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Biased-noise qubits are a promising candidate for realizing hardware efficient fault-tolerant quantum
computing. One promising biased-noise qubit is the Kerr cat qubit, which has recently been
demonstrated experimentally. Despite various unique advantages of Kerr cat qubits, we explain
how the noise bias of Kerr cat qubits is severely limited by heating-induced leakage in their current
implementations. Then, we show that by adding frequency-selective single-photon loss to Kerr cat
qubits we can counteract the leakage and thus recover much of their noise bias. We refer to such
Kerr cat qubits combined with frequency-selective single-photon loss as colored Kerr cat qubits as
they are protected by a colored dissipation. In particular, we show how a suitably engineered lossy
environment can suppress the leakage and bit-flip errors of a Kerr cat qubit while not introducing
any additional phase-flip errors. Since our scheme only requires single-photon loss, it can be readily
implemented by using passive and linear elements. Moreover, our frequency-selectivity technique can
be generally applied to energy-gap protected qubits whose computational basis states are given by
near degenerate ground states of a Hamiltonian with a non-zero energy gap between the ground and

excited state manifolds.

Introduction—Recently, two-component cat qubits [1—
10] have been proposed as a promising alternative to
bare two-level qubits (such as transmons [11, 12] and
trapped-ion qubits [13]) for achieving fault-tolerance in a
hardware-efficient manner. Unlike bare two-level qubits,
two-component cat qubits redundantly encode informa-
tion into an oscillator mode using the | £+ «) coherent
states as their approximate computational basis states.
The large separation in the phase space between the two
coherent states with |a|? > 1 leads to an exponential sup-
pression of bit-flip errors for two-component cat qubits
with a? and hence gives them a bias towards phase-flip
(Z) errors. Furthermore, it has been theoretically shown
that this bias against bit-flip (X) errors can be maintained
during the execution of a CNOT gate [14, 15], which is
an essential ingredient for error correction. Thus for cat
qubits, we can mostly focus on correcting the dominant
phase-flip errors and the hardware overhead of error cor-
rection can be greatly reduced compared to that of bare
two-level qubits [14-22].

Stabilization of the | + «) coherent states can be phys-
ically realized via an engineered two-photon dissipation
(dissipative cat qubits) [3-6] or via an engineered Kerr
nonlinearity (Kerr cat qubits) [7—10].

Here, we focus on Kerr cat qubits. One key motivation
for choosing the Kerr cat qubits as opposed to dissipative
cat qubits is that Kerr cat qubits are much less susceptible
to non-adiabatic gate errors than dissipative cat qubits
[14, 19, 22, 23]. Hence, Kerr cat qubits can achieve a lower
Z error rate for the CNOT gate. However, due to the
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absence of any dissipative stabilization mechanism, Kerr
cat qubits are not robust against heating which causes
leakage outside the code space. Such a leakage can then
cause bit-flip (or X) errors, leading to the breakdown of
the noise bias of the Kerr cat qubits. Indeed, in the first
experimental realization of a Kerr cat qubit [10], the Kerr
cat qubit was subject to significant heating and only a
modest noise bias factor of ~ 40 was achieved. Thus, to
realize the full potential of Kerr cat qubits, it is important
to counteract the leakage caused by heating.

In this Letter, we explain how leakage leads to bit-flip
errors and severely limits the noise bias in Kerr cat qubits.
Building on this understanding, we present a hardware-
efficient dissipation scheme that recovers the noise bias
by taking advantage of the energy-level structure of Kerr
cat qubits. Specifically we propose to add frequency-
selective (i.e., colored) single photon loss to Kerr cat
qubits. We call such qubits colored Kerr cat qubits as they
are protected by a colored dissipation. By engineering
the bath spectrum with multiple filter modes, the excited
levels of the colored Kerr cat qubit are cooled back to
the ground state manifold while avoiding phase-flip errors
on the logical information. See Fig. 1 for a schematic
diagram of our scheme. We also discuss advantages of
our scheme compared to the previous proposals based on
two-photon dissipation [10, 15, 22, 24].

Shifted-Fock basis—We first briefly review the shifted-
Fock basis [19] which is useful for understanding various
aspects of cat qubits and hence is used throughout our
analysis. Unlike the usual Fock basis, the shifted Fock
basis consists of shifted Fock states D(+«)|n = n) with
n € {0,1, - ,dmax — 1}, where dyax is the cutoff dimen-
sion. In the shifted Fock basis with a cutoff dimension
dmax, the annihilation operator has the size 2d,ax X 2dmax
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FIG. 1. Schematic representation of a colored Kerr cat qubit,
i.e., a Kerr cat qubit protected by frequency-selective (colored)
single-photon loss. The frequency spectrum of the extrinsic
single-photon loss can for instance be engineered by using
harmonic filter modes. As shown in the inset, the filter modes
are designed such that the colored single-photon loss realizes
the desired cooling process (green arrow) while not inducing
any additional phase-flip errors in the cat qubit manifold (red
arrow). The black arrow in the schematic energy diagram
represents the tunneling process between the first excited
states, which is important for understanding the bit-flip rate
of a Kerr cat qubit.

and is given by
a=2® @ +a)+0(e 2. (1)

Here, Zis a 2 x 2 Pauli Z operator acting on a qubit
sector which described the logical information encoded in
the cat qubit. @’ is a truncated annihilation operator of
size dmax X dmax acting on a gauge sector which captures
how much the cat qubit is excited from the ground state
manifold. The qubit sector of a is given by Z because in
our basis convention, a single-photon loss causes a phase-
flip (or Z) error to the cat qubit [25]. In what follows, we
assume that « is real.

Kerr cat qubits—Kerr cat qubits stabilize the cat qubit
manifold by using an engineered Hamiltonian with a Kerr
nonlinearity and two-photon drive Hxc = —K(a? —
a?)(a%—a?). The subscript KC refers to Kerr cat. Rewrit-
ing this Hamiltonian in the shifted Fock basis, we find

Hyo = 4K’ @ afa’ — KT ® a't%a”
—2Kal ® (@12 +a'Ta?) + O(e™2*").  (2)

Thus in the limit of small excitations in the gauge sector
(ie., (@'Ta’) < a), all but the first term in Eq. (2) can be
neglected and the Kerr cat Hamiltonian is approximately
reduced to that of a harmonic oscillator with an energy
spacing —4Ka?. Such a non-zero energy gap protects
Kerr cat qubits against coherent perturbations by making
them off-resonant. However, as we will show shortly,
Kerr cat qubits are not robust against some incoherent
perturbations (e.g., heating) due to the absence of a
dissipative stabilization mechanism.

Heating-induced bit-flip errors—-Heating of an oscillator
can be modeled by the dissipator x1n,D[af]. Since the
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creation operator a' is approximately given by af ~ Z®
(@'T + a) in the shifted-Fock basis, heating induces phase
flip in Kerr cat qubits (see the Z term in the qubit sector)
and most importantly leakage outside the code space due
to the a'T term in the gauge sector (see Fig. 2 (a)) [26].

To be used as a biased-noise qubit, Kerr cat qubits
need to maintain an exponential suppression of bit-flip
errors with o?. In the previous literature [10, 24], it has
been suggested that Kerr cat qubits can be made robust
to leakage induced bit-flip errors by ensuring that higher
excited states reached through heating are below the
energy barrier. Although this argument is qualitatively
correct, we show that it does not apply to the relevant
regime for near-term experimentation and fault-tolerant
quantum computation proposals.

In Fig. 2, we consider a set of experimentally relevant
parameters: K = 27 x 10MHz, k; = 27 x 1kHz (corre-
sponding to the lifetime of 1/k; = 159us), and a thermal
population ng, = 0.1 [27]. As indicated by the blue line
in Fig. 2 (b), the bit-flip error rate yx of a Kerr cat qubit
stays constant throughout the range 3 < o? < 9, which
are most experimentally relevant. This is in stark contrast
to expectations for exponential suppression of the bit-flip
error rate vy with a? used throughout the literature for
biased noise cat qubits.

To understand why the bit-flip error rate vx of a Kerr
cat qubit does not improve as we increase o up to 9, we
need to consider the O(e=2") contributions in Eq. (2).

