
Optimizing random local Hamiltonians by dissipation

Joao Basso∗1,2, Chi-Fang Chen†3,4, and Alexander M. Dalzell‡1

1AWS Center for Quantum Computing, Pasadena, CA, USA
2Department of Mathematics, University of California, Berkeley, CA, USA

3University of California, Berkeley, CA, USA
4Massachusetts Institute of Technology, Cambridge, USA

December 16, 2024

Abstract
A central challenge in quantum simulation is to prepare low-energy states of strongly interacting

many-body systems. In this work, we study the problem of preparing a quantum state that optimizes
a random all-to-all, sparse or dense, spin or fermionic k-local Hamiltonian. We prove that a simplified
quantum Gibbs sampling algorithm achieves a Ω( 1k )-fraction approximation of the optimum, giving
an exponential improvement on the k-dependence over the prior best (both classical and quantum)
algorithmic guarantees. Combined with the circuit lower bound for such states, our results suggest
that finding low-energy states for sparsified (quasi)local spin and fermionic models is quantumly easy
but classically nontrivial. This further indicates that quantum Gibbs sampling may be a suitable
metaheuristic for optimization problems.
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1 Introduction

The low-energy properties of many-body quantum systems are central targets of quantum and classical
simulation algorithms. While classical simulation algorithms have found extensive practical usage, there
has not been a go-to quantum algorithmic principle for preparing ground states or thermal states at large
scales. Due to the limited size of experimental or numerical data, it is difficult to obtain an empirical eval-
uation of the performance of any new quantum algorithmic proposal. Ideally, then, a new proposal should
be accompanied by a rigorous mathematical proof of success. However, the QMA-hardness [KSVV02] of
worst-case instances precludes a general theoretical guarantee; to make progress, one must first restrict to
a certain class of instances.

Low-energy state preparation can be precisely stated as a quantum optimization problem: given the
description of a many-body Hamiltonian, efficiently prepare a quantum state such that the energy is as
high as possible.1 For simplicity, we will focus on models with as little spatial structure as necessary:
random, few-body Hamiltonian problems with all-to-all connectivity, where the ensemble is fully specified
by the system size n, the locality parameter k (i.e., the number of sites on which each Hamiltonian term
acts nontrivially), the sparsity m (i.e., the total number of terms), and whether the degree of freedom at
each site is spin or fermion (Section 2). These models are natural quantum analogues of classical spin glass
models [SK75, Der80], the crucial difference being that the random terms in the quantum models do not
all commute. While these models lack structure—e.g., spatial locality and symmetry—seen in real-world
chemistry or condensed matter systems, we hope that the average-case nature of this problem still covers
some generic aspects of strongly interacting quantum systems and, at the very least, serves as a concrete
theoretical testbed of new algorithmic ideas that may extend beyond quantum simulation.

So far, very little is known about the low-energy or low-temperature states of these random Hamiltoni-
ans, unlike their classical cousins. In physics terms, random spin models exhibit signs of glassy behaviors
at low temperatures just like classical glasses, while random fermionic models may not [BS20, ACKK24].
In terms of optimization, for random O(1)-local spin models, a constant-ratio approximation to the opti-
mal energy is achieved by product states, which can be computed and represented efficiently on a classical
computer [HM17]. Meanwhile, for random O(1)-local fermionic models, the only quantum algorithm with
rigorous performance bounds is due to [HO22] (whose guarantee is improved in [HSHT23]), which also
efficiently prepares a quantum state achieving a constant-ratio approximation. Interestingly, unlike the
spin case, there is no known efficient classical ansatz with matching performance for the random fermionic
model.

Nevertheless, in both cases where an algorithmic guarantee on the approximation has been shown, the
guarantee decays exponentially with the locality k, if we regard k as a growing parameter, suggesting that
these optimization strategies become rapidly less effective the more the model becomes nonlocal. It is
perhaps a surprising fact, then, that in the fully nonlocal, random-matrix regime where k ∼ Θ(n), the
sparsified random Pauli (spin) models [CDB+24] can be optimized to arbitrarily good energies2 merely
by performing phase estimation on the maximally mixed state, a remarkably simple quantum algorithm.
This algorithm works because the spectral density of sparse nonlocal models approximately follows a
semicircle distribution, implying that a constant fraction of the energy levels lie within a constant-ratio
approximation of the optimum. Yet, the states that achieve the constant-ratio approximation are highly
entangled, owing to a circuit lower bound in [CDB+24]. Unfortunately, the phase estimation strategy
is no longer efficient when the locality k is reduced; the spectral density departs from the semicircle
distribution and develops long tails (the critical locality where this transition happens is argued to be
k = Θ(

√
n) [ES14]). A motivation of this work is to understand how the random matrix features and

1Note the sign flip; maximizing the energy is equivalent to minimizing the energy of the negated Hamiltonian.
2More precisely, the guaranteed energy improves as the sparsity m (number of Pauli terms) is made larger.



algorithmic efficiency interpolate between the local and nonlocal models and how that contrasts with
classical intuition.

In classical optimization, a very successful metaheuristic is simulated annealing, an adaptation of the
Markov chain Monte Carlo (MCMC) algorithm with an annealing schedule that gradually “lowers the
temperature,” as in metallurgy. Incidentally, there has been a new line of “quantum MCMC” algorithms
inspired by the dissipative cooling process in nature [TD00, TOV+11, YAG12, Mou19, CKBG23, SM21,
CB21, WT23, CKG23, JI24, DCL24, GCDK24]. While their performance (the mixing time problem)
on interesting real-world instances remains open, they are known to prepare nontrivial Gibbs states and
ground states in finely tuned Hamiltonians [CHPZ24, BCL24, RW24]. It is tempting to ask,

Can quantum Gibbs samplers efficiently optimize quantum Hamiltonians?

The interest in this question is not only about finding better quantum algorithms for solving quantum
Hamiltonians, but also about whether quantum MCMC algorithms are a valid general-purpose meta-
heuristic for solving strongly interacting quantum systems. Physically, the close connection to Nature’s
thermalization also hints at how such a strongly interacting system may behave in a low-temperature
environment.

In this work, we show that a simplified version of quantum MCMC readily achieves a performance that
exceeds prior classical and quantum provable guarantees for both spin and fermionic k-local models (and
their sparsifications) by substantially improving the k-dependence of the achieved energy (Theorem 3.1).
This refined k-dependence points to a particularly favorable parameter regime where finding an approx-
imate solution is quantumly easy yet classically nontrivial: sparsified quasilocal spin and local fermionic
models, where the approximate solutions must be very entangled in the sense of quantum circuit lower
bounds, yet the quantum dissipative algorithm remains efficient and effective.

2 The k-local models

The main models we wish to optimize are random, all-to-all connected, k-local spin and fermionic systems
on n sites. We will be interested in both the n and the k dependence. While the models may differ in
their physical properties, we highlight in Section 5 the relevant features shared among the above models
that are the only requirements for our algorithmic guarantee.

Random Paulis — Consider a sum over all k-body Paulis on n-qubits [ES14],

H =
∑

σ:|S(σ)|=k

gσσ, (2.1)

where gσ are i.i.d. Gaussians with mean 0 and variance 3−k
(
n
k

)−1. Here, σ is an n-qubit Pauli operator,
and S(σ) denotes the qubit indices on which σ acts nontrivially, so that |S(σ)| is the weight of the
Pauli operator. These models are natural quantum analogues of spin glass models [SK75, Der80], where
instead of noncommuting Paulis, we have commuting σzs. In the physics literature, these models exhibit
signatures of spin-glass phase transition at low enough temperatures [SY93, BS20]; thus, preparing states
(or compact classical descriptions of states) that achieve a (1 − o(1))-ratio approximation of the ground
state energy might be challenging for both classical and quantum computers. Nevertheless, making a more
refined complexity theoretical characterization at low-temperature remains open. As of today, there is an
efficient classical product state that achieves a 1

eΩ(k) -ratio approximation of the optimal energy, and it
was not known whether quantum algorithms could be qualitatively better, in terms of the k-dependence.
Other models of quantum optimization problems that we do not discuss include, e.g., transverse field Ising
models [LMRW21] and quantum Max-Cut [Lee22, Kin23, LP24].
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Random fermions — The Sachdev–Ye–Kitaev (SYK) model is a random k-body fermionic Hamilto-
nian [SY93, Kit15]: for even k,

H = (i)k/2
∑

S:|S|=k

gSχS , where χS :=
∏
i∈S

χi and χiχj + χjχi = 2δij (2.2)

and gS are i.i.d. Gaussians with mean 0 and variance
(
n
k

)−1. Here, χi denotes a Majorana operator on
site i ∈ [n], and S denotes a subset of [n]. Originally, the SYK model (and its cousins) was proposed as a
toy model for chaotic many-body systems or quantum black holes that thermalize even at low tempera-
tures. More quantitative evidence suggests that the model most likely does not exhibit a spin-glass phase
transition at very low temperatures [ACKK24, BS20]. For our purposes, we also regard it as a minimal
model of interacting fermions [HO22, HSHT23]. Despite the wealth of physics arguments (e.g., [MS16]),
the best provable efficient algorithm [HO22, HSHT23] achieves a Ω( 1

eΩ(k) )-fraction3 approximation of the
optimum.

Sparisified models — Based on the above fully connected models, one may sparsify (or “re-sample”)
them to introduce yet another family of random Hamiltonians; this introduces another parameter, being
the number of sampled terms m (which can be much smaller than the total number of k-body subsets(
n
k

)
∼ nk). We sample m uniformly random k-body terms with random signs (and with replacement)

H =
1√
m

m∑
j=1

σj where σj
i.i.d.∼ Unif ({±σ : S(σ) = k}) , (2.3)

H = (i)k/2
1√
m

m∑
j=1

ξj where ξj
i.i.d.∼ Unif ({±χS : |S| = k}) . (2.4)

The benefit of sparsification is that the model can be efficiently simulated on a quantum computer due
to a small number of terms m, while at the same time retaining relevant properties of the dense model
(known as universality) [XSSS20, CDB+24, AGK24]. For our usage, sparsification allows for a parameter
regime where k grows with the system size

k ≫ 1 while m≪ nk, (2.5)

which seems be to an interesting regime where quantum algorithms can produce entangled states that are
qualitatively better than what can be achieved with product states. In the above models, the normaliza-
tions are chosen so that the “variance” behaves as

EH2 = I, (2.6)

which will make the energy nonextensive, differing from the physics convention.

3 Main results

Our main result is a rigorous state preparation guarantee for achieving a good approximation ratio for the
random Hamiltonians in Section 2. The particular dissipative algorithm, which is to simulate evolution by

3The k dependence is implicit in the result of [HSHT23, Lemma 27], but there is at least an exponential loss in k in
[HSHT23, Eq. 152].
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model locality k energy number of terms m algorithm

[HO22, HSHT23] SYK ≥ 4
√
n

f(k)

(
n
k

)
, Guassian coeffs. short-time dynamics

[HSHT23] sparse fermion 4 Ω(
√
n) O(n), Gaussian coeffs. Gaussian states

[HM17] applied to random Pauli (2.3) any ±
√
n

f(k) m ≥ cn log(n)/k product states

[CDB+24] random Pauli strings mostly Θ(n) (1− o(1)) · E∥H∥ Ω(Poly(n)) phase estimation

This paper Pauli (2.3) and fermion (2.4) any Ω(
√
n
k ) m ≥ cn log(n)/k (simplified) Gibbs sampling

Table 1: Summary of prior work considering slight variants of the random fermion/Pauli models, normal-
ized such that the variance is EH2 = I. The algorithm [HM17] actually works for non-random models
(but may produce positive or negative energies), so we applied their bounds to the random sampled Pauli
model (2.3). The two implicit functions f(k) are functions that grow at least exponentially with k.

a simple Lindbladian chosen to depend on the random Hamiltonian, is defined in Section 4. Our current
guarantee for this crude Lindbladian is only proved to work for a short, prescribed evolution time and for
the maximally mixed initial state. For the more refined algorithmic Lindbladians (for example, equipped
with quantum detailed balance [CKG23]), we may keep running the algorithm for longer times hoping for
better solutions.

Theorem 3.1 (Optimization by dissipation). Suppose that H is drawn randomly from the Gaussian
ensembles (Eq. (2.1) or Eq. (2.2) with 1 < k < n), or the sparsified ensemble (Eq. (2.3) or Eq. (2.4) with
m ≥ cn log(n)/k for some constant c). Then, simulating dynamics by a certain Lindbladian L (defined
in Eqs. (4.4) and (4.5)) starting with the maximally mixed state µ for time t = Θ

(
1
k

)
achieves average

energy

ETr
[
eLt[µ]H

]
≥ Ω

(√
n

k

)
≥ Ω

(
E∥H∥

k

)
, (3.1)

where expectation is over the random choice of Hamiltonian.

The dissipative algorithm achieves a Ω( 1k )-fraction of the optimal energy, giving an exponential im-
provement on the k-dependence over the previous best classical and quantum algorithm guarantees [HM17,
HO22, HSHT23]; see Table 1. The optimum is provably bounded by E∥H∥ ≤ O(

√
n), but actually, we

conjecture that its true scaling is Θ(
√
n
k ), which would imply that our dissipative algorithm achieves an

Ω(1) approximation to the optimum on average. The reason to believe this conjecture is that it matches
the heuristic prediction of a transition to semicircular ensembles at k = Θ(

√
n), where the optimum should

be independent of n; the displayed bound on the expected optimum E∥H∥ ≤ O(
√
n) is a loose matrix

Hoeffings’ that does not take into account the non-commutativity of the summands (see Proposition D.1
of Appendix D).

Our improved k-dependence is particularly interesting when combined with existing circuit lower
bounds from [CDB+24, Appendix D], [ACKK24, Appendix E], which have a qualitatively different scaling
with k.

Lemma 3.2 (Circuit size lower bounds on low-energy states [CDB+24, ACKK24]). Fix a description
of quantum states (e.g., a sequence of discrete gates or tensor network), and let G be the length of the
description. Then, with probability 0.999, the following hold: any high-energy state ρ that may depend on
the Hamiltonian such that

Tr[ρH] ≥ ϵ

√
n

k
(3.2)
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must have a description length G lower bounded by

nϵ2eΩ(k) for the random Pauli ensemble (2.1), (3.3)

Ωk

(
ϵ2nk/2+1

)
for the random fermion ensemble (2.2), (3.4)

min
(
Ω(ϵ
√
nm/k), nϵ2eΩ(k)

)
for the sparsified Pauli ensemble (2.3), (3.5)

min
(
Ω(ϵ
√
nm/k),Ωk(ϵ

2nk/2+1)
)

for the sparsified fermion ensemble (2.4), (3.6)

where the notation Ωk assumes k to be fixed and n growing.

For concreteness, let us describe states produced in a fixed circuit architecture of discrete one- and
two-qubit gates.4 Then, a product state produced by n single-qubit discrete gates can only achieve a√

n

eΩ(k) -ratio approximation of the energy for the spin models; this is rooted in the noncommutativity of
the summand and does not have a classical analogue. Furthermore, any state that achieves the same
approximation ratio as Theorem 3.1 requires a circuit size growing (super)exponentially with k, suggesting
that the dissipative algorithm has prepared a classically nontrivial state. While the dense model has a
substantial algorithmic cost (the number of terms growing as ∼ nk/k!), the sparsified model appears to
be in a sweet spot where the quantum algorithm cost remains tractable while retaining sufficient circuit
complexity. Indeed, we see that setting, e.g., k = log(n)2,m = Poly(n) for the sparse Pauli model allows
an arbitrarily large circuit complexity to grow with the number of term

√
m. That is, the states are very

entangled, and nevertheless, our algorithm can find them using Poly(m,n) runtime.
This circuit depth lower bound is even stronger for fermions, growing polynomially even at strictly

constant values of k (e.g., k = 4) [ACKK24]; this difference from spins diminishes at logarithmically large
values of k. Interestingly, this distinction between low-energy states of fermions and spins does not appear
in our proof of algorithmic correctness and only appears as obstructions for classical ansatz.

4 The dissipative algorithm

In this section, we describe our dissipative algorithm, which has a physical origin in the Markovian model
of system-bath interactions. We optimize the random Hamiltonian by applying an evolution for a short-
time t ≥ 0 by the Lindbladian L on the maximally mixed initial state (denoted by µ), which produces the
state

eLt(µ) where µ :=
I

Tr(I)
. (4.1)

Recall that a Lindbladian is a quantum continuous-time Markov chain that generates a completely positive
and trace-preserving map. We aim to choose a Lindbladian L such that the state obtained has a large
energy, given by the Hilbert–Schmidt inner product with the operator H:

Tr
(
HeLt(µ)

)
= Tr

(
eL

†t(H)µ
)
= Tr(eL

†t(H)) (4.2)

where we define the normalized trace
Tr(O) :=

Tr(O)

Tr(I)
. (4.3)

The Lindbladian we will choose is inspired by recent proposals for some quantum MCMC algorithms
[CKBG23, CKG23, DCL24, GCDK24, DLL24], but only keeping minimal features to guarantee a constant-
ratio approximation. To define the main Lindbladian, we first choose a set of jump operators {Aa}a∈A,

4For continuous gates, an additional ϵ-net argument would be needed to cover all possible states [CDB+24, Appendix D].
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where A denotes the set of labels for these operators. For the spin models in Eqs. (2.1) and (2.3), we
choose {Aa}a∈A to be the set of all single-site Pauli operators, so |A| = 3n. For the fermionic models in
Eqs. (2.2) and (2.4), we choose {Aa}a∈A to be the set of all single-site Majorana operators, so |A| = n.
Then, we consider the Lindbladian5

L† :=
∑
a∈A
La† where La†(O) :=

(
Ka†OKa − 1

2
{Ka†Ka,O}

)
, (4.4)

where we denote the anticomutator by {A,B} = AB +BA. In our algorithm, we choose the Lindblad
operators Ka to depend on the Hamiltonian terms, as follows

Ka := Aa + y[Aa,H] for tunable y ∈ R. (4.5)

One could also let y be complex, but we examine only real values of y.
Unlike the recent quantum MCMC algorithms, this Lindbladian will not satisfy exact or approximate

detailed balance, and thus the fixed point of the evolution is not guaranteed to be the Gibbs state.
Nevertheless, the Lindblad operators Ka can be thought of as a truncation of the detailed-balanced
Lindblad operators, to first order in [Aa,H]. The more complex Lindbladians of those works, such as
that of [CKBG23, CKG23], typically define a function γ(ω), and have Lindblad operators Kω,a labeled
by values of a and ω, and defined by

Ka,ω =
√

γ(ω)

∫ ∞

−∞
f(t)e−iωteiHtAae−iHtdt (4.6)

for some suitable function f(t) (which might depend on the inverse temperature β or other parameters).
If we expand to leading order in [H, ·], we obtain

Ka,ω ∝ Aa −
i
∫∞
−∞ f(t)te−iωtdt∫∞
−∞ f(t)e−iωtdt

[Aa,H] + . . . . (4.7)

By truncating this expansion and identifying the coefficient of [Aa,H] with y, we recover Eq. (4.5). While
the Aa operator is independent of the Hamiltonian, the local commutator [Aa,H] contains terms that
overlap with Aa and already hint at how the energy may change after applying jump Aa. Remarkably,
this crude approximation is already enough to produce a state that achieves a good approximation ratio to
the optimum, giving strong evidence that the more refined algorithms should enjoy a similar performance.
Indeed, another construction [DCL24] where {K} =

∫∞
−∞ f(t)Aa(t)dt also gives a similar leading order

piece.

Lemma 4.1 (Lindbladian simulation cost). The dynamics eLt at times t ≥ 0 can be simulated with ϵ
distance at gate complexity

Poly

(
n, y,

(
n

k

)
, t, log

(
1

ϵ

))
, (Gaussian models)

Poly

(
n, y,m, t, log

(
1

ϵ

))
. (Sparsified models)

We did not attempt to minimize the algorithmic cost as it does not change the qualitative findings of
this work. The polynomial scaling can be obtained by invoking the algorithm for black-box Lindbladian
simulation in, e.g., [CW16, CKBG23] with suitable block-encoding for the jumps Ka [GSLW19].

5We define its adjoint, since we work in the Heisenberg picture, where operators evolve as O 7→ eL
†t(O).
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5 The general theorem

In this section, we write the considered models and the main algorithmic guarantee in a more abstract
form, which will imply Theorem 3.1.

