the
data that is seen in the duration [a, t ↗ 1]. However, we
remind the reader that prediction made by this instance at
round t may not be the final prediction submitted by the
overall meta-algorithm. We remark that the instance defined
by the interval [a, b] is no longer used for making predictions
at rounds t > b.

For any round t, define

ACTIVE(t) := {u ↑ R ⇐B|t ↑ u}. (3)

This defines the collection of instances that are active at
round t. The meta-algorithm will form a prediction only
based on the active models. Due to construction of the
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Figure 1: The figure shows the configuration of Multi Reso-
lution Instances (MRI). Brackets of type [ ] belongs to the
collection R and type { } belongs to collection B (see Sec.
4.1). Consider the scenario where the data distribution has
changed from timestamp 3 and remained stable afterwards.
Suppose we are at the beginning of round 9 and after each
round we get n training data points. So we have seen 6n
labelled data points from distribution D2. ACTIVE(9) cor-
responds to those intervals that include the timestamp 9.
The circled intervals has seen at least 3n data points from
distribution D2 thereby ensuring models that are present in
the active set with good performance under distribution D2.
A formal result of the data utilization efficiency of the MRI
construction is proved in Theorem 1.

intervals, it is straight-forward to see that at any round t ↑

[T ], we have |ACTIVE(t)| = O(log T ).

In Theorem 1, we show that there exists a model in the
MRI pool that has seen sufficient amount of data from a
new distribution if a shift happens. Consequently we are
able to maintain only logarithmic number of instances while
still guaranteeing that there exists at least one instance in
the pool that is efficient to make predictions for the most
recent distribution. We emphasize that such a property is
achieved without imposing strong modelling assumptions
on the evolution of the shift.

4.2 Cross-Validation-Through-Time (CVTT)

Now that we have a collection of instances, we next turn
our attention to address the statistical challenge of combin-
ing the instances to make predictions that can lead to high
accuracy. As mentioned in Framework 1, the labels for all
covariates are revealed after each round t. We then split
the data into a training fold and a hold-out fold (line 11 in
Alg.2). Data from the training fold is fed to the OL instances
in ACTIVE(t) to resume their training.

At round t + 1, we make predictions using the models in
At+1 := ACTIVE(t+1). Recall that throughout the design

of our algorithm, we assume that the distribution of data at
round t is close to the distribution of the data at time t+ 1
for most rounds. Under such an assumption, the empirical
accuracy for models in At+1 computed using the hold-out
data at round t should be a rough estimate for the accuracy
of those models for the data revealed at round t+ 1. Since
we have only a limited amount of validation data, even if
the distribution at time t + 1 is identical to that at time t,
such an estimate can be misleading. On the other-hand if
the data distribution during the interval [r, t] is relatively
stable, then we can use all the hold-out data collected within
[r, t] to get a better estimate of the accuracy. To get such
refined accuracy estimates (which in essence does a CVTT)
for each model in At+1, we use the recent advancement
in [Mazzetto and Upfal, 2023] adapted to our setting in
Alg.3. This idea of estimating refined accuracy for each
instance that are present in a sparse pool of instances is what
eliminates the need of using the techniques in [Mazzetto and
Upfal, 2023] that rely on expensive ERM computations. In
contrast, techniques in [Mazzetto and Upfal, 2023] require
to compute a metric of the form supM↓H

|uM (r)↗uM (2r)|
for a very large hypothesis class H defined by the neural net
architecture (cf. Line 4 of Alg.3 for definition of uM (r)).
They use ERM for this purpose. However by virtue of our
MRI construction and Theorem 1, we compress the large
hypothesis class H to a finite set of learnt models (with
at least one model that has seen at least a fourth of the
datapoints from the current distribution). Hence it suffices
only to compute such discrepancy metrics over a finite set
formed by candidates for near optimal hypothesis for the
current round. This facilitate the speedup over their methods.
To the best of our knowledge, the idea of using techniques
in [Mazzetto and Upfal, 2023] to facilitate a CVTT has not
been used before in literature.

Once the accuracy for each model in At+1 is estimated,
we form an ensemble model Et+1 from those constituent
models with weights specified by:

w
t+1(i) = Âcc

(i)

t+1, (4)

where w
t+1
i is the weight assigned to model i in round

t + 1 and Âcc
(j)

t+1 is the estimated accuracy for model j.
Then based on the refined accuracy estimate of all models
(line 16), we pick a model to make predictions at line 7.
This ensembling model is mainly introduced to get better
performance in practice while not hurting the theoretical
guarantees. It is perfectly possible to prefer any other ensem-
bling scheme as well and still the guarantees of Theorem 2
remains valid. The overall algorithm is displayed in Alg.2.

5 Theory

In this section, we present theoretical justifications of the
algorithmic components of AWE. All proofs are deferred
to Appendix B. For the sake of simplicity assume that we
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receive n labelled training data points and m hold-out data
points after the end of each timestamp in Step 11 of Alg.2.
Next theorem shows the ability of MRI to maintain instances
in the pool that can lead to good predictions for the most
recent distribution.
Theorem 1. Suppose we are at the beginning of a timestamp
t+ 1 and the data distribution has remained constant from
some round t0 < t+ 1. Let this distribution be D. We have
labelled hold-out data available till round t. There exists at
least one instance in the MRI pool that is active at a given
round and satisfies at least one of the following properties:

• All the training data seen from the model is from distri-
bution D. Further it has seen at least (t↗ t0 + 1)n/2
points from distribution D.