In particular, we need to consider the terms in Hyc of the
form x, X ® |’ = n)(n’ = n|. Here, x, can be understood
as the tunneling rate between the states |0) ® |7/ = n)
and |1) ® |n' = n) (see the schematic diagram in Fig. 1).
In Appendix B, we show that the tunneling rate x; in
the first excited state manifold is perturbatively given by

X1~ 16Kate 2 (3)

which agrees very well with the exact numerical results
for all & > 3. Although ; decreases exponentially in a?,
the large prefactor 16K a* can still make this y; (induced
by the Kerr cat Hamiltonian I:[KC) limiting in practice.
We now explain why the bit-flip error rate yx (blue line
in Fig. 2 (b)) plateaus in the range 3 < a? < 9. Heating
excites the system to the first excited state manifold.
Here it persists for a time interval At ~ 1/k; until it
decays back to the cat state manifold. During this period,
if x1 > k1, rapid oscillations occur between the states
|0) ® |7 = 1) and |1) ® |»' = 1). Thus in this regime,
a bit-flip error happens with 50% probability whenever
heating creates an excitation. As a result, the bit-flip error
rate is given by half the heating rate, i.e., yx = K1ng/2
in the regime of x; > ;. With our chosen parameters
(vielding K/ky = 10%), x1 = 16Kate=22 is at least 10
times larger than k; for all 3 < o? < 6.75 and x1 = k1 at
a? = 8.08. This explains why the bit-flip error rate vx is
independent of o and is given by k1n4,/2 in the range
3 <a? <9 Above o? ~ 9 heating to higher excited
states becomes the important error mechanism because
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FIG. 2. (a) Leakage accumulation over time in a Kerr cat
qubit without any engineered dissipation (blue) and a colored
Kerr cat qubit with three filter modes (orange) from the initial
state |a). (b) Bit-flip error rate of a Kerr cat qubit (blue)
and a colored Kerr cat qubit with three filter modes (orange)
as a function of the average photon number a? for ng, = 0.1
and 0.01. Black lines represent the analytical prediction yx =
K1nen /2 for the regime x1 >> k1 + K1,eng- (¢) Total phase-flip
probability of a colored Kerr cat qubit with one (green), two
(red), and three (orange) filter modes. In all three plots, we
use the parameters K = 27 x 10MHz and k1 = 27 x 1kHz.
In (a) and (c), we further assume ny, = 0.1 and o® = 6. See
Appendix D for details.

tunneling between the first excited states is sufficiently
suppressed (see Appendix H).

Colored Kerr cat qubits—As shown by our numerical
and analytical results, the heating-induced bit-flip errors
can be even more detrimental than previously antici-
pated. Here, we propose to counteract the heating and
leakage by adding frequency-selective (i.e., colored) single-
photon loss to Kerr cat qubits, hence making them colored
Kerr cat qubits. Our scheme fundamentally differs from
the previous proposals based on two-photon dissipation
[10, 22, 24] as we only require single-photon loss. Note
that intrinsic, unengineered single-photon loss x1D[a] is
harmful for Kerr cat qubits as well as dissipative cat
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qubits [3, 9]. This is because the +aZ @ I term in the
shifted-Fock basis representation of annihilation operator
a ~ Z ® (&’ + «) causes phase-flip (or Z) errors in the
ground state manifold of a cat qubit. The other term
(i.e., Z®a'), however, is useful for suppressing leakage as
it brings the excited states back to the code space via @’
(see the discussion below for why the Z term in Z ® @’ is
not problematic).

The key idea behind our proposal is to engineer the
frequency spectrum of the bath for the extrinsic single-
photon loss such that we can take advantage of the bene-
ficial decay term (Z ® a’) while filtering out the parasitic
term (+aZ ® I) from the single-photon loss . Note that
this applies only to the extrinsic single-photon loss which
we have a control over, and not to the intrinsic loss. Thus,
the intrinsic single-photon loss rate k1 should still be kept
as small as possible.

To demonstrate how our scheme works, we introduce a
concrete setup where a Kerr cat qubit is coupled to an
engineered bath through a set of harmonic filter modes
with nearest-neighbor hopping, forming a colored Kerr
cat qubit (see the schematic diagram in Fig. 1). Specifi-
cally, we consider the following Lindblad equation in the
rotating frame of a Kerr cat qubit (a with frequency w,)
and filter modes (fl, .., far with frequency wr):

PO _ i1, p(6) + w1 (1 + nn) DI ()

dt
+mna DI + wDlfalp0), (@)

where the Hamiltonian H is given by

M-1
H = Hgc + [gdffemt +J Z fjf]TJrl + h.C.] (5)

Jj=1

Here, A = wy — w, is the detuning between the filter
modes fh sy ij and the mode @ which hosts the Kerr cat
qubit. Also, D[A]p = ApAT — %{ATA7 p} is the Lindblad
dissipator. Besides having the intrinsic loss and heating
processes, the Kerr cat qubit can lose an excitation to the
first filter mode at a rate g. Such an excitation is then
transported to the last filter mode at a hopping rate J
where it decays to a cold bath at a rate x¢. It is important
that this bath and the filter modes have a temperature
much lower than the Kerr cat qubit so as to not induce
additional heating. In particular, we choose k¢ = 2J
such that the filter modes act as an ideal band-pass filter
(centered at the frequency wy and with a bandwidth 4.J)
in the N — oo limit. See Appendix C for more details.
Recall that in the shifted Fock basis, the Kerr cat Hamil-
tonian is approximately given by Hxc ~ —4Ko?I @ a'ta’.
Thus, transforming to the shifted-Fock basis, and then
going into the rotating frame of the &’ mode the coupling
term gdf;remt becomes g(Z ® d’)ffei(A+4Ka2)t +9a(Z®
I)ffei®t. Note that the first term realizes a desired cool-
ing effect through @’ whereas the second term causes unde-
sired phase-flip (or Z) errors in the cat qubit manifold. By



choosing A = —4Ka? (or equivalently wy = w, — 4Ka?),
we can make the desired first term resonant while making
the undesired second term off-resonant. Furthermore, by
ensuring that the half bandwidth xy = 2J is smaller than
the detuning |A|, we can place the undesired second term
outside the filter passband and hence filter it out (see
Fig. 1). In particular, through adiabatic elimination (see
Appendix C), the induced phase-flip error rate due to
the second term is given by (4g%a?/ks) x (J/A)*M in
the A > J limit and hence decreases exponentially in
the number of the filter modes M. On the other hand,
the resonant desired term realizes an engineered cool-
ing process k1,engD[Z ® a'] with an effective cooling rate
K1,eng = 4g /Kf.

In Fig. 2, we study the performance of a bare Kerr cat
qubit and colored Kerr cat qubits with varying number
of filter modes. In particular for colored Kerr cat qubits,
we choose Ky =2J = A/5 and g = k¢ /5 to filter out the
induced phase-flip errors and guarantee the validity of
the adiabatic elimination, respectively. Also, we choose
A = —3.6Ka? (instead of A = —4Ka?) to more closely
target the 0 <> 1 transition of the Kerr excited states.
With these parameter choices, we get a large engineered
cooling rate of K1 eng = 2m X 1.150°MHz (e.g., K1 ,eng =
27 x 6.9MHz at a? = 6). As indicated by the orange
line in Fig. 2 (a), the leakage population of a Kerr cat
qubit (of size a® = 6) can be made orders of magnitude
smaller by adding a frequency-selective single-photon loss
with three filter modes. Additionally, the idling bit-flip
error rate is reduced by at least an order of magnitude
for all a® > 6 (see Fig. 2 (b)). This is because the large
engineered cooling rate dramatically reduces the lifetime
of excited states (especially the first excited states) so
that the condition k1 + K1 eng > X1 is satisfied at lower
values of a? [28].

In Fig. 2 (¢) we show the total phase-flip probability
as a function of time with 1, 2, and 3 filter modes and
a? = 6. With only one or two filter modes, the induced
phase-flip rate is much larger than the intrinsic phase-flip
rate of k1 (1 + 2n¢p,)a? (green and red lines). With three
filter modes, however, the induced phase-flip rate is neg-
ligible and the total phase-flip probability is consistent
with the rate x1(1 + 2n4,)a? (orange line). In particu-
lar, the observed phase-flip probabilities are consistent
with our analytical prediction on the induced phase-flip
rate (4g%a?/ks) x (J/A)*M in the A > J limit. Hence,
Fig. 2 (c) clearly demonstrates that with a properly engi-
neered single-photon loss spectrum we can benefit from
the desired cooling effects while not suffering from any
additional phase-flip errors.