Condition 5.1 (Symmetric Random Hamiltonians). Consider a random Hamiltonian ensemble parame-
terized by

H =
∑
γ∈Γ

sγHγ where sγ
i.i.d.∼ Unif({+1,−1}). (5.1)

That is, the terms Hγ can be fixed, or chosen from some (potentially correlated) distribution, but the
Rademacher signs sγ are symmetrically distributed and independent. Furthermore, suppose that the terms
Hγ are distinct and their squares are proportional to the identity (by a factor denoted h2γ), that is

H2
γ = h2γI. (5.2)

The set Γ contains the labels for the terms of H. This condition captures the part of randomness that
we actually use in the proof—that is we only require random signs on each term. While we can very likely
relax the random Hamiltonian families, the above seems to simplify the calculations and readily captures
a large family of interesting instances (see also [CDB+24] and the references therein).

We define the following useful quantities associated with the connectivity of the Hamiltonian. For
qubit models, consider the Hilbert space with qubits labeled by i ∈ [n] = {1, · · · , n}, and for fermionic
models, consider the Majoranas labeled by i ∈ [n] = {1, · · · , n}.6 We define the support

S(γ) ⊂ [n] for each Hamiltonian term γ ∈ Γ, (5.3)

as the set of sites on which the term Hγ acts nontrivially. For example,

S(σx
1σ

y
2I3) = {1, 2} ⊂ [3]. (5.4)

S(I1χ2I3) = {2} ⊂ [3]. (5.5)

For bookkeepping, we impose the following commutativity condition, which indicates whether a Hamil-
tonian term commutes with the jump operator Aa or not, and whether two distinct Hamiltonian terms
commute or anticommute.

Condition 5.2 (Commuting or anticommuting). Consider a set of Hamiltonian terms {Hγ : γ ∈ Γ} and
a set of jump operators {Aa : a ∈ A} such that for each a ∈ A we have Aa = Aa† and (Aa)2 = I, and
furthermore for each a ∈ A and γ, γ′ ∈ Γ, we have

[Aa,Hγ ] = baγ · 2AaHγ where baγ ∈ {0, 1}, (5.6)
[Hγ ,Hγ′ ] = bγγ′ · 2HγHγ′ where bγγ′ ∈ {0, 1}. (5.7)

Additionally, if the support of the Hamiltonian terms is disjoint S(γ) ∩ S(γ′) = ∅, then bγγ′ = 0, and
similarly if the support of Aa is disjoint from S(γ), then baγ = 0.

If baγ = 0, then Aa and Hγ commute; otherwise, they anticommute (and similar for bγγ′). For any
subset Z ⊂ [n], let AZ ⊂ A contain labels a for which the support of operator Aa has nonempty intersection
with Z.

6Note that they give different dimensions, 2n for qubits and 2n/2 for Majorana fermions.
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Condition 5.3 (Locality of jumps and Hamiltonian terms). Suppose that each of the jump operators
{Aa : a ∈ A} is supported on one site. Furthermore, suppose that there is a fixed locality parameter k for
which |S(γ)| = k for all γ, and that there are absolute constants aloc and aac (with aac ≤ aloc) such that∑

a∈A
baγ = aack for each γ. (5.8)

|AZ | = aloc|Z| for each Z ⊂ [n]. (5.9)

Roughly, the first condition counts the number of jumps that anticommute with a term Hγ , which
scales with k, and the second counts how many single site operators there are. The following lemma
shows that, given the models we consider and our choice of jump operators, all of these conditions are
simultaneously satisfied.

Lemma 5.4. Suppose that either (i) the set of jump operators {Aa : a ∈ A} is the set of 3n single-
site Pauli operators, and H is chosen from the random Pauli ensemble (Eq. (2.1)) or the sampled Pauli
ensemble (Eq. (2.3)), or (ii) the set of jump operators {Aa : a ∈ A} is the set of n single-site Majorana
operators, and H is chosen from the random fermion ensemble (Eq. (2.2)) or the sampled fermion ensemble
(Eq. (2.4)) with even k. Then Conditions 5.1, 5.2, and 5.3 are satisfied, and

aloc =

{
3 if H chosen from Eq. (2.1) or (2.3)
1 if H chosen from Eq. (2.2) or (2.4)

(5.10)

aac =

{
2 if H chosen from Eq. (2.1) or (2.3)
1 if H chosen from Eq. (2.2) or (2.4)

(5.11)

Proof. The symmetry of H required by Condition 5.1 is true in all cases by construction. For the Pauli
models, each Hγ is proportional to a multiqubit Pauli operator; thus, each single-site Pauli operator Aa

acting on site i will anticommute with Hγ if and only if the Pauli operator in position i of H is not
the same as that of Aa and not the identity. For each i ∈ S(γ) there are two single-site Pauli operators
Aa that meet this criteria, so aac = 2. For the fermionic models, each Hγ is proportional to a product
of an even number of Majorana operators; thus, the single-site Majorana operator Aa acting on site i
will anticommute with Hγ if and only if i ∈ S(γ), so aac = 1. Meanwhile, the total number of Pauli
operators that act on a site within a subset Z is precisely 3|Z|, and the number of Majoranas acting on
Z is |Z|, confirming the quoted values of aloc. Thus, in all cases Condition 5.2 and Condition 5.3 are
also met. Note that in the fermionic case, if the supports of two even-weight terms are disjoint, then the
commutator vanishes (which is false if both have odd weights), just like the Pauli case. Similarly, any
single-site Majorana that acts on a site not in S(γ) commutes with Hγ when Hγ is of even weight.

It is also useful to define the local and global energies:

Definition 5.5 (local and global energies). For a random Hamiltonian (Condition 5.1), define the local
and global quantities

∥H∥loc := max
1≤i≤n

√ ∑
γ:i∈S(γ)

h2γ and ∥H∥glo :=
√∑

γ∈Γ
h2γ . (5.12)

The global energy ∥H∥glo is the root-mean-square of the strength of every Hamiltonian term, and the
local energy ∥H∥loc is a root-mean-square over terms whose support contains the site i (maximizing over
i).

Now, we can give the abstract algorithmic guarantee, given the abstract conditions.
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Theorem 5.6 (Algorithmic performance). Consider a random Hamiltonian H and choice of jumps {Aa}
satisfying Condition 5.1, Condition 5.2, and Condition 5.3. Then, there exist universal constants7 cy, ct,
and cH such that, setting

y = − cy√
k∥H∥loc

, t =
ct
k
, (5.13)

starting with the maximally mixed state µ, and evolving by the Lindbladian L in Eq. (4.4), produces a state
achieving average energy

ETr
[
µeL

†t(H)
]
≥ cH√

k

∥H∥2glo
∥H∥loc

. (5.14)

Remarkably, our results treat the fermionic and Pauli models quite equally, despite the possibly very
different physics ([BS20, ACKK24]). We recover the earlier Theorem 3.1 by evaluating ∥H∥glo and ∥H∥loc
for the four ensembles, using the following proposition (see Appendix E for a direct computation).

Proposition 5.7. Suppose that H is drawn randomly from the ensembles in Eq. (2.1) or Eq. (2.2) with
1 < k < n, or it is drawn randomly from the ensembles in Eq. (2.3) or Eq. (2.4) with m ≥ cn log(n)/k for
some constant c. Then

EH

(
∥H∥2glo
∥H∥loc

)
= Ω

(√
n

k

)
, (5.15)

where the expectation value is taken over random choice of H.

6 Proof of the main theorem

We provide the proof of our main result (Theorem 5.6). The main idea is to expand the expected energy
(averaged also over random choice of H) as the sum of a zeroth order term that vanishes under expectation,
a linear-in-t term that can be computed exactly, and a O(t2) term for which the magnitude can be upper
bounded. At small t, the O(t) term dominates, and it is possible to choose a value of t and y that yields
the desired result. This balancing of the first- and second- order terms is depicted schematically in Fig. 1.

The magnitude of the O(t2) term is upper bounded in Proposition 6.2; its proof requires a subproposi-
tion (Proposition 6.3), which is proved with a diagrammatic method in Appendix A. We provide intuition
for Proposition 6.3 in Section 6.3.

6.1 Proof of Theorem 5.6

In this section, we provide the proof of Theorem 5.6, modulo the assertion of some propositions, whose
proofs are deferred. We begin by emphasizing the introduction of the Rademacher variables sγ ∈ {+1,−1}
for γ ∈ Γ that make the random signs explicit in Condition 5.1:

H =
∑
γ

sγHγ where sγ
i.i.d.∼ Unif({+1,−1}). (6.1)

In fact, in our proofs, we will only make use of the randomness on the signs. Henceforth, all expectation
values E that appear randomize only over the sγ variables, and we may consider the quantities Hγ as

7The constants cy, ct, and cH have dependence on the constants aloc and aac defined in Condition 5.2, but not on k, m,
or n.
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Θ(1/k)
t

ETr eL†t(H)

feasible Θ(
√
n/k)

true optimum

upper bound Θ(
√
n)

Figure 1: Depiction of the balancing of first- and second- order terms in our proof. The expected maximum
energy Eλmax(H) is upper bounded by O(

√
n) (thick black line) and conjectured to be Θ(

√
n/k). The

lower bound on the expected achievable energy is derived by expanding ETr[eL†t(H)] as a sum of a linear-
in-t term (solid black line) and an O(t2) remainder term. The linear-in-t term is computed exactly and
the magnitude of the O(t2) term is upper bounded (indicated by shaded blue region). Since we seek the
best possible lower bound on ETr[eL†t(H)], we choose t such that the bottom edge of the blue region is
maximized, indicated by the red dot, occurring at t = Θ(1/k) and ETr[eL†t(H)] = Θ(

√
n/k). If t is chosen

larger than this, the bound becomes worse; this contrasts with the expected behavior of detailed-balance
Gibbs sampling algorithms, which are expected to improve strictly over time.

fixed. Consequently, we can organize the Lindbladian in Eq. (4.4) as a degree-two polynomial of the
Rademachers

La† = La†0 +
∑
γ∈Γ

sγLa†γ +
∑

γ,γ′∈Γ
γ ̸=γ′

sγsγ′La†γγ′ , (6.2)

where

La†0 (O) = Aa†OAa +
∑
γ

y2[Aa,Hγ ]
†O[Aa,Hγ ]−

1

2

{
I + y2

∑
γ

[Aa,Hγ ]
†[Aa,Hγ ],O

}
, (6.3)

La†γ (O) = y[Aa,Hγ ]
†OAa + yAa†O[Aa,Hγ ]−

1

2
y
{
[Aa,Hγ ]

†Aa,O
}
− 1

2
y
{
Aa†[Aa,Hγ ],O

}
, (6.4)

La†γγ′(O) = δγ ̸=γ′y2
(
[Aa,Hγ ]

†O
[
Aa,Hγ′

]
− 1

2

{
[Aa,Hγ ]

†[Aa,Hγ′
]
,O
})

. (6.5)

Note that La†0 contains the La†γγ terms since s2γ = 1.
The quantity of interest is the expectation value of H in the evolved state, averaged over the random

choice of the Rademachers, that is

ETr[eL
†t(H)] =

∑
γ∈Γ

EsγTr[eL
†t(Hγ)]. (6.6)
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Note that L† has hidden dependence on the Rademachers sγ through its dependence on H. By invoking
the fundamental theorem of calculus twice, we may write

eL
†t(H) = H +

∫ t

0
dt2

[
d

du
eL

†u(H)

]
u=t2

= H +

∫ t

0
dt2e

L†t2(L†(H)) (6.7)

= H + tL†(H) +

∫ t

0
dt2

∫ t2

0
dt1e

L†t1(L†(L†(H))). (6.8)

Thus, we can expand the average energy into a zeroth-, first-, and second-order term in t:

ETr[eL
†t(H)] =

∑
γ∈Γ

ETr[eL
†t(sγHγ)]

=
∑
γ∈Γ

EsγTr[Hγ ]︸ ︷︷ ︸
=0

+
∑
γ∈Γ

EsγTr[L†(Hγ)]t︸ ︷︷ ︸
first-order term T1

+
∑
γ∈Γ

EsγTr
[∫

t>t2>t1>0
eL

†t1(L†)2(Hγ)dt1dt2

]
︸ ︷︷ ︸

second-order term T2

.

(6.9)

The zeroth order term vanishes under averaging over the Rademachers. The other two terms are handled
separately.

First, we compute the first-order term T1 exactly.

Proposition 6.1 (First order term). We can evaluate the quantity T1 (see Eq. (6.9)) as

T1 = −8yt∥H∥2gloaack. (6.10)

Proof. We may write

T1 := t
∑
γ∈Γ

ETr[L†(sγHγ)] = t
∑
γ∈Γ

ETr

∑
a∈A

La†0 +
∑
β∈Γ

sβLa†β +
∑

β,β′∈Γ
β ̸=β′

sβsβ′La†ββ′

 (sγHγ)

 (6.11)

= t
∑
γ∈Γ

∑
a∈A

TrLa†γ (Hγ), (6.12)

where the averaging over Rademachers killed most terms:

Esβsγ = δβγ and Esβsβ′sγ = 0 for all β, β′, γ. (6.13)

Here, δβγ denotes the Kronecker delta symbol. Applying Eq. (6.4), we find that

Tr[La†γ (Hγ)] = y[Aa,Hγ ]
†HγA

a + yAa†Hγ [A
a,Hγ ]−

1

2
y
{
[Aa,Hγ ]

†Aa,Hγ

}
− 1

2
y
{
Aa†[Aa,Hγ ],Hγ

}
(6.14)

which is easily seen to vanish in the case that Aa and Hγ commute (i.e., baγ = 0). Therefore, the
expression can be evaluated for the case that Aa and Hγ anticommute (i.e., baγ = 1), and expressed as

Tr[La†γ (Hγ)] = −8baγh2γyTr[Aa†Aa] = −8baγh2γy (6.15)
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where we have used the assumption that H2
γ = h2γI from Condition 5.1 and Aa†Aa = I from Condition 5.2.

Finally, summing over a ∈ A and γ ∈ Γ, we can exactly evaluate the first-order term as

T1 =
∑
γ∈Γ

∑
a∈A

Tr[La†γ (Hγ)t] = −8yt
∑
γ∈Γ

h2γ

(∑
a∈A

baγ

)
(6.16)

= −8yt∥H∥2gloaack, (6.17)

as advertised, where we have utilized the definition of aac in Condition 5.3.

For the second-order term, we state the upper bound and defer its proof to the following section.

Proposition 6.2 (Bounds on the second order term). Suppose that y and t satisfy the relations

t ≥ 0, (6.18)
alockt < 1, (6.19)

y2∥H∥2localock < 1/8. (6.20)

Then, there is a universal constant c2, such that, with T2 defined as in Eq. (6.9), we have

|T2| ≤ c2|y|t2a2lock2∥H∥
2
glo. (6.21)

Now, we explain how y and t can be chosen in such a way to entail the theorem statement. We let
y = −cy/(

√
k∥H∥loc), t = ct/k for universal constants cy and ct chosen as

ct = min(1/(2aloc) , 4aac/(c2a
2
loc)) (6.22)

cy = 1/(3
√
aloc) . (6.23)

These choices ensure that the relations above are met, and also that

|T2| ≤ 4|y|taack∥H∥2glo = |T1|/2. (6.24)

Since |T2| ≤ |T1|/2, we can conclude that

T1 + T2 ≥
1

2
T1 = −4yt∥H∥2gloaack =

4cyctaac√
k

∥H∥2glo
∥H∥loc

=
cH√
k

∥H∥2glo
∥H∥loc

, (6.25)

where we choose cH = 4cyctaac, proving Theorem 5.6.

6.2 Proof of bound on second-order term (Proposition 6.2)

The goal is to upper bound the magnitude of the second-order term defined in Eq. (6.9). This term can
be expressed as

∑
γ

ETr
∫ t

0
dt2

∫ t2

0
dt1e

L†t1

[
L†0 + ∑

γ2∈Γ
sγ2L†γ2 +

1

2

∑
γ2,γ′

2∈Γ
γ2 ̸=γ′

2

sγ2sγ′
2
L†
γ2γ′

2


L†0 +∑

γ1

sγ1L†γ1 +
1

2

∑
γ1,γ′

1∈Γ
γ1 ̸=γ′

1

sγ1sγ′
1
L†
γ1γ′

1

 (sγHγ)

]
,

(6.26)

12



where we abbreviated

L†0 :=
∑
a∈A
La†0 , L†γ :=

∑
a∈A
La†γ , L†γγ′ :=

∑
a∈A

(
La†γγ′ + La†γ′γ

)
. (6.27)

By picking a term from each parenthesis, we arrive at 9 terms to evaluate. If we choose the final term in
each parenthesis, we end up with a term with 5 Rademacher variables sγ2sγ′

2
sγ1sγ′

1
sγ that can be brought

outside of the integral—this is the maximum number of Rademachers for any term.
We may group terms in the expression for T2 from Eq. (6.26) based on which Rademacher variables

appear in the term:

T2 =
∑
U⊂Γ
|U |≤5

E

[(∏
α∈U

sα

)
Tr

∫
t>t2>t1>0

dt1dt2e
L†t1OU

]
. (6.28)

Each term is labeled by a subset U ⊂ Γ with at most 5 elements, denoting which Rademachers sγ appear
(note that the Lindbladian L also implicitly contains a dependence on all the Rademachers, but these are
in the exponent and cannot be brought outside the integral). The operators OU depend on Lindbladian
terms, but they are independent of the random Rademacher variables. For example for U = {γ1, γ2}, the
associated term looks like

O{γ1,γ2} = L
†
γ1L

†
0(Hγ2) + L†γ2L

†
0(Hγ1) + L

†
0L

†
γ1(Hγ2) + L

†
0L

†
γ2(Hγ1)

+
∑
γ3∈Γ

(
L†γ1γ2L

†
γ3(Hγ3) + L†γ1γ3L

†
γ2(Hγ3) + L†γ2γ3L

†
γ1(Hγ3) + L†γ1γ3L

†
γ3(Hγ2) + L†γ2γ3L

†
γ3(Hγ1)

)
+
∑
γ3∈Γ

(
L†γ3L

†
γ1γ2(Hγ3) + L†γ2L

†
γ1γ3(Hγ3) + L†γ1L

†
γ2γ3(Hγ3) + L†γ3L

†
γ1γ3(Hγ2) + L†γ3L

†
γ2γ3(Hγ1)

)
.

(6.29)

and for U = ∅, we have

O∅ =
∑
γ∈Γ

(
L†0L

†
γ(Hγ) + L†γL

†
0(Hγ)

)
+

∑
γ1,γ2∈Γ
γ1 ̸=γ2

(
L†γ2L

†
γ1γ2(Hγ1) + L†γ1γ2L

†
γ2(Hγ1)

)
(6.30)

Since these OU do not depend on the random Rademachers, we may upper bound the value of each term
by a product of norms:

|T2| ≤
∑
U⊂Γ
|U |≤5

∥∥∥∥∥E
[(∏

α∈U
sα

)
Tr

∫
t>t2>t1>0

dt1dt2e
L†t1(·)

]∥∥∥∥∥ · ∥OU∥ (6.31)

where the first norm denotes a norm for the linear functional∥∥∥Tr[M†(·)]
∥∥∥ := sup

O

∣∣Tr[M†(O)]
∣∣

∥O∥
= sup

O

|Tr[M(µ)O]|
∥O∥

= ∥M(µ)∥1, (6.32)

for superoperatorM being the expected-integral over signed Lindbladian dynamics.8

This expression can be bounded in two steps. First, we are able to upper bound the norm of the trace-
expected-integral superoperator, as follows. (Recall the definition of hα as the strength of Hamiltonian
term Hα in Condition 5.1.)

8If there were no signs, this would have norm exactly one. The random signs further decrease the norm, which we need
to capture carefully.
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Proposition 6.3. Fix a subset U ⊂ Γ with |U | ≤ 5. Suppose that y and t satisfy the relations t ≥ 0,
alockt < 1, and y2∥H∥2localock < 1/8. Then∥∥∥∥∥E

[(∏
α∈U

sα

)
Tr

∫
t>t2>t1>0

dt1dt2e
L†t1(·)

]∥∥∥∥∥ ≤ O (t2) · |y||U | ·
∏
α∈U

hα (6.33)

Note that the Rademacher signs are all we needed to obtain a good estimate, and not the particular
operators OU . We sketch the proof of this in the following subsection, and give the formal proof in
Appendix A.6. Using this proposition, we can return to Eq. (6.31) and write

|T2| ≤ O(t2) ·
∑
U⊂Γ
|U |≤5

(∏
α∈U

hα

)
|y||U |∥OU∥. (6.34)

The final step is to evaluate this sum, using the following proposition. Here, there are no Lindbladian
exponentials anymore, but merely some finitely many terms arising from L†(L†(H)) (with the averaging
over Radamachers already handled in Proposition 6.3). We sum over the terms in an almost brute-force
fashion, paying special attention to the commutation structures of H and {Aa}.