• The model been only trained on data from D. Further
the number of points seen by the model is at least
(t↗ t0 + 1)n/4.

Next, we attempt to understand the statistical efficiency
of AWE. We define some notations first. Suppose the
number of classes is 2. Let F := {Et} ⇐ At. Let
f
↑

t = argmaxf↓F
Acct(f). f̂t := argmaxf↓F

Âcct(f).
Let h↑

t = argmaxh↓H
Acct(h).

Theorem 2. Assume the notations defined in Sec. 3. Sup-
pose we are at the beginning of round t and that the data is
sampled independently across timestamps. Assume that the
data distribution (say D) has remained constant in [t↗ r, t].
Then with probability at least 1↗ 4ε log T logmT , instan-
taneous regret at round t for AWE,

Acct(h↑

t )↗ Acct(f̂t) = Acct(h↑

t )↗ Acct(f↑

t ) + Õ

(»
1/mr

)
,

where Õ hides logarithmic factors in T,m, r and 1/ε.
Remark 3. Theorem 2 must be interpreted in the light of
Theorem 1. The first term Acct(h↑

t ) ↗ Acct(g↑t ) depends
on the generalization behaviour of the online learning al-
gorithm given as input to AWE. However, due to Theorem
1, it is guaranteed that there exists at least one model in
ACTIVE(t) that has seen an !(mr) data points from the
distribution D when the data distribution has remained con-
stant in [t ↗ r, t]. This helps to keep the first term small.
However, a theoretical bound on first term will depend on
the specific OL algorithm used. For example, if we use
ERM as the base learner, the first term can be bound by
O(1/

⇒
nr). The second term Õ(

√
1/mr) reflects improve-

ment in generalization obtained by adaptively using all the
hold-out data from previous r rounds where the distribu-
tion has remained unchanged. We remark that the prior
knowledge of r (or the change-point) is not required.
Remark 4. Let i0 be the OL instance started from times-
tamp 1. By the construction of MRI in Sec. 4.1, i0 ↑

ACTIVE(t) for all rounds t. Whenever g↑t = i0, the above
theorem guarantees that the accuracy of AWE is compara-
ble to that of i0 at the asymptotically decaying margin of

O(1/
⇒
mr). On the other hand, the distribution shifts can

potentially cause the existence of new models g↑t ↑ G such
that Acct(g↑t ) ⇑ Acct(i0). In such scenarios, Theorem 2
again guarantees that the accuracy of AWE (with map Ŵ)
is comparable to that of Acct(g↑t ) thereby improving the
performance over the instance i0. This solidifies the ability
of AWE to enhance the performance of a user-given OL.

The statement of Theorem 2 translates into an excess risk
bound against the pool of MRI instances. If we choose
the input OL to AWE as ERM, one can get an excess risk
bound of O(1/

⇒
mr) against an entire hypothesis class

across which ERM is performed. However in an online
setting, running ERM at each round can be computationally
prohibitive. Hence the alternate choices for the OL (for
example continual learning algorithms) becomes more use-
ful. In such a scenario, Theorem 2 guarantees an excess
risk bound against an optimally restarted instantiation of
the chosen OL – thanks to the data-efficiency guarantees of
MRI construction (Theorem 1).

Even-though we presented our analysis for piecewise sta-
tionary distributions, the extension to slowly varying dis-
tributions is straightforward by standard discretization ar-
guments. In the analysis we can divide the time horizon
into intervals where distribution is slowly varying and apply
Theorem 2 to the mean distribution within the bin while
paying a small additive price proportional to how much the
distribution at a round deviates from the mean. In Appendix
B, we characterize the dynamic regret (see Eq.(2)) of AWE
on slowly changing distribution shifts. Though AWE has the
drawback of storing all the previous hold-out data points, we
remark that size of hold-out data is generally much smaller
than the training data set size. In practice, one can limit
to store only the hold-out data from a fixed amount of past
timestamps. While refined accuracy calculation necessi-
tates a forward inference pass on this data, the efficiency of
modern GPUs prevents significant performance issues.

6 Experiments

6.1 Empirical Study on Real-world Datasets

All our experiments are conducted on the WildTime bench-
mark [Yao et al., 2022]. WildTime constitutes a suite of
datasets for classification problems across image, text and
tabular modalities that exhibit natural distribution shift. In
this paper, our focus is on the image and text modalities. For
the image modality, the WildTime benchmark comprises the
FMOW dataset, while for text, it includes the Huffpost and
Arxiv datasets. We direct the reader to [Yao et al., 2022]
for more elaborate details regarding the datasets. All the
experiments were conducted on NVIDIA A100 GPUs.

For each of the dataset, we consider different black-box OL
algorithms as input to AWE (Alg. 2). We then compare the
accuracy of each OL and AWE method across every time
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(a) FMOW (b) Huffpost (c) Arxiv

Figure 2: % accuracy differences across various timestamps when AWE is run with SI as the online learning algorithm. We
report similar results for other OL algorithms and the fraction of timestamps where AWE improves (or does not degrade) the
performance of the base OL in Appendix D.

Table 1: Performance statistics for image (FMOW dataset) and text (Huffpost & Arxiv datasets) modalities. We report the
difference in average classification accuracy (%) across all timestamps obtained by a black-box scheme minus that of the
input OL.