Application to the CNOT gate—High-fidelity and bias-
preserving CNOT gates are an essential ingredient for
realizing fault-tolerant quantum computing with Kerr cat
qubits. In general, leakage in Kerr cat qubits during a
CNOT gate is detrimental because the control Hamilto-
nians of the Kerr-cat CNOT gate are designed such that
they implement an ideal CNOT gate when the Kerr cat
qubits are in the ground state manifold, but not neces-
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FIG. 3. The bit-flip probability after performing a CNOT gate
for bare Kerr cat qubits (blue) and colored Kerr cat qubits
with three filter modes (orange), assuming the parameters
K = 27 x 10MHz, ; = 27 x 1kHz, ny, = 0.1, and o® = 6
(dots) and 8 (squares). See Appendix D for simulation details.

sarily when they are in the excited state manifolds (see
Appendix D). As was recently shown in Ref. [23], coherent
leakage caused by the control Hamiltonians of the CNOT
gate can be minimized through suitable pulse shaping
and derivative-based transition suppression techniques.
However, incoherent leakage caused by heating cannot be
mitigated by pulse shaping and should instead be sup-
pressed, e.g., by using an engineered dissipation as shown
in Fig. 2 (a).

In Fig. 3, we show the bit-flip error probabilities of
a CNOT gate between bare Kerr cat qubits (blue) and
colored Kerr cat qubits with varying number of filter
modes (green, red, and orange), assuming the parameters
K = 27 x 10MHz, k, = 27 x 1kHz, nyy, = 0.1, and o? = 6.
The CNOT gate is performed on oscillators which are
in their thermal states to represent a realistic scenario
in a quantum computation wherein the gauge sector of
a Kerr cat qubit is completely thermalized after a long
exposure to heating. In all cases, we use the pulse-shaping
technique developed in Ref. [23]. Colored Kerr cat qubits
are further protected by an engineered colored single-
photon loss. At the optimal gate time (T* ~ 0.8/K
for a® = 6 and T* ~ 0.5/K for a? = 8), the bit-flip
error probabilities are at least an order of magnitude
higher for the bare Kerr cat qubits compared to the bit-
flip probabilities of the colored Kerr cat qubits. Thus,
Fig. 3 illustrates that incoherent leakage (caused, e.g., by
heating) cannot be mitigated by a pulse shaping alone
and instead need to be suppressed through an engineered
dissipation.

Discussion and outlook-Compared to the previous pro-
posals based on two-photon dissipation keD[a? — o?]
[10, 15, 22, 24], our proposal has an advantage as we
only require single-photon loss. In particular, non-linear
interactions are not needed to implement the dissipation
in our scheme and hence it is easier to achieve a large
engineered cooling rate.

Note also that in our case, the engineered cooling pro-
cess K1,eng P[Z ®a'] comes with a phase-flip Z in the qubit
sector, which is not present in the two-photon dissipation



case since a2 — a2 ~ 2o ® &’. While it could seem prob-
lematic at glance, such a phase flip is not triggered as
long as the Kerr cat qubit is in the ground state manifold.
Moreover, some (but not all) leakage processes come with
a phase-flip in the qubit sector, where some notable ex-
amples are the leakage caused heating a' and the Z(6)
gate implemented with Hy = ez(a" 4+ a@). In such cases,
having the phase flip in the cooling process is in fact a
feature since the phase flip occurred in the leakage process
is canceled out when the system is brought back to the
ground state manifold via the frequency-selective single-
photon loss. Furthermore non-adiabatic gate errors can
be directly suppressed by the frequency selectivity of the
filter if the leakage processes they are associated with are
off-resonance from the filter. Both are interesting areas
for future work and are discussed briefly in Appendix C 3.
We also remark that there is a complementary approach
for suppressing bit-flip error rates by reducing the effective
tunneling rates x1, x2, - - -, which can be done by adding a
linear drive to the Kerr-cat Hamiltonian (see Appendix G
for more details).

It is instructive to note that our frequency-selectivity
technique does not apply to dissipative cat qubits (with
K = 0) as the two relevant frequencies w, and w, —4K o?

are cannot be distinguished in the frequency domain. On
the other hand, our idea is generally applicable to any
energy-gap-protected qubits whose computational basis
states are degenerate ground states of a Hamiltonian with
a non-zero energy gap between the ground and excited
state manifolds. Specifically, the non-zero energy gap
allows us to realize a desired cooling process while filtering
out undesired processes occurring at other frequencies,
separated by the energy gap. Thus, an interesting future
work would be to apply our general idea to other energy-
gap-protected qubits such as O—m qubits [29-31].

Lastly, we emphasize that the optimal choice of the
filter may not be a bandpass filter centered around the
gap frequency (as in Fig. 1). The only constraint for the
filter is to pass the signals at the frequency w, —4K a? and
reject the signals at another frequency w,. Thus, a wider
bandpass filter wherein the frequency w, —4Ka? is placed
near the edge of the passband (instead of the center) or
a low pass filter may allow for a higher dissipation rate.
Thus, an interesting future work would be to further
optimize the filter design to maximize the engineered
cooling rate. Note also that filters can be implemented
experimentally using quantum metamaterials [32].
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Appendix A: Leakage and bit-flip induced by
dephasing

In addition to the loss and heating, the non-linear
oscillator also suffers from dephasing. If the noise source
of the dephaisng had a white spectrum, the dynamics of
the Kerr-cat qubit would be described by the dissipator
keo01D[atal, where k401 is the effective dephasing rate
which can be obtained by measuring the rate of phase
decay of a {|0),|1)} encoded qubit. The rate of heating
of the Kerr-cat qubit under this white-dephasing model
is given by:

K01 = 02K 01 (A1)
where kg_,1 denotes the rate of heating from the ground
states to the first pair of excited states of the Kerr-cat
qubit. As shown in [10], the measured dephasing rate
Kg,01 (using the {|0),|1)} encoded qubit) can be even
larger than the photon loss rate k;. As a result, the
dephasing induced heating estimated by Eq. (A1) would
have been the dominant source of leakage and bit-flip
errors for the Kerr-cat qubit.

However, in experiments Eq. (A1) is an overestimation
since the dephasing originates from the common 1/f flux
noise in superconducting circuits [10]. The Hamiltonian
of the Kerr-cat qubit under such a noise can be modeled
as:

H=—-K(a* —a?)(a® — o?) + f(t)a'a (A2)
where f(t) is some classical noise with 1/ f-type spectral
density. In the shifted Fock basis, Eq. (A2) is approxi-
mately given by

H~I®[-4Ko?ata' +af(t)(@ +a'") + f(t)a'ta’] (A3)

where the second term can induce transitions from ground
states to excited states of the Kerr-cat qubit that lead to
leakage. The transition rate from 0 to 1 excitation level
can be calculated using the Fermi’s golden rule:

ko1 = a’Spp(—A) (A4)

where Syr(w) = [7_dtf(t)f(0) is the spectral density
of the noise f(t), A = —4Ka? is the energy gap of the
Kerr-cat qubit. In contrast, the phase-decay rate of a
{]0),]1)} encoded qubit with such a colored noise is given
by kg1 = 2S57(0). Since Syp(w) has a 1/f spectrum,
in contrast to Eq. (A1) we should instead have ko—1 <
a2li¢’01.

Appendix B: Calculation of the interwell coupling in
the shifted Fock basis

Here we compute the coupling rate between the |0) ®
|7’ =1) and |1) ® |’ = 1) shifted-Fock excited states due
to the Kerr cat Hamiltonian Hxc = —K(af? — a?)(a? —

a?). The specific term we want to extract from the Kerr
cat Hamiltonian is XlX ® |7/ = 1){7/ = 1|. In the qubit
sector the X indicates a coupling which causes tunneling
between the two wells of the Kerr cat qubit and in the
gauge sector |1/ = 1)(A’ = 1| indicates a coupling between
the first excited shifted-Fock states.

For this derivation we closely follow Appendix C of [19].
We restrict the cutoff dimension of the shifted-Fock basis
t0 dmax = 2 since we are only concerned with finding x;.
The strategy we follow is to find the 0(6*26‘2) contribution
to the lowering operator & in the shifted-Fock basis (see
Eq. (1)) and use this more general form of the lowering
operator to find the leading order interwell coupling in
the Kerr cat Hamiltonian.

We begin by finding the representation of the lowering
operator in the orthonormalized shifted-Fock basis. To
study Z error rates we can directly use the unorthonor-
malized basis states but in order to study X and Y error
rates is necessary to consider the 0(6’2“2) corrections
that result from fully orthonormalizing the basis. Our
starting point is the unorthonormalized shifted-Fock basis
states

|¢n,:t> = i

V2

The basis states are divided into even (+) and odd (—)
branches. The states in the even branch are inherently
orthogonal to the states in the odd branch. The remaining
orthonormalization that needs to be done is within the
even and odd branches.

As a first step we define the overlap matrices @im =
(dm,+|¢n,+) which describe the overlap between the
shifted-Fock states in each parity branch. With the cutoff
dimension dy,.x = 2, the overlap matrices are given by

[D(a) = (~1)"D(~a)][n =n).  (B)

14 e 207 F2e—20"

o, — .
T F2e 0" 1Fe (1 - 4a?)