Proposition 6.4. Let OU be defined as in the expansion of Eq. (6.28) for each subset U ⊂ Γ, with |U | ≤ 5.
Suppose that y satisfies the relation y2∥H∥2localock < 1/8. Then we have

∑
U⊂Γ
|U |≤5

(∏
α∈U

hα

)
|y||U |∥OU∥ ≤ O(1) · |y|a2lock2∥H∥

2
glo.

This proposition is proved in Appendix B. Utilizing the proposition, we obtain the desired result:

|T2| ≤ O(t2) · |y|a2lock2∥H∥
2
glo . (6.35)

6.3 Expansion of Rademacher expressions and proof intuition

Here we sketch the idea behind the calculation of the second-order term T2, captured formally in Propo-
sition 6.3 and Proposition 6.4. To illustrate, we first examine a representative contribution to T2 from
Eq. (6.28), taking U = {γ1, γ2} and considering only one of the terms of OU :

E
[
sγ1sγ2Tr

∫
t>t2>t1>0

dt1dt2e
L†t1L†γ2(L

†
0(Hγ1))

]
. (6.36)

A term like this will appear for all choices of γ1 and γ2, so we would like to be able to compute quantities
where these are summed over, for example

T :=
∑

γ1,γ2∈Γ
γ1 ̸=γ2

E
[
sγ1sγ2Tr

∫
t>t2>t1>0

dt1dt2e
L†t1L†γ2(L

†
0(Hγ1))

]
. (6.37)

This expression has complicated Rademacher dependence in the exponent of the eL†t term, and it is unclear
how it can be bounded. The following lemma will play a part in that.

Lemma 6.5 (Lindbladian evolution is norm contractive). A Lindbladian evolution in the Heisenberg
picture contracts the operator norm:∥∥∥eL†t(O)

∥∥∥ ≤ ∥O∥ for any t ≥ 0 and operator O. (6.38)
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This holds since quantum channels are trace norm contractive in the Schrödinger picture, or operator
norm contractive in the Heisenberg picture (see, e.g., [PGWPR06].)

A naive attempt. Using the triangle inequality and the fact that the normalized trace satisfies
Tr(O) ≤ ∥O∥, we could try bounding Eq. (6.37) as

|T | ≤
∑

γ1,γ2∈Γ
γ1 ̸=γ2

E
[
|sγ1 ||sγ2 |

∫
t>t2>t1>0

dt1dt2

∥∥∥eL†t1
∥∥∥∥∥∥L†γ2(L†0(Hγ1))

∥∥∥] (6.39)

≤ t2

2

∑
γ1,γ2∈Γ
γ1 ̸=γ2

∥∥∥L†γ2(L†0(Hγ1))
∥∥∥, (6.40)

where on the second line we used Lemma 6.5 and the facts that |sγ1 | = |sγ2 | = 1 and
∫
t>t2>t1>0 dt1dt2 =

t2/2. We now give a rough sense of the scaling of the quantity
∥∥∥L†γ2(L†0(Hγ1))

∥∥∥. The Lindbladian terms

L†0 and L†γ2 are defined in Eq. (6.27) together with Eqs. (6.3) and (6.4). Observe that each occurrence
of a Hamiltonian term Hγ brings a factor of hγ into the scaling, and that for a given Hγ , only O(k)
of the values of a will have [Aa,Hγ ] ̸= 0. Furthermore, L†γ is linear in y, and L†0 has both y0 and y2

components—the y2 components can be shown to be subleading. Thus, we expect that
∥∥∥L†0(Hγ1)

∥∥∥ scales

roughly as O(hγ1k) and then
∥∥∥L†γ2(L†0(Hγ1))

∥∥∥ scales roughly as O(|y|hγ2hγ1k2). Assuming H has m terms
and hγ = 1/

√
m for all γ (as in Eq. (2.3) and Eq. (2.4)), we end up finding

|T | ≤ t2|y|mk2 · O(1) . (Loose bound)

This is problematic due to the dependence on m, the number of Hamiltonian terms, which can be much
larger than the system size n. If the terms composing T2 were this large, then they would dominate the
first-order term, which is bounded as |T1| ≤ |y|tk2 · O(1). We would not be able to achieve the balancing
between T1 and T2 as in Eq. (6.25). This naive bound has not utilized the randomness of the Rademachers,
which induces significant cancellations between positive and negative contributions to T .

The more careful approach. We pursue a more delicate computation which successfully captures
some of these cancellations by expanding the time-ordered integrals—such as that which appears in the
expression for T—via a recursion relation. We will utilize the following lemmas.

Lemma 6.6 (Integration by parts for functions of a Rademacher). For any function of a Rademacher
variable s ∼ Unif({±1}), it holds that

Es[f(s)s] = Es [Dsf(s)s] where Dsf(s) := f(s)− f(0). (6.41)

Proof. Note that

Es[Dsf(s)s] = Es[f(s)s− f(0)s] = Es[f(s)s]− Es[f(0)s], (6.42)

and the last term averages to zero.

Lemma 6.7 (Duhamel’s identity). For any square matrices A and B, and t ≥ 0, we have

e(A+B)t = eAt +

∫ t

0
e(A+B)(t−t1)BeAt1dt1. (6.43)

Proof. Both sides satisfy the differential equation dC(t)/dt = (A+B)C with the initial condition C(0) =
I.
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We decompose L† = A† + B†, where

B† = sγ1L†γ1 +
∑

γ′:γ′ ̸=γ1

sγ1sγ′L†γ1γ′ (6.44)

A† = L† − B†. (6.45)

Note that B† has linear dependence on sγ1 , A† has no dependence on sγ1 , and A remains a Lindbladian
(and thus norm contractive). Applying Lemma 6.6 to T with s = sγ1 yields

T =
∑

γ1,γ2∈Γ
γ1 ̸=γ2

(
E
[
sγ1sγ2Tr

∫
t>t2>t1>0

dt1dt2 e
A†t1+B†t1L†γ2(L

†
0(Hγ1))

]

−E
[
sγ1sγ2Tr

∫
t>t2>t1>0

dt1dt2 e
A†t1L†γ2(L

†
0(Hγ1))

])
. (6.46)

Next, after applying Lemma 6.7 to the exponential that appears in the first term, we get

T =
∑

γ1,γ2∈Γ
γ1 ̸=γ2

(
E
[
sγ1sγ2Tr

∫
t>t2>t1>0

dt1dt2 e
A†t1L†γ2(L

†
0(Hγ1))

]

+E
[
sγ1sγ2Tr

∫
t>t2>t1>θ>0

dt1dt2dθ e(A
†+B†)(t1−θ)B†eA†θL†γ2(L

†
0(Hγ1))

]
−E

[
sγ1sγ2Tr

∫
t>t2>t1

dt1dt2 e
A†t1L†γ2(L

†
0(Hγ1))

])
. (6.47)

The first and the third terms cancel out, yielding only the second term, which is a time-ordered integral of
order 3. Furthermore, the appearance of B† in the second term brings a linear factor of sγ1 , which can be
brought outside the integral to cancel out the other appearance of sγ1 . Substituting A† and B†, relabeling
(θ, t1, t2) to (t1, t2, t3), and noting that s2γ1 = s2γ2 = 1, we have

T =
∑

γ1,γ2∈Γ
γ1 ̸=γ2

(
E
[
Tr

∫
t>t3>t2>t1>0

dt1dt2dt3 e
L†(t2−t1)L†γ1γ2e

(L†−B†)t1L†γ2(L
†
0(Hγ1))

]

+E
[
sγ2Tr

∫
t>t3>t2>t1>0

dt1dt2dt3 e
L†(t2−t1)L†γ1e

(L†−B†)t1L†γ2(L
†
0(Hγ1))

]
+

∑
γ′∈Γ

γ′ ̸∈{γ1,γ2}

E
[
sγ′sγ2Tr

∫
t>t3>t2>t1>0

dt1dt2dt3 e
L†(t2−t1)L†γ1γ′e

(L†−B†)t1L†γ2(L
†
0(Hγ1))

])
.

(6.48)

Let us pause to explain what has happened. We began in Eq. (6.37) with an expression for T that
was an order-2 time-ordered integral, with 2 Rademacher factors outside the integral and 1 Lindbladian
evolution eL

†t2 inside the integral. After applying the recursion relation once, we now have an expression
with multiple order-3 time-ordered integrals, each of which has 0, 1, or 2 Rademacher factors, and 2
applications of Lindbladian evolution within the integral.

The most interesting term above is the first term, which has 0 Rademachers outside the integral.
Both Rademachers were canceled out by the descent of the sγ1sγ2L

†
γ1γ2 term from the exponent in the
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application of Lemma 6.7! The pairing up of Rademacher variables in this fashion is key for fully capturing
the correlations between the random Rademachers outside the integral and those in the exponents of eL†t2

inside the integral, and the associated cancellations between positive and negative contributions. There
is nothing more to do with this term, except to bound it by invoking the triangle inequality and the
contractivity of the eL

†t map. That is, we proceed in a similar fashion as we did for Eq. (6.39):∣∣∣∣∣∣∣∣
∑

γ1,γ2∈Γ
γ1 ̸=γ2

E
[
Tr

∫
t>t3>t2>t1>0

dt1dt2dt3 e
L†(t2−t1)L†γ1γ2e

(L†−B†)t1L†γ2(L
†
0(Hγ1))

]∣∣∣∣∣∣∣∣
≤ t3

6

∑
γ1,γ2∈Γ
γ1 ̸=γ2

∥∥∥L†γ1γ2∥∥∥∥∥∥L†γ2(L†0(Hγ1))
∥∥∥. (6.49)

We now attempt to get a sense of the scaling of the resulting expression. From Eq. (6.5), we can see
that the operator La†γ1γ2 vanishes unless both [Aa,Hγ1 ] ̸= 0 and [Aa,Hγ2 ] ̸= 0. Since Aa is a single-site
operator, this can only occur if both Hγ1 and Hγ2 have support on that site. Hence, thinking of Hγ1 as
fixed, the only nonvanishing choices of γ2 and a occur when both Hγ2 and Aa have support that overlaps
with the k sites in S(γ1), the support of Hγ1 . This logic reduces the sum, as follows.

t3

6

∑
γ1,γ2∈Γ
γ1 ̸=γ2

∥∥∥L†γ1γ2∥∥∥∥∥∥L†γ2(L†0(Hγ1))
∥∥∥ =

t3

6

∑
γ1∈Γ

∑
i∈S(γ1)

∑
γ2:i∈S(γ2)

γ2 ̸=γ1

∥∥∥L†γ1γ2∥∥∥∥∥∥L†γ2(L†0(Hγ1))
∥∥∥ (6.50)

The quantity
∥∥∥L†γ1γ2∥∥∥ scales roughly as O(|y|2hγ1hγ2k) for choices of γ1, γ2 where it is nonvanishing (the k

comes from the at most O(k) choices of a that could cause Aa to anticommute with both Hγ1 and Hγ2).
Combined with the previous observation that

∥∥∥L†γ2(L†0(Hγ1))
∥∥∥ scales as O(|y|hγ1hγ2k2), we find that the

bound on T scales as

T ≤ O(t3|y|3k3)
∑
γ1∈Γ
O(h2γ1)

∑
i∈S(γ1)

∑
γ2:i∈S(γ2)

γ2 ̸=γ1

O(h2γ2) (6.51)

≤ O(t3|y|3k3)∥H∥2glo∥H∥
2
loc (6.52)

where ∥H∥glo and ∥H∥loc are defined in Eq. (5.12). Crucially, both ∥H∥glo and ∥H∥loc are independent of
the number of terms m; for each appearance of a sum over m choices of γ ∈ Γ, there is an accompanying
factor of h2γ ∼ 1/m. The residual m dependence was the main issue with the naive attempt above,
which did not utilize the randomness of the Hamiltonian. An additional important feature is that this
calculation has incorporated the fact that Hγ2 must have overlapping support with Hγ1 in order to greatly
reduce the number of terms in the sum, resulting in a dependence ∥H∥2glo∥H∥

2
loc, rather than ∥H∥4glo.

Ultimately, the values of t and y are chosen such that t2|y|2k2∥H∥2loc < 1, allowing the above to contribute
as O(t|y|k∥H∥2glo), that is, at the same order as the first-order term (Proposition 6.1.)

Yet, while we have gained control over the first term in the expression for T in Eq. (6.48), there are
two additional terms that were produced by the recursion step, which have 1 or 2 Rademachers outside
the integral. To handle these new order-3 terms, we apply the same strategy and express each of them
as a sum over several new time-ordered integral terms of order 4. For any of the order-4 terms with
Rademachers outside the integral, we again apply the same strategy, yielding order-5 terms. After we
have recursed p − 2 times, what remains are order-p integrals without any Rademachers prefactors, for
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p = 3, 4, 5, . . ., and a remainder term of high order that includes all the terms that still have Rademachers
outside the integral. We show how to sum all the terms without Rademacher prefactors, and we also show
that the remainder term approaches 0 as one performs more recursion levels (see Lemma A.16.)

To account for all the terms, we utilize a diagrammatic method, which allows us to see in what way the
Rademachers outside the integral are paired up. Specifically, we equate each of the time-ordered integrals
encountered in the expansion with a unique diagram, and then rewrite equations in terms of diagram
expansions. For example, the time-ordered integral equality in Eq. (6.48) is rewritten in our diagram
language as

(
γ1 γ2

)
=

(
γ1

γ2
0

γ2

)
+

(
γ1

γ1
0

γ2

)
+

∑
γ′∈Γ\{γ1,γ2}

(
γ1

γ′

0
γ2

)
(6.53)

See Appendix A.6 for details. Nodes with arrows represent Rademachers outside the integral. The
dashed line represents the pairing up of two Rademachers in one step, as occurred in the first term
of Eq. (6.48), reducing the number of Rademachers by 2. Filled nodes represent the pairing up of one of
these Rademachers with itself, reducing the number of Rademachers by 1 compared to the left-hand side,
as occurred in the second term of Eq. (6.48).

By using this diagram language, we can exhaustively count all the terms and thus compute their
contribution to the upper bound on |T2|. Fortunately, we need only count diagrams in which all the
arrows have been removed, either by pairing up with other arrows, or pairing up with themselves (via
a filled node), since we can show that the contribution from the remainder diagrams vanishes with the
number of recursion steps. This restricts the combinatorics and makes the calculation tractable. As we
can have as many as |U | = 5 Rademachers, we can end up with diagrams as complex as, for example, γ1

α1

0

α2

1

α3

0

α4

3

γ4
3

γ2

α5

5

γ5
1

γ3

α6

0

α7

4

α8

2

α8

9

γ4 γ5


(6.54)

When applying the recursion relation, we choose to extend the leftmost path with an arrow. So the above
diagram represents a term where the first Rademacher paired up with the fourth Rademacher on the fifth
recursion step, then the second Rademacher paired up with the fifth Rademacher on the seventh recursion
step, and finally the third Rademacher paired up with itself on the eleventh recursion step, yielding a
diagram without any arrows.

Ultimately, the contribution of a diagram to the sum has a factor that decays exponentially with the
length (i.e., number of solid edges) in the diagram. Thus, the scaling of the full sum is captured by the
lower-order terms, which have favorable bounds, as was found for the example of the order-3 term in
Eq. (6.49).

7 Conclusion

In this work, we consider the low-energy state preparation problem in the setting of quantum optimization
problems and studied random, all-to-all connected models of strongly interacting many-body quantum
systems—quantum analogues of classical spin glasses. Our main finding is an average-case quantum
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algorithmic guarantee stating that a simplified version of quantum Gibbs samplers can prepare quantum
states achieving an Ω( 1k )-fraction of the optimum energy—this is proved in a general approach that handles
both the spin and fermionic cases, and both the sparse and dense cases all at once. This guarantee is
an exponential improvement over prior classical and quantum algorithms (an 1

eΩ(k) -fraction) for the same
family of models. Combined with existing circuit lower bounds, our refined guarantee suggests that the
low-energy states of sparsified local fermionic and quasilocal spin models are classically nontrivial and
quantumly easy.

In fact, we conjecture that our Ω(
√
n
k )-scaling for the achieved energy actually coincides with the

true optimum, up to an absolute (k-independent) constant. Such scaling is consistent with the physics
heuristics ∥H∥ ≈

√
2n
k for the even-k SYK model (see, e.g., [HO22]). However, a rigorous understanding

of the spectrum, physical properties, and complexity at low energies remains very limited, and further
progress here may illuminate the aspect of quantum advantage in these systems.

Meanwhile, our algorithmic guarantees set a quantitative challenge for quantum and classical algorithm
designers, and these random models are natural testbeds. Currently, this simplified version of the quantum
Gibbs sampler is the only systematic algorithm that achieves a Ω( 1k )-approximation. We suspect that the
generic classical approach cannot exceed a e−Ω(k)-fraction, and we are hopeful that Ω( 1k )-fractions should
be accessible by other quantum algorithmic principles.

This work has mostly been restricted to the context of optimization problems, but thermodynamic
simulation often involves the quantum Gibbs state. Of course, quantum MCMC algorithms are most
natural for this task, but so far, there have been very limited tools to study mixing times and spectral gaps
of quantum Lindbladians. Interestingly, it was recently proved [ACKK24] that the annealed approximation
for the free energy in these spin and fermionic models continue to hold at very low temperatures (β = eΩ(k)

for random Paulis, β ∼ Ωk(n
k/4) for fermions); this hints that the model may be glassy and remain rapidly-

mixing for a wide range of temperatures.
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A A diagrammatic calculus for upper bounding the norm of the time-
ordered integrals

In this section, we work toward establishing Proposition 6.3. To do so, we require some setup and definitions
over several subsections. This framework is used to finally prove the proposition in Appendix A.6.

A.1 Compact notation for time-ordered integrals (TOIs)

To prove the proposition, we will repeatedly expand time-ordered integrals (TOIs) into TOIs of higher
order and more complicated integrands. To organize the expansion, we must address individual terms in
the global Lindbladian L, which are labeled as follows.

Definition A.1 (Labels). We let M = Γ ∪ (Γ× Γ) ∪ {0} denote the set of labels for Lindbladian terms,
as defined in Eqs. (6.3) to (6.5). For example, if l = (γ1, γ2) ∈ Γ× Γ ⊂M is a label, then L†l := L

†
γ1γ2.

Definition A.2. For a subset of indices S ⊆ Γ, we write

L†S = L†0 +
∑
γ∈S

sγL†γ +
1

2

∑
γ,γ′∈S
γ ̸=γ′

sγsγ′L†γγ′ , (A.1)

where L†0, L
†
γ, and L†γγ′ include the sum over a ∈ A, and L†γγ′ is symmetrized over its suscripts, as

defined in Eq. (6.27). That is, L†S includes Lindbladian terms only involving indices from S (compare with
Eq. (6.2).)

The following lemma guarantees that this restriction preserves the Lindbladian structure.

Lemma A.3. For all S ⊆ Γ, LS is also a Lindbladian.

Proof. Observe that LS = EΓ\SL where the expectation is taken over all sγ : γ ∈ Γ \ S. Since a convex
combination of Lindbladians is still a Lindbladian, the lemma follows.

Now we define the general form of a time-ordered integral, where the intermediate Lindbladians include
particular choices of indices.
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Definition A.4 (Compact notation for time-ordered integrals (TOIs)). Given a non-negative integer
ℓ > 0, sets S0, . . . , Sℓ ⊆ Γ, and labels l1, . . . , lℓ ∈ M, we define the object JSℓ, lℓ, . . . , S1, l1, S0K to be a
superoperator (mapping operators to real numbers), defined by its action on an arbitrary operator O:

JSℓ, lℓ, Sℓ−1, lℓ−1, . . . , S1, l1, S0K(O)

:= Tr

(∫
t>tℓ+2>...>t1>0

dtℓ+2 . . . dt1 e
(tℓ+1−tℓ)L†

Γ\SℓL†lℓ . . . e
(t3−t2)L†

Γ\S2L†l2e
(t2−t1)L†

Γ\S1L†l1e
t1L†

Γ\S0 (O)

)
.