Input OL
FMOW Huffpost ArXiv

SAOL [Daniely et al., 2015] AWE SAOL [Daniely et al., 2015] AWE SAOL [Daniely et al., 2015] AWE

SI [Zenke et al., 2017] →4.19
±0.119

1.52
±0.067

→0.70
±0.068

0.70
±0.065

→3.97
±0.159

0.45
±0.009

FT →3.71
±0.104

1.83
±0.073

0.71
±0.06

0.72
±0.069

→3.95
±0.14

0.56
±0.01

IRM [Arjovsky et al., 2019] →6.16
±0.132

0.55
±0.04

0.37
±0.049

0.98
±0.08

→2.67
±0.131

0.13
±0.005

EWC [Kirkpatrick et al., 2017] →3.50
±0.101

2.20
±0.08

→0.53
±0.059

0.72
±0.069

→3.87
±0.157

0.36
±0.008

CORAL [Sun and Saenko, 2016] →2.98
±0.093

3.24
±0.097

0.18
±0.034

1.10
±0.085

→1.16
±0.087

1.67
±0.018

stamp. To clarify further, at any timestamp, we compute the
accuracy only using the labelled data that is revealed towards
the end of that timestamp (see Framework 1). We explore
the performance of five different online learning algorithms:
Synaptic Intelligence (SI) [Zenke et al., 2017], Invariant
Risk Minimisation (IRM) [Arjovsky et al., 2019], FineTun-
ing (FT), Elastic Weight Consolidation (EWC) [Kirkpatrick
et al., 2017], and CORAL [Sun and Saenko, 2016]. We use
the same neural network architectures and hyper-parameter
choices for the OL as used by the eval-stream setting in [Yao
et al., 2022]. We refer the reader to [Yao et al., 2022] for
comprehensive information about these design choices.

The performance compared with SI along each timestamp
is shown in Fig.2 for each dataset. Similar results for other
OL algorithms are presented in Appendix D. We combine
the predictions of a model at round t using the accuracy esti-
mates based on the data revealed until time t↗1. Occasional
drops in performance at certain timestamps may result from
abrupt changes in the distribution. If the distribution at time
t is sufficiently different from that at time t↗1, the accuracy
estimates we use to combine the instances can be not useful
for making predictions at round t. However, our algorithm
demonstrates a rapid adjustment to the new distribution, as
evidenced by performance improvements shortly after the
timestamps where a performance decline was observed.

To statistically summarize the performance, we report the %
accuracy differences (i.e., AWE↗ OL) across various time

stamps. in Table 1. Additionally, in Appendix D, we detail
the win/draw/lose numbers along the timestamps. We find
that in well above 50% of the timestamps across all cases,
AWE can improve the performance of the base OL instance.
This indicates the robustness of AWE to deliver improved
performance under in-the-wild distribution shifts.

We also compare AWE with Strongly Adaptive Online Learn-
ing (SAOL) [Daniely et al., 2015]. To the best of our knowl-
edge, SAOL is the only black-box adaptation scheme appli-
cable to online non-convex setting. All runs are repeated
with 3 random seeds. We compute the difference in average
accuracy (i.e AWE - OL or SAOL - OL) over all timestamps
attained by both schemes in Table 1. In contrast, we find
that SAOL often degrades the performance of the input OL
which can be alluded to the reasons presented in part (a) of
notes on technical novelties in Sec. 1.

6.2 Ablation study

Ablation on resolution: To further substantiate the effi-
cacy of the multi-resolution instance paradigm (Sec. 4.1),
we compare the performance obtained by AWE and an al-
ternative where we only maintain instances from a single
resolution in the MRI construction. Using a single resolu-
tion has the effect of dividing the entire time horizon into
fixed-size intervals along the sets R and B (that are poten-
tially overlapping; Sec. 4.1). Each window is associated
with an OL instance trained exclusively on the duration of
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(a) FMOW (b) Huffpost (c) Arxiv

Figure 3: Ablation study across various resolutions. We compute the overall accuracy attained by AWE minus that attained by
using only a single resolution in the MRI pool. We see that in most cases AWE outperforms the single resolution counterparts.
Further, by virtue of using AWE, the user does not need to hand-tune the optimal resolution to use in an MRI pool.

that interval. We see in Fig.3 that in most of the cases AWE
attains superior performance. Choosing an optimal window
size (and hence the resolution number) requires prior knowl-
edge of the type of shift. In contrast, AWE eliminates the
need for this window-size selection by adaptively combining
instances from multiple resolutions, automatically assigning
a higher weight to the higher-performing resolutions during
prediction. We refer the reader to Appendix D for more
experimental results.

7 Conclusion and Future Work

We proposed a method to enhance the performance of any
user given OL for classification by merging predictions from
different historical OL instances. The MRI construction for
limiting the instance-pool size could be of independent inter-
est for tackling non-stationarity. Experiments across various
real world datasets indicate that our method consistently
improves the performance of user-specified OL algorithms.
Future work include extending the methods to change point
detection and online learning with limited feedback. Limi-
tations can be found at Appendix A.
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A Limitations and Further Discussion

Limitaions. One of the main limitations of our work is that we only try to optimize the classification accuracy at any
round. However for the case of continual learning based algorithms, other metrics which measure the power of remembering
old experiences to prevent catastrophic forgetting is also often optimized. Such metrics are often termed as backward
transfer metrics. Our method do not explicitly optimize metrics that measure backward transfer, though it could be internally
optimized by the different instances we maintain in the ensemble pool. Further, our algorithms do not take into account
protecting the privacy of sensitive training data.