(B2)

Next we compute the coefficients ¢; ; which generate the
orthonormal basis set in the even and odd branch of the
shifted-Fock basis. More formally they are defined as part
of [p+) = Zi;lo ¢t plém,+). In terms of the overlap

matrices, the orthonormalization coefficients are found to
be

1 Po,1

c—= v/ o0 _<I>0,0\/(<I>1,117<I>S,1/<I>0,0)
0 V(@1,1—®F | /®o,0)

using the Gram-Schmidt orthonormalization, where the +
is implicit on all terms. To the leading order the matrices

are
o [U E2007
=710 172022,

(B4)

Now we can compute the form of the lowering operator
in the orthonormalized basis by forming the product

a=Ho)d®(X @ (@ +a)e(H o). (B5)



FIG. 4. Plot of the interwell coupling of the first shifted-
Fock excited state (x1) and the interwell coupling of the first
and second Kerr excited states (x12). The dots indicate
numerically extracted coupling rates. Very good agreement is
shown between the numerical x1 and the perturbative result
Eq. (3) (blue line). The dashed line corresponds to the lifetime
of the Kerr cat qubit which is £ = 107K

Performing the computation and taking the leading order
terms we find that the lowering operator is given by

N 5 . 5 —202] _o,
azZ®(a’—|—a)—zY®{g 40105]622, (B6)

in the shifted Fock basis.

With the lowering operator in hand we can now find the
desired term in the Kerr Hamiltonian. The x; X ® |n’ =
1){(n’ = 1| coupling between the wells of the Kerr cat
qubit comes from the Kerr term —Kaf?a?. The leading
order X coupling originates from three Z terms and one
Y term in the 4 different permutations. Off diagonal cou-
plings and diagonal terms from a2 and a2 are subleading.
Substituting and keeping only the leading order term we
find that

Y1~ 16Ka*e 2" (B7)
In Fig. 4 we show good agreement between this analytical
prediction and an exact numerical computation.

Appendix C: Filter Adiabatic Elimination

In this section we give more detail on the adiabatic
elimination used to derive the engineered loss rate and
induced phase-flip rate. We closely follow the methods
from [33] and Appendix B of [19].

1. Engineered Loss

Here we show how the tight-binding filter model leads to
engineered single photon loss. We start with the evolution

of a Kerr cat qubit coupled to a series of filter modes.
dp

= i[-K(af? —

a®)(@® - a?), p(t)]
+ 1 (1 + nen) D]alp(t) + sine D[a’]p(t)
M

—ilgffae™™ + 13 fI f +he., p(t)]

+ kD[ fulp(t).

Above we are in the rotating frame of the Kerr cat mode
(@) and filter modes (fy, ..., far). In order the terms cor-
respond to the Kerr cat qubit Hamiltonian, the intrinsic
single photon loss of the Kerr cat qubit, the intrinsic
heating of the Kerr cat qubit, the Hamiltonian coupling
to and between the filter modes, and finally the single
photon loss of the final filter mode to a cold bath. Also,
A = wy — w, represented the frequency detuning between
the Kerr cat mode and the filter modes. To proceed we
transform the Kerr cat qubit mode into the shifted-Fock
basis by using the transformation ¢ ~ Z ® (&’ + «) in
Eq. (1). Since we are not interested in the small bit-flip

(C1)

rates here, we neglect the (9(6_2“2) correction in Eq. (1).

Also, we use an approximate expression for the Kerr cat
Hamiltonian Hixc ~ —4Ko?I ® a'fa’. Upon this trans-
formation and approximations, the evolution is described
by
dp
& = —i[-4Ka’l © a1d, (1)
+ k1 (14 nw)D[Z @ (& + a)]p(t)

+rinmD[Z @ (@' + o)) p(2)

M
—ilgf{(Z® @ + )™ + T fI_1fi+ he, p(t)]
j=2

+ kD[ fup(t). (C2)

Now we can move into the rotating frame of the Kerr cat
shifted-Fock mode (@) yielding:

% =r10%(1 + 2n) D[Z @ I)j(t)
+#1(1+ nw)D[Z @ a')p(t) + sanD[Z @ a'M]p(1)
[gfl(Z®( 1 4K o t_|_ ))ezAt

+ JZ f;_lfj + h.c., p(t)]

+ kg D[ farp(t)-

At this stage we have simplified the dynamics by breaking
out terms from the intrinsic loss and heating that lead
to phase flips (see the first two lines). See Appendix F
for more details on this simplification. We now choose
the filter to be detuned by A = wy —w, = —4Ka?
(in our numerical simulations though, we observe that
A = —3.6Ka? works better due to the subleading terms

(C3)



in the Kerr cat Hamiltonian which is ignored here for
simplicity). With this choice of detuning the term ff Z@d
which will lead to the desired dissipation is resonant while
the undesired term o ff Z®I’ that leads to phase-flip errors
rotates with a frequency 4K a? (w, in the lab frame). The
difference in rotation frequency between the two terms
means that a properly engineered filter can introduce the
desired dissipation all the while suppressing the induced
phase-flip errors. In the filter geometry we consider with
hopping rate J, the total bandwidth is 4J. Hence, the
condition 2J < A ensures that the undesired phase-flip
errors fall outside the filter passband and can be filtered
out. For this section we focus on the desired dissipation
so we neglect the off resonant term that leads to phase-flip
errors (see Appendix C2). Upon adiabatic elimination of
all the filter modes the resulting evolution is

dp N o
ch —r102(1 + 2nw)D[Z @ T)p(t)

+ kineD[Z @ a'1]p(t)

+ (462 /1y + m(1 + na))DIZ @ @lp().  (C4)
This adiabatic elimination of the filter modes requires
that ¢ < J so that the filter population is low enough
to be adiabatically eliminated. The total cooling rate is
492 /K¢ + K1 (1 + ngn)-

2. Induced Phase-Flip Error Rate

Here we show that the induced phase-flip errors are
suppressed exponentially with the number of filter modes.
We start with the full dynamics of the Kerr cat qubit and
M filter modes in the rotating frame of the filter modes
(f;) and the gauge mode of the Kerr cat qubit (a').

% - _ Z[gff(ZA ® (d/eileaZt + a))eiAt
M A, A
+JY flf b, p(t)]

=2

+ kD[ fu]p(t). (C5)
We have not included the intrinsic loss mechanisms in this
discussion to focus on the induced phase-flip error rate
due to the term ga(Z @ I)f]. Compared to the situation
of the previous section where we adiabatically eliminated
the filter modes, here we adiabatically eliminate both
the filter modes and the shifted-Fock gauge mode so
that we can find the dynamics in the qubit sector of the
shifted-Fock basis. The adiabatic elimination formalism
makes use of a non-Hermitian Hamiltonian describing
the exictation evolution of the excited state manifold
[33]. The effective loss operators are related to the non-
Hermitian Hamiltonian by ﬁi’;f) = f)kﬁNHV+ where V+
are the Hamiltonian terms that excite the system from the
ground to excited manifold and Ly are the loss operators

of the original problem. In this specific situation the
non-hermitian Hamiltonian describing evolution in the
excited states is

Hyua =9(Z @ |12+ Z @ |2)(1]) ~ igf ® |N) (N
N

+Z[Jf® 1§ — DG+ T @ |5)( — 1]

Il
w

Al @ [5)(]].

-

I
s

+ (C6)

J

We work in the single excitation manifold and use the
notation that |n) corresponds to an excitation in the nth
filter mode if n > 2, an excitation in the shifted-Fock mode
when n = 1, and to the ground state when n = 0. The
other important operators for the adiabatic elimination
representing Hamiltonian excitation to the excited state
manifold and decay from the excited state manifold are
given by

Vi = gaZ ®2)(0]e*t
Li =kl ® |0)(N|

Performing the adiabatic elimination the dynamics in the
qubit sector of the shifted-Fock basis are given by

dp N N
& — kinaD[Z @ (1)

The induced phase-flip rates for 1 and 2 filter modes are
given by

e 1 Filter Mode

(C7)

(C8)

2.2
Kfg o
Rind = (09)
(A —g%/A)? + K7 /4
e 2 Filter Modes
2 72,2
g 2 @ (C10)

Rind = (J2 _ A2 +92)2 + (g2l<.',/A - K‘A)2/4

The adiabatic elimination holds in the limit ¢ < J and
J < A which ensure that the population of the filter
modes is low enough and that the . In general the induced
phase-flip rate for M filter modes is well described by
242 J2(M—1)

£19 = (4g%a%[rs) x (J/A)M

(C11)

Hind = A2M

again in the limit g, J < A.