(A.2)

When necessary, we identify tℓ+3 = t and t0 = 0. We say that ℓ is the length of the TOI.

The TOI objects depend on the Rademachers through the appearance of the sγL†γ and sγsγ′L†γγ′ terms
“upstairs” in the exponent. We also need to consider expressions with TOIs weighted by Rademachers
“downstairs” and then average over the Rademachers.

Definition A.5 (Rademacher-averaged TOI). Instantiante the definitions in Definition A.4. Let h ≥ 1
be an integer and define the Rademacher random variables sγ1 , . . . , sγh ∼ Unif({±1}) which are indexed
by elements of Γ. A Rademacher-averaged TOI is a superoperator of the form

Esγ1 . . . sγhJSℓ, lℓ, . . . , S1, l1, S0K. (A.3)

These are labeled by elements from the set

W := {0} ∪
∞⋃
ℓ=0

∞⋃
h=0

Wh,ℓ (A.4)

with

Wh,ℓ := {((γ1, · · · , γh), (Sℓ, lℓ, . . . S1, l1, S0))) : γi ∈ Γ, Sk ⊆ Γ, lk ∈M} . (A.5)

When w ∈ Wh,ℓ, we say that h is the number of “downstairs” Rademachers, and ℓ is the length of the
Rademacher-averaged TOI. We also define the value V (w,O) of a Rademacher-averaged TOI w ∈ W
acting on operator O by V (0,O) = 0 for all O and

V (((γ1, . . . , γh), (Sℓ, lℓ, . . . S1, l1, S0)),O) = Esγ1 . . . sγhJSℓ, lℓ, . . . , S1, l1, S0K(O) ∈ R. (A.6)

Note that V is a linear function in its second argument. We have included the element 0 in the set
W to represent the superoperator that maps all inputs to 0. This is important later to map the invalid
choices of ordering to 0, and have this not leave the set.

Lemma A.6 (Bound on Rademacher-averaged TOI). Let h ≥ 0 be an integer and Esγ1 . . . sγhJSℓ, lℓ, . . . , S1, l1, S0K
a Rademacher-averaged TOI as in Definition A.5 applied to an operator O. Then we can bound its absolute
value as

|Esγ1 . . . sγhJSℓ, lℓ, Sℓ−1, . . . , S1, l1, S0K(O)| ≤ tℓ+2

(ℓ+ 2)!

∥∥∥L†lℓ∥∥∥∥∥∥L†lℓ−1

∥∥∥ . . . ∥∥∥L†l2∥∥∥∥∥∥L†l1∥∥∥∥O∥ . (A.7)
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Proof. First, when bounding a TOI, we can use the fact that the normalized trace satisfies
∣∣Tr(O)

∣∣ ≤ ∥O∥,
as well as triangle inequality and submultiplicativity of the operator norm to get∣∣∣∣∣Tr

(∫
t>tℓ+2>...>t1>0

dtℓ+2 . . . dt1 e
(tℓ+1−tℓ)L†

Γ\SℓL†lℓ . . . e
(t3−t2)L†

Γ\S2L†l2e
(t2−t1)L†

Γ\S1L†l1e
t1L†

Γ\S0 (O)

)∣∣∣∣∣
(A.8)

≤

∥∥∥∥∥
∫
t>tℓ+2>...>t1>0

dtℓ+2 . . . dt1 e
(tℓ+1−tℓ)L†

Γ\SℓL†lℓ . . . e
(t3−t2)L†

Γ\S2L†l2e
(t2−t1)L†

Γ\S1L†l1e
t1L†

Γ\S0 (O)

∥∥∥∥∥ (A.9)

≤
∫
t>tℓ+2>...>t1>0

dtℓ+2 . . . dt1

∥∥∥∥e(tℓ+1−tℓ)L†
Γ\SℓL†lℓ . . . e

(t3−t2)L†
Γ\S2L†l2e

(t2−t1)L†
Γ\S1L†l1e

t1L†
Γ\S0 (O)

∥∥∥∥ (A.10)

≤
∫
t>tℓ+2>...>t1>0

dtℓ+2 . . . dt1

∥∥∥L†lℓ∥∥∥ . . . ∥∥∥L†l2∥∥∥∥∥∥L†l1∥∥∥∥O∥ (A.11)

=
tℓ+2

∥∥∥L†lℓ∥∥∥∥∥∥L†lℓ−1

∥∥∥ . . . ∥∥∥L†l2∥∥∥∥∥∥L†l1∥∥∥∥O∥
(ℓ+ 2)!

, (A.12)

where we used the formula for the volume of the rescaled simplex:∫
t>tℓ+2>...>t1>0

dtℓ+2 . . . dt1 =
tℓ+2

(ℓ+ 2)!
. (A.13)

We have also used the fact that
∥∥∥e(tj+1−tjL†Γ\Sj

∥∥∥ ≤ 1, owing to the fact that L†Γ\Sj
is a Lindbladian

(Lemma A.3), and that Lindbladian evolution of operators is operator-norm contractive (Lemma 6.5).
The Rademacher-averaged TOI is an average over the 2h settings of the Rademachers, each weighted

by +1 or −1, but each setting gives rise to a TOI that can be upper bounded as above. Thus we have

|Esγ1 . . . sγhJSℓ, lℓ, Sℓ−1, . . . , S1, l1, S0K(O)| ≤ tℓ+2

(ℓ+ 2)!

∥∥∥L†lℓ∥∥∥∥∥∥L†lℓ−1

∥∥∥ . . . ∥∥∥L†l2∥∥∥∥∥∥L†l1∥∥∥∥O∥ . (A.14)

A.2 Expansion rules for TOIs

The main technique that enables the calculation is a recursion relation that expands one TOI of length ℓ
as a sum over various TOIs of length ℓ+ 1. We establish the following lemmas to capture this relation.

Lemma A.7 (Integration by parts for any TOI). Let (γ1, . . . , γh) be any tuple of distinct elements of Γ.
Then

Esγ1 . . . sγhJSℓ, lℓ, . . . , S1, l1, S0K (A.15)
= Esγ1 . . . sγhJSℓ, lℓ, . . . , S1, l1, S0K− Esγ1 . . . sγhJSℓ ∪ {γ1}, lℓ, . . . , S1 ∪ {γ1}, l1, S0 ∪ {γ1}K. (A.16)

Proof. Referring to the notational definitions in Eqs. (A.1) and (A.2), we can see that the expression
JSℓ ∪ {γ1}, lℓ, . . . , S1 ∪ {γ1}, l1, S0 ∪ {γ1}K has no dependence on the Rademacher sγ1 . Thus, we have that
Esγ1 . . . sγhJSℓ ∪ {γ1}, lℓ, . . . , S1 ∪ {γ1}, l1, S0 ∪ {γ1}K = 0, since sγ1 is uniformly chosen from {+1,−1}.
This proves the lemma.

Note that this is analogous to Lemma 6.6.
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Lemma A.8 (Duhemal’s identity applied to one exponential in a TOI). For any γ ∈ Γ and k ∈
{0, 1, 2, . . . , ℓ} for which γ ̸∈ Sk, it holds that

JSℓ, lℓ, . . . , S1, l1, S0K = JSℓ, lℓ, . . . , Sk+1, lk+1, Sk ∪ {γ}, lk, Sk−1, lk−1, . . . , S1, l1, S0K
+ sγJSℓ, lℓ, . . . , Sk, γ, Sk ∪ {γ}, lk, Sk−1, lk−1, . . . , S1, l1, S0K

+ sγ
∑
γ′∈Γ

γ′ ̸∈Sk∪{γ}

sγ′
q
Sℓ, lℓ, . . . , Sk, γγ

′, Sk ∪ {γ}, lk, Sk−1, lk−1, . . . , S1, l1, S0

y
. (A.17)

Proof. To further condense notation, denote the set of coordinates τℓ = (t1, . . . , tℓ) for which 0 = t0 < t1 <
. . . < tℓ < t by ∆ℓ, and let the differential dτℓ = dtℓ . . . dt1. We now apply Lemma 6.7 to the exponential

operator e
(tk+1−tk)L†

Γ\Sk from Eq. (A.2). Specifically, referring to Eq. (A.1), we may decompose

L†Γ\Sk
= L†Γ\(Sk∪{γ}) + sγL†γ +

1

2

∑
γ′∈Γ\(Sk∪{γ})

(
sγsγ′L†γγ′ + sγ′sγL†γ′γ

)
(A.18)

= L†Γ\(Sk∪{γ})︸ ︷︷ ︸
A

+ sγL†γ +
∑

γ′∈Γ\(Sk∪{γ})

sγsγ′L†γγ′︸ ︷︷ ︸
B

(A.19)

where in the last line we have used the symmetry of L†γγ′ with respect to its subscripts. Lemma 6.7 then
implies that

e
(tk+1−tk)L†

Γ\Sk = e(tk+1−tk)(A+B) = e(tk+1−tk)A +

∫ tk+1−tk

0
dθ e(tk+1−tk−θ)(A+B)BeθA (A.20)

= e
(tk+1−tk)L†

Γ\(Sk∪{γ}) +

∫ tk+1−tk

0
dθ e

(tk+1−tk−θ)L†
Γ\Sk

sγL†γ +
∑

γ′∈Γ\(Sk∪{γ})

sγsγ′L†γγ′

 e
θL†

Γ\(Sk∪{γ})

(A.21)

Plugging this into Eq. (A.2) yields

Tr

∫
∆ℓ+2

dτℓ+2 e
(tℓ+1−tℓ)L†

Γ\SℓL†lℓ . . .

[
e
(tk+1−tk)L†

Γ\(Sk∪{γ})

+

∫ tk+1−tk

0
dθ e

(tk+1−tk−θ)L†
Γ\Sk sγ

L†γ + ∑
γ′∈Γ\(Sk∪{γ})

sγ′L†γγ′

 e
θL†

Γ\(Sk∪{γ})

]
. . .L†l1e

(t1−t0)L†
Γ\S0 (O)

(A.22)

= Tr

∫
∆ℓ+2

dτℓ+2 e
(tℓ+1−tℓ)L†

Γ\SℓL†lℓ . . . e
(tk+1−tk)L†

Γ\(Sk∪{γ}) . . .L†l1e
(t1−t0)L†

Γ\S0 (O) (A.23)

+ sγTr

∫
∆ℓ+3

dτℓ+3 e
(tℓ+2−tℓ+1)L†

Γ\SℓL†lℓ . . . e
(tk+2−tk+1)L†

Γ\SkL†γe
(tk+1−tk)L†

Γ\(Sk∪{γ}) . . .L†l1e
(t1−t0)L†

Γ\S0 (O)

+ sγ
∑

γ′∈Γ\(Sk∪{γ})

sγ′Tr

∫
∆ℓ+3

dτℓ+3

[

e
(tℓ+2−tℓ+1)L†

Γ\SℓL†lℓ . . . e
(tk+2−tk+1)L†

Γ\(Sk)L†γγ′e
(tk+1−tk)L†

Γ\(Sk∪{γ}) . . .L†l1e
(t1−t0)L†

Γ\S0 (O)

]
(A.24)
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where we performed the following change of variables: tj+1 ← tj for k + 1 ≤ j ≤ ℓ+ 2 and then reassign
tk+1 ← θ + tk. Changing back to the notation in Eq. (A.2) proves the lemma.

Lemma A.9 (Master recursion rule for Rademacher-averaged TOIs). Let (γ1, . . . , γh) be any tuple of
distinct elements of Γ, with h ≥ 1. Then

Esγ1sγ2 . . . sγhJSℓ, lℓ, . . . S1, l1, S0K

=

ℓ∑
k=0

γ1 ̸∈Sk

Esγ2 . . . sγhJSℓ ∪ {γ1}, lℓ, . . . , Sk+1 ∪ {γ1}, lk+1, Sk, γ1, Sk ∪ {γ1}, lk, Sk−1, lk−1, . . . , S1, l1, S0K

+
ℓ∑

k=0
γ1 ̸∈Sk

∑
γ′∈Γ

γ′ ̸∈Sk∪{γ1}

Esγ′sγ2 . . . sγh
q
Sℓ ∪ {γ1}, lℓ, . . . , Sk+1 ∪ {γ1}, lk+1, Sk, γγ

′, Sk ∪ {γ1}, lk, Sk−1, lk−1, . . . , S1, l1, S0

y
.

(A.25)

Note that for terms where γ′ = γi for some i ∈ {2, . . . , h}, then sγ′sγi = 1 and one pair of Rademachers
will cancel in the final term.

Proof. For simplicity, first suppose that γ1 ̸∈ S1∪S2∪· · ·∪Sℓ. We start by applying Lemma A.7, followed
by applying Lemma A.8 (Duhamel’s identity) with γ = γ1 and k = ℓ, arriving at

Esγ1sγ2 . . . sγhJSℓ, lℓ, . . . S1, l1, S0K (A.26)

= Esγ1sγ2 . . . sγh

[
JSℓ ∪ {γ1}, lℓ, Sℓ−1, lℓ−1 . . . , l1, S0K + sγ1JSℓ, γ1, Sℓ ∪ {γ1}, lℓ, Sℓ−1, lℓ−1 . . . , l1, S0K

+ sγ1
∑

Sℓ ̸∋γ′ ̸=γ1

sγ′
q
Sℓ, γγ

′, Sℓ ∪ {γ}, lℓ, Sℓ−1, lℓ−1 . . . , l1, S0

y
− JSℓ ∪ {γ1}, lℓ, . . . , l1, S0 ∪ {γ1}K

]
.

We now apply Lemma A.8 to the second exponential of the first term i.e., choosing γ = γ1 and k = ℓ− 1:

Esγ1sγ2 . . . sγhJSℓ, lℓ, . . . S1, l1, S0K = Esγ1sγ2 . . . sγh

[
JSℓ ∪ {γ1}, lℓ, Sℓ−1 ∪ {γ1}, lℓ−1, Sℓ−2, lℓ−1, . . . , l1, S0K

+ sγ1JSℓ ∪ {γ1}, γ1, Sℓ−1, lℓ, Sℓ−1 ∪ {γ1}, lℓ−1, Sℓ−2, . . . , l1, S0K

+ sγ1
∑

Sℓ ̸∋γ′ ̸=γ1

sγ′
q
Sℓ ∪ {γ1}, γ1γ′, Sℓ−1, lℓ, Sℓ−1 ∪ {γ1}, lℓ−1, Sℓ−2, . . . , l1, S0

y

+ sγ1JSℓ, γ1, Sℓ ∪ {γ1}, lℓ, Sℓ−1, lℓ−1 . . . , l1, S0K

+ sγ1
∑

Sℓ ̸∋γ′ ̸=γ1

sγ′
q
Sℓ, γ1γ

′, Sℓ ∪ {γ1}, lℓ, Sℓ−1, lℓ−1 . . . , l1, S0

y

− JSℓ ∪ {γ1}, lℓ, . . . , l1, S0 ∪ {γ1}K

]
. (A.27)

We proceed in this fashion, repeatedly applying Lemma A.8 to the first term with γ = γ1 and with k
descending to 0. At the end, the first term will cancel with the last term, and the leftover terms created
by choosing k = ℓ, ℓ− 1, . . . , 0 are precisely the right-hand side of Eq. (A.25).

If γ1 ∈ Si for one or more values of i, we simply skip that value of k in the sequence; the first and last
terms will still cancel, and the theorem still goes through, since those values are omitted in Eq. (A.27).
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The recursion rule in Lemma A.9 relates one Rademacher-averaged TOI as the sum of over many
Rademacher-averaged TOIs of longer length. We will call the longer Rademacher-averaged TOIs that
compose this sum the “children” of the shorter one, indexed by which value of k and γ′ the correspond to
on the right-hand side of the recursion rule. The value of a Rademacher-averaged TOI is equal to the sum
over its children. This is captured formally in the following definition and lemma.

Definition A.10 (Children of Rademacher-averaged TOI). Let w = ((γ1, . . . , γh), (Sℓ, lℓ, . . . , l1, S0)) ∈ W
represent a Rademacher-averaged TOI object, and let γ′ ∈ Γ and i ∈ {0, 1, . . . , ℓ}. If h = 0, define
Eγ′,i(w) = 0. Otherwise, define

Eγ′,i(w) =

{
0 if γ1 ∈ Si or γ′ ∈ Si

(γ̄, (Sℓ ∪ {γ1}, lℓ, . . . , Si+1 ∪ {γ1}, li+1, Si, µ̄, Si ∪ {γ1}, li, Si−1, . . . , S1, l1, S0)) otherwise
(A.28)

where

γ̄ =


(γ2, . . . , γh) if γ′ = γ1

(γ2, . . . , γk−1, γk+1, . . . , γh) if γ′ = γk for k > 1

(α, γ2, γ3, . . . , γh) otherwise
(A.29)

and

µ̄ =

{
γ1 if γ′ = γ1

γ1γ
′ otherwise

∈M. (A.30)

We say that Eγ′,i(w) is the (γ′, i)th child of w.
We further define the set of children of w: E(w) = {Eγ′,i(w) : i ∈ {0, 1, . . . , ℓ}, γ′ ∈ Γ}.

Lemma A.11. Let O be an operator, and let w ∈ W be a Rademacher-averaged TOI object. Suppose that
w has at least one downstairs Rademacher, i.e., it can be written as w = ((γ1, . . . , γh), (Sℓ, lℓ, . . . , l1, S0))
with h ≥ 1. Then, the action of w on O is given by the sum over all of its children, acting on O:

V (w,O) =
∑

w′∈E(w)

V (w′,O) =
∑
α∈Γ

ℓ∑
i=0

V (Eα,i(w),O) , (A.31)

where V was defined in Eq. (A.6).

Proof. This equation directly follows from Lemma A.9. In particular, if w = ((γ1, . . . , γh), (Sℓ, lℓ, . . . , l1, S0)),
then by the definition in Eq. (A.6), the quantity V (w,O) is equal to the left-hand side of Eq. (A.25). Mean-
while, each term on the right-hand side of Eq. (A.25) is a Rademacher-averaged TOI associated with the
object Eα,i(w): one identifies α = γ′ and i = k to get the corresponding terms. Moreover, each setting
(α, i) that does not correspond to any term on the right-hand side of Eq. (A.25) also satisfies Eα,i(w) = 0.
Thus, the sum over Rademacher-averaged TOIs, acting on O, is equal to the sum over V (w′,O).

Lemma A.12 (Length and number of Rademachers). Let w = ((γ1, . . . , γh), (Sℓ, lℓ, . . . , S1, l1, S0)) ∈ W
be a Rademacher-averaged TOI with length ℓ and h ≥ 1 downstairs Rademachers, and suppose w′ ̸= 0 is
a child of w. Then the length of w′ is ℓ + 1 and the number of downstairs Rademachers of w′ lies in the
set {h, h− 1, h− 2}.

Proof. This follows directly from the definition of a child (see Definition A.10). In particular, each case
in Eq. (A.29) defines a new tuple γ̄ that has has length, respectively, h− 1, h− 2 or h. Furthermore, the
new sequence of sets in Eq. (A.28) has length ℓ+ 1 since µ̄ was inserted.
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The picture that emerges is as follows. We may apply Lemma A.9 to a Rademacher-averaged TOI,
yielding a sum over all its children (as clarified in Lemma A.11). The number of downstairs Rademachers
in any of the children will not exceed that of the parent, as shown in Lemma A.12. The strategy will be
to recursively apply Lemma A.11 to the children for which there is at least one downstairs Rademacher.
After performing this process many times, the original expression will be given by a sum over many TOIs
of varying lengths where all Rademacher prefactors have been canceled, and a remainder term of longer
Rademacher-averaged TOIs which still contain Rademachers downstairs. We will show how to sum the
former, and bound the latter. Next, we introduce a diagrammatic language to organize this expansion.

A.3 Rademacher-averaged TOIs as diagrams: some examples

In this subsection, we introduce the diagrammatic language by way of example. A more formal definition
can be found in the next subsection.

We are interested in bounding the norm of Rademacher-averaged TOIs of length 0, with h downstairs
Rademachers. For example, if h = 3, we are interested in the following superoperator, for which we
introduce a diagrammatic representation:

Esγ1sγ2sγ3Tr
∫ t

0
dt2

∫ t1

0
dt1e

L†t = Esγ1sγ2sγ3J∅K = γ1 γ2 γ3 (A.32)

Each node of the diagram is labeled with an element of Γ. The node with an arrow represents a downstairs
Rademacher.