Further discussion. Adapting to distribution shifts is a well studied problem in online learning literature [Zhang et al.,
2018a, Zhao et al., 2020, Baby and Wang, 2021b]. However, these works are studied under convexity assumptions on the
loss functions. To the best of of our knowledge adaptive regret minimization works like [Daniely et al., 2015] are the only
ones that are also applicable to the deep learning framework. Eventhough they are backed by strong theoretical guarantees,
their practical performance is curiously under-investigated in literature before. Our experiments in Section 6 indicate a large
theory-practice gap for adaptive algorithm such as [Daniely et al., 2015] when applied to deep learning framework. Our
work is a first step towards closing this gap.

B Omitted Technical Details

An example motivating the necessity of including the B set in the MRI construction. We included the B set because it
turned out to be important for proving Theorem 3.

Fig.1 highlights a distribution shift scenario where usage of B set turns out to be useful. In the figure we are at the beginning
of round 9 and we have seen 6n labelled datapoints from distribution D2 as explained in the caption of the figure. We can
see that all the active blue brackets starts only from time 9 and hence has not seen any data from distribution D2. But the
circled brackets from set B in resolutions 1 and 2 has seen 5n data points from D2. This forms a particular scenario where
the brackets from B turns out to be useful in getting a data coverage guarantee as stipulated by Theorem 1
Theorem 1. Suppose we are at the beginning of a timestamp t+ 1 and the data distribution has remained constant from
some round t0 < t+ 1. Let this distribution be D. We have labelled hold-out data available till round t. There exists at
least one instance in the MRI pool that is active at a given round and satisfies at least one of the following properties:

• All the training data seen from the model is from distribution D. Further it has seen at least (t↗ t0 + 1)n/2 points
from distribution D.

• The model been only trained on data from D. Further the number of points seen by the model is at least (t↗ t0+1)n/4.

Proof. Through out this proof we view intervals in R ⇐ B and models in MRI synonymously since they are strongly
associated with each other. We assume that time t0 is not the start of any intervals in the MRI, otherwise the theorem is
trivially satisfied.

Since we are the beginning of round t+1, we have labelled training data available for rounds in [t0, t]. Consider the smallest
resolution in the MRI where there exists an interval [a, b] in R that includes the duration [t0, t+ 1]. Let the length of such
an interval be d. For brevity of notations let’s define t

↗

0 := t0 ↗ a+ 1 and t
↗ = t↗ a+ 1. Since this is the interval in the

smallest resolution that covers [t0, t+ 1], we must have that t↗0 ↘ d/2.

Recall that the data distribution D is constant across rounds [t0, t + 1]. Note that d > t
↗. So if t↗ ↗ d/2 ⇓ d/2 ↗ t

↗ + 1,
then we can select the interval [(a+ b)/2 + 1, b] ↑ R that has seen at-least (t↗ t0 + 1)n/2 from distribution D. Since the
current timepoint t+ 1 ↑ [a, b], we also have that [(a+ b)/2 + 1, b] ↑ ACTIVE(t+ 1)

In the case when t
↗

0 ↘ d/4, the interval [a, b] has seen all the training data in [t0, t]. Notice that the interval [1 + (3a +
b)/4, (3a+ b)/4 + d] ↑ B, covers at-least (t↗ t0 + 1)n/2 of data points from the distribution D. Further this interval has
seen only data from the distribution D. Since the duration of this interval is d, we conclude that is is active at the current
round.

Now we consider the case where d/4 < t
↗

0 < d/2 and t
↗
↗ d/2 < d/2↗ t

↗ + 1. Consider the smallest resolution in MRI
which contains a bracket [e, f ] ↑ R that fully covers the interval [t0, (a+ b)/2]. Clearly we must have f = (a+ b)/2. Due
to the smallest resolution property, we have that t0 must be at-most (e+ f)/2.

Since t
↗
↗ d/2 < d/2 ↗ t

↗ + 1, we have that the number of data points seen within the interval [(e + f)/2 + 1, f ]
must be at-least (t ↗ t0 + 1)n/4. Consequently the interval [(e + f)/2 + 1, (5f ↗ 3e)/2] ↑ B must also have seen
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at-least (t ↗ t0 + 1)n/4 training data points from the distribution D. Since t
↗
↗ d/2 < d/2 ↗ t

↗ + 1, we must have
[(e+ f)/2 + 1, (5f ↗ 3e)/2] ↑ ACTIVE(t+ 1). Further since D has remained constant across [t+ 0, t+ 1], we have that
all the data seen by the interval (e+ f)/2 + 1, (5f ↗ 3e)/2 till now must be from D.

Definition 5. Let F be a function that maps Z to 0, 1. The shattering coefficient is defined as the maximum number of
behaviours over n points.

S(F , n) := max
z1:n↓Z

|{(f(z1), . . . , f(zn)) : f ↑ F}|.

We say that subset F ↗
↔ F is an n-shattering-set if it is a smallest subset of F such that for any (f(z1), . . . , f(zn) there

exists some f
↗
↑ F

↗ such that (f(z1), . . . , f(zn) = (f ↗(z1), . . . , f ↗(zn).

Notations: We introduce some notations. Let d = |ACTIVE(t)|, ACTIVE(t) := {M1, . . . ,Md} and G := {x →

argmaxk↓[K]

Ä∑d
j=1 wj logit(Mj(x))[k]

ä
: wj ↑ R} denote a hypothesis class consisting of classifiers whose logits are

weighted linear combination of that in ACTIVE(t). Let the distribution of data at round t be Dt. Define Acct(g) =

E(X,Y )→Dt
[I{g(X) = Y }] and Âcct(g) := refineAccuracy(g, t, ε) for a classifier g.