3. Non-adiabatic error suppression due to
frequency selective loss

In addition to suppressing leakage and improving
the bit-flip rate during idle operation, frequency selec-
tive loss can mitigate non-adiabatic gate errors. Non-
adiabatic gate errors refer to predominantly Z errors
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FIG. 5. Decay of parity with a Hamiltonian H = eI ® (b' 4 b),
initial state |4+)r, and varying number of filter modes. The
Xs represent numerical simulations and the lines represent
the trends expected from the adiabatic elimination. In this
simulation we use a drive strength ¢/2m = 30 MHz. We
explicitly remove the contribution of the decay through the
filter modes to isolate the decay due to the drive. There is an
initial jump at short times which is an area for future work.

that are induced by rapid gates. Consider for exam-
ple the case of the Z gate which is implemented using
the Hamiltonian H, = e(a' 4+ @). Transforming to the
shifted Fock basis and going into the rotating frame
of the Kerr cat qubit the Hamiltonian for the gate is
H, =2icaZ @1 +eZ® (a/Te!A +a'e~"A). The first term
implements a Z rotation as desired while the second term
is undesired and leads to excitations out of the cat state
manifold that are accompanied by Z errors.

When excitations occur due to eZ @ (a'Te!At 4 @/ e~ A1)
the frequency selective single photon loss through the
Lindblad term k1 eng = D[Z ® @] brings the excitations
down with another Z rotation. The net effect of this cycle
is then a logical identity in the qubit sector. Hence the
non-adiabatic error rates for the Z gate are suppressed.
This is to be contrasted with two-photon dissipation where
the cooling comes along with an identity in the qubit
sector and the net effect is then a Z rotation leading to
Z errors [19].

Even without this direct canceling of Z errors there is a
further benefit due to the frequency selectivity of the loss.
To demonstrate the effect we consider the Hamiltonian
H = el @ (T’ +ad’e~A%), By changing the operator in
the qubit sector of the shifted-Fock basis from a Ztoan I
we eliminate the benefit from the previous paragraph and
focus on the benefits provided by the frequency selectivity.
We can perform the adiabatic elimination of the M filter
modes and shifted-Fock mode to find the scaling of this
suppression.

To proceed with adiabatic elimination we start with
the Lindblad equation describing the colored Kerr cat
qubit with the added drive in the rotating frame of the
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Kerr cat gauge mode (') and filter modes (f;)

% = —i[el ® (a'e™ " 4 a'teBY), p(t)]
—ilg(f1(Z ® @ + ae” K £ he), p(t)]
N
—ilT Y fy+ e, p(0)] + Do)

In this case we neglect single photon loss and heating to
focus on the effect of the drive induced error.

To proceed we adiabatically eliminate the gauge mode
and the filter modes to find the dynamics in the qubit
sector of the shifted-Fock basis. Compared to the case of
the bare Kerr cat qubit there is an additional term which
can excite the Kerr cat + filter system to the exicted state
manifold given by I ®|1)(0|e*A*. The resulting dissipators
for 1 and 2 filter modes are shown below. The first term
in each of the dissipators corresponds to the idling case
and the second to the non-adiabatic gate error.

e 1 Filter Mode
dt (A—g2/A) —ikg/2
VEfge

(g2 — A?) + mfA/Q)Z I]p(t) (C12)
e 2 Filter Modes
P _ p NG i
dt (92 + J2 — A?) —i(g2k/A — KA) /2
rrgJe o
Alg® + T2 = Qg_ = anep)? @ 1)
(C13)

In general the non-adiabatic error due to the drive scales
as kpg2e? JAM=1) JA2(MHD) - Similarly to induced phase-
flip errors the non-adiabatic error rate is suppressed ex-
ponentially with the number of filters because the drive
lies outside of the filter passband. In Fig. 5 we show nu-
merical agreement that by going from 1 to 3 filter modes
the non-adiabatic error is suppressed exponentially with
the number of filter modes. Studying both these benefits
on more complex gates is an area of future work. This
suppression of off-resonant terms is compatible with two-
photon dissipation implemented in a frequency selective
manner.

Appendix D: Simulation Details

The simulations in this paper were performed using
the shifted-Fock basis or a Kerr cat specific basis. The
simulation code was written in Python using the QuTip
package. Unless otherwise specified the simulations use
the parameters k1 /27 = 1 kHz, ny, = 0.1, and K /27 = 10
MHz.



The shifted-Fock basis was used for Fig. 2 (c) and Fig. 5
and is described in more detail Appendix C of [19]. For the
remaining simulations we use a basis specific to the Kerr
cat qubits. The Kerr specific basis is useful because Kerr
eigenstates can have non-negligible contributions from
highly excited shifted-Fock states which are important
to capture to properly find the bit-flip error rate. The
basis states are constructed from the eigenstates of the
Kerr cat Hamiltonian H = —K(a'? — a2)(a% — a?) (see
also Ref. [23]). Since the Kerr cat Hamiltonian commutes
with parity, the eigenstates can be broken into orthogonal
branches with even and odd parity. Both the shifted-Fock
basis and the Kerr-cat basis can be understood as having
a sector which represents the qubit information and an

gauge sector that captures additional gauge information.

When computing the logical state of the system we trace
over the gauge sector and filter sector if the simulation
includes filters.

In simulations we use an gauge dimension of dpyax = 5
in the Kerr-cat basis. For increased simulation efficiency
the filter modes are not modeled as coupled two level
systems. Instead the filter modes are restricted to a
single excitation manifold where at most one filter mode
is excited. For example a three mode filter is described by
the four basis states |j1j273) where j1 + ja + j3 < 1. This
choice means that the Hilbert space dimension increases
by 1 instead of a factor of two with each added filter
mode.

1. Bit-flip Rate Fits

_To determine the bit-flip rate we fit the decay of the
(Z) Kerr cat qubit (Here Z is the operator on the qubit
sector with the gauge sector traced out). We average
over the initial states |a) and | — «) (the symmetry is
strong between |a) and | — a) but we average over both
to be explicit). In Fig. 6 we show the fits that yielded
the bit-flip rates for Fig. 2 (b). Fig. 6 (a) shows the fits
for a bare Kerr cat qubit (blue curve in Fig. 2 (b)). We
fit the decay at long times in order to ensure that we
do not undercapture the errors by fitting the short time
transient behavior. A dominant source of the heating
from 0 to 2 is the two stage process of heating from 0 to
1 to 2. Thus in order to accurately predict the totality of
this error rate it is essential that the population of the 1
state reach equilibrium. From Fig. 2 (a), we can see that
the 1 state reaches equilibrium on a timescale of roughly
300us. Thus we fit the domain 400 s to 500 us which
yields converged decay rates for all values of o? for the
bare Kerr cat qubit (~ 10% different from fitting 300 ws
to 400 ps).

Fig. 6 (b) shows the fits for a Kerr cat qubit coupled
to three filter modes (orange curve in Fig. 2 (b)). For
a? = 3 we fit to a decaying sinusoid to get a crude sense
of the bit-flip rate. Further explanation of this small a?
behavior can be found in Appendix E. For the remaining
a? we fit to exponential decays. Fits are done over the
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full domain of the simulation.
Fits for the Bare Kerr cat qubit with an added linear
drive were done over the domain 240 to 300 pus.

Fits for Bare Kerr Cat

0.80 4

0 100 200 300 400 500
Time (us)

Fits for Kerr Cat with Filter
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FIG. 6. (a) Fits for the bare Kerr cat qubit without any

added dissipation. (b) Fits for the colored Kerr cat qubit with
three filter modes. Both are for the case of a |0) ~ |«) initial
state but the results are very close to symmetric for the case
of |1) ~ | — a). The fit domain in both cases is indicated by
the vertical dashed lines. Not all points are plotted so as to
not overcrowd the figure.