When we apply Lemma A.9 to the expression in Eq. (A.32), we have the equality

Esγ1sγ2sγ3J∅K = Esγ2sγ3J∅, γ1, {γ1}K +
∑
γ′ ̸=γ1

Esγ′sγ2sγ3
q
∅, γ1γ

′, {γ1}
y

(A.33)

= Esγ2sγ3J∅, γ1, {γ1}K + Esγ3J∅, γ1γ2, {γ1}K + Esγ2J∅, γ1γ3, {γ1}K +
∑

γ′∈Γ\{γ1,γ2,γ3}

Esγ′sγ2sγ3
q
∅, γ1γ

′, {γ1}
y

(A.34)

=

(
γ1

γ1
0

γ2 γ3

)
+

(
γ1

γ2
0

γ2 γ3

)
+


γ1

γ3
0

γ2 γ3

+
∑

γ′∈Γ\{γ1,γ2,γ3}

(
γ1

γ′

0
γ2 γ3

)
,

(A.35)

where we have associated each Rademacher-averaged TOI in the resulting expression with a unique dia-
gram. Each of these diagrams represents a child of the original diagram. In each new diagram, the arrow
representing the first Rademacher γ1 was replaced with an edge to a new node, which has a label in γ′ ∈ Γ.
In the first term, the node label is γ′ = γ1, so the node is filled and that arrow eliminated, representing
the cancellation of sγ1 . In the next two terms, the new node is labeled with a label that agrees with one of
the other Rademachers (corresponding to γ′ = γ2 and γ′ = γ3), and these Rademachers cancel together,
denoted by the dashed line and the removal of the arrow on both paths. In the final term, there is no
cancellation. The 0 label next to the solid edge represents the fact that we are dealing with indexed by
k = 0 in the sum in Eq. (A.25)—in this case k = 0 was the only option.

In general, if the new node introduced has label γ′ and the new edge introduced has label i, then the
new diagram represents the (γ′, i)th child of the original diagram. This means we brought down sγ′ by
applying Duhemal to the exponential with set indexed by i.

We may now recurse and apply Lemma A.9 to each of the terms on the right-hand side of Eq. (A.35)
that still have unpaired downstairs Rademachers (in this case, all of them). As before, in the applicaton
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of Lemma A.9, we choose γ to be the leftmost Rademacher listed downstairs, corresponding the leftmost
arrow appearing in the diagram. For example, a particular summand of the final term can be expanded
as

Esγ′sγ2sγ3
q
∅, γ1γ

′, {γ1}
y
=

(
γ1

γ′

0
γ2 γ3

)

=


γ1

γ′

0

γ′

0

γ2 γ3

+


γ1

γ′

0

γ2
0

γ2 γ3

+


γ1

γ′

0

γ3
0

γ2 γ3

+
∑

γ′′∈Γ\{γ′,γ1,γ2,γ3}


γ1

γ′

0

γ′′

0

γ2 γ3



+


γ1

γ′

0

γ′

1

γ2 γ3

+


γ1

γ′

0

γ2
1

γ2 γ3

+


γ1

γ′

0

γ3
1

γ2 γ3

+
∑

γ′′∈Γ\{γ′,γ2,γ3}


γ1

γ′

0

γ′′

1

γ2 γ3


(A.36)

A few comments are in order. First, we see that for each term on the right-hand side, the first (leftmost)
path has grown to have two solid edges by introducing a new node with a new label γ′′. As before, if
that label is equal to γ′, forming an edge with the same label on both adjacent nodes, then the number of
Rademachers downstairs decreases by 1 and the new node is filled in. The path can also pair up with one
of the other two downstairs Rademachers if γ′′ = γ2 or γ′′ = γ3, indicated by a dashed line. Finally, it can
extend without pairing up, preserving the arrow on all three paths. The second solid edge is labeled with
a 0 or a 1, indicating the value of k that the term corresponds to in the expansion of Eq. (A.25). Note
that the k = 0, γ′′ = γ1 term is missing, because in that case the condition γ′′ ̸∈ Sk would be violated (as
S0 = {γ1} for this particular term, see left-hand side of Eq. (A.36)).

As another example, if we take instead the third term from Eq. (A.35), we expand to obtain

Esγ2J∅, γ1γ3, {γ1}K =


γ1

γ3
0

γ2 γ3

 (A.37)

=


γ1

γ3
0

γ2

γ2
0

γ3

+
∑

γ′∈Γ\{γ1}


γ1

γ3
0

γ2

γ′

0
γ3

+


γ1

γ3
0

γ2

γ2
1

γ3

+
∑
γ′∈Γ


γ1

γ3
0

γ2

γ′

1
γ3


(A.38)

Here, we see that the first and third terms have no remaining downstairs Rademachers (i.e., no arrows).
The second term, corresponding to k = 0, omits the γ′ = γ1 option because here the condition γ′ ̸∈ Sk

would be violated.
As we will define in the next subsection, if we a draw a diagram that violates γ′ ̸∈ Sk, we simply

associate that diagram with the 0 superoperator, so that it may be included in the sum without any effect.

A.4 Rademacher-averaged TOIs as diagrams: formal definition

We now formally write the rules to generate a diagram and its associated Rademacher-averaged TOI.

Definition A.13 (Generating a diagram). Let (β1, . . . , βg) be any tuple of distinct elements of Γ, with
g ≥ 1. Let (α1, . . . , αℓ) be a sequence of elements of Γ, and let (i1, i2, . . . , iℓ) be a tuple of integers satisfying
0 ≤ ij ≤ j − 1 for all j = 1, . . . , ℓ.
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1. Let w = ((β1, . . . , βg), (∅)) be an initial element of W with g downstairs Rademachers and length 0
(associated with the superoperator Esβ1 . . . sβgJ∅K, see Definition A.5)

2. Let d be an initial diagram with g open nodes, labeled β1, . . . , βg from left to right, with an arrow on
each node (see Eq. (A.32) for the g = 3 example).

3. For j = 1 to j = ℓ:

(a) Let β be the label of the leftmost node of d with an arrow. If there are none, then return
“sequence too long.”

(b) Update the diagram d by removing the arrow from the node that is labeled with β.

(c) Update the diagram d by introducing a new node directly above the node labeled by β, and adding
a solid edge connecting the new node with the node labeled by β. Label the new node with αj.
Label the new solid edge with the number ij.

(d) If αj = β, then update the diagram d by filling in the new node. (Do not add any new arrows.)

(e) Else if there exists another node in the diagram that has an arrow and has a label equal to αj,
then update the diagram d by removing the arrow on that node, and connecting the two nodes
with label αj with a dotted line. (Do not add any new arrows.)

(f) Else: update diagram d by adding an arrow on the new node labeled by αj.

(g) Update w to be equal to the (αj , ij)th child of w, as in Definition A.10.

4. Output d and w.

Note that the first recursion step has one exponential to choose from, the second recursion step has
two, etc. The index ij will be the value of k chosen in the recursion equation at step j of recursion (see
Lemma A.9).

Lemma A.14 (Properties of diagram). Let (β1, . . . , βg) be g ≥ 1 distinct elmements of Γ. Let (α1, . . . , αℓ)
be a sequence of elements of Γ and (i1, . . . , iℓ) be integers satisfying 0 ≤ ij ≤ j − 1 for all j = 1, . . . , ℓ. Let
d and w be the diagram and the element of W output by the algorithm defined in Definition A.13 on these
inputs, assuming that the output is not “sequence too long.” Then, either w = 0, or else the following are
true:

1. d has ℓ solid edges, and w has length ℓ

2. The number of nodes of d with an arrow is equal to the number of downstairs Rademachers for w

3. Denoting w = ((γ1, . . . , γh), (Sℓ, lℓ, . . . , l1, S0)), let β be the number of values of j for which the label
lj ∈ Γ, implying that there are ℓ − β values of j for which lj ∈ Γ × Γ. Then the number of filled
nodes of d is equal to β.

Proof. Let w0, w1, . . . , wℓ be the sequence of Rademacher-averaged TOIs generated by the ℓ steps of the
algorithm (with output w = wℓ), and let d0, d1, . . . , dℓ be the sequence of diagrams generated (with output
d = dℓ). Each step of the algorithm adds a single solid edge to the diagram, and the original diagram
has 0 edges, so dj has j edges for all j. Furthermore, wj is a child of wj−1, and the length of w0 is 0, so
applying Lemma A.12, the length of wj is j. This establishes item 1.

To verify item 2, examine the generation of dj from dj−1 in Definition A.13, together with the definition
of wj as the child of wj−1 in Definition A.10. Assume for induction that the tuple of labels on nodes of
dj−1 with an arrow (ordered from left to right), match the tuple of downstairs Rademachers of wj−1; this
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is true in the base case when j = 1 by construction. Then, we see that the three cases in Eq. (A.29)
correspond exactly to the three if-then-else cases of the algorithm: if β = αj in the algorithm, then the
number of arrows decreases by 1, and the tuple γ̄ for wj has one fewer downstairs Radmeacher than that
of wj−1; if β matches the label of another node with an arrow, then this corresponds to the α = γk
branch in Eq. (A.29), and the number of arrows in dj and downstairs Rademachers in wj both decrease
by 2 compared to dj−1 and wj−1; otherwise, the number of arrows and downstairs Rademachers stays the
same. In all cases, the set of nodes with arrows on them in dj , from left to right, matches the tuple γ̄,
confirming the inductive assumption.

To verify item 3, note that when dj is formed from dj−1 and a filled node is added, this corresponds
to the first case (α = γ1) in the addition of a label µ̄ to wj−1 to form wj in Eq. (A.30). Thus, the number
of filled nodes is equal to the number of labels with only one element, and the rest of the labels of w have
two elements.

Before proceeding, we provide a bit of intuition about how this formalism will be used in the lemmas
that follow. Let (β1, . . . , βg) be any tuple of distinct elements of Γ and let q ≥ 0 be an integer. We
start with the Rademacher-averaged TOI Esγ1 . . . sγgJ∅K, apply Lemma A.9, and then apply it again to
every Rademacher-averaged TOI in the resulting expression that has at least one Rademacher prefactor,
repeating this a total of q times. We can see that each Rademacher-averaged TOI in the final expression
corresponds to applying the algorithm in Definition A.13 for some value ℓ ≤ q, some sequence (α1, . . . , αℓ),
and some sequence (i1, . . . , iℓ), corresponding to a choice of γ′ and k in the expansion at each of the ℓ
steps.

A.5 Bounding the norm of a diagram

Continuing the discussion on intuition above, we see that, if we apply Lemma A.9 onto an initial Rademacher-
averaged TOI Esγ1 . . . sγgJ∅K, generating the children of that Rademacher-averaged TOI, and then we
apply Lemma A.9 again onto each of children that have at least one downstairs Rademacher, recursing q
times, then every term that results can be associated with a diagram. That is, at the jth level of recursion,
each child can be associated with a choice (αj , ij) in the algorithm, so for any Rademacher-averaged TOI
in the final expression, there is a choice of sequence (α1, . . . , αℓ), (i1, . . . , iℓ) that leads the algorithm to
output that Rademacher-averaged TOI, along with the diagram. Each of these diagrams will have ℓ solid
edges, with ℓ ≤ q. If the diagram has an arrow on it, then it must have ℓ = q since at each step of the
recursion, it will always have had at least one downstairs Rademacher, and will be expanded by length
1. The ℓ solid edges are labeled by integers i1, i2, . . . , iℓ obeying 0 ≤ ik ≤ k − 1 (with k increasing in the
order they were added to the diagram). We may now assert the following.

Lemma A.15 (Norm bound on a diagram). Consider a diagram d generated from the initial Rademacher-
averaged TOI Esγ1 . . . sγgJ∅K, using the sequence (α1, . . . , αℓ) and (i1, . . . , iℓ). Suppose the diagram has
ℓ solid edges, β filled in nodes, and α dashed lines. Let (ω1ω

′
1, ω2ω

′
2, . . . , ωℓ−βω

′
ℓ−β) denote the pairs of

labels in Γ that are adjacent to solid edges that connect two open nodes. Let (ξ1, . . . , ξβ) denote the set of
labels in Γ for the β solid edges connecting an unfilled node to a filled node (each with that label). Let w be
the Rademacher-averaged TOI that is output along with this diagram by the algorithm in Definition A.13.
Then the norm of the Rademacher-averaged TOI (as a superoperator) can be bounded as

∥d∥ := ∥w∥ := sup
O

|V (w,O)|
∥O∥

≤ tℓ+2

(ℓ+ 2)!

ℓ−β∏
j=1

∥∥∥L†ωjω′
j

∥∥∥
( β∏

i=1

∥∥∥L†ξi∥∥∥
)
. (A.39)
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Proof. Recall that we are bounding the norm of a Rademacher-averaged-TOI via the definition of V (w,O)
(Definition A.5.) The diagram corresponds to a Rademacher-averaged TOI of the form

Esγ1 . . . sγhJSℓ, lℓ, Sℓ−1, . . . , S1, l1, S0K. (A.40)

During the creation of the diagram, a solid edge between open nodes ωj and ω′
j corresponds to the inclusion

of a label lr = ωjω
′
j for one of the values of r. A solid edge between an open node and filled node with

the same label ξi corresponds to the label lr = ξi for some value of r. Applying Lemma A.6 completes the
proof. Note that the choice of (i1, . . . , iℓ) impacts the order in which the set of labels appear, as well as
the sets Sr, but these do not impact the bound in Lemma A.6.

What this lemma shows is that we can upper bound the norm of a diagram by a product of values
assigned to each of its components. For example, we have

∥∥∥∥∥∥∥∥∥∥∥∥∥∥
γ1

β1
0

β2
0

γ4
2

γ2

γ2
1

γ3

β3
3

β4
0

γ4 γ5

∥∥∥∥∥∥∥∥∥∥∥∥∥∥
≤

t8
∥∥∥L†γ1β1

∥∥∥∥∥∥L†β1β2

∥∥∥∥∥∥L†β2γ4

∥∥∥∥∥∥L†γ2∥∥∥∥∥∥L†γ3β3

∥∥∥∥∥∥L†β3β4

∥∥∥
8!

. (A.41)

Note that the values of i1, . . . , iℓ that appear on the edges of the diagram do not affect the bound.

A.6 Proof of Proposition 6.3

We define symbols that will serve to compute bounds:

F1(γ, γ
′) :=

∥∥∥L†γγ′

∥∥∥, and, for p ≥ 2, Fp(γ, γ
′) :=

∑
β1,...,βp−1

∥∥∥L†γβ1

∥∥∥∥∥∥L†β1β2

∥∥∥ · · · ∥∥∥L†βp−2βp−1

∥∥∥∥∥∥L†βp−1γ′

∥∥∥,
(A.42)

G1(γ) :=
∥∥∥L†γ∥∥∥, and, for p ≥ 2, Gp(γ) :=

∑
β1,...,βp−1

∥∥∥L†γβ1

∥∥∥∥∥∥L†β1β2

∥∥∥ · · · ∥∥∥L†βp−2βp−1

∥∥∥∥∥∥L†βp−1

∥∥∥, (A.43)

Φ0(γ) := 1, Φ1(γ) :=
∑
β′

∥∥∥L†γβ′

∥∥∥, and, for

p ≥ 2, Φp(γ) :=
∑
γ′

∑
β1,...,βp−1

∥∥∥L†γβ1

∥∥∥∥∥∥L†β1β2

∥∥∥ · · · ∥∥∥L†βp−2βp−1

∥∥∥∥∥∥L†βp−1γ′

∥∥∥. (A.44)

In what follows, Fp, Gp,Φp will each correspond to a bound on the norm of a sum over diagrams with a
single connected path. The quantity Fp(γ, γ

′) corresponds to all paths with p solid edges, without any
filled nodes or arrows, beginning at γ and ending at γ′. The quantity Gp(γ) corresponds to all paths of
length p beginning at γ and ending with a filled node. The quantity Φp(γ) corresponds to all paths of
length p beginning at γ and ending with an arrow.

The following lemma shows how to bound a term of the form Esγ1sγ2 . . . sγgJ∅K.
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Lemma A.16 (Sum over contributions of all paths). Let g, q be positive integers. Let γ1, . . . , γg be distinct
elements of Γ. Then the following bound holds:∥∥Esγ1sγ2 . . . sγgJ∅K

∥∥
≤

q∑
ℓ=α+β

tℓ+2

(ℓ+ 1)(ℓ+ 2)

∑
π∈S(g)

∑
α,β∈Z≥0

2α+β=g

∑
ℓ1+...+ℓα+r1+...+rβ=ℓ

ℓj ,rk∈Z>0

[

Fℓ1(γπ(1), γπ(2)) · · ·Fℓα(γπ(2α−1), γπ(2α))Gr1(γπ(2α+1)) · · ·Grβ (γπ(2α+β))

]

+ tq+2
∑

π∈S(g)

∑
α,β∈Z≥0

2α+β<g

∑
ℓ1+...+ℓα+r1+...+rβ+v=q

ℓj ,rk∈Z>0,v∈Z≥0

[

Fℓ1(γπ(1), γπ(2)) · · ·Fℓα(γπ(2α−1), γπ(2α))Gr1(γπ(2α+1)) · · ·Grβ (γπ(2α+β))Φv(γπ(2α+β+1))Φ0(γπ(2α+β+2)) · · ·Φ0(γπ(g))

]
.

(A.45)

Note that the index v ranges from 0 to ℓ whereas r1, . . . , rβ, ℓ1, . . . , ℓα range from 1 to ℓ.

Proof. By the definition of the Rademacher-averaged TOI (Definition A.5), the superoperator Eγ1γ2 . . . γgJ∅K,
acting on O, is equal to V (w0,O), where w0 := ((γ1, . . . , γg), (∅)), which has length 0 and g ≥ 1 down-
stairs Rademachers. The object w0 is associated with the diagram d0 with g isolated nodes with an arrow,
as in Eq. (A.32). Let C1 ⊂ W denote the children of w0 that are not equal to 0, that is, C1 = E(w0) \ {0},
as defined in Definition A.10, and let C01 be the subset of C1 that have 0 downstairs Rademachers. Then
we can recursively extend this definition by letting

Cj =
⋃

w∈Cj−1\C0
j−1

E(w) \ {0} , (A.46)

and then define C0j to be the subset of Cj that has 0 downstairs Rademachers.
Then, with repeated applications of Lemma A.11, we can write

V (w0,O) =
∑
w∈C1

V (w,O) =
∑
w∈C0

1

V (w,O) +
∑

w∈C1\C0
1

V (w,O) (A.47)

=
∑
w∈C0

1

V (w,O) +
∑
w∈C0

2

V (w,O) +
∑

w∈C2\C0
2

V (w,O) (A.48)

= . . . =

 q∑
ℓ=1

∑
w∈C0

ℓ

V (w,O)

+
∑

w∈Cq\C0
q

V (w,O). (A.49)

We now use the triangle inequality and assert (noting from the definition of ∥w∥ in Eq. (A.39) that
|V (w,O)| ≤ ∥w∥∥O∥)

|V (w0,O)| ≤
q∑

ℓ=1

∑
w∈C0

ℓ

|V (w,O)|+
∑

w∈Cq\C0
q

|V (w,O)| (A.50)

≤ ∥O∥
q∑

ℓ=1

∑
w∈C0

ℓ

∥w∥+ ∥O∥
∑

w∈Cq\C0
q

∥w∥ . (A.51)
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As ∥w0∥ := supO
|V (w0,O)|

∥O∥ , we can drop the ∥O∥ and write

∥w0∥ ≤
q∑

ℓ=1

∑
w∈C0

ℓ

∥w∥+
∑

w∈Cq\C0
q

∥w∥ . (A.52)

For each element w ∈ C0ℓ , there are sequences (α1, . . . , αℓ) and (i1, . . . , iℓ) such that, on these inputs,
running the algorithm in Definition A.13 outputs w and also the diagram d. By item 2 of Lemma A.14,
if w ∈ C0ℓ , then d has no arrows. Let D0

ℓ denote the set of all diagrams that can be generated by some
sequence pair, with length ℓ and no arrows, and let Dq be the set of all diagrams with q solid edges
(and any number of arrows). Some of these diagrams may be generated together with the output w = 0.
Nevertheless, since ∥d∥ = ∥w∥ = 0 when w = 0, we may still write

∥w0∥ ≤
q∑

ℓ=1

∑
d∈D0

ℓ

∥d∥+
∑

d∈Dq\D0
q

∥d∥ (A.53)

including those diagrams in the sum. Examining the algorithm in Definition A.13, we observe that each of
the g initial paths within the diagram will have an arrow unless (i) at some step the path terminates with
a filled node, removing 1 arrow, or (ii) at some step the path matches with a dotted line to another path,
removing 2 arrows. Let β denote the number of filled nodes in the diagram, and α the number of dotted
lines. If d has no arrows, it must therefore hold that 2α+β = g. There exists a permutation π ∈ S(g), for
which the path of index (counting from left to right) π(2j − 1) matches with the path of index π(2j) and
has a length ℓj , for j = 1, . . . , α, and paths of index π(2α+ j) terminate in a filled node and have length
rj for j = 1, . . . , β. (In fact, there will be multiple such π.) It must hold that ℓ1+ . . .+ ℓα+r1+ . . . rβ = ℓ.
Since ℓj > 0 and rj > 0 must hold, we see that ℓ ≥ α+ β for this diagram to be possible.