Theorem 2. Assume the notations defined in Sec. 3. Suppose we are at the beginning of round t and that the data is sampled
independently across timestamps. Assume that the data distribution (say D) has remained constant in [t↗ r, t]. Then with
probability at least 1↗ 4ε log T logmT , instantaneous regret at round t for AWE,

Acct(h↑

t )↗ Acct(f̂t) = Acct(h↑

t )↗ Acct(f↑

t ) + Õ

(»
1/mr

)
,

where Õ hides logarithmic factors in T,m, r and 1/ε.

Proof. We decompose the instantaneous regret at round t as

Acct(h↑)↗ Acct(̂i) = Acct(h↑)↗ Acct(f↑)︸ ︷︷ ︸
T1

+Acct(f↑)↗ Acct(f̂)︸ ︷︷ ︸
T2

(5)

We further proceed to bound T2 as

T2 = Acct(f↑)↗ Âcct(f↑) + Âcct(f̂)↗ Acct(f̂)

Âcct(f↑)↗ Âcct(f̂)

↘ Acct(f↑)↗ Âcct(f↑) + Âcct(f̂)↗ Acct(f̂), (6)

where the last line is due to the fact that f̂ maximises the refined accuracy estimates among F .

Next, we proceed to bound |Âcct(g)↗ Acct(g)| for any g ↑ G. Note that F ⇔ G. Hence such a task will directly lead to
a bound on terms of the form |Âcct(f)↗ Acct(f)| for any f ↑ F . The reason we follow this path is because the refined
accuracy of the model E ↑ F depends highly non-linearly on the past cross-validation data due to the weighted combination
of models in ACTIVEt where the weights itself are based on the corresponding models’ refined accuracy estimate.

Subtle care needs to be exercised when bounding terms of the form |Âcct(g)↗ Acct(g)|. Notice that we can write

Âcct(g) :=
1

n(g)

n(g)∑

i=1

1

m

m∑

j=1

I{g(x(t↔i+1)
j ) = y

(t↔i+1)
j },

where x
n
v is the v

th covariate revealed at round n in Framework 1. Here n(g) is the final value of r where the call to
refineAccuracy(g, t, ε) stops. Since it depends on the hypothesis g ↑ G handling this is different from the usual way of
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handling the excess risk in statistical learning theory [Bousquet et al., 2003] where the number of datapoints is independent
of the hypothesis.

observation 1: To get around this issue, consider mt datapoints: S = {(x1
, y

1)1:m, . . . , (xt
, y

t)1:m}. Consider two
hypothesis g, g↗ ↑ G such that I{g(x) = y} = I{g

↗(x) = y} for any (x, y) ↑ S. In such a case it follows that n(g) = n(g↗)

and Âcct(g) = Âcct(g↗).

Now consider the loss-class R = {(x, y) → I{g(x) = y} : g ↑ G} induced by G. Let R↗ be the mt-shattering-set (Def.5).
Thus |R↗

| = S(R,mt). Notice that each hypothesis in G is associated with a loss-composed hypothesis in R
↗. In view

of observation 1, inorder to bound the loss-composed-hypothesis random variable |Âcct(g) ↗ Acct(g)| for any g ↑ G it
suffices to take a union bound of Proposition 6 across all elements in R

↗. This implies that

|Âcct(g)↗ Acct(g)| = Õ(
»

log(S(R,mt))/mr), (7)

with probability at-least 1↗ ε · log(S(R,mt)) for any g ↑ G.

Each hypothesis in G is a d-dimensional linear binary classifier. So VC dimension of G is d. Since the VC dimension of R
is at-most twice that of G we have that log(S(R,mt)) = 2d. Further since |ACTIVE(t)| ↘ 2 log T , combined with Sauer’s
lemma [Mohri et al., 2012] we have that ε · log(S(R,mt)) ↘ 4ε log T logmT .

Now putting everything together results in Theorem 2.

Proposition 6. (due to Theorem 1 in [Mazzetto and Upfal, 2023]) For a fixed model g ↑ G we have that with probability
at-least 1↗ ε

|Acct(g)↗ Âcct(g)| = Õ

Ç…
1

mr

å
.

Proof. The proof is a direct consequence of the result in [Mazzetto and Upfal, 2023]. For the sake of completeness, we
show how it follows from Theorem 1 in [Mazzetto and Upfal, 2023].

Let (X ↓ Y,A) be a measurable space. By the assumption in Theorem 2, (Xi, Yi) ↖ Di are mutually independent random
variables. Let Dr

t := 1
r

∑t
ω=t↔r+1 Dt(A) for all A ↑ A. Let D̂r

t be the corresponding empirical distribution defined by

D̂
r
t :=

|(Xω , Yω ) ↑ A : t↗ r + 1 ↘ ω ↘ t|

mr
,

where we recall that there are m hold-out data-points revealed after each round.

For a fixed model g ↑ G consider the singleton function class F := {(x, y) :→ I{g(x) = y}}. For any distributions P,Q
on (X ↓ Y,A) define:

P (g) := E(X,Y )→P [I{g(X) = Y }],

and

↙P ↗Q↙F := |P (g)↗Q(g)|.