2. CNOT Simulations

We simulated the CNOT gate using derivative-based
correction for the control pulses as in Ref. [23]. The
Hamiltonian in these simulations includes the Kerr Hamil-
tonian with drive on the control qubit, the two-mode
Hamiltonian that rotates the ground states of the Kerr
plus two-photon drive Hamiltonian of the target condi-
tionally on the state of the control, a two-mode control
Hamiltonian that accelerates the gate by driving a condi-
tional rotation of the target mode, four derivative-based
correction terms, and if colored loss is present also Hamil-
tonian terms coupling the filter modes and the cat qubit
to the filter. The filter Hamiltonian is given by Eq. (5).
The Kerr Hamiltonian on the control mode is given by:

H. = —K(al? — o?)(a2 — o?). (D1)



If T is the CNOT gate time then let ®(¢,T) is a function
such that ®(0) = 0 and ®(T) = 7. Eventually we will
choose ®(¢,T) to be the integral of a truncated Gaussian.
Then

i =-K (A? - %(az ta)+ %e—%@(t) @@l — a))
X

(df - %(dc +a)+ %e%@(t)(dc — a)) :
(D2)

The ground state of this Hamiltonian is a cat code in
the target mode that rotates if the control mode a. is
in the logical |1). state (or approximately | — a).). To
perform the gate faster than adiabatically, we use a control
Hamiltonian proportional to the derivative of the function
O(T, t):
— (e +af —2a).  (D3)
The gate given by f[c, I:It, and Hoec implements a CNOT
gate in the cat code manifold. However, if the system
has leaked out of the code space to an excited state a
wrong unitary is applied. Further, this Hamiltonian drives
leakage out of the cat code manifold giving non-adiabatic
errors. R

As a concrete example, we break down H,.. using the
approximate expression for a. in the shifted-Fock basis
(i.e., G. ~ Z.® (a4 a)). With this expression, we can see

that HECC is approximately given by Héig + Héfé, where

(1) = —(d®(T,t)/dt)|1)(1]. ® (a]a; — a?) is a desired
term that implements the control-qubit-conditional rota-
tion of the target Kerr cat qubit and

1 do(T,t) 4
a2 —
acc ™ 4o dt

is an undesired term. To accurately analyze this undesired
term, we need go to a rotating frame of a; and then use
the approximate expression a; ~ Z; ® (a; + «) as was
done in Appendix D of Ref. [19] as well as in Ref. [23].
While this procedure affects the qubit sector, the gauge
sector is not affected by this frame transformation and
is simply given by (af + a.)(a)'a, + a(a) + a,)). Thus,
we can see that the term a’cTatT induces coherent leakage
in both the control and target cat qubits. Also, once the

target cat qubit is excited, dtT a; is not trivial and the term

(a/f +a.)a) a, starts to have adverse impacts. Moreover,
the exmtatlons in the gauge sectors can be exchanged
between the control and target cat qubits through the
beam-splitter interaction a.fa] + a.a) . Similarly, the non-
linear Hamiltonian on the target Kerr cat qubit H, also
contains the same beam-splitter interaction which further
complicates the dynamics when the system is excited.
Due to all such complications associated with leakage,
the CNOT Hamiltonians H., H;, H,.. implement a wrong
unitary whenever the cat qubits are not in their ground
state manifolds. Hence, it is important to suppress the
leakage.

— 7. () +a)(ala, — a?)  (D4)
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As in Ref. [23] we can reduce coherent leakage us-
ing derivative-based corrections. The four first order
derivative-based correction Hamiltonian terms are pro-
portional to

)

Hppe g o (aa, — a®)(ac — af), (D5)
H{J oy o e+ af, (D6)
Hie o o a2 — af?, (D7)
and
A o6 (00~ 1af? 4 (%) 1)a. (Dg)

Each of these terms is engineered to cancel leakage from
particular error terms that arise from the evolution under
H,., H;, and H,... Together these derivative-based correc-
tions cancel the first order coherent leakage out of the cat
code manifold [23]. However, Hl()lE)SC , and H](;]%C 5 have
the additional effect of applying a uﬁitary Z rotation to
the control qubit. We cancel that rotation at the end by
applying Z(0) to the control qubit for an angle 6 that is
determined by 42T Note that incoherent leakage (e.g.,
caused by heating) cannot be suppressed with the pulse
shaping and derivative-based correction techniques.

In Fig. 3 we compare the bit-flip performance of the
CNOT gate without engineered single-photon loss (i.e.,
bare Kerr cat qubits) and with single-photon loss filtered
by one, two, or three filter modes (i.e., colored Kerr cat
qubits). In order to reflect the bit-flip probability of
a CNOT gate performed as part of a computation or
error correction, we initialized the system in a thermally
excited state. Specifically to get the leaked excited state
populations for the initial state, the system is prepared in
the |0).®10); cat code state (or approximately |a).® |a)y)
with the filter in the vacuum state and allowed to evolve
under the Kerr Hamiltonian, filter Hamiltonian, loss, and
gain. After 300 us the two cat qubits reach a equilibrium
population in the gauge sector of their excited states. The
excited states of the Kerr cat qubit oscillate between the
logical |0)./; and |1)./; branches. Therefore, a state with
equilibrium excited state population will also have some
amount of bit-flip error probability. This initial state,
which is primarily in the logical |0)./, state, is the input
to the CNOT simulation. After the gate is complete we
trace out the filter and compute the probability of the
output state being logical |0)./; and [1)./;. To account
for the initial bit-flip probability we subtract the initial
probability of being not in the |0). ® |0); state from the
final probability of being not in the |0). ® |0); state. This
gives the bit flip probabilities plotted in Figs. 3, 7 and 8
and represents the bit flip probability associated with
performing the CNOT gate on the Kerr cat qubit with
the equilibrium leakage population. This probability does
not accumulate linearly over multiple rounds of CNOT
gate because the error is largely due to the initial leakage
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CNOT Bit-flip Probability With and Without Frequency-selective Loss, o® = 6
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FIG. 7. Plot of the bit flip probabilities for the CNOT gate with derivative-based correction for different values of thermal
occupation n¢,. Blue and purple are bare Kerr cat qubits and the other points are colored Kerr cat qubits with between 1 and 3
filter modes. The other parameters are K = 27 x 10MHz, k1 = 27 x 1kHZ, and o = 6.

CNOT Bit-flip Probability With and Without Frequency-selective Loss, a® = 8
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FIG. 8. This figure is the same as Fig. 7 but with a® = 8. This plot shows the bit flip probabilities for the CNOT gate with
derivative-based correction for different values of thermal occupation n¢,. Blue and purple are bare Kerr cat qubits and the other
points are colored Kerr cat qubits with between 1 and 3 filter modes. The other parameters are K = 27 x 10MHz, k1 = 27 x 1kHZ,

and o? = 8.

rather than loss or gain events during the gate. For this
reason the bit-flip error probabilities we plot should not be
interpreted as parameterizing the stochastic Pauli channel
associated with the CNOT gate independent of the initial
state. Nevertheless, these error probabilities are what
is relevant to computation and error correction where
we need to operate on cat states that have evolved long
enough to reach an equilibrium excited population in the
gauge sector. Our CNOT simulation results underscore
that reducing leakage, exactly as colored single-photon

dissipation is designed to do, is critical to reducing bit-flip
errors in Kerr cat qubits.

We simulated the CNOT gate for two values of gain
nyn = 0.1 and 0.01 and two values of cat state mean
photon number a? = 6 and 8, for the bare Kerr cat qubit
without engineered dissipation and for the colored Kerr
cat with a filter of one, two, or three modes. The full set
of simulation results from which Fig. 3 is excerpted can
be found in Figs. 7 and 8. We worked in the Kerr cat
eigenbasis in a rotating frame with gauge dimension of



5. In other words we used the five lowest energy levels
around each of the two minima of the Kerr cat potential,
hence a total Hilbert space dimension of 10 per cat qubit.
The filter was modelled by truncating to the single single
excitation manifold so that M filter modes were described
by an M + 1-dimensional Hilbert space. The simulations
with three filter modes took about five days each on a
single core. The simulations with fewer filter modes or
with smaller gauge dimension took hours instead of days.
The bit flip probability for o = 8 are about an order of
magnitude lower than for a? = 6, reflecting the greater
separation between the |[4+) and |—) coherent states. The
dependence on the thermal gain is more complicated. As
shown Fig. 9, as nyy, is decreased from 0.1 to 0.01, the
first excited state population decreases by an order of
magnitude for a bare Kerr cat qubit (blue lines). However
for colored Kerr cat qubits with one filter mode, the
excited state populations decrease only marginally as
nen goes from 0.1 to 0.01 (green lines). This is because
uncolored single-photon loss may itself introduce some
leakage in Kerr cat qubits. See Appendix F for a related
mechanism. We observe in our numerics that the filters
with more modes show greater reductions in the excited
state populations as nyy, is reduced. If we add up the
total leaked population in the four excited states in our
simulations, the ratio of the total leakage for n, = 0.01
to the total leakage for ng, = 0.1 is 0.87 for the one-mode
filter, 0.31 for the two-mode filter, and 0.15 for the three-
mode filter, almost recovering the ratio of 0.11 for the
bare Kerr cat qubit. Since the leaked population is not a
full order of magnitude smaller the bit flip probability in
our CNOT simulations for colored Kerr cat qubits when
ngn = 0.01 is more than 1/10 times the bit flip probability
when ny, = 0.1.