We now impose the upper bound in Lemma A.15. Note that it is independent of the choice of i1, . . . , iℓ,
which ultimately contributes a factor of ℓ! to the bound. Also, it has a factor tℓ+2/(ℓ + 2)! regardless of
the details of the diagram. Finally, the diagram-specific multiplicative factors can each be associated with
an edge of the diagram, and are determined by the labels of the nodes adjacent to that edge. Thus, we
can compute independently the contributions of each of the α+ β paths (of lengths ℓ1, . . . , ℓα, r1, . . . , rβ)
that compose the diagram, and multiply them together. All diagrams will be included at least once in the
sum if we sum over all choices of π, α, β, ℓ1, . . . , ℓα, r1, . . . , rβ , i1, . . . , iℓ, and the values of the label of all
the open nodes that are adjacent to two edges (the filled nodes must agree with the node that preceded
them and thus are not summed over). Consider the path of index π(2j − 1), with ℓj such edges, for
j ∈ {1, 2, . . . , α}. Summing over the ℓj choices of labels for open nodes of the path gives a contribution
to the bound of Lemma A.15 equal to Fℓj (γπ(2j−1)γπ(2j)), defined in Eq. (A.43). Similarly, the path of
index π(2α + j), with rj such edges, for j ∈ {1, 2, . . . , β} contributes to the bound of Lemma A.15 as
Grj (γπ(1)γπ(2)), defined in Eq. (A.42). Overall, we can say that

∑
d∈D0

ℓ

∥d∥ ≤
∑

α,β∈Z≥0

2α+β=g

tℓ+2

(ℓ+ 1)(ℓ+ 2)

∑
π∈S(g)

∑
α,β∈Z≥0

2α+β=g

∑
ℓ1+···+ℓα+r1+···+rβ=ℓ

ℓj ,rk∈Z>0

[

Fℓ1(γπ(1), γπ(2)) · · ·Fℓα(γπ(2α−1), γπ(2α)))Gr1(γπ(2α+1)) · · ·Grβ (γπ(2α+β))

]
. (A.54)

Similarly, we may examine elements d ∈ Dq \ D0
q , which have at least one path that ends in an arrow.

Let the number of paths with an arrow be θ, and α and β defined as before, so that 2α + β + θ = g.
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The rules of the algorithm in Definition A.13 ensure that the leftmost path will continue growing until its
arrow is removed. Thus, there can be at most one path with an arrow of length greater than 0. Denote
the length of this path by v ≥ 0, and note that there exists a π for which its index is π(2α+ β+1) (while
maintaining the index relationships above as well). We thus have ℓ1 + . . .+ ℓα + r1 + . . .+ rβ + v = ℓ, and
the contributions of the paths without arrows as above. The contribution of the path of length v with an
arrow is given by Φ(γπ(2α+β+1)). The other ℓ − 2α − β − 1 paths contribute only a factor of Φ0(·) = 1.
This allows us to say that∑

d∈Dq\D0
q

∥d∥ ≤ tq+2
∑

π∈S(g)

∑
α,β∈Z≥0

2α+β<g

∑
ℓ1+...+ℓα+r1+...+rβ+v=q

ℓj ,rk∈Z>0,v∈Z≥0

[

Fℓ1(γπ(1), γπ(2)) · · ·Fℓα(γπ(2α−1), γπ(2α))Gr1(γπ(2α+1)) · · ·Grβ (γπ(2α+β))Φv(γπ(2α+β+1))

]
. (A.55)

Combining these contributions yields the lemma.

We can now use the bounds on Fl, Gl,Φl from Appendix C to arrive at the following lemma:

Proposition 6.3 (restated). Fix a subset U ⊂ Γ with |U | ≤ 5. Suppose that y and t satisfy the relations
t ≥ 0, alockt < 1, and y2∥H∥2localock < 1/8. Then∥∥∥∥∥E

[(∏
α∈U

sα

)
Tr

∫
t>t2>t1>0

dt1dt2e
L†t1(·)

]∥∥∥∥∥ ≤ O (t2) · |y||U | ·
∏
α∈U

hα. (A.56)

Proof. Let U = {γ1, . . . , γg} with |U | = g. Then, the left-hand side is equivalent to the quantity
∥Eγ1γ2 . . . γgJ∅K∥. Applying the bounds offered by Lemma C.3 to Lemma A.16, we get

∥Eγ1γ2 . . . γgJ∅K∥ ≤

 g∏
j=1

hγj

 ∑
π∈S(g)

∑
α,β,θ∈Z≥0

2α+β=g

q∑
ℓ=α+β

tℓ+2

(ℓ+ 1)(ℓ+ 2)

×
∑

ℓ1+...+ℓα+r1+...+rβ=ℓ
ℓj ,rk∈Z>0

(
8|y|2kaloc

)α
(8|y|kaloc)β

(
8|y|2kaloc∥H∥loc

2
)ℓ−α−β

+
tq+2

(q + 1)(q + 2)

∑
π∈S(g)

∑
α,β∈Z≥0

2α+β<g

g−θ∏
j=1

hγπ(j)

 ∑
ℓ1+...+ℓα+r1+...+rβ+v=q

ℓj ,rk∈Z>0,v∈Z≥0

[
(∑

γ

hγ

)(
8|y|2kaloc

)α+1
(8|y|kaloc)β

(
8|y|2kaloc∥H∥loc

2
)q−α−β−1

]
. (A.57)

We see now that each term in the sum over π is identical, so this can be replaced with a g! = O(1), since
g ≤ 5. Furthermore, each term in the sum over ℓ1, . . . , ℓα, r1, . . . , rβ is identicall. The number of ways
to choose integers ℓ1, . . . , ℓα, r1, . . . , rβ , each at least 1, such that they sum to ℓ, is upper bounded by(

ℓ−1
α+β−1

)
≤ ℓα+β . This allows the first term above to be rewritten as

O(t2) ·

 g∏
j=1

hγj

 ∑
α,β,θ∈Z≥0

2α+β=g

|y|2α+βkα+βaα+β
loc tα+β

q∑
ℓ=α+β

ℓα+β
(
8|y|2kaloct∥H∥2loc

)ℓ−α−β

(ℓ+ 1)(ℓ+ 2)
(A.58)
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Under the assumptions on y, t, we have |8|y|2kaloct∥H∥2loc| < 1, and thus, for any fixed α and β, the
sum over ℓ converges and can be upper bounded by a O(1) value (note that α, β ≤ 5 = O(1)). Since
2α + β = g, we can pull out a yg factor. Furthermore, the sum over α, β of the quantity (kaloct)

α+β has
a finite number of terms, and each term is upper bounded by 1, owing to the fact that we have assumed
alockt < 1. Thus the overall contribution can be absorbed into the O(t2). Finally, we recover

O(t2) ·

 g∏
j=1

hγj

 · |y|g. (A.59)

Now, we consider the second term in Eq. (A.57). We employ similar reasoning as above. Here we
have ℓ1 + . . . + ℓα + r1 + . . . + rβ + v = q, with v ≥ 0. The number of ways to choose these integers is(

q
α+β

)
≤ qα+β . Thus, we can rewrite the second term as

O(t2) ·

 g∏
j=1

hγj

(∑
γ

hγ

)
1

∥H∥2loc

∑
α,β∈Z≥0

2α+β<g

|y|2α+βkα+βaα+β
loc tα+β

qα+β
(
8|y|2kaloct∥H∥2loc

)q−α−β

(q + 1)(q + 2)

(A.60)

= O(t2) ·

 g∏
j=1

hγj

(∑
γ

hγ

)
1

∥H∥2loc
|y|g

qα+β
(
8|y|2kaloct∥H∥2loc

)q−α−β

(q + 1)(q + 2)
. (A.61)

We observe that as we increase q to∞, the magnitude of the second term approaches 0. As the statement
is true for all q, this implies that the norm of the Rademacher-averaged TOI is at most the first term,
proving the theorem.

B Proof of Proposition 6.4

In this section, we prove Proposition 6.4. In the previous sections, the subscripts γ in symbols like Hγ

have been drawn from Γ. Here, we allow the subscript to also be 0: let H0 := I, h0 = 1, S(0) = ∅, and
s0 := 1 (not random, unlike the other sγ), and let Γ̄ = Γ ∪ {0}. For γ ∈ Γ̄, let

b̄aγ :=


1 if γ = 0

2y if γ ̸= 0 and [Aa,Hγ ] ̸= 0

0 if γ ̸= 0 and [Aa,Hγ ] = 0

. (B.1)

Since if [Aa,Hγ ] ̸= 0 then [Aa,Hγ ] = 2AaHγ , we can write the definition of Ka in Eq. (4.5) as

Ka =
∑
γ∈Γ̄

sγ b̄aγA
aHγ , (B.2)

implying that (see Eq. (4.4))

La†(O) = Ka†OKa − 1

2
Ka†KaO − 1

2
OKa†Ka (B.3)

=
∑

γ1,γ2∈Γ̄

sγ1sγ2 b̄aγ1 b̄aγ2

(
Hγ1A

a†OAaHγ2 −
1

2
Hγ1Hγ2O −

1

2
OHγ1Hγ2

)
(B.4)

=
∑

γ1,γ2∈Γ̄

sγ1sγ2Ra†
γ1γ2(O) (B.5)
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where we used the fact that Aa†Aa = I, from Condition 5.2, and defined

Ra†
γ1γ2(O) :=

1

2
b̄aγ1 b̄aγ2

(
Hγ1A

a†OAaHγ2 +Hγ2A
a†OAaHγ1 −

1

2
Hγ1Hγ2O −

1

2
Hγ2Hγ1O −

1

2
OHγ1Hγ2 −

1

2
OHγ2Hγ1

)
,

(B.6)

noting the explicit symmetrization of Ra†
γ1γ2 with respect to its subscripts. The object Ra†

γ1γ2 is similar, but
not identical, to the previously defined object La†γ1γ2 (see Eq. (6.5)), but it always has two subscripts, and
allows those subscripts to be drawn from Γ̄ rather than Γ, making for simpler bookkeeping in this section.

For any integer g ≥ 0, define

h(γ0, γ1, γ2, . . . , γg−1) =
∏
α∈Γ

(|y|hα)|{j:γj=α}| mod 2 , (B.7)

where hα is the strength of the associated term of H, as defined in Condition 5.1. That is, for each α ∈ Γ,
a factor of (|y|hα) is included if the tuple (γ0, . . . , γg−1) has an odd number of appearances of α.

Proposition 6.4 (restated). Let OU be defined as in the expansion of Eq. (6.28) for each subset U ⊂ Γ,
with |U | ≤ 5. Suppose that y satisfies the relation y2∥H∥2localock < 1/8. Then we have

∑
U⊂Γ
|U |≤5

(∏
α∈U

hα

)
|y||U |∥OU∥ ≤ O(1) · |y|a2lock2∥H∥

2
glo

Proof. Observe that OU , as defined in Eq. (6.28), is the operator obtained by expanding L†(L†(H)) as
a polynomial in the Rademachers sγ , and then (after cancelling any double appearances s2γ = 1) setting
sγ = 1 when γ ∈ U and sγ = 0 when γ ̸∈ U . To do this explicitly, we may write (see Eq. (B.5))

L†(O) =
∑
a∈A

∑
γ1,γ2∈Γ̄

sγ1sγ2Ra†
γ2γ1(O). (B.8)

Recalling that H =
∑

γ0∈Γ sγ0Hγ0 , we have

L†(L†(H)) =
∑

a,a′∈A

∑
γ0∈Γ

∑
γ1,γ2,γ3,γ4∈Γ̄

sγ0sγ1sγ2sγ3sγ4Ra′†
γ4γ3R

a†
γ2γ1(Hγ0) =

∑
U⊂Γ
|U |≤5

(∏
α∈U

sα

)
OU (B.9)

where OU can be expressed as a sum over some set of terms of the form Ra′†
γ4γ3R

a†
γ2γ1(Hγ0), as follows,

OU =
∑

(γ0,γ1,a,γ2,γ3,a′,γ4)∈CU

Ra′†
γ4γ3R

a†
γ2γ1(Hγ0) . (B.10)

Here, the subset CU is defined implicitly to contain all choices of (γ0, γ1, a, γ2, γ3, a′, γ4) that lead there to
be an odd number of appearances of sα for each α ∈ U and an even number of appearances of sα for each
α ̸∈ U . The sets CU partition without overlap the set of all choices in Γ× Γ̄×A× Γ̄× Γ̄×A× Γ̄. By the
triangle inequality, we may state that

∥OU∥ ≤
∑

(γ0,γ1,a,γ2,γ3,a′,γ4)∈CU

∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥ . (B.11)
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We now observe that for a fixed U and a choice (γ0, γ1, a, γ2, γ3, a
′, γ4) ∈ CU , it holds that

∏
α∈U |y|hα =

h(γ0, γ1, γ2, γ3, γ4), by construction. Hence, we may express the left-hand side of the quantity in the
proposition as follows.

∑
U⊂Γ
|U |≤5

(∏
α∈U
|y|hα

)
∥OU∥ ≤

∑
U⊂Γ
|U |≤5

(∏
α∈U
|y|hα

) ∑
(γ0,γ1,a,γ2,γ3,a′,γ4)∈CU

∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥ (B.12)

=
∑
U⊂Γ
|U |≤5

∑
(γ0,γ1,a,γ2,γ3,a′,γ4)∈CU

h(γ0, γ1, γ2, γ3, γ4)
∥∥∥Ra′†

γ4γ3R
a†
γ2γ1(Hγ0)

∥∥∥ (B.13)

=
∑

a,a′∈A

∑
γ0∈Γ

∑
γ1,γ2,γ3,γ4∈Γ̄

h(γ0, γ1, γ2, γ3, γ4)
∥∥∥Ra′†

γ4γ3R
a†
γ2γ1(Hγ0)

∥∥∥. (B.14)

The sum above is the starting point for our analysis. Let γ̂ = (γ0, γ1, a, γ2, γ3, a
′, γ4) denote a choice

for the tuple of parameters in the sum, drawn from the set Γ× Γ̄×A× Γ̄× Γ̄×A× Γ̄. We will identify a
subset C such that if γ̂ ̸∈ C, the associated term in the sum in Eq. (B.12) is guaranteed to vanish, modulo a
permutation of the coordinates. Then, we will evaluate the sum that results. We will utilize the following
lemmas. The first lemma establishes some facts about the action of Ra†

γ2γ1 onto an operator O; namely, a
few conditions under which it vanishes, and a restriction on the growth of the support.

Lemma B.1 (Locality estimate). Suppose an operator O can be decomposed as a linear combination
of products of Hγ for various γ, and let Z ⊂ [n] be the union of S(γ) for all Hγ appearing in this
decomposition. (This implies that O is supported on Z and that one can write O = OZ ⊗ I[n]\Z .) Assume
that Condition 5.1, Condition 5.2, and Condition 5.3 hold. Then, the following statements hold:

(i) Ra†
γ2γ1(O) is supported on Z ∪ S(γ1) ∪ S(γ2).

(ii)
∥∥∥Ra†

γ2γ1(O)
∥∥∥ ≤ 2

∣∣b̄aγ1 b̄aγ2∣∣hγ1hγ2∥O∥.
(iii) Suppose that γ1 = 0 or that γ2 = 0. If Aa is not supported on Z, then Ra†

γ2γ1(O) = 0.

(iv) Suppose that γ1, γ2 ∈ Γ̄ and a ∈ A, and that either γ1 ̸= 0 or γ2 ̸= 0 (or both). If Z∩(S(γ1)∪S(γ2)) =
∅, then Ra†

γ2γ1(O) = 0.

Proof. We begin with a general observation that will be relevant in multiple cases. We have assumed
O is given by a linear combination of products of Hγ factors whose support is contained in Z. If Aa

is not supported on Z, then Condition 5.2 implies that [Aa,Hγ ] = 0 for all γ appearing in the linear
combination, and hence that [Aa,O] = 0.

First we consider the case that γ1 = γ2 = 0. In this case, referring to the definition in Eq. (B.6),
we have Hγ1 = Hγ2 = I and b̄aγ1 = b̄aγ2 = 1, implying that Ra†

γ2γ1(O) = Aa†OAa† − O. If Aa is not
supported on Z, then [Aa,O] = 0 and hence Ra†

γ2γ1(O) vanishes, verifying item (iii). If Aa is supported on
Z, then Aa†OAa† −O is supported on Z. Either way, Ra†

γ2γ1(O) is supported on Z = Z ∪ S(γ1) ∪ S(γ2),
verifying item (i). Furthermore, since ∥Aa∥ = 1 (Condition 5.2), we have

∥∥Aa†OAa† −O
∥∥ ≤ 2∥O∥ =

2
∣∣b̄a0b̄a0∣∣h0h0∥O∥ by the triangle inequality, and the fact that the norm of a product is less than the

product of norms, verifying item (ii). Item (iv) is not applicable in this case.
In all other cases, at least one of γ1, γ2 is not 0. Without loss of generality, assume γ1 ̸= 0. Inspecting

the definition of Ra†
γ1γ2 in Eq. (B.6), we see that Ra†

γ1γ2(O) = 0 (and all four items hold), unless b̄aγ1 ̸= 0
and b̄aγ2 ̸= 0. Thus, we assume b̄aγ1 ̸= 0, which implies that Aa anticommutes with Hγ1 and thus by
Condition 5.2, Aa must be supported on S(γ1). Now, in general, the product of operators is supported
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on the union of the supports of the factors in the product. Since each term of Eq. (B.6) is a product of
Aa, Hγ1 , Hγ2 and O in some order, it follows that Ra†

γ1γ2(O) is supported on Z ∪ S(γ1) ∪ S(γ2), proving
item (i). To show item (ii), one can again apply the triangle inequality to each of the 6 terms of Eq. (B.6)
while noting that the norm of a product of operators is upper bounded by the product of the norms. We
recall that ∥Hγ∥ ≤ hγ (Condition 5.1), and ∥Aa∥ = 1 (Condition 5.2). Summing these term-wise bounds
yields the quoted 2

∣∣b̄aγ1 b̄aγ2∣∣hγ1hγ2∥O∥.
Next, suppose that γ2 = 0, and that Aa is not supported on Z. This implies that Hγ2 = I, and that

Aa†OA = O, so that

Ra†
γ1γ2(O) =

1

2
b̄aγ1 b̄aγ2

(
Hγ1O +OHγ1 −

1

2
Hγ1O −

1

2
Hγ1O −

1

2
OHγ1 −

1

2
OHγ1

)
(B.15)

which vanishes, verifying item (iii).
Finally, suppose that Z ∩ (S(γ1) ∪ S(γ2)) = ∅. If Aa is not supported on S(γ1), then b̄aγ1 = 0, and

hence Ra†
γ2γ1(O) = 0. If Aa (a single-site operator, by Condition 5.3) is supported on S(γ1), then it is not

supported on Z (since Z ∩ S(γ1) = ∅), and thus again Aa†OAa = O. In this case, we have

Ra†
γ1γ2(O) =

1

2
b̄aγ1 b̄aγ2

(
Hγ1OHγ2 +Hγ2OHγ1 −

1

2
Hγ1Hγ2O −

1

2
Hγ2Hγ1O −

1

2
OHγ1Hγ2 −

1

2
OHγ2Hγ1

)
(B.16)

If γ2 = 0, then Hγ2 = I, and the expression vanishes and item (iv) is true. If γ2 ̸= 0, then the statement
Z ∩ (S(γ1) ∪ S(γ2)) = ∅ means that the support of O is nonoverlapping with both S(γ1) and S(γ2). By
the fact that O is a linear combination of products of Hγ terms and the assumption of commutativity in
Condition 5.2, it follows that O commutes with each of Hγ1 and Hγ2 . Employing this fact, we move the
O to the left of every term, rewriting

Ra†
γ1γ2(O) =

1

2
b̄aγ1 b̄aγ2

(
OHγ1Hγ2 +OHγ2Hγ1 −

1

2
OHγ1Hγ2 −

1

2
OHγ2Hγ1 −

1

2
OHγ1Hγ2 −

1

2
OHγ2Hγ1

)
(B.17)

which vanishes, verifying item (iv).