Due to Hoeffding’s lemma, we have that for any fixed r ↘ t and ε ↑ (0, 1),

↙D
r
t ↗ D̂

r
t ↙F= O(

»
log(1/ε)/(mr)),

with probability at-least 1↗ ε. Hence Assumption 1 in [Mazzetto and Upfal, 2023] holds.
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Let r̂ be the final value where the refineAccuracy(g, t, ε) procedure (Alg.3) stops. Now Theorem 1 in [Mazzetto and
Upfal, 2023] states that the output of refineAccuracy(g, t, ε) satisfies with probability 1↗ ε that

↙Dt ↗ D̂
r̂
t ↙F = Õ

Å
min
u↘t

ï
1

⇒
um

+max
ω<u

↙Dt ↗Dt↔ω↙F

òã
. (8)

Using the fact that the data distribution has remained constant in [t ↗ r, t] as in the assumption of Theorem 2 and upper
bounding the minimum across u by plugging in u = r, we get that

|Acct(g)↗ Âcct(g)| = Õ(1/
⇒
mr).

This completes the proof.

In Section 5, our analysis focused on the case where the distribution shifts were assumed to be piece-wise stationary. Next,
we relax that assumption and study the dynamic regret of (see Eq.(2)) AWE under the cases of slowly evolving shifts.
Theorem 7. Assume the notations used in Section 5 and Theorem 2. Consider an arbitrary partitioning P of the time
horizon into M bins as [is, it] for i = 1, . . . ,M . Define Vis:it := maxu↓[is,it] TV (Dit , Du) which is the maximum total
variation (from end time-point of the bin) of the data distribution within the i

th bin. Define V :=
∑M

i=1 Vis:it+1. We have
the following dynamic regret bound for AWE:

Rdynamic =
T∑

k=1

Acck(h↑

k)↗ Acck(f̂k)

=
T∑

k=1

Acck(h↑

k)↗ Acck(f↑

k ) + min
M

min
P

M∑

i=1

Õ(
»
dni/m+ niVis:it)),

with probability at-least 1↗ ε.

Proof. We continue our arguments from Eq.(8). Let j ↑ [is, it]. For any fixed hypothesis g ↑ G (see Notations section
before the proof of Theorem 2 for the definition of G) we get with probability at-least 1↗ ε that

|Accj(g)↗ Âccj(g)| = Õ(1/
√

mj + Vis:it).

By taking a union bound over the hypothesis class G similar to Eq.(7) and noting that the metric entropy of G is O(d) we
conclude that

|Accj(g)↗ Âccj(g)| = Õ(
»
d/mj + Vis:it).

Define ni := it ↗ is + 1 which the length of the i
th bin. Next by taking a union bound across all time points within a bin

(and after re-adjusting ε) and continuing from the decomposition in Eq.(6), we have with probability at-least 1↗ ε that

it∑

j=is

Accj(f↑

j )↗ Accj(f̂j) =
it∑

j=is

Õ(
»
d/mj + Vis:it)

= Õ(
»

dni/m+ niVis:it))

Now summing across all bins, using the decomposition in Eq.(5) and noting that the partition was selected arbitrarily results
in the theorem.
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To better understand how the dynamic regret relates to the variation in the evolving data distributions, we provide the
following corollary to Theorem 7.

Corollary 8. Assume the notations of Theorem 7. We have with probability at-least 1↗ ε that AWE satisfies

Rdynamic = Õ(T 2/3(V/m)1/3 +
»
T/m) +

T∑

k=1

Acck(h↑

k)↗ Acck(f↑

k )

Remark 9. The expression in the RHS of the bound in Corollary 8 is composed of two terms. The first term characterizes
the dynamic regret. The second term characterises the approximation error of the instance pool {Et} ⇐At (see AWE Alg.2
for definitions of Et and At) in approximating the best hypothesis h↑

t ↑ H. Since Et is an ensemble model which can be
more expressive than individual instances of the OL algorithm trained on disjoint pieces of the history, the second term can
be potentially negative as well.

Proof. Note that Theorem 7 holds for any partitioning schemes. Hence to further upperbound the dynamic regret, we can
compute the bound in Theorem 7 for any specific partitioning scheme.

Consider the following partitioning of the time horizon into M bins such that Vis:it ↘ ϑ while Vis:it+1 > ϑ. Suppose that
M > 1. We have the following bound on number of bins

V =
M∑

i=1

Vis:it+1

⇓ ϑM.

The number of bins also must be at-least 1. Hence the number of bins obeys M ↘ 1 + V/ϑ. Instantiating Theorem 7 with
the above partitioning results in

Rdynamic =
T∑

k=1

Acck(h↑

k)↗ Acck(ĝk)

↘

T∑

k=1

Acck(h↑

k)↗ Acck(g↑k) +
M∑

i=1

Õ(
»
dni/m+ niVis:it))

↘(a)

T∑

k=1

Acck(h↑

k)↗ Acck(g↑k) + Õ(
»
dMT/m) + T ϑ

↘

T∑

k=1

Acck(h↑

k)↗ Acck(g↑k) + Õ(
»
(dT/m)(1 + V/ϑ)) + T ϑ

↘

T∑

k=1

Acck(h↑

k)↗ Acck(g↑k) + Õ(
»
dT/m) + Õ(

»
V T/(mϑ)),

where line (a) is due to Cauchy Schwartz. Optimizing over ϑ and setting ϑ = (V/(mT ))1/3 yields the theorem.