Another product of our simplistic filter is that the bit
flip probabilities for the three-mode filter are greater than
for the one- and two-mode filter. This is because the filter
passband is not exactly flat and hence the engineered
cooling rate of, e.g., the |/ = 2) — |/ = 1) transition is
not as large as that of the |’ = 1) — |7/ = 0) transition.
This leads to greater populations in the higher excited
states (i.e., |0/ = n) with n > 2), which in turn leads
to a larger bit flip probability in our CNOT simulations.
For instance, as shown by the red and orange lines in
Fig. 9, the second excited state populations are higher
than the first excited state populations for colored Kerr
cat qubits with two and three filter modes. However, this
issue is specific to the simple filter model we used. Thus,
with a more sophisticated, well-optimized filter (yielding
a much flatter response within the filter passband) this
issue would not appear.

Appendix E: Low o Scaling with Filter Modes

As can be seen in Fig. 2 and Fig. 10 for o? < 5 the bit-
flip rate of the Kerr cat qubit with added dissipation in the
form of a three mode filter is worse than the bare Kerr cat
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qubit. The origin of this behavior is the ngfleiAt + h.c.
term that couples the first filter mode (f1) to the Kerr
cat qubit (a). In the shifted-Fock basis we can express
the lowering operator as & = Z ® (&’ + a) +4Y ® a, where
Gy scales as 0(6_20“2) for the explicit expression of a,,
see Eq. (B6). To understand the behavior of the bit-flip
rate for small o2 the Z ® @' term is not relevant because
it only produces the desired dissipation of the Kerr cat
qubit mode. The relevant terms are Z ® a and Y ® a,,.
From the latter term we focus on €Y ®@ |/ = 0)(A/ = 0| ~
ae2°Y @ |7/ = 0)(A/ = 0| because the Kerr oscillator is
predominantly in its ground state manifold. The effective
Hamiltonian for the logical information in the limit of low
filter population is then

A 4% o .
Hog ~ gAg X

(E1)

and the full dynamics in the qubit sector of the shifted-
Fock basis are well described by the Lindblad equation

dp(t) .
)« il (1)) + (510 + mina) DIZJp(0).  (E2)
See Eq. (C11) for the definition of kj,q. With three

filter modes king < k10 as was shown in Fig. 2 (c) so

we focus on kia?. Intuitively when k1 = 0 the Kerr
cat qubit undergoes coherent X rotations. When ;a2
is non-zero the rotations become incoherent leading to
uncorrectable bit-flip errors. When the phase-flip error
rate is much larger than the Hamiltonian rate the bit-flip
rate is suppressed by the stochastic Z rotations. For
a? ~ 3 the period of the X rotations is ~ 150us while
k102 ~ 1/50us. Hence a® ~ 3 ends up being a heavily
damped case.

We have run numerics to check that this loss mechanism
does not limit the single photon frequency selective loss
for lower values of ni,. As can be seen in Fig. 10 even
with ngy = 0.01 the bit-flip rate is still suppressed by
roughly an order of magnitude at o? ~ 6. In the brown
curve we show the limit imposed on the bit-flip time due
to the presence of the filter as a function of o by finding
the bit-flip rate with ny, = 0. At a® ~ 7 there are a
few orders of magnitude between the bit-flip rate due to
the thermal heating with nt, = 0.01 and the effective
Hamiltonian.

This loss mechanism is also mitigated by the dynamical
decoupling discussed in Appendix G.

Appendix F: Leakage Inherent to Single Photon Loss

Here we explain how uncolored single photon loss sta-

bilizes some leakage in a Kerr oscillator. Uncolored single
photon loss is described by the evolution % = k1 Dla)p.

Converting to the shifted-Fock basis the evolution is de-
scribed by % =r1D[Z ® (&' + a)]p. We can now expand
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Ground and Excited State Populations of Kerr Cat at Equilibrium, o = 6
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FIG. 9. Plot of the populations in the Kerr qubit manifold and the first two excited states after beginning in the code space
and idling for 300 us to reach the equilibrium populations. The populations shown are for the bare Kerr cat qubit as well
as the colored Kerr cat qubit with a filter consisting of between one and three modes and for two values of thermal gain,
n¢n = 0.1 and 0.01. Notice that the second excited state population relative to the first is much smaller for the bare Kerr cat
and for the one-mode filter colored Kerr cat than for the two- and three-mode filter colored Kerr cat. Notice also that the first
excited state population for ny, = 0.01 is much smaller than for ny, = 0.1 in the case of the bare Kerr cat but nearly the same
for the colored Kerr cat with a one-mode filter. The parameters of the Kerr cat are the same as in the CNOT simulations,
K = 27 x 10MHz, k; = 27 x 1kHZ, and a? = 6. These states from idling were used as the input states in the CNOT simulations
shown in Figs. 7 and 8.
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FIG. 10. Bit-flip rate vs o? for different configurations. In addition to the configurations from Fig. 2 (blue and orange curves),
we include the limiting case of a filter with n¢, = 0 (brown curve) and a Kerr cat qubit with a linear drive e(a + a') added

(green curve).



out the Lindlad equation to reexpress this in an alterna-
tive form

t K1 (Z@d’TﬁZ®f+ﬁZ®fﬁZ®a’)
KR1O A N
-=2 (I ® @ +aMp+ple @ + a’T))
= D[Z @ d1p+ k1a?D[Z @ 1]p

—i [“21“(&’* - am}

(F1)

To go from the third to fourth step we assume that the
the qubit sector in the shifted-Fock basis is in a maximally
mixed state so that we can move the Z through p. In
reality for the Kerr cat qubit there is also a detuning of
the drive by A ~ 4Ka? in the shifted-Fock basis so that
the total evolution is given by

dp , .
(Tf =k D[Z @ &')p+ rk1a®D]Z @ 1)p

TR1Q
2

—1

(@' —a')+ Ad'td, p (F2)

Thus we see that roughly the presence of uncolored single-
photon loss can lead to the stabilization of a coherent
state of amplitude k1a/2A in the gauge sector of the
shifted-Fock basis due to the last term which is a detuned
drive. The stabilization of a coherent state in the gauge
sector of the shifted-Fock basis means that there is an
additional baseline amount of leakage. Nonetheless as we
show in Fig. 2 when using three filter modes as opposed
to the uncolored loss there is still significant improvement
in advancing from ng, = 0.1 to ng, = 0.01 which one
could fear would be limited by this.

Appendix G: Hamiltonian Engineering

In this section we explain how adding Z rotations (parity
oscillations) to Kerr cat qubits can suppress bit-flip errors.

As was discussed bit-flip errors in Kerr cat qubits can be
dominantly attributed to leakage to excited eigenstates of
the Kerr oscillator which have strong interwell couplings.
These couplings are strong enough that an excitation has
a large probability of leading to a bit-flip error. The
coupling terms take the form

I;[couple =~ ZXnX & |’I’L><7’L‘ (Gl)

In the qubit sector the X indicates a coupling between
the wells of the Kerr cat qubit and in the gauge sector
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|n){n| indicates the coupling is between equally excited
states in both wells.

The dynamics of the Kerr cat qubit that lead to bit-flip
errors are a combination of incoherent heating and uni-
tary evolution under the interwell coupling Hamiltonian.
When the Kerr cat qubit is excited to level |n) in the
gauge sector, the qubit sector evolution is described by
the unitary U(t) = e Xt = [ cos (xnt) + iX sin (xt). In
a time ¢ = 7/2x a bit-flip will have occurred. If k,, < Xy,
many rotations will occur and the logical Z information
will be scrambled.

One way to view the addition of Z rotations is some-
what analogously to the addition of 7 pulses to suppress
dephasing. The Z rotations result in a constant change
of the direction of the X rotations so that they interfere
on themselves. In essence we are performing dynamical
decoupling in the qubit sector of the shifted Fock basis
where the X rotation will continually refocus the Z ro-
tation to lower the chances of a full rotation occurring.
An important distinction between these two situations
is that in the Kerr cat case the Z rotations suppress a
Hamiltonian coupling activated by jump heating. This is
to be contrasted with the addition of 7 pulses to directly
suppress jump dephasing.

Alternatively we can directly investigate the qubit-
sector dynamics of the Kerr cat qubit. With the drive
added, the rotation in the qubit sector will be described
by U(t) = Icos(vt) +i(5Z + X X)sin (yt) where v =

v/ €2 + x2. In this form we can see that large € has the
effect of minimizing the scale of the induced rotation.
With the interwell coupling off resonance the bit-flip er-
ror probability due to an excitation to level n is upper
bounded by (x,/7)2.