Next, we use these facts to establish formal conditions under which the quantity Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

vanishes. Here we recall the definition from Condition 5.3 that AZ is the subset of A containing values of
a for which the jump Aa is supported on the subset Z ⊂ [n].

Lemma B.2. Assume that Condition 5.1, Condition 5.2, and Condition 5.3 hold. Define the subset
C ⊂ Γ× Γ̄×A× Γ̄× Γ̄×A× Γ̄ as follows. A coordinate γ̂ = (γ0, γ1, a, γ2, γ3, a

′, γ4) ∈ C if all the following
criteria are satisfied:

γ1 ∈ {γ1 ∈ Γ : S(γ1) ∩ S(γ0) ̸= ∅} ∪ {0} (B.18)
a ∈ AS(γ0)∪S(γ1) and b̄aγ1 ̸= 0 (B.19)

γ2 ∈ {γ2 ∈ Γ : baγ2 ̸= 0} ∪ {0} (B.20)
γ3 ∈ {γ3 ∈ Γ : S(γ3) ∩ Z ̸= ∅} ∪ {0} (B.21)
a′ ∈ AZ∪S(γ3) (B.22)

γ4 ∈ {γ4 ∈ Γ : ba′γ4 ̸= 0} ∪ {0}, (B.23)

where Z ⊂ [n] denotes the support of the operator Ra†
γ2γ1(Hγ0) which is guaranteed to satisfy |Z| ≤ 3k.

Let C′, C′′, C′′′ be the sets formed by taking points in C and swapping coordinates (γ3, γ4), swapping
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coordinates (γ1, γ2), and swapping both pairs of coordinates, respectively. If γ̂ ̸∈ C ∪ C′ ∪ C′′ ∪ C′′′, then
Ra′†

γ4γ3R
a†
γ2γ1(Hγ0) = 0 must hold.

Proof. First, note that by inpection of Eq. (B.6), and using the fact that Aa commutes or anticommutes
with Hγ for all γ (Condition 5.2), it follows that Ra†

γ2γ1(Hγ0) is a linear combination of products of
Hamiltonian terms (in each term of Eq. (B.6), we can commute Aa† through to cancel as Aa†Aa = I).
Thus, the criteria of Lemma B.1 are satisfied both for O = Hγ0 and for O = Ra†

γ2γ1(Hγ0). The fact that
|Z| ≤ 3k follows from the item (i) of Lemma B.1, since Hγ0 , Hγ1 , and Hγ2 are each supported on at most
k sites.

We iterate through the conditions, aiming to show that if the condition fails, the quantity vanishes.
For O = Hγ0 the support of O is S(γ0) and by Lemma B.1, item (iv), we can assert the following. For at
least one choice of i ∈ {1, 2} it must hold either that γi = 0, or that γi ̸= 0 and S(γ0)∩S(γi) ̸= ∅, in order
for the quantity to be nonvanishing. Without loss of generality (since we symmetrize by also including C′,
C′′, and C′′′), assume it holds for i = 1, which implies the first condition, Eq. (B.18).

Next, if b̄aγ1 = 0, then clearly the term vanishes, by Eq. (B.6). Moreover, if Aa is not supported on
S(γ1) and γ1 ̸= 0, then this implies that b̄aγ1 = 0 and thus by Eq. (B.6), the quantity vanishes. If Aa is
not supported on S(γ1) and γ1 = 0, then by item (iii) of Lemma B.1, Aa must be supported on S(γ0), else
the quantity vanishes. We conclude that for the quantity to be nonvanishing, Aa must either be supported
on S(γ0) or on S(γ1). This verifies the second condition, Eq. (B.19).

The third condition, Eq. (B.20), is true since the quantity vanishes whenever b̄aγ2 = 0. Thus, for it to
be nonvanishing, either γ2 = 0 or γ2 ̸= 0 and baγ2 ̸= 0.

The fourth, fifth, and sixth conditions are true for the same reason the first, second, and third conditions
are true, respectively, instead using O = Ra†

γ2γ1(Hγ0), and with a′ in place of a, and γ3, γ4 in place of γ1,
γ2.

Lemma B.3. Assume Condition 5.1, Condition 5.2, and Condition 5.3 hold. Then,∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥ ≤ 4
∣∣b̄aγ1 b̄aγ2 b̄a′γ3 b̄a′γ4∣∣hγ0hγ1hγ2hγ3hγ4 . (B.24)

Proof. This follows from Lemma B.1, item (ii), and the fact that ∥Hγ∥ = hγ (Condition 5.1).

In what follows, the quantity Z ⊂ [n] denotes the support of Ra†
γ2γ1(Hγ0). By Lemma B.1, item (i)

and the fact that |S(γ)| = k for all γ (Condition 5.3), we have |Z| ≤ 3k.
We build toward the full sum in Eq. (B.14) by working right to left within the tuple (γ0, γ1, a, γ2, γ3, a′, γ4).

That is, we consider fixed γ0, γ1, a, γ2, γ3, a
′ and upper bound the sum over γ4. Then, we unfix a′ and

upper bound the sum over a′ and γ4. Then we unfix γ3 and upper bound the sum over γ3, a′, and γ4, etc.

Summing over γ4. First, for fixed γ0, γ1, a, γ2, γ3, a
′, from Lemma B.3 we have that∑

γ4:γ̂∈C
h(γ0, γ1, γ2, γ3, γ4)

∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥ (B.25)

≤ 4
∣∣b̄aγ1 b̄aγ2 b̄a′γ3∣∣hγ0hγ1hγ2hγ3 ∑

γ4:γ̂∈C
|b̄a′γ4 |hγ4h(γ0, γ1, γ2, γ3, γ4). (B.26)

Recall that the value of h(γ0, γ1, γ2, γ3, γ4), defined in Eq. (B.7), depends on whether the settings of γi
collide or not. Specifically, we can update h(γ0, γ1, γ2, γ3, γ4) based on the setting of γ4, and whether it
collides with one of the other γi; for example, if γ4 = γ0, then h(γ0, γ1, γ2, γ3, γ4) = h(γ1, γ2, γ3), and if
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there is no collision, then h(γ0, γ1, γ2, γ3, γ4) = |y|hγ4h(γ0, γ1, γ2, γ3). Following these assertions, we may
observe that

|b̄a′γ4 |hγ4h(γ0, γ1, γ2, γ3, γ4) =



h(γ0, γ1, γ2, γ3) if γ4 = 0

h(γ1, γ2, γ3)|b̄a′γ0 |hγ0 if γ4 = γ0 ̸= 0

h(γ0, γ2, γ3)|b̄a′γ1 |hγ1 if γ4 = γ1 ̸= 0

h(γ0, γ1, γ3)|b̄a′γ2 |hγ2 if γ4 = γ2 ̸= 0

h(γ0, γ1, γ2)|b̄a′γ3 |hγ3 if γ4 = γ3 ̸= 0

h(γ0, γ1, γ2, γ3)|b̄a′γ4 ||y|h2γ4 otherwise

(B.27)

Note that in the cases where γ4 ̸= 0, we can assert that |b̄a′γi | ≤ 2|y| (since the first case in Eq. (B.1) is
ruled out). In the final case, in order for b̄a′γ4 ̸= 0, it must hold that S(γ4) intersects with the support of
Aa′ (Condition 5.2), which is a single site (Condition 5.3), denoted by {j′}. We recall from the definition
of ∥H∥loc in Eq. (5.12), that ∑

γ4:j′∈S(γ4)

h2γ4 ≤ ∥H∥
2
loc. (B.28)

Thus, putting it all together, we have the following, where we have labeled which terms arise from each
of the cases above.∑

γ4:γ̂∈C
h(γ0, γ1, γ2, γ3, γ4)

∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥ (B.29)

≤ O(1) ·
∣∣b̄aγ1 b̄aγ2 b̄a′γ3∣∣hγ0hγ1hγ2hγ3

(
h(γ0, γ1, γ2, γ3)( 1︸︷︷︸

γ4=0

+ |y|2∥H∥2loc︸ ︷︷ ︸
otherwise

)

+ h(γ1, γ2, γ3)|y|hγ0 δ̄0γ0︸ ︷︷ ︸
γ4=γ0

+h(γ0, γ2, γ3)|y|hγ1 δ̄0γ1︸ ︷︷ ︸
γ4=γ1

+h(γ0, γ1, γ3)|y|hγ2 δ̄0γ2︸ ︷︷ ︸
γ4=γ2

+h(γ0, γ1, γ2)|y|hγ3 δ̄0γ3︸ ︷︷ ︸
γ4=γ3

)
(B.30)

where δ̄γ0 := 1− δγ0 is 1 if γ ̸= 0 and 0 otherwise. We have absorbed the factor of 2 on some of the terms
into the O(1) in front, to keep the expressions as simple as possible (recall that all terms on the right-hand
side are non-negative).

Summing over a′. Next, for fixed γ0, γ1, a, γ2, γ3, we consider summing the expression in Eq. (B.30)
over the choice of a′, consistent with γ̂ ∈ C. From Lemma B.2, Eq. (B.22), it must hold that a′ ∈ AZ∪S(γ3),
which is true for at most 4alock values of a′ (Condition 5.3). Thus, we pick up a factor of alock in the
expression, and we can write∑

a′,γ4:γ̂∈C
h(γ0, γ1, γ2, γ3, γ4)

∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥ (B.31)

≤ O(1) · (alock)
∣∣b̄aγ1 b̄aγ2∣∣ (2|y|)δ̄0γ3hγ0hγ1hγ2hγ3

(
h(γ0, γ1, γ2, γ3)(1 + |y|2∥H∥2loc)

+ h(γ1, γ2, γ3)|y|hγ0 δ̄0γ0 + h(γ0, γ2, γ3)|y|hγ1 δ̄0γ1 + h(γ0, γ1, γ3)|y|hγ2 δ̄0γ2 + h(γ0, γ1, γ2)|y|hγ3 δ̄0γ3

)
(B.32)

where we have also used the upper bound |b̄a′γ3 | ≤ (2|y|)δ̄0γ3 .
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Summing over γ3. Next, for fixed γ0, γ1, a, γ2, we consider summing the expression in Eq. (B.32) over
γ3, consistent with γ̂ ∈ C. Following a similar logic as previously, we observe that

(2|y|)δ̄0γ3h(γ0, γ1, γ2, γ3)hγ3 =



h(γ0, γ1, γ2) if γ3 = 0

h(γ1, γ2)2|y|hγ0 if γ3 = γ0 ̸= 0

h(γ0, γ2)2|y|hγ1 if γ3 = γ1 ̸= 0

h(γ0, γ1)2|y|hγ2 if γ3 = γ1 ̸= 0

h(γ0, γ1, γ2)2|y|2h2γ3 otherwise

(B.33)

and that for i ̸= j ∈ {0, 1, 2}

(2|y|)δ̄0γ3 |y|hγ3h(γi, γj , γ3) =


h(γi, γj)|y| if γ3 = 0

h(γj)2|y|2hγi if γ3 = γi ̸= 0

h(γi)2|y|2hγj if γ3 = γj ̸= 0

h(γi, γj)2|y|3h2γ3 otherwise

(B.34)

Note that h(α) = 1 if α = 0, and h(α) = |y|hα if α ̸= 0. In the “otherwise” cases above, we also note from
Lemma B.2, Eq. (B.21), that S(γ3) must have overlap with Z, a set of size at most 3k, in order for γ̂ ∈ C
to hold. Thus, ∑

γ3:S(γ3)∩Z ̸=∅

h2γ3 ≤
∑
j∈Z

∑
γ3:j∈S(γ3)

h2γ3 ≤ 3k∥H∥2loc, (B.35)

where we have again invoked the definition of ∥H∥loc in Eq. (5.12). This inequality is also useful for
summing over the (2|y|)δ̄0γ3 |y|h2γ3h(γ0, γ1, γ2)δ̄0γ3 term (denoted by the label “γ4 = γ3” in the underbrace
below). Putting these together, we arrive at the following, where we label each term to help understand
which values of γ3 and γ4 it corresponds to:∑

γ3,a′,γ4:γ̂∈C
h(γ0, γ1, γ2, γ3, γ4)

∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥
≤ O(1) · (alock)

∣∣b̄aγ1 b̄aγ2∣∣hγ0hγ1hγ2
(
h(γ0, γ1, γ2)

((
1︸︷︷︸

γ4=0

+ |y|2∥H∥2loc︸ ︷︷ ︸
(B.27), otherwise

)(
1︸︷︷︸

(B.33)
γ3=0

+ k|y|2∥H∥2loc︸ ︷︷ ︸
(B.33), otherwise

)
+ k|y|2∥H∥2loc︸ ︷︷ ︸

γ4=γ3

)

+

(
1︸︷︷︸

γ4=0

+ |y|2∥H∥2loc︸ ︷︷ ︸
(B.27), otherwise

)(
h(γ1, γ2)|y|hγ0 δ̄0γ0︸ ︷︷ ︸

(B.33),γ3=γ0

+h(γ0, γ2)|y|hγ1 δ̄0γ1︸ ︷︷ ︸
(B.33),γ3=γ1

+h(γ0, γ1)|y|hγ2 δ̄0γ2︸ ︷︷ ︸
(B.33),γ3=γ2

)

+

(
1︸︷︷︸

(B.34)
γ3=0

+ k|y|2∥H∥2loc︸ ︷︷ ︸
(B.34), otherwise

)(
h(γ1, γ2)|y|hγ0 δ̄0γ0︸ ︷︷ ︸

γ4=γ0

+h(γ0, γ2)|y|hγ1 δ̄0γ1︸ ︷︷ ︸
γ4=γ1

+h(γ0, γ1)|y|hγ2 δ̄0γ2︸ ︷︷ ︸
γ4=γ2

)

+ h(γ2)|y|2hγ0hγ1 δ̄0γ0 δ̄0γ1︸ ︷︷ ︸
(B.34)

γ4=γ0 and γ3=γ1
γ4=γ1 and γ3=γ0

+h(γ1)|y|2hγ0hγ2 δ̄0γ0 δ̄0γ2︸ ︷︷ ︸
(B.34)

γ4=γ0 and γ3=γ2
γ4=γ2 and γ3=γ0

+h(γ0)|y|2hγ1hγ2 δ̄0γ1 δ̄0γ2︸ ︷︷ ︸
(B.34)

γ4=γ1 and γ3=γ2
γ4=γ2 and γ3=γ1

)
. (B.36)
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Grouping like terms, the right-hand side can be rewritten as

O(1) · (alock)
∣∣b̄aγ1 b̄aγ2∣∣hγ0hγ1hγ2

(
h(γ0, γ1, γ2)

(
1 + k|y|2∥H∥2loc + k|y|4∥H∥4loc

)
+

(
h(γ1, γ2)|y|hγ0 δ̄0γ0 + h(γ0, γ2)|y|hγ1 δ̄0γ1 + h(γ0, γ1)|y|hγ2 δ̄0γ2

)(
1 + k|y|2∥H∥2loc

)
+ h(γ2)|y|2hγ0hγ1 δ̄0γ0 δ̄0γ1 + h(γ1)|y|2hγ0hγ2 δ̄0γ0 δ̄0γ2 + h(γ0)|y|2hγ1hγ2 δ̄0γ1 δ̄0γ2

)
. (B.37)

Summing over γ2. Next, for fixed γ0, γ1, a, we consider summing the expression in Eq. (B.37) over γ2,
consistent with γ̂ ∈ C. The logic here is similar to that of summing over γ4, above. First, we observe that

|b̄aγ2 |hγ2h(γ0, γ1, γ2) =


h(γ0, γ1) if γ2 = 0

h(γ1)|b̄aγ0 |hγ0 if γ2 = γ0 ̸= 0

h(γ0)|b̄aγ1 |hγ1 if γ2 = γ1 ̸= 0

h(γ0, γ1)|b̄aγ2y|h2γ2 otherwise

(B.38)

that, for i ∈ {1, 2},

|b̄aγ2y|hγ2h(γi, γ2) =


h(γi)|y| if γ2 = 0

|b̄aγiy|hγi if γ2 = γi ̸= 0

h(γi)|b̄aγ2y2|h2γ2 otherwise
(B.39)

and that

b̄aγ2 |y|2hγ2h(γ2) =

{
|y|2 if γ2 = 0

|b̄aγ2y3|h2γ2 otherwise.
(B.40)

Note that in the cases where γ2 = γi ̸= 0, we can assert that |b̄aγi | ≤ 2|y|. In the “otherwise” cases, in
order for b̄aγ2 ̸= 0, then S(γ2) must intersect with the support of Aa (Condition 5.2), which is a single site
(Condition 5.3), denoted by {j}. We recall that∑

γ2:j∈S(γ2)

h2γ2 ≤ ∥H∥
2
loc. (B.41)
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This inequality is also useful for summing the |b̄aγ2y2|h(γi)hγjh2γ2 δ̄0γj δ̄0γ2 terms (labeled by ∗ below) and
the |b̄aγ2 |h(γ0, γ1)|y|h2γ2 δ̄0γ2 term (labeled by ∗∗ below) from Eq. (B.37). Thus, we have∑

γ2,γ3,a′,γ4:γ̂∈C
h(γ0, γ1, γ2, γ3, γ4)

∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥
≤ O(1) · (alock)|b̄aγ1 |hγ0hγ1

(
h(γ0, γ1)

(
1 + k|y|2∥H∥2loc + k|y|4∥H∥4loc

)(
1︸︷︷︸

(B.38)
γ2=0

+ |y|2∥H∥2loc︸ ︷︷ ︸
(B.38), otherwise

)

+ hγ0hγ1 |y|2δ̄0γ0 δ̄0γ1︸ ︷︷ ︸
(B.39),γ2=γi

(
1 + k|y|2∥H∥2loc

)
+ |y|

(
h(γ1)hγ0 δ̄0γ0︸ ︷︷ ︸

(B.38),γ2=γ0

+h(γ0)hγ1 δ̄0γ1︸ ︷︷ ︸
(B.38),γ2=γ1

)(
1 + k|y|2∥H∥2loc + k|y|4∥H∥4loc

)

+

(
h(γ0)|y|hγ1 δ̄0γ1 + h(γ1)|y|hγ0 δ̄0γ0︸ ︷︷ ︸

(B.39),γ2=0

+h(γ0)|y|3hγ1 δ̄0γ1∥H∥
2
loc + h(γ1)|y|3hγ0 δ̄0γ0∥H∥

2
loc︸ ︷︷ ︸

(B.39), otherwise

)(
1 + k|y|2∥H∥2loc

)
+ |y|2hγ0hγ1 δ̄0γ0 δ̄0γ1︸ ︷︷ ︸

(B.40),γ2=0

+ |y|4hγ0hγ1 δ̄0γ0 δ̄0γ1∥H∥
2
loc︸ ︷︷ ︸

(B.40), otherwise

+h(γ1)|y|3hγ0 δ̄0γ0∥H∥
2
loc + h(γ0)|y|3hγ1 δ̄0γ1∥H∥

2
loc︸ ︷︷ ︸

∗

+ h(γ0, γ1)|y|2∥H∥2loc
(
1 + k|y|2∥H∥2loc︸ ︷︷ ︸

∗∗

))
. (B.42)

Grouping like terms, the right-hand side can be rewritten as

O(1) · (alock)|b̄aγ1 |hγ0hγ1

(
h(γ0, γ1)

(
1 + k|y|2∥H∥2loc + k|y|4∥H∥4loc + k|y|6∥H∥6loc

)

+ hγ0hγ1 δ̄0γ0 δ̄0γ1

(
|y|2 + k|y|4∥H∥2loc

)
+

(
h(γ1)hγ0 δ̄0γ0 + h(γ0)hγ1 δ̄0γ1

)(
|y|+ k|y|3∥H∥2loc + k|y|5∥H∥4loc

))
.