Next, we compare our bound with existing dynamic regret bounds in the literature.

Remark 10. We note that our bound is different and not directly comparable to a dynamic regret bound of the form
O(

√
T (P + 1)) where P =

∑T
t=2 TV (Dt, Dt↔1) [Zhang et al., 2018a]. The reasons are as follows: 1) In the batched

online setting of Fig.1, the value of m (the number of points in the hold-out data set at each round) can be substantially
larger than 1 as is the case with our experiments. 2) Though the variational V can be bounded above by P , such a bound
can be very loose. So the value V can be much smaller than P . Hence in the batched online framework of Fig.1, the bound
given by Corollary 8 can be tighter than a regret bound of the form O(

√
T (P + 1)).
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C Comparison to [Daniely et al., 2015]

In this section, we provide a close comparison between our work and that of [Daniely et al., 2015] both of which are
black-box adaptation techniques.

C.1 Failure mode of Geometric Covering (GC) intervals

GC intervals developed in [Daniely et al., 2015] fails to satisfy a data coverage guarantee as stipulated by Theorem 1. We
describe a minimalistic scenario where GC is insufficient to give a data coverage guaranteed by MRI as in Theorem 3.

Let T = 10. The GC intervals that spans this time horizon can be split into various resolution as follows.

Res0 = [1, 1], [2, 2], . . . , [10, 10] Res1 = [2, 3], [4, 5], [6, 7], [8, 9], [10, 11] Res2 = [4, 7], [8, 11] Res3 = [8, 15]

Suppose The distribution shift is such that data at time 1 is generated from distribution D1 and times [2, 10] are generated
from another distribution D2. Let the number of labelled examples revealed after each online round be N . Suppose we are
the beginning of the online round t = 9. So we have seen 7N labelled data points from distribution D2.

We have ACTIVE(9) = [9, 9], [8, 9], [8, 11], [8, 15]. Since all the active intervals start from timepoint 8, the experts defined
by these active intervals have only seen N labelled data points from distribution D2 when we are at round 9. Since
N < 7N/4 < 7N/2, it fails to provide a data coverage guarantee as stipulated by MRI in Theorem 3. On the other hand,
in this example there exists a bracket in the MRI from the B set that can cover 4N data points from distribution D2. The
under-coverage effect of GC can be more exaggerated when we consider longer time horizons.

C.2 Differences in problem setting and regret guarantees

We note that the setting considered in our paper differs from that of the usual black-box model selection in the adaptive
online learning literature [Daniely et al., 2015]. We consider the setting of batched online learning (Framework 1) where
the learner makes predictions for the labels of a collection of covariates (say N covariates) that are revealed at each online
round with true labels revealed only after all the predictive labels are submitted. This is suited for real-world usecases where
it is practical to receive a collective feedback. The main message is that by using our methods, one can attain faster average
interval regret guarantees than that promised by SAOL [Daniely et al., 2015]. We explain this in detail below.

Conventional online algorithms operate in the regime of N = 1. However, if we define the loss suffered at a round as the
average loss incurred by the algorithm for all covariates, then we can reduce the setting of Framework 1 to that studied
in [Daniely et al., 2015] and use the black-box model selection algorithms studied there. But this approach can lead to serious
drawbacks when applied to our setting of batched online learning: Suppose in an interval I ↔ [T ], the data distribution is
constant. Then the Strongly Adaptive guarantees in [Daniely et al., 2015] will lead to an average regret wrt the best model
within interval I as O(1/

√
|I|+ 1/

⇒
N) = O(1/

√
|I|) (where for later inequality, we suppose N > |I|). Here regret is

measured wrt population level accuracy as in Theorem 2 and the term 1/
⇒
N is the artifact of concentration inequality

to relate the empirical average loss at a round to its population analogue. However, by summing up the regret bound in
Theorem 2, our model selection scheme lead to an average regret of O(1/

√
p ·N |I|) where p is the validation-train split

ratio in AWE. Since p is selected such that pN > 1, such a rate leads to faster convergence than O(1/
√

|I|). As explained in
notes on technical novelties in Section 1, this improved effect is attained by finding a weighted combination of active models
with more weights allotted to models with best validation scores for the most recent distribution. Hence the distribution of
the weights in our algorithm is more tilted (in comparison to that of SAOL in [Daniely et al., 2015]) towards models with
high recent validation score. The CVTT component helps to obtain high accuracy validation scores for each model.

D Additional Experimental Results on AWE

Experiments with AWE. We report the accuracy differences across various time stamps for different base OL algorithms.
The experimental setting is same as that of the one described in Sec. 6. The results are displayed in Figures 4,5,6, 7 and
Table 3. The trends noticed in Sec. 6 remain to hold uniformly.

Experiments with SAOL. The experimental results on per-step accuracy gain with SAOL black-box scheme from [Daniely
et al., 2015] is shown in Figures 13,14,15, 16 and Table 4.