This suppression of the bit-flip rate does not need to
be implemented with a continuous drive. More general
pulses sequences of Z rotations would also mitigate leak-
age induced bit-flips by decoupling the higher levels. For
example with a sequence of delta function Z rotations
with spacing of 1/A the bit-flip error probability is upper
bounded by sin? (x/A) ~ (x/A)? where the approxima-
tion holds in the limit y < A.

In Fig. 10 the green curve shows the bit-flip time of
the Kerr cat qubit when a continuous drive of strength
€ = 27w x 10 MHz is added to the Kerr Hamiltonian. At
the experimentally relevant values of a? > 6 there is over
an order of magnitude improvement over the bare Kerr
cat qubit.

While the dynamical decoupling technique can suppress
the bit-flip errors in bare Kerr cat qubits, leakage cannot
be suppressed by this technique. In principle, however,
the dynamical decoupling can be combined with the fre-
quency selective single photon loss to suppress leakage
and yield further improved bit-flip error rate. If one uses
a continuous drive on the Kerr cat qubit to improve the
bit-flip time the amount of tunneling is suppressed but
the oscillation rate (now v =~ €) is enhanced. In this
circumstance the single photon loss will add little benefit
because € ~ K1 eng. Thus it is better to add Z rotations as



echo pulses. In the intermittent time between the pulses
the Kerr cat will benefit with the shorter lifetime of ex-
citations. Furthermore the frequency selective loss will
mitigate the non-adiabatic gate error from the physical
implementation of a Z rotation. We leave such combi-
nation of dynamical decoupling and frequency-selective
single-photon loss as a future work.

Appendix H: Calculations relating to Bit-flip rate of
Kerr Cat Qubits

1. Kerr Cat Eigenbasis

Here we compute the leading order perturbative eigen-
states of the Kerr oscillator. The Kerr cat Hamiltonian
in the shifted Fock basis is approximately (reproducing
Eq. (2) for clarity)

Hye = 4Kl @ a'ta' — KI ® a't2a’

—2Kal ® (@12 +a'h)a? + 0(e™2*").  (H1)
Treating I ® —2Ka(a 128" +a/2a'T) as a perturbation to
the Hamiltonian Hy = I ® [-4Ka?a'Ta’ — Ka't2a'?] we
can compute the gauge sector of the eigenstates to leading
order in perturbation theory:

a(n — 1)\/5 m/

ﬁ//:n>:m :n—l)
i =n) = SN = 1) +0((1/a)?)

(H2)

where n > 1. Here |2/ = n) represents the gauge sector in
the shifted-Fock basis. The ground state in the new basis
is the same as the original basis i.e. [#” =0) = |d/ = 0).

Considering the example of the first Kerr cat eigenstate
we see that it is predominantly described by the first
shifted-Fock excited state. Nonetheless to more accurately
predict the tunneling rate of the first Kerr eigenstates it
is important to include the contributions of the higher
shifted-Fock excited states.

2. Kerr Basis Tunneling rate

The rate of tunneling x/, through the n-th excited
level, or the half energy splitting between the n-th pair
of excited states of the Kerr-cat quit, can be roughly
estimated by approximating the Hamiltonian Eq. (H1) as
an oscillator with double-well potential, which is a well
studied model whose energy levels can be calculated by,
e.g. WKB approximation. However, x/, obtained in this
way is not very accurate since the high-order terms of
the momentum quadrature is neglected in the double-well
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FIG. 11. Plot of the tunneling rates (or the interwell coupling)
of the first 4 Kerr-cat excited state (x;,) in units of K. The
dots indicate numerically extracted tunneling rates while the
solid lines indicates the empirical expression by Eq. (H3).
Good agreement is shown between the numerical values and
the empirical expression Eq. (H3) in the regime x;,/K < 1.

approximation. Here to more accurately describe x/,, we

use the following empirical expression

X; ~ Kefl.G(a274n), (H3)

which agrees well with the numerical values for the states

below the potential barrier n < a?/4 (or in the regime
Xn/K <1).

The numerically extracted tunneling rates y/, for the

first and second excited states, in comparison with the
expression Eq. (H3), can be seen in Fig. 11.

3. Heating/Cooling Rate

Here we calculate the heating rate to and the decay rate
from the excited states of the Kerr-cat qubit. The heating
that we consider dominantly comes from the coupling to
the thermal bath, which is described by the dissipator
nenk1D[a’], where ny, is the thermal occupation of the
bath.

To calculate the heating rate to the n-th pair of excited
states we can decompose a' in the Kerr-cat eigenbasis:

=26 " = )" =01+ 3 donli” =) = 0],
(114)
where the matrix elements )\g, can be perturbatively
calculated as:

Ao = V! (1>n_1 +0((

2

)")- (H5)

e

Here for simplicity we only show the matrix elements of
at that connect the ground states to excited states.

For small nyy,, the heating to the n-th pair of excited
states dominantly comes from the direct heating from the
ground states, and therefore the rate of heating to excited



states is approximately given by:

Ko—n =~ Nenk1]Aonl?- (H6)

Assuming an ideal engineered dissipation rate k1 eng, i.e.
the engineered dissipation is described by the dissipator
K1,engP[Z ® @'], the decay of excited states is dominated
by the decay between adjacent levels, therefore the excited
states’ decay rate is approximately given by:

(H7)

Rp—sn—1 = NK,

where k = (K1 + K1,eng)-

4. Bit-flip error rate

At this point we have the heating rate x¢_,, the tun-
neling rate x,,, and the lifetime 1/k,,—,—1 of each pair of
the excited states. We can then estimate the total bit-flip
rate by summing up the population that tunnels through
the potential barrier from each energy level per unit time:

Yx = Z ’YE?) (HS)
n=1
where
(n) _ [ Ktn/2 if X7, /Ky > /4
X "{ Rt S X Sy I X < fd ()

The contribution to the total bit flips dominantly comes
from the ”critical” excitation level n, when xJ, is com-
parable to K, _yn.—1. Therefore, we can give an approxi-
mation estimation for vx by only taking into account the
critical level n.:

o 21 = a2 = i (nel) ()" /2.

(H10)
where n. is given by n., = [%2 + 55 In22] (we have
neglected the n dependence of k,_,,_1 when solving the
transcendental equation Kn—n—1 = X/, to get n.). For
ne > 1, n.! is approximately given by n,! a2 e ne=ne
using the Stirling’s approximation. And by dropping the
ceiling function for n. and considering the regime where
0‘72 > |ﬁ In 2?"””|, we get a simplified approximation for
Eq. (H10):

a? 1

2
vx &~ K1ngn/2 X exp[—(In16 + 1)(— + —In %) +In4a?]

4 6.4
2
~ k1N /2 X exp (—0.94a® + In4a?) x (%)70'6.
(H11)

We note the approximation Eq. (H11) works only when
the suppression factor exp (—0.94a? + In4a?) x (2£)70-6
is smaller than 1, otherwise the bit flip rate is simply given
by k1mn/2. So overall the bit flip rate is approximately
given by:

25, _o6
(200},
(H12)

Yx ~ K1ng/2xmin{1, exp (—0.94a2 + In4a?)x
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FIG. 12. (a). Bit-flip rates as a function of « for different

sets of Ki,eng. (b). Bit-flip rates as a function of Ki,eng for
different sets of a. Stars are numerically extracted values while
solid lines are theoretical values given by Eq. (H12). Good
agreement is shown between Eq. (H12) and the nuemrical
results.

In Fig. 12 we compare the analytical expression
Eq. (H12) with the numerically fitted bit-flip rates. We
fix the Kerr strength K to be 27 x 10 MHZ, single-photon
loss rate k1 to be 27 x 1 kHZ, thermal population ng,
to be 0.1 and evaluate the bit-flip rates for different cat
size o and ideal engineered dissipation rate K1,eng (With

dissipator #1 engD[Z ®@']). The solid lines are theoretical
bit flip rates predicted by Eq. (H12) while the stars are
the numerically extracted values, which are obtained by
simulating the system dynamics for 50 us and fitting the
decay of Z. Good agreement is shown between the theo-
retical and numerical values. We note that compared to
the multi-mode filter model presented in the main text,
the simplified model for the engineered dissipation that
we consider here corresponds to a bath with spectral den-
sity that is flat over a wide range of frequency around
w, — 4K a? while still vanishing at w,. We emphasize two
main features of the bit-flip rate given by Eq. (H12): (1).
Overall, the bit-flip rate is exponentially suppressed by
a?, despite that for small K1,eng there is a plateau with
small a? before the exponential suppression. (2). Adding
engineered dissipation gives an extra suppression factor

(K1,eng/%1)"°
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