(B.43)

Summing over a. Next, for fixed γ0, γ1, we consider summing the expression in Eq. (B.43) over choice
of a, consistent with γ̂ ∈ C. We note from Lemma B.2, Eq. (B.19), it must hold that a ∈ AS(γ0)∪S(γ1),
which is true for at most 2alock choices of a (Condition 5.3). Thus, we pick up another factor of alock in
the expression, and we can write∑

a,γ2,γ3,a′,γ4:γ̂∈C
h(γ0, γ1, γ2, γ3, γ4)

∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥
≤ O(1) · (a2lock2)(2|y|)δ̄0γ1hγ0hγ1

(
h(γ0, γ1)

(
1 + k|y|2∥H∥2loc + k|y|4∥H∥4loc + k|y|6∥H∥6loc

)

+ hγ0hγ1 δ̄0γ1

(
|y|2 + k|y|4∥H∥2loc

)
+

(
h(γ1)hγ0 + |y|hγ0hγ1 δ̄0γ1

)(
|y|+ k|y|3∥H∥2loc + k|y|5∥H∥4loc

))
,

(B.44)

where we have also made the upper bound |b̄aγ1 | ≤ (2|y|)δ̄0γ1 , and we have substituted h(γ0) = |y|hγ0 and
δ̄0δ0 = 1, since γ0 ∈ Γ and thus γ0 ̸= 0 will always hold.
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Summing over γ1. Next, for fixed γ0, we consider summing the expression in Eq. (B.44) over γ1,
consistent with γ̂ ∈ C. We observe that (noting that γ0 ̸= 0)

(2|y|)δ̄0γ1hγ1h(γ0, γ1) =


|y|hγ0 if γ1 = 0

2|y|hγ0 if γ1 = γ0 ̸= 0

2|y|3hγ0h2γ1 otherwise
(B.45)

and

(2|y|)δ̄0γ1hγ1h(γ1) =

{
1 if γ1 = 0

2|y|2h2γ1 otherwise
(B.46)

In the “otherwise” cases, we also observe from Lemma B.2, Eq. (B.18), that S(γ1) must intersect S(γ0), a
set of size k. We have ∑

γ1:S(γ1)∩S(γ0 )̸=∅

h2γ1 ≤
∑

j∈S(γ0)

∑
γ1:j∈S(γ1)

h2γ1 ≤ k∥H∥2loc . (B.47)

This inequality is also helpful for bounding the (2|y|)δ̄0γ1h2γ1 δ̄0γ1 term in Eq. (B.44), labeled with ∗ ∗ ∗
below. Thus, we have∑

γ1,a,γ2,γ3,a′,γ4:γ̂∈C
h(γ0, γ1, γ2, γ3, γ4)

∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥
≤ O(1) · a2lock2hγ0

((
|y|hγ0︸ ︷︷ ︸

(B.45),γ1=0

+ |y|hγ0︸ ︷︷ ︸
(B.45),γ1=γ0

+ |y|3hγ0k∥H∥
2
loc︸ ︷︷ ︸

(B.45), otherwise

)(
1 + k|y|2∥H∥2loc + k|y|4∥H∥4loc + k|y|6∥H∥6loc

)
(B.48)

+

(
hγ0︸︷︷︸

(B.46),γ1=0

+hγ0 |y|2k∥H∥
2
loc︸ ︷︷ ︸

(B.46), otherwise

)(
|y|+ k|y|3∥H∥2loc + k|y|5∥H∥4loc

)
(B.49)

+ |y|2hγ0k∥H∥
2
loc︸ ︷︷ ︸

∗∗∗

(
|y|+ k|y|3∥H∥2loc + k|y|5∥H∥4loc

)
. (B.50)

Grouping like terms, we can rewrite the right-hand side as

≤ O(1) · a2lock2h2γ0

(
|y|+ k|y|3∥H∥2loc + k2|y|5∥H∥4loc + k2|y|7∥H∥6loc + k2|y|9∥H∥8loc

)
. (B.51)

Summing over γ0. Finally, we perform the final sum over γ0, which simply amounts to noting that∑
γ0∈Γ h

2
γ0 = ∥H∥2glo. We conclude that∑

γ0,γ1,a,γ2,γ3,a′,γ4:γ̂∈C
h(γ0, γ1, γ2, γ3, γ4)

∥∥∥Ra′†
γ4γ3R

a†
γ2γ1(Hγ0)

∥∥∥
≤ O(1) · |y|a2lock2∥H∥

2
glo

(
1 + k|y|2∥H∥2loc + k2|y|4∥H∥4loc + k2|y|6∥H∥6loc + k2|y|8∥H∥8loc

)
, (B.52)

where we have factored out a |y| for clarity. We finish by utilizing the fact that we have assumed that
alock|y|2∥H∥2loc < 1/8. This allows us to write factors k|y|2∥H∥2loc ≤ O(1), k2|y|4∥H∥4loc ≤ O(1),
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k2|y|6∥H∥6loc ≤ O(1), and k2|y|8∥H∥8loc ≤ O(1). We also note that, by symmetry, the same bound
can be shown when summing over sets C′, C′′, and C′′′, as defined in Lemma B.2. Thus, using the result
stated in Lemma B.2, the full sum is at most a factor of 4 = O(1) larger than the sum over only coordinates
of C. Thus, we may return to Eq. (B.14) and conclude

∑
U⊂Γ
|U |≤5

(∏
α∈U
|y|hα

)
∥OU∥ ≤ O(1) · |y|a2lock2∥H∥

2
glo, (B.53)

proving the proposition.

C Some auxiliary bounds

In this section, we compute some combinatorial estimates with inputs from the locality and commutation
relation between the jumps Aa and the Hamiltonian terms Hγ . Recall

La† = La†0 +
∑
γ∈Γ

sγLa†γ +
∑

γ,γ′∈Γ
γ ̸=γ′

sγsγ′La†γγ′ , (C.1)

where La†0 , La†γ and La†γγ′ are defined in Eqs. (6.3) to (6.5). Using Condition 5.2, we can write [Aa,Hγ ] =

2baγA
aHγ . We also note from Condition 5.2 that Aa†Aa = I, and from Condition 5.1 that H2

γ = h2γI.
Using these facts, we simplify

La†0 (O) =
(
Aa†OAa −O

)
+ 4y2

∑
γ∈Γ

baγ

(
HγA

a†OAaHγ − h2γO
)
, (C.2)

La†γ (O) = 2ybaγ

({
Hγ ,A

a†OAa
}
− {Hγ ,O}

)
, (C.3)

La†γγ′(O) = 2y2baγbaγ′

(
2HγA

a†OAaHγ′ −
{
HγHγ′ ,O

})
. (C.4)

For ease of notation, we define (consistent with Eq. (6.27))

L†0 =
∑
a

La†0 , L0 :=
∥∥∥L†0∥∥∥, (C.5)

L†γ =
∑
a

La†γ , Lγ :=
∥∥∥L†γ∥∥∥, (C.6)

L†γγ′ =
∑
a

(
La†γγ′ + La†γ′γ

)
, Lγγ′ :=

∥∥∥L†γγ′

∥∥∥. (C.7)

First, we state and prove the following useful bounds on the Lindbladian terms in Eq. (C.6) and
Eq. (C.7):

Lemma C.1. The following bounds hold.

Lγ ≤ 8|y|
∑
a∈A

baγhγ , (C.8)

Lγγ′ ≤ 8|y|2
∑
a∈A

baγbaγ′hγhγ′ . (C.9)
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Proof. Using Eq. (C.3), the triangle inequality, and the fact that ∥Aa∥ = 1 (Condition 5.2),∥∥∥∥∥∑
a∈A
La†γ (O)

∥∥∥∥∥ ≤ 2|y|
∑
a∈A

baγ

(∥∥∥HγA
a†OAa +Aa†OAaHγ

∥∥∥+ ∥HγO +OHγ∥
)

(C.10)

≤ 2|y|
∑
a∈A

baγ

(
∥Hγ∥

∥∥∥Aa†
∥∥∥∥O∥∥Aa∥+

∥∥∥Aa†
∥∥∥∥O∥∥Aa∥∥Hγ∥+ ∥Hγ∥∥O∥+ ∥O∥∥Hγ∥

)
(C.11)

≤ 8|y|
∑
a∈A

baγ∥Hγ∥∥O∥. (C.12)

Now, noting that ∥Hγ∥ = hγ (Condition 5.1), we find that

Lγ = sup
∥O∥=1

∥∥∥L†γ(O)
∥∥∥

∥O∥
≤ 8|y|

∑
a∈A

baγhγ . (C.13)

The other bound is analogous.

Additionally, the following identity will be useful.

Lemma C.2. Let γ′ ∈ Γ be fixed. Then∑
a∈A

∑
γ∈Γ

baγ′baγh
2
γ ≤ alock∥H∥2loc, (C.14)

where ∥H∥loc is defined as in Definition 5.5.

Proof. We can write ∑
a∈A

∑
γ∈Γ

baγ′baγh
2
γ =

∑
a∈A

baγ′
∑
γ∈Γ

baγh
2
γ (C.15)

≤

(∑
a∈A

baγ′

)max
a′∈A

∑
γ∈Γ

ba′γh
2
γ

 (C.16)

≤

(∑
a∈A

baγ′

)max
j∈[n]

∑
γ:j∈S(γ)

h2γ

 (C.17)

=

(∑
a∈A

baγ′

)
∥H∥2loc (C.18)

≤ aack∥H∥2loc ≤ alock∥H∥2loc. (C.19)

In the third line above, we used the fact that Aa′ is an operator supported on a single-site {j} (Condi-
tion 5.3), and that in order for ba′γ ̸= 0 to hold, j must be in the set S(γ) (Condition 5.2). In the fourth
line we used the definition of ∥H∥loc from Eq. (5.12). In the fifth line, we used Condition 5.3 and the fact
that aac ≤ aloc.

Next, we prove bounds on Fp, Gp,Φp (cf. Eqs. (A.42) to (A.44).)
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Lemma C.3. Let γ, γ′ ∈ Γ and p ≥ 1. Then the following bounds hold:

Fp(γ, γ
′) ≤ hγhγ′

(
8|y|2kaloc

) (
8|y|2kaloc∥H∥2loc

)p−1
, (C.20)

Gp(γ) ≤ hγ (8|y|kaloc)
(
8|y|2kaloc∥H∥2loc

)p−1
, (C.21)

Φp(γ) ≤ hγ

∑
γ′

hγ′

(8|y|2kaloc) (8|y|2kaloc∥H∥2loc)p−1
. (C.22)

Proof. First, consider p = 1. The bound on G1 follows from Eq. (C.8) and assuming Condition 5.3 (and
noting aac ≤ aloc). Similarly, the bound on F1 follows from Eq. (C.9), making the loose bound baγ′ ≤ 1
and then using the same condition.

Now, let p ≥ 2. Using Lemma C.1, we can write Gp(γ) (see Eq. (A.43)) as∑
γ1,γ2,...,γp−1

hγ
(
h−1
γ Lγγ1hγ1

) (
h−1
γ1 Lγ1γ2hγ2

)
· · ·
(
h−1
γp−2

Lγp−2γp−1hγp−1

)(
h−1
γp−1

Lγp−1

)
(C.23)

≤
∑

γ1,γ2,...,γp−1

hγ

(∑
a

8|y|2baγbaγ1h2γ1

)(∑
a

8|y|2baγ1baγ2h2γ2

)
· · ·

(∑
a

8|y|2baγp−2baγp−1h
2
γp−1

)(∑
a

8|y|baγp−1

)
(C.24)

= hγ

(∑
a,γ1

8|y|2baγbaγ1h2γ1

)(∑
a,γ2

8|y|2baγ1baγ2h2γ2

)
· · ·

 ∑
a,γp−1

8|y|2baγp−2baγp−1h
2
γp−1

 (8|y|aack) .

(C.25)

By applying Lemma C.2 and noting aac ≤ aloc, we conclude the claimed bound.
We proceed in a similar fashion for Fp(γ, γ

′) (see Eq. (A.42)), which we can write using Lemma C.1 as∑
γ1,γ2,...,γp−1

hγ
(
h−1
γ Lγγ1hγ1

) (
h−1
γ1 Lγ1γ2hγ2

)
· · ·
(
h−1
γp−2

Lγp−2γp−1hγp−1

)(
h−1
γp−1

Lγp−1γ′

)
(C.26)

≤ hγ

(∑
a,γ1

8|y|2baγbaγ1h2γ1

)(∑
a,γ2

8|y|2baγ1baγ2h2γ2

)
· · ·

 ∑
a,γp−1

8|y|2baγp−2baγp−1h
2
γp−1

(∑
a

8|y|2baγ′hγ′

)
(C.27)

≤ hγ

(
8|y|2alock∥H∥2loc

)p−1 (
8|y|2alockhγ′

)
, (C.28)

where in the second line we assert baγp−1 ≤ 1 in the last factor (at the cost of a looser bound).
The bound on Φp follows from the observation that, for all p ≥ 1,

Φp(γ) =
∑
γ′

Fp(γ, γ
′). (C.29)

D Crude upper bounds on optimum

Proposition D.1 (Spectral norm). For the sparse or dense, spin or fermion ensembles ( (2.1),(2.3),(2.2),(2.4)),
the expected maximal eigenvalue satisfy

Eλmax(H) = O(
√

log(N)) = O(
√
n). (D.1)
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Proof. For the sampled model, the spectral norm concentrates

Pr(∥H∥ ≥ E) ≤ 2N exp

(
−E2

8

)
(D.2)

due to Matrix Hoeffding [Tro12, Theorem 1.3] and that Pauli and Majorana operators both square to
identity. Here, the Hilbert space dimension is N = 2n for the Pauli ensembles ((2.1),(2.3)) and N = 2n/2

for the fermionic ensembles ((2.2),(2.4)). The Guassian models are slightly better concentrated

Pr(∥H∥ ≥ E) ≤ 2N exp

(
−E2

2

)
(D.3)

using [Tro12, Theorem 4.1]. In each case, integrating the Gaussian tail gives the same advertised result.

E Computing the local norms and global norms

In this section, we give a standard concentration calculation to show that the local energy quantity is very
well concentrated, establishing Proposition 5.7, which we restate for convenience.

Proposition 5.7 (restated). Suppose that H is drawn randomly from the ensembles in Eq. (2.1) or
Eq. (2.2) with 1 < k < n, or it is drawn randomly from the ensembles in Eq. (2.3) or Eq. (2.4) with
m ≥ cn log(n)/k for some constant c. Then

EH

(
∥H∥2glo
∥H∥loc

)
= Ω

(√
n

k

)
, (E.1)

where the expectation value is taken over random choice of H.

Proof. We simplify the expression by standard inequalities

EH

(
∥H∥2glo
∥H∥loc

)
≥

(E∥H∥glo)2

E∥H∥loc
≥

(E∥H∥glo)2√
E∥H∥2loc

(E.2)

liberally using Cauchy–Schwartz E[|a|]E[|b|] ≥ E[
√
|ab|]2 and E[|a|] ≤

√
E[a2], with a = ∥H∥loc and

b = ∥H∥2glo/∥H∥loc.
First, we lower bound the numerator, (E∥H∥glo)2. For the sampled models (Eq. (2.3) and (2.4)), we

have ∥H∥2glo = 1 for every instance, and thus (EH∥H∥glo)2 = 1. For the dense models (Eq. (2.1) and
Eq. (2.2)), the quantity ∥H∥2glo is distributed as the sum of the squares of M centered Gaussian random
variables hγ , each of variance 1/M , where M =

(
n
k

)
in the case of (2.2) and M =

(
n
k

)
3k in the case of

(2.1). Thus, EH∥H∥2glo = 1, and

EH∥H∥4glo =
∑
γ1,γ2

EHh2γ1h
2
γ2 =

M + 2

M
, (E.3)

using the value of the fourth moment Eh4γ = 3
M2 . By the Paley–Zygmund inequality, we have

Pr
H

[
∥H∥glo ≥

1√
2

]
= Pr

H

[
∥H∥2glo ≥

1

2
EH∥H∥2glo

]
≥ 1

4

(EH∥H∥2glo)2

EH∥H∥4glo
=

M

4M + 8
(E.4)
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and hence (E∥H∥glo)2 ≥
M2

32(M+2)2
= Ω(1) for M ≥ 1. Second, we upper bound the denominator,√

E∥H∥2loc. We write

EH∥H∥2loc = EH max
1≤i≤n

∑
γ:i∈S(γ)

h2γ =: EH max
1≤i≤n

Yi where Yi :=
∑

γ:i∈S(γ)

h2γ . (E.5)

We can now choose a value of y0 (to be specified later) and write

EH max
1≤i≤n

Yi =

∫ ∞

0
dy EH1

[
y ≤ max

1≤i≤n
Yi

]
(E.6)

=

∫ ∞

0
dyPr

H

[
y ≤ max

1≤i≤n
Yi

]
≤ y0 +

∫ ∞

y0

dyPr
H

[
y ≤ max

1≤i≤n
Yi

]
(E.7)

≤ y0 + n

∫ ∞

y0

dyPr
H

[y ≤ Yi] , (E.8)

where 1 is the indicator function, and in the last step we have used the union bound and the symmetry
over choice of i.

We now consider the sampled and Gaussian models separately, beginning with the models in Eqs. (2.1)
and (2.2), where hγ is distributed as a Gaussian. In this case, the subset {γ : i ∈ S(γ)} contains D = k

n

(
n
k

)
elements in the case of Eq. (2.2) and D = k

n

(
n
k

)
3k elements in the case of Eq. (2.1). Either way, the

variance of each hγ is chosen to be k/(nD). The random variable Yi, being a sum of the squares of
D Gaussian random variables, follows a (scaled) chi-squared distribution with mean k/n, for which the
following concentration bound is known. For any x > 0 it holds that [LM00, Lemma 1]

Pr
H

[
Yi ≥

k

n

(
1 + 2

√
x

D
+ 2

x

D

)]
≤ e−x . (E.9)

Choosing y0 = 5k
n in Eq. (E.8), we now make the substitution y′ = (y − y0)n/k, invoke the concentration

bound, and simplify

EH max
1≤i≤n

Yi ≤
5k

n
+ k

∫ ∞

0
dy′ Pr

H

[
Yi ≥

k

n
(5 + y′)

]
(E.10)

≤ 5k

n
+

∫ ∞

0
dy′ ke−De−Dy′/4. (E.11)

The last bound follows from the basic calculation

5 + y′ = 1 + 2
√

x/D + 2x/D ≤ 1 + 4x/D whenever y′ > 0 (E.12)

and plugging this value of x into the concentration bound. The integral in the final expression evaluates
to

O(ke−D/D) ≤ O(k/n) whenever 1 < k < n. (E.13)

Thus, for the dense model, EH∥H∥2loc ≤ O(k/n).
Next, we consider the models in Eqs. (2.3) and (2.4), where m terms are chosen (with replacement)

and, for those terms, hγ = 1/
√
m. We define a Bernoulli random variable Cγi to be 1 if S(γ) contains site
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i (which occurs with probablity k/n) and 0 otherwise. Note that Cγi is independent from one γ to the
next. We may then assert that

Yi =
1

m

m∑
γ=1

Cγi , (E.14)

that is, that Yi is the average of m independent Bernoulli random variables. Using Bernstein’s inequality,
we have the following concentration bound. For any x > 0,

Pr
H

[
Yi ≥

k

n
(1 + x)

]
≤ exp

(
− 3mkx2

n(6 + 2x)

)
. (E.15)

We follow the same procedure as above, this time choosing y0 = 2k
n in Eq. (E.8) and again making the

substitution y′ = (y − y0)n/k.

EH max
1≤i≤n

Yi ≤
2k

n
+ k

∫ ∞

0
dy′ Pr

H

[
Yi ≥

2k

n
+

ky′

n

]
(E.16)

≤ 2k

n
+

∫ ∞

0
dy′ k exp

(
−3mk(1 + y′)2

n(8 + 2y′)

)
(E.17)

≤ 2k

n
+

∫ ∞

0
dy′ ke−3mk/8ne−3mky′/8n (E.18)

=
2k

n
+

8n

3m
e−3mk/8n (E.19)

where in the second to last line, we have used (1 + y′)2/(8 + 2y′) ≥ (1 + y′)/8 for y′ > 0. Therefore, there
exists an absolute constant c such that if m ≥ cn log(n)/k, the right-hand side evaluates to O(k/n), and
thus EH∥H∥2loc ≤ O(k/n).

Combining these bounds on the numerator and denominator of Eq. (E.2), we show that the quantity
of interest is Ω(

√
n/
√
k).
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