Experiments with Voting. Besides Eq.(4) majority voting is a commonly used model combination scheme in stationary
problems mainly due to its computational and statistical efficiencies. We run experiments where instead of using the
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Input
OL

FMOW (SAOL) Huffpost (SAOL) Arxiv (SAOL)
”acc % ”acc % ”acc %

SI ↗2.47
±0.082

↗0.17
±0.022

↗2.95
±0.093

FT ↗2
±0.077

0.03
±0.014

↗3.04
±0.024

IRM ↗4.06
±0.108

0.18
±0.034

↗2.34
±0.083

EWC 2.05
±0.078

0.06
±0.013

↗2.95
±0.093

CORAL ↗0.40
±0.034

↗0.27
±0.028

↗0.48
±0.038

Table 2: Performance statistics for image (FMOW dataset) and text (Huffpost & Arxiv datasets) modalities. We report the
difference in average classification accuracy (%) across all timestamps obtained by the majority voting-based black-box
scheme minus that of the input OL. As discussed before, the majority voting-based variant of AWE can often degrade the
performance, signifying the advantage of model selection via refined accuracy estimates.

FMOW Huffpost Arxiv
SI 13/0/2 5/0/1 13/0/2
FT 14/0/1 5/0/1 12/0/3

IRM 9/1/5 6/0/0 8/0/7
EWC 12/2/1 4/0/2 12/0/3

CORAL 15/0/0 6/0/0 15/0/0

Table 3: The table summarizes win/draw/lose statistics for the AWE algorithm. We say that a win (draw/lose) happens at
a time stamp if the accuracy of AWE is higher (equal/lower) than the input OL algorithm. We can see that in most cases,
the fraction of timestamps where AWE does not degrade the accuracy of the base OL is well above 50%. This signifies the
efficacy of AWE in optimizing the instantaneous regret at each round.
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(a) FMOW (b) Huffpost (c) Arxiv

Figure 4: % accuracy differences across various timestamps when AWE is run with FT as the online learning algorithm.

(a) FMOW (b) Huffpost (c) Arxiv

Figure 5: % accuracy differences across various timestamps when AWE is run with EWC as the online learning algorithm.

map given by Eq.(4) in AWE, at any round we output a prediction that is recommended by the majority of instances in
ACTIVE(t). The experimental results are reported in Tables 2 and 4 and Figures 8-12. As the experimental results show, a
map that does not take into account the refined accuracy estimation can often lead to performance degradation. This provides
evidence on the efficacy of more nuanced aggregation methods that also take into account the accuracy of the instances as in
AWE. We remind the readers that Theorem 1 guarantees existence of at-least one model in the instance pool that has seen
sufficient amount of data from the most recent distribution. However, the majority of instances can still have bad accuracy.
Consequently, a majority voting strategy based model combination leads to poor performance.

(a) FMOW (b) Huffpost (c) Arxiv

Figure 6: % accuracy differences across various timestamps when AWE is run with CORAL as the online learning algorithm.
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(a) FMOW (b) Huffpost (c) Arxiv

Figure 7: % accuracy differences across various timestamps when AWE is run with IRM as the online learning algorithm.

(a) FMOW (b) Huffpost (c) Arxiv

Figure 8: % accuracy differences across various timestamps when AWE with majority voting is run with FT as the online
learning algorithm.

Voting SAOL
FMOW Huffpost Arxiv FMOW Huffpost Arxiv

SI 3/0/12 3/0/3 2/0/13 1/8/6 0/3/3 1/8/6
FT 4/0/11 3/0/3 2/0/13 2/8/5 0/3/3 1/8/6

IRM 4/0/11 4/0/2 3/0/12 2/8/5 2/3/1 1/8/6
EWC 3/0/12 3/0/3 1/0/14 2/8/5 0/3/3 1/8/6

CORAL 7/0/8 2/0/4 4/0/11 1/8/6 2/3/1 2/8/5

Table 4: Table summarizing the win/draw/lose numbers for majority voting and SAOL algorithm from [Daniely et al., 2015].
We see that the number of timestamps where the black-box scheme improves the performance of the base OL is significantly
lower than that of Table 3. For the case of Voting, this signifies that a weighting strategy that does not take into account the
refined accuracy estimates may not be useful in practice. For the case of SAOL, this signifies that optimizing the cumulative
regret (at the rate of 1/

√
|I|, where I is the interval size for any window I) instead of instantaneous regret does not lead to

significant gains in practice. See also section (a) of the notes of technical novelties.

(a) FMOW (b) Huffpost (c) Arxiv

Figure 9: % accuracy differences across various timestamps when AWE with majority voting is run with EWC as the online
learning algorithm.
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(a) FMOW (b) Huffpost (c) Arxiv

Figure 10: % accuracy differences across various timestamps when AWE with majority voting is run with CORAL as the
online learning algorithm.

(a) FMOW (b) Huffpost (c) Arxiv

Figure 11: % accuracy differences across various timestamps when AWE with majority voting is run with IRM as the online
learning algorithm.

(a) FMOW (b) Huffpost (c) Arxiv

Figure 12: % accuracy differences across various timestamps when AWE with majority voting is run with SI as the online
learning algorithm.

(a) FMOW (b) Huffpost (c) Arxiv

Figure 13: % accuracy differences across various timestamps when SAOL is run with FT as the online learning algorithm.
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(a) FMOW (b) Huffpost (c) Arxiv

Figure 14: % accuracy differences across various timestamps when SAOL is run with EWC as the online learning algorithm.

(a) FMOW (b) Huffpost (c) Arxiv

Figure 15: % accuracy differences across various timestamps when SAOL is run with CORAL as the online learning
algorithm.

(a) FMOW (b) Huffpost (c) Arxiv

Figure 16: % accuracy differences across various timestamps when SAOL is run with IRM as the online learning algorithm.

(a) FMOW (b) Huffpost (c) Arxiv

Figure 17: % accuracy differences across various timestamps when SAOL is run with SI as the online learning algorithm.


